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Abstract- A Monte Carlo technique has been used to calculate the electron distribution functions in 
the (000) and (100) valleys of gallium arsenide. This method avoids having to make any of the con¬ 
ventional approximations used to solve the Boltzmann transport equation, but instead evaluates the 
distribution function exactly once the scattering rates have been specified Polar, acoustic and relevant 
intervalley scattering processes have been included, together with the non-parabolicity and wave- 
vector dependence of the cell-periodic part of the Bloch functions in the (000) valley. The structure 
found in the distribution function in the (000) valley is interpreted in terms of the energy dependence 
of the scattering processes, particular reference being made to the prediction of a population inversion 
for fields in excess of about 10 kV/cm. The mobility, mean energy, and electron population in each 
valley and the mean velocity are calculated as functions of the electric field strength, and comparison 
is made with previous theoretical results and the experimental data. 


I. INTRODUCTION 

The negative differential mobility exhibited 
by /i-type gallium arsenide at high electric 
field strengths has stimulated a great deal of 
experimental and theoretical investigation 
into the transport properties of this material. 
Many of the quantitative features of the Gunn 
effccl[l.2| and other instability phenomena 
(.^,4| which result from the negative differen¬ 
tial mobility can be calculated from the elec¬ 
tronic properties of gallium arsenide subject 
to a constant and uniform electric field, and 
it is therefore natural that some effort has bet n 
devoted to the determination of these static 
properties. In particular there have been many 
experimental determinations of the depen¬ 
dence of electron drift velocity on electric 
field strength and although the earlier work 
[5-10] gave widely different results [3], 
more recent work[ll-131 has allowed the 
velocity-field relationship to be specified 
within much closer limits. 

On the other hand, the calculation of the 
high-field transport properties of gallium 
arsenide has previously been approached by 
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attempting to solve the coupled Boltzmann 
equations for the distribution functions in the 
(000) and (100) minima of the conduction 
band, and the complicated integrodifferential 
form of this equation means that approxima¬ 
tions have to be introduced to obtain a 
solution. Conwell and Vassell[l4| have 
assumed the distribution functions could be 
represented by truncated spherical harmonic 
scries, but this approximation is expected to 
be reliable in the (000) minimum only at very 
high fields. In the work of Butcher and 
Kawcett[l5, 16] the distribution function was 
assumed to be a Maxwellian displaced in 
momentum space, an approximation which is 
only valid at electron densities much higher 
than commonly used in transport measure¬ 
ments. Consequently, it is not surprising that 
these two calculations have given quite 
different results and neither method can be 
regarded as reliable throughout the entire 
range of doping densities and electric field 
strengths of interest. 

To circumvent the problems associated 
with analytic solution of the Boltzmann 
transport equation, numerical techniques 
have been recently developed to obtain an 
exact solution for the distribution function 
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[ 17-221 and in this paper we apply to gallium 
arsenide a generalization of the Monte Carlo 
technique described by Kurosawa( 17J, this 
generalization allowing complex scattering 
processes and band structures to be incor¬ 
porated with great ease. 

The principle of this method is to simulate 
on a computer the motion of one electron m 
momentum space through a large number 
of scattering processes taking note of the 
time that the electron spends in each element 
of momentum space during its flight, these 
times being proportional to the distribution 
function in the elements. The procedure used 
for following the motion of an electron 
requires random numbers to represent the 
time which the electron drifts before being 
scattered, and to represent the final state 
after the scattering event. Ihc probability- 
distribution for these random numbers can be 
completely specified in terms of the electric 
field strength and the transition probabilities 
due to the various scattering processes, but 
the distribution for the lime of free flight be¬ 
comes extremely complicated in gallium 
arsenide and canniit be easily related to the 
unildrm distribution of random numbers com¬ 
monly available. This difliculty has been 
avoided by the addition of an extra fictitious 
‘self-scattering' pioccss first described by 
Recs| 19,20|. This extra process has the 
elfect of giving a simple negative exponential 
distribution of frec-fiight times, as though 
a constant relaxation time existed, but does 
not alter the calculated distribution function. 

In Section 2 the band structure and scatter¬ 
ing processes used to calculate the transport 
properties of gallium arsenide are described. 
Since Ihc behavior of high energy electrons 
in the (()()()) valley is important in this material 
for electric fields in excess of a few thousand 
volts per cm, the nonparabolicity of the (000) 
valley and the wave-vector dependence of the 
periodic part of the Bloch wave functions 
have been incorporated into the calculation. 

In Section 3 the Monte Carlo procedure 
used to calculate the distribution function is 


described in detail and the additional scatter¬ 
ing process used to simplify the numerical 
procedure is discussed. Having obtained the 
distribution function, the physical observables 
such as the drift velocity can in principle be 
obtained by numerical integration. However 
it is more convenient to calculate these observ¬ 
ables directly from the free-flights in the 
electric field, thus avoiding the necessity of 
accurate evaluation of the distribution func¬ 
tion in very small cells in momentum space. 
The method for evaluating the observables 
m this direct way is also given in Section 3. 

In Section 4 the results are presented. The 
detailed form of the distribution functions is 
described and interpreted in terms of the 
energy dependences of the scattering mechan¬ 
isms. The drift velocities, carrier populations 
and mean energies in the (000) and (100) 
valleys are presented as functions of electric 
field strength and the dependence of these on 
the uncertain material parameters described. 
In Section 5 these results are di.scussed and 
a comparison is made with previous theoreti¬ 
cal work and with the experimental data. 
Some theoretical results obtained with the 
Monte Carlo method using a parabolic (000) 
valley have been presented previously[22] 
and a comparison with these results is also 
made in Section 4. 

2. THE BAND SI RUCTURE AND SCATTERING 
MECHANISMS IN GAI.EICM ARSENIDE 

The minimum of the conduction band of 
gallium arsenide occurs at the centre of the 
Brillouin zone and the effective mass ratio 
at the bottom of the band is tii*I= 0-067 
[23-26|. We shall assume that the valley is 
spherical at all energies of interest but take 
account of the non-parabolicity by relating 
the energy E to the wave-vector k through the 
relationship [ 14] 

^=y(E) = E{\+aE) (2.1) 

where 
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and £„ is the energy gap. Using E„ = 1 -52 eV 
[28], a has the value 0-576 eV“' in gallium 
arsenide. 

Data concerning the subsidiary valleys in 
the conduction band of gallium arsenide are 
not yet very well established. Photoemission 
studies [29-3 1] reveal transitions to subsidiary 
minima about 0-35,0-45 and 0-95 eV above the 
(000) minimum, and these were interpreted as 
being to minima at the A',, £, and A".., points in 
the Brillouin zone. The identification of the 
lowest of these minima is consistent with the 
results of an analysis by Ehrenreich[32| of 
data on the high-temperature Hall coefficient, 
which showed that there are minima 0-36 eV 
above the (000) minimum with a combined 
density of states mass of about I -2 m„. By 
analysing data on the resistivity as a function 
of pressure Ehrenreich was able to deduce a 
variation with pressure of the position of 
these minima relative to the valence band, 
and since this pressure coefficient and the 
above effective mass were reasonably close 
to the corresponding values observed in the 
(100) minima in silicon, Ehrenreich concluded 
that the subsidiary minima in gallium arsenide 
were probably also in the (100) directions. 
This conclusion is also consistent with data 
on gallium arsenide-phosphide alloys, which 
shows that the position of the (100) minima 
in the phosphide rich alloys extrapolated back 
to zero phosphorus content leads to a (000)- 
(100) separation of about 0-4 eV [32|, and with 
the variation with uniaxial stress of various 
orientations of the threshold field for Gunn 
oscillations [331. Measurements by Balslev 
[34] of the indirect absorption from the (000) 
niinimum to subsidiary minima reveal minima 
in the (100) directions at a somewhat higher 
energy of 0-43 eV at 8()°K, but at room tem¬ 
perature the data suggest that these transitions 
occur at a significantly lower energy. On the 
basis of this evidence, we have assumed 
that the lowest subsidiary minima lie in the 


(100) directions and placed them 0-36 eV 
above the (000) minima. The T, and 
minima have been neglected at this stage. The 
neglect of the X 3 minima is justified because 
from the band structure calculations described 
below the density of states in these minima 
appears to be small and it seems almost 
certain that they are about 0-5 eV above the 
X, minima. At 0-1 eV above the A", minima, 
the justification for the neglect of the L, 
minima is not so obvious. However, as we 
shall see later, a reasonable choice for the 
strength of the various scattering processes 
in the X^ valleys results in the electrons in 
this valley being only slightly heated by the 
field, so that the number of the electrons in 
the £, valleys will be small, at least until 
extremely high field strengths. 

Although the above evidence is highly suggestive that 
the lowe.st subsidiary minima are in the (100) directions, 
it IS worth noting that it cannot at this stage be regarded 
as being conclusive. The first reason for this is that 
Ehrenreich's analysis does not lead directly to the density 
of states in the subsidiary minima but to the product of 
the density of stales and the factor exp (—fM«), where 
f IS the temperature coefficient of the (000)-(100) separa¬ 
tion and kn is Boltzmann's constant. With f taken to be 
zero. Ehrenreich could only determine the density of 
states mass to lie between 0-9 and 1 -7 m^, but the.se 
limits are drastically altered even for small temperature 
coefficients because of the exponential dependence on 
Lor example, if we take James'|30] recent estimate for 
( of about —11 X 10 ■'eV/'K. then the mean density of 
states mass of 1-2/111, given by Ehrenreich is reduced to 
0-52//III More recent experiments on gallium arsenide 
under pressure have given the value of 0-38 eV at room 
temperature for the energy sepalation[35J of the minima 
and 0-85 i«,i|36] for the density of states mass, but it is 
necessary in both these c.ises to assume either the 
density of staies|35| or energy separation[36) to deduce 
these values and those given by Ehrenreich were used in 
these cases. Also, even if (100) minima are the lowest at 
high pressures in gallium arsenide, as seems almost 
certain, it does not necessarily follow that the (100) 
minima are still the lowest at zero pressure. For example, 
if it were the (I 11) minima which were slightly below the 
(100) minima, then since the effect of pressure would 
probably be to raise the former with respect to the latter, 
these minima could cross before the tlOO) started to 
influence the transport properties This arrangement 
of the minima would not neces.sarily conflict with the data 
on the band gap in GaAs-P alloys, particularly since any 
non-linear v.iriation of the band gap with composition was 
not taken into account in the extrapolation of the data 
Also the probable proximity of the (100) and (III) 
minima requires that the interpretation of experiments 
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on the variation of the Gunn threshold held with uniaxial 
stress be made only at low pressures, and it is noted that 
it is at low pressure where the threshold held varies least. 

Band structure calculations[37-42] at the pre.sent time 
do not consistently predtct the relative positions of the 
11001 and (III) minima, the latter being calculated to be 
from as much as O-.") eV below, to 0-4 eV above the 1100) 
minima. Pseudopotential calculations by Cohen and 
Bergstresscr(37| predict the till) minima to be 01 cV 
below the (100) minima whereas Jones and l-ettington(38|, 
using the same method but a different form of the pseudo- 
potential, have recently calculated the (III) minima lobe 
0 4eV above the (100) minima. The k'p calculation of 
Poliak ii al |391 places the (111) and (100) minima at 
about the same energy Van Vechten|4()|, using a quite 
different approach in which dielectrically dchned average 
covalent and ionic energy gaps are used to predict inter- 
band tiunsition energies, has recently calculated the (III) 
minima to be 0 48eV below the (100) minima The (I I I) 
minima are also found to be well below the (l(K)) minima 
in the OPW calculations by C ollins rt «/ |41). the sepaia- 
lion being ()-44eV, although (he (100) minima occur in 
(his case 0 8 of (he way to the X point. On the other 
hand, Herman|42| has shown that it is possible to adjust 
the 1 (tuner coetlicienls of the potential used in then OPW 
b;ind strucluie calculation to obtain good agreement with 
the ohseivcd Iransiiion energies between the various 
minima throughout the band structure if the .V, and L, 
nuiuina wcie 0 4.S and ()4.'tcV respectively above the 
(000) minimum which are the encigics observed m the 
phoiocmission experiments Without this adiuslinent in 
the potential, theie was a poorer overall til with the data, 
and in p.iiliciilar the / , and .V, minima weie about 0 62 
and I •4*' eV lespcclively above Ihe (000) minimum. 

f or the calculalions dc.scribcd below the 
()()()) minima have been placed al the edge of 
the Hrillouin Zone with .V, symmetry as in- 
dicalcd by almost all the band structure calcu- 
litlions However the incorporation of the 
ellipsoidal energy surfaces associated with 
minima is not at this stage considered to 
be ncce.ssary. T his is primarily becau.se of the 
uncerlainly in the principal effective masses 
and because it is expected that anisotropic 
effects associated with these minima will be 
small because of strong intervalley scattering 
(I4|. We shall therefore represent each of 
(100) minima by spherical energy surfaces 
with a scalar effective mass. As di.scus.scd 
above, the uncertainty in the temperature 
dependence of the separation of the (000) and 
(100) minima does not allow a reliable esti¬ 
mate of the density of states in the (100) 
valleys to be made from the high temperature 
Hall data. From theoretical data on gallium 


arsenide and gallium phosphide[39] and 
experimental data on silicon, Conwell and 
Vassell[14] estimate that the longitudinal 
effective mass will be about 1-3 Wo, while the 
theoretical result for the transverse mass is 
0-23 m,,. This leads to a density of states mass 
of 0-41 m,t for a single (100) valley, or 0-85 
for three valleys, and a conductivity mass for 
a (100) orientation of 0-32 m„. This density of 
states mass is identical with that estimated 
by Pitt and Lees[36] from their hydrostatic 
pressure results using 0-36 eV for the energy 
separation of the (000) and (100) minima. 
Olechna and Ehrenreich[43] have investi¬ 
gated scattering by polar modes in the many- 
valley model and have shown that it is quite a 
good approximation to replace the which 
appears in the expression for the polar mode 
limited mobility by where 

m„ is the density of states mass and m„ the 
conductivity mass. Using the values of m„ 
and m„ given above, we obtain m„ = 0-34 w„. 
It therefore seems that all the relevant masses 
are fairly close to each other and we have 
taken the value of 0-35 w,, for the effective 
mass in the (100) valleys of gallium arsenide. 
It is also noted that the density of states 
mass in the (100) valleys of silicon is very 
similar, being 0-32 m„. 

Al room lempenilure anJ low elecinc field strengths 
polar optical phonon scattering dominates in the (000) 
valley. I or (Ins process. Die transition rale from wave- 
veclor k lo k’ is given by [44, 451 

.V„lk,k') =^/i„lk.h') 

n 

j/V,i6(F.(k') —f,'(k) — fia>,iJ(absorpiion) 1 

I (A(,i 4-I )8[ t'(k') -/r(k) -)-^(u„J (emission) I 


B„(k,k') 


2'iri '^ Ao>ii I I_ 

K|k-k'|Af. 


GTk.k'). 


In these expressions to,, is the optical phonon frequency, 
t., and t„ are the high frequency and static dielectric 
con.stants. [■' is the volume. No is Ihe optical phonon 
occupation number. 


(V„ ^ [exp (fi(o„/t:„7') - 11 ' (2.5) 


and T is the lattice temperature. The function 
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G(k.k') = |2 / 

M.M' 

I!, the overlap integral between the periodic pans of the 
Bloch functions at k and k' summed over the doubly 
degenerate final spin states, labelled pi' and averaged over 
the initial spin stales ft.. For free-eleclron plane waves 
or i'States G(k,k') = I. However at large values of k there 
IS an admisture of p-type valence band wave functions 
into the conduction band states and G(k.k') differs from 
unity f44,451. To calculate G(k.k') we shall use the wave 
functions given by Kane (Ref. [27], equation (14)) for 
the conduction band and simplify these by neglecting the 
spin-orbit splitting of the valence band. We then find 
that to a good approximation (see also Matz|461) 

G(k,k') = (<4.o,. + (*(A.cos)a)- (2.7) 

where fi is the angle between k and k'. The quantities 
111 and c\ are given by Kane (Ref. [27], equation (I5))and 
in the present case reduce to the simple expressions 


V ly''”(£)-?''“(£ )l / 
/I = [2( I -Fat) (I -fat') + a[y(E) + y{k')}Y 


( 2 . 12 ) 

(2.13) 


a = -2£ry''=( t )y"2(t’) [4( I -f at) (I -f at') 

-f a{y(t) -f y(t')}] (2.14) 

C = 4( 1 -f at) (1 -f at') (1 -f 2at) (I -f 2at'). (2.15) 


Also y(t) is defined by equation (2.1). To recover the 
result appropriate to non-parabolic bands without account 
being taken of the k-dependence of the Bloch states we 
let a —► 0 in B and C when ,4 = C = 4 and B = 0. To 
recover the parabolic result we let a —* 0 everywhere. 

Acoustic phonon scattering is also present in the (000) 
valley. Although this is not a very important process in 
this valley] 14], we include it for completeness, but 
assume that the energy of the acoustic phonon is negli¬ 
gible compared with k„T. and neglect the change in the 
electron energy during the scattering. Then, including 
both absorption and emission, we have [47], 


‘h = 

Ca = 


r I -faElk ) ]''» 

[l -f 2oE(/t)J 

f aE{k) 1'-^ 

[l-f2aE(k)J- 


( 2 . 8 ) 

(2.9) 


for small energies we see that a^- -♦ 1 and (\ -> 0. We 
also note that to recover the usual result obtained with 
plane waves or .t-type wave functions we simply let 
a -* 0, I c. E„ —• in (I/, and c,. when again «a -* 1 and 
Cl -♦ 0. The result (2.7) was obtained on the assumption 
(hat k was along a principal direction of the crystal (see 
also F.hrenreich|45| and Mat/[46J) Removal of this 
approximation leads (o unmanageable formulae, but since 
(his IS equivalent to neglecting the additional anisotropy 
in the scattering caused by the admixture of valence 
band wave functions, and this anisotropy is small in 
gallium arsenide, the approximation is quite good. 

It IS worth noting that although the results (2.1), (2.7), 
(2 8) and (2.9) have been derived on the assumption that 
the spin-orbii splitting of the valence band is negligible, 
the expressions as given here are still a good approxima¬ 
tion when the spin-orbit splitting is large. 

.Substituting (2.4) and (2.7) into (2 3), it is straight¬ 
forward to sum over all k' to find the total scattering rale 
from the state k, i e. the probability per unit time that 
an electron with wave vector k will be scattered; this is 
required for the Monte Carlo method described in the 
next section. The result is 


Kik) =-■ 


VZh 


'J_I ) (1 +2af’) 

fJ y"^(t) 


FJE.E') 


where 


I A,, (absorption) 

1( Ao-f I) (emission) 


(2 10 ) 


£ -f hoio (absorption)] 
£ — ft<a„ (emission) J 


5„(k,k') = V««(l‘.k')A„fir£(/t')-£(*) j (2.16) 

ft 


where 


B„( k,k’) = 2 • - k' 1C (,k.k') (2.17) 


and 


= exp 


/ £slk-k ')\_ 1 '_ k„T 

\ k„T ) 'J "ft.ilk-k'l ' 


2.18) 


IS the phonon occupation number, p is the density, s is the 
velocity of sound and 3„ is the acoustic deformation 
potential. It is interesting to note that as the electron 
energy increases the effects of non-parabolicity become 
important before the acoustic phonon energy becomes 
significant in gallium arsenide at room temperature. Inte¬ 
grating (2 16) over all k' we obtain the acoustic mode 
scattering rale 


A„(*) 

where 




/•„(£) ' 


y''“(£)(l + 2a£)£„(£) 


(I -fa£)--f :'ila£) = 

(r-f2a£)^ 


(2 19) 


( 2 . 20 ) 


To recover the result appropriate to a non-parabolic band 
alone we set a — 0 in £„ (£). 

In the (100) valleys we shall consider polar optical, 
acoustic, and equivalent inlervalley scattering between 
the (100) valleysl3, 14], Consistent with our simple 
model for the (100) valleys, we shall treat the polar and 
acoustic scattering by the same formulae as used in the 
(000) valley but with « — 0 everywhere. For equivalent 
intervalley scattering between parabolic, spherical 
valleys we have 

.9,(k.k') = ^B,(k,k') 

^ rA,S[£(A') - £(k) —hutr] (absorption) 1 jia 
UA, + I)8[£(A:') — £(A) + Aw,] (emission)] 


and 



I96K 


W FAW('E7T, A. D BOARDMAN and S. SWAIN 


where 


BJk.k') = (A - ■' 

2 / 101 , y 


(2 22 ) 


and oi,. is the iniervalley phonon frequency is (he de¬ 
formation potential, and /, is the number of equivalent 
valleys. Assuming that the (KM)) valleys arc at the edge 
of the Brillouin /one, then ‘ 3 /V, is the thermal 
equilibrium number of phonons per mode given by 

A/,. - lexp (hw,lk„'l I - 11 ' (2 2.^) 


Gi.tk.k’) 


[\ + a,E,{k)][\ + aiE,{k')'\ 
(l-(-2«,£,(Jt)][l+2oA(*')] 


where « is zero for the tlOO) valleys. It is noted that 
■Vtk.k') has been taken to be independent of |k-k'| other 
than through the energy conserving delta function. This 
IS justified on the grounds that the change in wave-vector 
IS large, being in the order of the separation of the valley 
minima, and does not change much with the initial and 
final states within the valleys. .Similarly the dependence 
on wave-vector of H,j and w„ have been neglected. 
Integrating (2 26) over k' then gives 


The integration of (221) over all k' to determine the total 
scattenng rate due to this process gives 


K, Ik I 


11 oK‘-=,.'^,,,,,jN..lubsorption) 1 
\‘ln/ioi,f,' ' I (N, I 1) (emission)I 

(2 24) 


where 


J/'U) f/jfzj, (ahstirpiion)] 
lA’(A) /ku, (cmiNSKin) (■ 


C 25) 


f n ealculalc the tnmsilion rate due (o m»n-ct|uivalcnt 
uilorvaKey sc.iMonns bciwcen the (000) ami (MM)) 
valleys, it is ^.(mvcnicnt distinguish these two types 
(»f valley hy siilfiecs / and / I hen hy an<dc>gy with (2.21) 
and {2 22t wc liave On ^ iransition trom k in valley i to 
k' in valley / 


.Sjk.k'l ■7/<,,(k.k'l 
fl 

tk') / i vi. A, /(Of,, I (absotp(ion) 1 
H I f ,ik) i A, A, I (emission)) 

(2 2 ft ) 

wheie 


n..tk k ) 


''z/ioi.k =■'' 


Ik.k') 


(2.27) 


( onsislciK wilh oiii previous ruuation. is (he iiitcr- 
vallcv phonon licqiicnev, /, is ihc number of valleys of 
type I. IS ihe mleivallev vleloinialion potential and 
V,, IS (he iiileivallev phonon oecup.ilnm number given by 

A',, \c\p l/u.t„!k„l) I I ' (2.2H) 

It IS undei stood in equation (2 26) that the energy is 
mc.isuied lioin ibe minimum ol the valley denoted by the 
subscript: Ihe miiiima are ai energies A,, A, for valleys 
I, , respeelivciy I he funelion fi',,(k.k') m (2 27) is given 
hy analogy with (2.7). hut wc now set i, to be zero for Ihc 
(100) valley to be consistent with our model of these 
valleys Conscqueiilly the second lerin in (2,7) always 
vanishes since either k or k' will he in a (100) valley. Wc 
ihen ohiain. apail Irom a multiplicative factor represent¬ 
ing the overlap hetween the (100) wave function and the 
•s-like part of the (000) wave function which may be 
included in Ihe deformation potential. 


\,j(*) = Zj-t;*-) (1-1- 2a,E')F,AE.E ') 

V 2TT/101,fi 

^ ( N|J (absorption) 1 (2 30) 

|(/V(j+1) (emission)) 

where T„(T,fc') = C.jlk.k') and 

h:' = 1 + 6ru,j (absorption)l (T j |) 

' If.,—A,- t-A,--ftiuy (emission) J 

As before, the function Fi,IE.E') represents the effect 
ol taking into account Ihe admi.xtuic ofp-funclions in the 
(000) valley. 

Finally we mention that we have completely neglected 
non-polar optical scattering in both ihc (000) and (100) 
valleys. Fv.r a spherical, parabolic band this process 
vanishes, ronsequcntly. for the non-parabolic (000) 
valley considered here, it is expected that this pioccss 
need only be considered at high energies, and at these 
energies it is probable that scattering to Ihc (100) valleys 
dominates. In the (100) valleys, by analogy with silicon. 
It IS expected that Ihe equivalent mtervalley scattering 
will doiiiinale. and compared with this process, oplical 
scattenng is expected to be negligible In any case, 
cqiiivaleni mtervalley scattering has Ihc same charac- 
tciislics as optical scallciing. and providing ihc strength 
of the former process is chosen to give the correct 
mobility for Ihc* (100) valleys, Ihe neglect of oplical 
scattering will nol be serious Also we do not consider 
impiiiily scattering. Consequently, the results desciibed 
here, all of which icfcr to 3()()°K. aie only applicable to 
material with less than about 10'^ impurities pel cm', or 
to mole* heavily doped malciial in eleclric fields in excess 
ofa few ihousand V per cm. 

3. THE MONTE CAREO PROCEDURE 
■J'he principle of the Monte Carlo method a.s 
applied to the determination of di.stribution 
funclion.s is to simulate the motion of one 
electron in momentum space. This motion 
consists alternately of a drift with constant 
velocity in the electric field followed by a 
scattering by phonons. The time which the 
electron drifts in the electric field, the type of 
scattering process and the final state are 
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random quantities with probability distribu¬ 
tions which can be expressed in terms of the 
transition rates due to the various processes 
and the strength of the electric field. These 
probability distributions, however, can be 
quite complex, particularly that for the drift 
time, whereas it is only straightforward to 
generate by computer random numbers with 
equal probability over some finite range. As a 
result techniques are required to convert this 
equal probability distribution into the complex 
distributions required here. 

Suppose that the transition rate between 
two wave-vector states k and k' is S„(k.k'). 
Here the subscript q denotes the scattering 
process and can take the values q— 1,2 ... A/, 
if there are N possible processes. Formulae 
for the S„(k,k') have been given in the 
previous section. We have not added here an 
extra suffix to show that the scattering rates 
and the number of possible processes depend 
on the valley we arc considering, but this is to 
be understood throughout this section. The 
probability per unit time that the electron will 
drift for a time t in an electric field F and then 
be scattered is given by 

P(t) =A[k(/)] exp{- A[k(/')] dr'j (.Tl) 
where 

k(/) =k„ + eF//)^,A(k) = 2 A.,(k). 

'j.= i 

and\„ik)=J dk'S,(k,k') 

IS the total transition rate from the state k due 
to the i/'th process. Also k,, is the wave vector 
at / = 0 at the beginning of the flight, i.e. the 
final state after the previous scattering event. 

The procedure adopted by Kurosawafl?] 
to generate random times from the probability 
Uistribution (.t.l) was to use random numbers 
r generated with equal probability between 
0 and I. Then using P(r) dr = P(t) dt we 
obtain 

/- = /' F(/')dF 


or 

r= l-exp{-]■'A[k(/')] d/'}. (3.2) 

For some scattering processes the integral 
in (3.2) can be evaluated analytically and t 
determined from a random number r analy¬ 
tically or numerically. However, the compli¬ 
cated form of 5,(k,k') for some of the 
scattering processes considered here means 
that the integral cannot be evaluated analy¬ 
tically and t can then be determined from r 
only by solving the integral equation or by 
interpolation in a numerical table of A as a 
function of t and the initial components of k. 

Instead of these possibilities an alternative 
technique has been used to generate times 
from the distribution (3.1). Suppose in addi¬ 
tion to the real scattering processes present 
in the semiconductor we include a fictitious 
process [ 19. 20] for which 

A’„(k,k') =X»(k)6(k-k'). (3.3) 

Since the delta function does not allow the 
electron wave vector to change in the scatter¬ 
ing event, this ‘self-scattering' process is of no 
physical significance and then the function 
A„(k) is completely arbitrary. Including this 
additional process in equation (3.1) leads to 

F(0 = {A„[k(t)]+A[k(0]} 

xexpj— (Aolk(/')] -I-Afk(r')]) d/'| (3.4) 

and we can now choose Ao(k) in such a way 
that the exponential factor becomes simple. 
The particular choice which has been made 
forA(,(k) in the present work is 

A„(k) = r-A{k) (3.5) 

where I’ is constant. This choice for Ao(k). 
while not necessarily the optimum expression, 
has the advantage that (3.4) becomes simply 


P(t) = Fe-'' 


(3.6) 
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and so has the effect of simulating the motion 
of an electron that has an energy-independent 
relaxation time of l/l’. The constant I' is 
taken to be at least as large as the largest 
value of x(k) of interest in order to avoid 
negative values ofA,i(k). 

the effect of including the self-scattering process 
IS to subdivide the real flight of the electron into shorter 
(lights of duration governed by the probability distribution 
(t.h). It IS possible to sec this in an entirely mathematical 
way hy writing the original probability distribution (3.1) 
m the form 

Pin --Aide ''cxp{|' fl’ - A(C)| d/'} (3 7) 

whclc lt)r simplicity we have wriilen x[k(/)l as 
hxpandinii' the sct’tmtl exponential factor we obtain 

Pin ^ /.inc ' ji t J |i 3(r'i| d/ I v, 



AlC'l 

idcri •} 


' J II 


} } 


A lOO ''-1 

J'' 

c "'(I Mn\c 

■ '’'A (/I 

^ /: /: 

d/" v 

"'{r A(f'Uc 

r'> 

' H A(('' 

)|v 

' (HI- 

(■ 


I he Viiiious lei ins in the expansion ('Si can now be 
eleativ idcfttiOeJ .is heniji the poiKiInhty ol the electron 
siifiermg b. I. 2 . sell scatlennii cvciUs dtiitng its real 
tlijilil ol dinaluni t Allenn.ilively. this piool shows that 
the iniKuliiction til sell-scaiictm^ docs not alter the 
distfdnKion (1 1 1 of times ot flights (ernunated by a icai 
scaltemikt pi ocess 

Having dctcrniincd the li)iic of free flight, 
il IS iicccssaiy lo dcicrminc the scallering 
pioccss responsible for iermintiUng the flight. 
Sinee Ihe probability of the election being 

scattered Ity process </ is pioportiomil to 
\ 

X„( A ), ;ind since A,,-- Iit is only necessary 

<i (I 

to generate a nindom number ,s between (f and 
r and test the inetpialily 

m 

s<^k.,(k] (.T91 

u n 

for all /II. When this incqutility is sali.sfied. the 
scattering process m is selected. It is at this 
stage that the only disadvantage of using the 
simple distribution (.^.6) is made apparent, 
because there is now a finite probability of 
self-scattering being selected. Since this 


process does not change the electron wave- 
vector, it does not contribute to the determina¬ 
tion of the distribution function. It is clearly 
an advantage to make T as small as possible 
in order to make the number of self-scattering 
events a minimum. Despite this disadvantage, 
it is still more efficient to include self-scatter¬ 
ing than to work directly with the distribution 
(3.1). particularly since the final state after 
the self-scattering is known. 

For all real processes, further random 
numbers are required to determine the final 
stale after the scattering, it is convenient 
to regard phonon absorption and emission as 
separate processes in (3.9). Then the energy 
of the final state is also determined by this 
inequality for all the processes considered 
here, since the energy change is either inde¬ 
pendent of the change in momentum, as in 
polar and inlcrvalley scattering, or zero as in 
acoustic scattering. We note that this would 
not be the case if the acoustic phonon energy 
were kept finite, when a more complicated 
procedure would be required. However, in 
the present case, it then only remains to 
determine the components of k correspond¬ 
ing to this energy after the scattering event. 

I'hc procedure for calculating these com¬ 
ponents of the wave-vector k' after scattering 
is simplified by noting that the distribution 
function will be symmetric about the field 
direction for the band structuie considered 
here. Hence only those components parallel 
and perpendicular to the electric field are 
needed and we denote these by A' and A,' 
respectively. Acoustic scattering in the (100) 
valley and all the intervalley scattering 
processes are i-andomizing, so that once the 
energy of the final state has been determined, 
all states on that energy surface are equally 
probable final states (see equations 2.16 
(with C; = 1) 2.21 and 2.26). Hence the pro¬ 
bability that the angle between k' and the 
field direction z has some value 0 is pro¬ 
portional to the number of states on a circle 
with radius |k'|sin0. We can then write 
PW) = A sin ff where /I is a normalizing con- 
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Slant. If r is a uniformly distributed random 
number between 0 and 1 we then have 

r= r*P(0) clfl= 1/2(1-cos0) (3.10) 

J 0 

and then kl = |A:'| sin 6, = |A:'| cos 0. 

For polar and acoustic scattering in the 
(000) valley and polar scattering in the (100) 
valleys such a simple procedure is not possible 
because of the more complicated angular 
probability distribution. It is more con¬ 
venient in these cases to first determine the 
angle )3 between k and k'. For polar scattering 
in the (100) valleys equation (2.4) with a = 0 
gives 

Pip) dp - [E+E'-2iEE')’i^cosp]-^ 

X sin/3 dp. 

Again using random numbers r equally dis¬ 
tributed between 0 and I then gives the 
relationship 

r = Pip) dp == \n[ \ +fi \ - cosp)] 

/In [1+2/] 

or solving for cos p 

cosy8= [(l+/)-(I+2/)'-]// (3.11) 

where /= 2(££')'«(£'«-£''«)-^ When p 
has been determined from (3.II), a further 
random number between 0 and 27r determines 
the azimuthal angle and then k' is completely 
specified. 

For polar and acoustic scattering in the 
(000) valley equations (2.4) and (2.16) give 


for p as an explicit function of a uniformly 
distributed random number. We have there¬ 
fore used a technique due to von Neumann to 
generate random numbers from the distribu¬ 
tions (3.12) and (3.13). We note from these 
equations that P(cosj3) =/’(/3)/sin/3 is a 
monotonically increasing function of cos p in 
the range —1 to 1 with a maximum value of 
P(l) at cos/3= 1. Random numbers were 
therefore generated in pairs, the first number 
r, representing cos/3 in the range—1 to 1. and 
the second number rj was generated between 
0 and P(\). If Ta was less than P(r,) then 
r, was taken as the value of cos/3. If r-j was 
greater than P(r,) a second pair of random 
numbers were generated and the process 
repeated. It is clear that the accepted values 
of r, follow the required probability distribu¬ 
tion. 

In order to determine the distribution func¬ 
tions in the (000) and (100) valleys histograms 
are set up in (k,, k^) space where kg is 
parallel to the electric field. Under the 
influence of the electric field kp remains 
constant while kg increases according to 
dkgidt = ePIh. Counts proportional to the 
time that the electron spends in each cell 
of the histogram are then recorded during the 
course of the free flights in the electric field. 
The transitions between states due to the 
various scattering processes are of course 
taken to be instantaneous. Separate histo¬ 
grams are set up for the (000) and (100) 
valleys and the electron switches from one 
histogram to the other when an intervalley 
scattering takes place. The ratio of the times 
that the electron spends in the two histo- 


P(P) dp 


\y''^iE)y''HE')+aEE' cos/3]- 
[y(£) +yiE’)-2y''HE)y''HE') cos/8] 


and 


P{p)dp~- [l+a£(l + cos;3)]'sin/3d/3 

(3.13) 

respectively. For these probability distribu¬ 
tions it is not possible to deduce an expression 


sin/3 d/3 (3.12) 


grams is equal to the ratio of electron popula¬ 
tions in the two valleys. The time that the 
electron spends in a particular cell is propor¬ 
tional to the distribution function at this 
point in {kg. kp) space. 

Once the distribution function has been 
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calculated, the physical observables of 
interest such as the drift velocity, mean 
energy, etc. can in principle be obtained by 
numerical integration. However, in order to 
avoid having to use a fine histogram mesh to 
achieve the desired accuracy, it is more con¬ 
venient to calculate these quantities directly 
from the initial and final k-components of 
each free-flight. Thus the drift velocity in 
valleyy, for example, is given by 


r'-'M df:,, _ j_ ST ,i 


(3.14) 


where A-, and are the initial and final values 
olT, lor a particular flight, K, is the total length 
of the k-spacc trajectory in the valley and is 
iclated to the total lime \ which the electron 
spends in the valley through I', — ftK,leh'■ 
I he summation in (3,14) is over all election 
Ircc-llights in the valley. /., and h, are the 
milial and final energies tor the flight. 
I he quaniity \IK, may be micipreted as 
the distribution function per unit length of the 
k space liaiectory 


4. KKSI ITS 

All of the parameters icquiied to specify 
the scalteiing late in the (()()()) valley due to 
polai optical phonons are well-known in 
gallium aisenide, 1 he longitudinal optic 
phonon fiequenc> at the centre ot the /one 
<ij,i IS .‘'•37x 10' 'lad. sec '(4S| and (he static 
and high freqiieney dielectiic constants are 
€„ •’ l2-.‘'3 and «, - 1()'82 respecTiveiy 128|. 
As discussed in Sectum 2. the coellicient 
a requiied to describe the (000) band is 
() S76eV ', while the effective mass ratio at 
the bottom of the band is 0 ()b7 |23-26|. 
The aeons lie dclorntation potential H„ in 
the (()()()) valley was taken to be 7 eV132.49|. 
and the remaining paiamelers needed to cal¬ 
culate the acoustic phonon scattering rate are 
the velocity of sound .s = .‘>•22 x 10’’cm/sec 
[49| and the density p = 5-37 g/cm‘. 


To illustrate the effect of the non-para- 
bolicity and the k-dependence of the periodic 
part of the Bloch functions, we first show in 
Fig. I the sum of the scattering rates due to 
absorption and emission of polar optical 
phonons in the (000) valley at 300°K. The 
dotted curve was calculated from equation 
(2.10) with M = 0 and is therefore appropriate 
to a parabolic band. The broken curve 
includes the non-parabolicity of the (000) 
valley but neglects the k-dependence of the 
Bloch functions, while the full curve was 
calculated directly from equation (2.10). 
It is seen that while non-parabolicity alone 
increases the scattering rate, the effect of 
k-dependence of the Bloch functions is to 
again reduce the rate. While the polar scatter¬ 
ing rate is a measure of the rate at which an 
electron loses energy, the angular probability 
function T(cos^). which is given by equation 
(3.12) without the angular density of states 
factor sin (i. is also needed to assess the 
rate of loss of momenlum. This is shown in 
Fig. 2 for an electron energy of ()-4eV 
;ind again includes both phonon absorption 
and emission. It is seen that while non- 
piirabolicity alone emphasizes large angle 
scattering as compared with the parabolic 
band result, the k-dependcnce of the periodic 
part of the Bloch functions causes the 
small angle scattering to be emphasized 
through the factor (#(k,k'). This behavior 
IS typical of other electron energies although 
the differences between the various curves 
in Fig. 2 are smaller at lower energies. Com¬ 
bining the results shown in Figs. I and 2. we 
see that polar scattering will be significantly 
less effective both m momenlum and energy 
loss when the non-parabolicity and Bloch 
functions are taken into account at high 
energy than if non-parabolicity alone is 
included, ('urves like those shown in Figs. I 
and 2 have also been computed using the 
general expressions given by Kane [27], 

I hese have confirmed that the approximation 
A E„ makes an insignificant difference to 
the results. 
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Fig. 1. Energy dependence of the polar ncullering rale in Ihe (000) 
valley of gallium arsenide at .300°K (a) including both the non-para- 
bolicily of Ihe band and Ihe wave vector dependence of Ihe cell- 
periodic part of Ihe Uloch functions (full curve), (b) including only the 
non-parabolicily of the band (broken curve) and (c) for a parabolic 
band (doited curve). 



-I -0-5 O 0-5 1 

cosip) 


Fig. 2. Angular probability function Plcos/J) for an electron energy 
of 0-4 cV. I he labelling of Ihe different curves is the same as in Fig. I. 


The effective mass ratio in the (100) valleys 
is uncertain, but as discussed in Section 2, 
this has been taken to be 0-35 and was kept 
fixed. This is the only parameter in addition 
to those given above required to calculate 
the polar scattering rate in the (100) valleys. 
These values lead to a polar mode limited 


mobility in the (100) valleys of about 850 
cm^/Vsec. 

Uniaxial stress measurements[33] have 
given values for the shear and dilatation defor¬ 
mation potentials in the (100) valleys of 
gallium arsenide. However these values were 
deduced from changes in the positions of the 
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(100) valleys with pressure relative to the 
(000) valley and therefore cannot be used 
directly in a transpttrt calculation (cf. [141). In 
any case these deformation potentials do not 
appear to be consistent with the results of 
hydrostatic pressure measurements|351 so 
we have taken the acoustic deformation 
potential to be the same as in the (000) 
valley. This value leads to an acoustic mode 
limited mobility of about 2000cm^/Vsec in 
the (100) valleys.* 

If we use silicon as a guidef.'!!], then it is 
to be expected that scattering between the 
(100) valleys will be strong. Assuming that 
the (100) valleys lie at the edge of the Brillouin 
/.one. then transitions between the valleys on 
different cube axes take place by interaction 
with the longitudinal optic phonon at the 
(100) /one edge|52] and this phonon has an 
angular frequency oi,. = 4 54 x 10'-'rad.sec”' 
[481. We have taken the defoimalion potential 
for this process to be the same as in silicon. 
1 X 10"eV/cm[511 which is also very close to 
that recently deduced by James[.3()] from 
phoioemission data. 

I he combination of these three scattering 
processes in the (100) valleys leads to a low- 
field mobility of about 32,*'cm'''V 'sec '. 
Karlier measurements of the (100) mobility 
obtained by applying sufficient hydrostatic 
pressure to depress the (100) valley ;sultcd 
in values of 1.50[53| and llO|35]cm-V ' 
sec '. However, recent Hall mobility measure¬ 
ments! 36) seem to indicate a much higher 
value of about 400cm-V 'sec ' in the better 
quality epitaxial mateiial. Also, for those 
materials exhibiting this high mobility, the 
variation of low-lield resistance with pressure 
is in close agreement with theoretical predic¬ 
tions based on electron transfer to the (100) 
valleys, whereas for materials with an 


‘.Since this work was completed, Hariis|501 has 
reported new values I'oi the shear and dilatation delor- 
inalion potentials. These values lead to an acoustic mode 
limited mobility ol nboiil SO per cent of that used here but, 
as we comment in more detail latci. this is of little 
significance to most of the calculated results 


apparently lower (100) mobility greater 
difficulty is experienced in obtaining a fit 
with the data. Since the calculated value 
refers to the drift mobility rather than the Hall 
mobility, the agreement with the experimental 
value is acceptable. 

The only remaining parameter is the inter¬ 
valley deformation potential Ho required to 
specify the transition rate between the (000) 
and (100) valleys. There is little guide as to 
the correct value to be used in the calculations 
although James[30] has recently deduced 
a value of approximately 5xl0"eV/cm. We 
therefore present results for values in the 
range 2 x 10'^ to 2 X 10" eV/cm. 

The variation with energy of the spherically 
symmetric part of the distribution function 
is shown in Fig. 3 for various field strengths 
and for an intervalley deformation potential 
Hu = 1 X 10" eV/cm. It is seen that at low 
field strengths, the distribution is approxi¬ 
mately Maxwellian but as the field increases 
significant structure appears. Below 0-36 eV. 
the energy separation of the (000) and (100) 
minima, the 'temperature' of the distribution 
increases rapidly with field strength, but above 
this energy the temperature remains close to 
that of the lattice, the distribution being 
almost parallel to the zero-field distribution 
function shown by the broken curve in Fig. 3. 
This structure in the distribution function can 
be related to the strength of the various 
scattering processes as a function of energy. 
At low energies polar scattering is dominant 
but the scattering rate, and consequently the 
rate of loss of electron energy, starts to 
decrease for this process above about OT eV 
as was shown in Fig. 1. This results in the 
distribution becoming very hot between this 
energy and 0-36 eV. Beyond 0-36 eV however 
intervalley scattering to the (100) valleys 
becomes possible and for a deformation 
potential of lxl0"eV/cm this is dominant 
resulting in the rapid fall-off in the distribution 
function. For lower values of the intervalley 
deformation potential this fall-off is not so 
rapid as illustrated by Fig. 4. In this diagram 
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the distribution function at 3000 and 7500 
V/cm is shown for intervalley deformation 
potentials of ()-2.0-5. 1 and 2 x 10*eV/cm. It is 
clear that the value of the intervalley defor¬ 
mation potential has a marked effect on the 
number of carriers with an energy greater than 
0-36 eV and hence on the number of carriers 
in the (100) valleys at a given field strength. 

It is noticed in Fig, 3 that the distribution 
functions at 15 and 25 kV/cm exhibit a popula¬ 
tion inversion between about 0-2 and 0-36 eV. 
Figure 5 shows the distribution function in 
wave-vector space at 15 kV/cm plotted along 
lines through k = 0 parallel and perpendicular 
to the electric field, and it is seen that the 
population inversion is a consequence of a 
build-up of electrons below ()-36 eV transverse 
to the field. 

As briefiy discussed previously(541. this 
structure in the distribution function in wave- 
vector spiice and (he resulting population 
inversion results from the combination of 
stiong momentum randomi/.ation above 0-36 
eV due to inlervalley scattering and the 
relatively ineffective polar mode scattering 
below this energy. To sec this in more detail. 
Fig. fi shows schematically typical trajec¬ 


tories subject to these scattering mechanisms. 
Electrons with an energy greater than 0-36 eV 
and with a negative wave-vector component 
lose energy under the influence of the 
electric field and enter the region of weak 
polar scattering. Those electrons with a large 
wave vector perpendicular to the field, such 
as those labelled A and B in Fig. 6, have a high 
probability of again achieving an energy of 
0-36 eV when they will be rapidly scattered 
to the (100) valleys. On the other hand those 
electrons with a small value of Aj. such as 
the electron labelled C will be scattered by 
the polar phonons. Consequently the distribu¬ 
tion function will be almost constant along 
lines parallel to the electric field for energies 
between about 0-2 and 0 .36 eV but fall off 
rapidly at lower and higher energies. This is 
shown in Fig. 5 for the case of zero Aj- 
The build-up of electrons transverse to the 
field may be understood by noting that 
electrons such as /f, B and C in Fig. 6 exist 
in this region of momentum-space primarily 
by being scattered into it from the (100) 
valleys. Since this process distributes the 
electrons uniformly over a constant energy 
surface, the number of electrons entering 



l i)!. S I’Inl-. {A| of Ihi-disiribiilion runction m the (000) valley 

lines Ihumah A-0 pninllel (full curve) and perpendiculnr 
(broken curve) to a field of I.SkV/cm. Also included for comparison 
Is the /cro-lield distribution function (dotted curve). 
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Fig. 6. Schematic represenlalion of electron liaieciones in k space 
giving rise to the population inversion in the (()()()) valley. See text for 
discussion. 


the region of weak scattering within a fixed 
interval dkj. increases with in proportion 
to l/cosfl. As a result the distribution function 
also increases with kj^ in the range of energies 
where the scattering is weak, and this is 
shown in Fig. 5 for the particular case of 
A. — 0. Also contributing to this transverse 
inversion is the fact that an electron which is 
scattered into the (000) valley with an energy 
somewhat greater than 0-36 eV has a proba¬ 
bility which increases with its transverse 
momentum of reaching 0-36 eV under the 
influence of the electric lield|54). .Similarly, 
having reached this energy and the region 
of weak scattering, then the larger the trans¬ 
verse momentum, the shorter is the path 
length to a particular value of k. and the less 
effective is polar scattering along the the path 
due to the higher average electron energies 
involved. 

It is worth noting that the build-up of 
carriers transverse to the field implies that 
the second-order coefficient in a spherical 
harmonic expansion of the distribution func¬ 
tion is both large and negativcl54]. This is in 
contrast to the usual behavior at high field 
strengths, where the representation of the 
distribution function by only the first two 
terms in a spherical harmonic expansion is a 
good approximation because of the high ratio 


of thermal to drift velocities. I n the calculation 
by Conwell and Vassell[l4] which uses this 
approximation, no population inversion is 
therefore predicted. 

The population inversion is predicted to 
exist for field strengths in excess of about 
lOkV/cm. although the transverse build-up 
of carriers becomes evident at lower field 
strengths. Below about .3 kV/cm the structure 
in the distribution function becomes less 
significant and the distribution is quite 
streamed in the field direction. Characterizing 
the magnitude of this streaming by the ratio 
of drift to thermal velocities, it is found that 
this ratio has a value of about 0-2 at 1 kV/cm 
and increases to about 0-3 at 2 kV/cm. This 
value does not then change much up to about 
4kV/cm when it starts to decrease, reaching 
the value 0-27 at ,‘5 kV/cm and 0-23 at 7-5 
kV/cm. 

In Fig. 7. the spherically symmetric part 
of the distribution function in the (100) 
valleys is shown at various field strengths. 
It is seen that the scattering is sufficiently 
strong in these valleys for the distribution to 
remain Maxwellian up to high field strengths. 
However this behavior is dependent on the 
value of the deformation potential coupling 
the (000) and (100) valleys which in Fig. 7 
was taken to be I X IO"eV/cm as in Fig. 3. 
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In Fig. 8 the (100) distribution function 
is shown at 15,000 V/cm for intervalley defor¬ 
mation [KJtentials of 1 x 10" and 5 X 10" and 
compared with the (000) distribution function 
above 0-36 eV. It is seen that in all cases the 
(100) distribution is only slightly heated at 
low energies, as may be seen by comparison 
with the zero field distribution in Fig. 8. 
However at high energies the distribution in 
the (100) valleys follows that in the (000) 
valley, showing that a substantial part of the 
electron heating in the (100) valleys arises 
from the hot electrons in the (000) valley. 

In Fig. 9 the average drift velocity is 
plotted as a function of electric field strength 
for intervalley deformation potentials 5^ of 
0-2, 0-5, I and 2x 10"eV/cm. As the strength 
of the intervalley scattering increases, com¬ 
paratively fewer carriers have an energy 
greater than 0-36 eV at a given field strength, 
as was shown in Fig. 4, and consequently the 
threshold field for the onset of negative 
differential mobility and the threshold velocity 
both increase. Also the magnitude of the 
maximum negative differential mobility 


beyond threshold decreases as Hu is increased. 
The calculated values for the threshold field, 
the threshold velocity and the maximum 
negative mobility are listed in the table. 


Intervalley 

deformation 

potential 

(eV/cm) 

Threshold 

field 

(kV/cm) 

Threshold 

velocity 

(cm/sec) 

Maximum 

negative 

mobility 

(cmVVsec) 

2x lO'* 

2-6 

ITOX 10' 

5600 

5X 10" 

?'4 

l-9fix 10' 

3800 

1 X 10" 

3-.S 

202 X 10' 

2140 

2x 10" 

3-6 

206x 10' 

1650 


The insert in Fig. 9 shows the effect of non- 
parabolicity and k-dependent Bloch functions 
on the drift velocity in the neighborhood of 
the threshold field for an intervalley defor¬ 
mation of I X 10" eV/cm. From Figs. I and 2 
the effect of non-parabolicity and k-dependent 
Bloch functions is to increase the scattering 
rate compared with that for a parabolic band 
and this causes the distribution function to 
be cooler in the (000) valley. As a result the 
threshold field and velocity are increased 



Fig. 9. F.letlric field dependence of ihe average drift velocity for inter¬ 
valley deformation potentials of 0-2. O-S, I and 2x lO'-'cV/cm. The 
inset shows Ihe effect on the drift velocity in the neighborhood of the 
threshold field of (a) neglecting the wave-vector dependence of the 
cell-periodic pad of the Bloch functions in the (000) valley but letain- 
ing the non-parabolicity (dotted curve) and of (b) using a p.irabolic 
(000) valley (broken curve) all for an intcrvalley deformation potential 
of I X 10" e V/cm. 
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from 3-2 to 3-5 kV/cm and 1-95 to 2-02 x 10’ 
cm/sec respectively. I he effect of non- 
parabolicity alone is to cause a larger increase 
in these quantities to 4 kV/cm and 2-05 X 10’ 
cm/sec. 

Figure 10 shows the variation with field of 
the electron drift velocity in the (000) valley, 
and It is seen here that the strength of the 
intervalley scattering has an even more 
marked effect than on the average drift 
velocity. As the value of E,j is increased, the 
velocity m the (000) valley reduces drama¬ 
tically for fields in excess of about 3 kV/cm, 
and for values of H,, of I and 2x 10’‘eV/cm 
exhibits a negative differential mobility, this 
negative differential mobility is about 650 
cnr/Vsec for E,, — 2 x IO'’eV/cni and there¬ 
fore contributes a significant frtiction of the 
totiil negative difl'crentnil mobility. Also 
shoun in Fig. 10 is ilie diift velocity for an 
intervallcy deformation potenfial of I x |()'' 
eV7cm foi a ptirabolic and non-p;ir;ibo(ic (000) 
valley. For the paiabolic valley the drift 
velocity IS sigiiiftcanlly higher ;it the larger 
field stiengths and almost siitUKilcs while the 


negative differential mobility is increased if 
non-parabolicity alone is included. The 
reason that the marked dependence of the 
(000) valley velocity on the intervalley 
deformation potential does not show in the 
average velocity to the same extent may be 
understood with the aid of Fig. 11, which 
shows the field dependence of the fraction 
of electrons in the (100) valleys. It is clear 
from this diagram that the number of carriers 
transferred to the (100) valleys decreases as 
(he intervallcy deformation potential in¬ 
creases, and so compensates to a large extent 
for the reduction in the (000) valley velocity. 
I'hus, for example, for deformation potentials 
of 0'2. 0-5, I and 2x 10"eV/cm the fractions 
of electrons in the (100) valleys arc respec¬ 
tively ()-23. 0 082, 0 046 and 0-032 at 3 k V/cm. 
0-67. 0-45. 0-26 and 015 at 5 kV/cm and 
0-91, 0-74. 0-55 and 0-.37 at 10 kV/cm. 

If the (000) valley is taken to be parabolic, 
more electrons are transferred to the (100) 
valleys at a given field strength and this is 
shown in Fig. I I for an inlervalley deforma¬ 
tion potentiiil of I x 10" eV/cm. At 3. 5 and 



/if: H) nil// in ihc’v','j)k*y r»s <1 fiindion of fiflJ sfrengfh 

!t)i ihi* inion.illcv klorojmaiion pi)!cnli;ils iiHhc.itcd Also shown is ihe 
dull \c!ocny Kn nn inicivallcy dcl’orniation potcniial ol 1 x lO'eV/Lin 
ohi.lined (a) using a p.itabolic valley (hiokcn curve) and (h) 

neglckling ihc uavc vecun dependence o!'ihe cell-peiiodic pai l ot the 
Bloch limclions 1 dolled cm sc) 
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Fig. I I. Fraction of electrons in the (I0()) valleys for vuriouMnlervalley 
deformation potentials. The broken and dolled curves are for an 
intci valley deformation potential of lxlO”eV/cm with respectively 
a parabolic and non-parabolic (000) valley but neglecting the wave- 
vector dependence of the cell-periodic part of the Bloch functions. 


10 kV/cm the fraction of electrons transferred 
to the (100) valleys is calculated to be O-IO, 
0-38 and 0-65 which are to be compared with 
the results just given of 0-046. 0-26 and 0-55. 
If non-parabolicity alone is included, less 
electrons are transferred, the corresponding 
numbers being0 03, 0-19 and 0-50. 


Figure 12 shows the calculated mobility in 
the (000) valley as a function of field again 
with the intervalley deformation potential as 
a parameter. It is difficult with the Monte 
Carlo method to obtain accurate drift velo¬ 
cities at low fields since the contributions 
from the various parts of the distribution 



Fig. 12. Field dependence of the mobility of the electrons in the (000) 
valley for various intervalley deformation potentials. The broken line 
has a slope of—1. 
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canceJ to a large extent. Consequently Fig. 12 
has not been continued to below 1000 V/cm, 
but it is still clear that the low-field mobility 
is calculated to be about 9000cmVVsec. 
F.xperimental values for the low-field Hall 
mobility range up to about 10,000 cm’'/Vsec 
in material containing few enough impurities 
for the mobility to be entirely phonon limited 
at room temperature. When this value is 
divided by a factor slightly greater than 
unity to obtain the drift mobility, and when 
it is remembered that the material parameters 
required to calculate the scattering rate are 
only known to within a few per cent (par¬ 
ticularly the dielectric constants which enter 
as their difference) then the calculated 
mobility is in satisfactory agreement with 
experiment. Also a variational calculation of 
the polar mode limited mobility (Ehrenreich 
[29]) for parabolic bands leads to a mobility 
of about lO.OOO cm'VVsec for the parameters 
used heie. 

I he strong dependence of the (000) velocity 
on the intervallcy deformation potential is 
again evident in Fig. 12, The broken curve 
has a slope of - \ and on the log-log plot 
then repiesents a mobility proportional to 
I//'; the negative differential mobility in the 


(000) valley for intervalley deformation 
potentials of 1 and 2X lO^eV/cm is apparent 
in this figure through the mobility falling off 
more steeply than this line. 

The mobility in the (100) valleys is also 
found to be dependent to some extent on 
the intervalley deformation potential. The 
calculated mobility in these valleys decreases 
from its low-field value of 275 cm^/Vsec to 
160 at 25 kV/cm for Ho = 2 X 10“ eV/cm 
but only to 200cm’'/Vsec for 5x 10“eV/cm. 
This low-field value is less than the value 
of 325cm^/Vsec quoted above because of 
intervalley scattering to the (000) valley. 

In Fig. 13 the mean energy of the carriers 
in the (000) and (100) valleys is plotted as a 
function of electric field strength. In the (000) 
valley the mean energy is of course not very 
sensitive to the value of the intervalley defor¬ 
mation potential at low field strengths in¬ 
creasing from 0-0.39 eV at zero field to about 
0-0.55 eV at 2kV/cm and to 0-087 eV at 
3kV/cm. Beyond thre.shold. the mean energy 
is very dependent on the intervalley defor¬ 
mation potential. For example at 7-5 kV/cm 
the mean energy is 0-19 eV for a deformation 
potential of 2xl0“eV/cm but 0-27eV for 
2xl0*‘eV/cm. The mean energy of the 



Fig I -' Mean energy of the electrons tn the (000) valley (full curves) 
and (100) valleys (broken curves) for the intervalley deformation 
potentials indicated. 
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electrons in the (100) valleys does not increase 
very rapidly with field strength as shown in 
Fig. 13. For an intervalley deformation 
potential of 2 x 10“eV/cm the mean energy 
has only increased to about 0 05 eV at 20 
kV/cm but is somewhat larger for the smaller 
deformation potentials. 

5. DISCUSSION OF RF.SULTS 
In this section, we first compare the results 
described in the last section with those 
of previous calculations [14-16]. The main 
approximations introduced by Conwell and 
Vassell[14] were first, that the distribution 
function in the (000) valley could be repre¬ 
sented by the first two terms of a spherical 
harmonic expansion with respect to energy 
and second, that the distribution function at an 
energy (E±htiia) could be written in terms of 
the distribution function at E through a Taylor 
series expansion. As pointed out by Conwell 
and Vassell, these approximations are only 
expected to be good when the mean energy is 
several times the optic phonon energy, and 
this occurs at a field strength of about 5 kV/cm. 
However throughout the entire range of field 
strengths investigated, the form of the 
distribution function calculated by Conwell 
and Vassell and its dependence on the inter¬ 
valley deformation potential is very similar 
to that calculated here and shown in Figs. 
3-8. T he only exception to this is the popula¬ 
tion inversion which, as noted earlier, is not 
predicted by Conwell and Vassell. Neverthe¬ 
less the quantitative agreement is poor, not 
only at low field strengths where some 
disagreement would be expected, but also at 
very high field strengths. 

A direct quantitative comparison of the 
results presented in the last section with those 
calculated by Conwell and Vassell is not 
possible because of the somewhat different 
parameters used in this previous work. The 
most significant difference is in the combined 
density of states mass in the (100) valleys 
which in Conwell and Vassell's calculation 
was taken from Ehrenreich’s work[32] to be 


1-2 nio, whereas in our case it has the value 
0-73 Wo. This difference would be expected 
to result in the ratio of the number of carriers 
in the (100) valleys to the number in the (000) 
valley being about twice as large in Conwell 
and Vassell's calculation, but taking account 
of this still leaves a large discrepancy between 
the results. 

We have therefore used the Monte Carlo 
method with the same parameters as Conwell 
and Vassell to calculate the distribution 
functions in the (000) and (100) valleys using 
parabolic bands and an intervalley deforma¬ 
tion potential of 5 x 10“ eV/cm. At 2-5 kV/cm 
good agreement would not be expected, as 
mentioned above, and in fact we obtain a 
mobility in the (000) valley of 7600 cm“/Vsec 
when the mean energy has increased from 
0 039 eV at zero field to 0 072 eV. These 
values are quite different from those cal¬ 
culated by Conwell and Vassell of about 
5200cmVVsec and 009 eV. In addition 
Conwell and Vassell find only about 65 per 
cent of the electrons remaining in the (000) 
valley at this field strength as compared with 
89 per cent from the Monte Carlo calculation. 

At higher field strengths these discrepancies 
would be expected to disappear to a large 
extent when the approximations become 
better. In fact beyond about 5 kV/cm the 
mean energy and drift velocity in the (000) 
valley calculated by Conwell and Vassell are 
very similar to those calculated by the Monte 
Carlo method. However there is still a large 
discrepancy between the values calculated 
for the number of electrons transferred to the 
(100) valleys. For example at 6kV/cm 
Conwell and Vassell find 12 per cent of the 
electrons remaining in the (000) valley, of 
which one sixth have energies in excess of 
0-36 eV. the remaining 88 per cent being in 
the (100) valleys. From the Monte Carlo 
calculation at 6kV/cm the ratio of the 
number of electrons above and below 0-36 eV 
in the (000) valley is one eighth and about 
68 per cent are transferred to (100) valleys. 
The difference in the number of electrons 
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remaining in the (000) valley, 12 per cent 
as compared with .^2 per cent, has of course a 
large effect on the average velocity because 
of the much higher drift velocity in this valley 
than in the (100) valleys. As a result Conwell 
and Vassell find an average velocity of 4 x Ky' 
cm/sec at this field strength as compared with 
about 9x10“ cm/sec from the Monte Carlo 
method. 

The major part of the discrepancy between 
C onwell and Vassell’s results at high fields 
and those of the Monte Carlo calculation then 
appears to arise from the value calculated 
for the ratio of the number of carriers in the 
(100) valleys to the number above 0-36 eV 
in energy in the (000) valley. Denoting this 
ratio by then the numbers just given lead 
to a value of.if = 44 in Conwell and Vassell's 
calculation but 19 from the Monte Carlo 
calculation. It is of interest tr) determine 
the thermal equilibrium value that .A would 
have m 7eru field, and although numerical 
integration is required, it is straightfoiward 
(o determine a value of about 1.5 for a para¬ 
bolic (000) valley and a (100) density of states 
mass of l ^m,,. C onsequently the small in¬ 
crease in // found by the Monte Carlo method 
would imply that the distribution functions in 
the (100) valleys and in the (000) valley above 
()-35 eV were insignificantly heated by the 
field at 6kV/cm. This is indeed found to be 
the case, but since this is also true r)f the dis- 
liibulion functions calculated by Conwell and 
Vassell then the high value they find for.^ is 
sill prising, particularly since they state that 
,/(’ does not change much for fields in the range 
f kV/cm to 9 kV/cm. 

I hese ideas are consistent with the values 
of .A' deduced from the distribution functions 
given in the last section. For the non-para- 
bolic (000) valley considered in the present 
work and using the (100) effective mass ratio 
of 0-3.5. we find the thermal equilibrium value 
of to be .5-25. For the largest intervalley 
deformation potential considered of 2 x 10" 
eV/cm, it is then found that does not 
increase noticeably even at the highest field 


strengths. However for the smaller intervalley 
deformation potentials when the distribution 
function in the (000) valley above 0-36 eV is 
significantly heated, as demonstrated in Fig. 4, 

does increase with field reaching a value of 
about 10 at 15kV/cm for an intervalley de¬ 
formation potential of 5 x 10“eV/cm, and the 
same value at about 5 kV/cm for a deforma¬ 
tion potential of 2 X 10“ eV/cm. 

The comparatively large transfer of carriers 
to the (100) valleys found by Conwell and 
Vassell results in the average velocity reach¬ 
ing a minimum value beyond threshold at a 
field strength of about lOkV/cm at which 
point the velocity begins to increase signifi¬ 
cantly. This is to be contrasted with the be¬ 
havior found here and shown in Fig. 9. where 
the drift velocity does not reach a minimum 
value until field strengths in the order of 20- 
2.5 kV/cm are reached, when the magnitude 
of the drift velocity is about twice as large as 
calculated by Conwell and Vassell due to the 
larger contribution made by the electrons in 
the (000) valley. Also, beyond this field 
strength the drift velocity is found to almost 
saturate and is not very sensitive to the inter¬ 
valley deformation potential. This saturation 
of the drift velocity is of importance in pre¬ 
dicting the high electric field strengths mea¬ 
sured in propagating domains in the Gunn 
efrcctl3.4j. 

i'he displaced Maxwellian approach of 
Butcher and Fawcett[l5, 16] determines the 
temperature of the distribution and its dis¬ 
placement in momentum space by balancing 
the average rate of loss of electron energy and 
momentum due to collisions with that gained 
from the electric field. T his procedure under¬ 
estimates the number of high energy electrons 
in the (000) valley, and consequently akso 
underestimates the number of electrons trans¬ 
ferred to the (100) valleys. For example at 
3 kV/cm using a parabolic (000) valley. 
Butcher and Fawcett(16] predict 4 per cent 
of the electrons in the (100) valleys as com¬ 
pared with 20 per cent calculated by the Monte 
Carlo method using the same parameters. As 
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a result the drift velocity calculated with 
displaced Maxwellian distribution functions 
lies significantly above that found by the 
Monte Carlo method[22J. In contrast to the 
discrepancy found in the number of carriers 
transferred to the (100) valleys, this being 
sensitive to the form of the high energy tail 
in the (000) distribution function, the two 
methods give values for the mean energy and 
drift velocity in the (000) valley which are in 
much closer agreement. The only exception 
to this is at very low field strengths, where the 
mobility in the (000) valley calculated with 
displaced Maxwellians is about 20 per cent 
lower than found by the Monte Carlo method. 

We now compare the results described in 
this section with the available experimental 
data, fhcre have been many determinations 
of the velocity-field characteristic in gallium 
arsenide and diagrams have been published 
|3, I4| showing the wide spread in the experi¬ 
mental results. Consequently, before a com¬ 
parison with these results is worthwhile, the 
techniques used in these measurements have 
to be examined to try and understand the 
variation in results and hopefully to select 
the most reliable measurements. 

One of the problems associated with the 
direct measurement of the drift velocity is that 
space charge readjustment takes place in the 
material due to the negative differential mo¬ 
bility. In the first determination of the velocity- 
field characteristic by Cuinn and Elliottl5), 
an attempt was made to avoid this space- 
charge accumulation by determining the cur¬ 
rent through a lOflcm sample using very 
short 2.‘i0psec pulses. The resulting velocity- 
field characteristic had a negative slope mo¬ 
bility of about 300 cm^/Vscc beyond threshold, 
which was about an order of magnitude lower 
than theoretical calculations at that time pre¬ 
dicted] 14, 15] and these calculations were in 
approximate agreement with deductions from 
the behavior of lightly-doped gallium arsenide 
amplifiers[551. It also appeared to be too low 
to predict satisfactorily the properties of high 
field domains characteristic of the Gunn effect. 


In more recent work] 12] using a refined tech¬ 
nique and apparatus with a faster response, it 
was shown that the above measurement was 
too slow to avoid space charge effects and 
this caused the low value of the negative 
differential mobility. A higher value of about 
2000 cm^/Vsec is now observed, but it is 
believed that this technique does not produce 
an accurate result for the entire velocity-field 
relationship because of the observed vari¬ 
ability in the properties of high resistivity 
gallium arsenide{56]. 

The measurements of BraslauI9]. Ackef[7] 
and Hamaguchi et «/. [8] were made by apply¬ 
ing a microwave field to the sample. The 
microwave frequency is then to be chosen 
high enough to ensure that the field was in the 
region of negative differential mobility an in¬ 
sufficient time for space charge formation. 
However, in the measurements made by 
Hamaguchi el u/. [8] a microwave frequency 
of 9-4GHz and material resistivities of 0-5 
andl 0 cm were used, and in this case forma¬ 
tion of domains would not be prevented. 
Ackefs[7] measurements on the other hand 
were made with a 35 GHz microwave field 
and using epitaxial material with resistivities 
in the range 1-40 cm. The velcKity-ficId 
curve deduced by Acket shows a threshold 
which is much higher than determined by any 
of the other techniques, being about 5 kV/cm.’' 
and this is also much higher than the threshold 
measured for Gunn oscillationsl3, 4]. Braslau 
and Hauge[13] have determined the velocity- 
field relationships for both bulk and epitaxial 
samples with resistivities in the range 1-5- 
200 cm using a 35 GHz microwave field and 
in Fig. 14 we show the velocity-field relation¬ 
ship for a I-5 0 cm epitaxial sample and for 
a bulk sample of the same resistivity. I'he 


’More icccnt work by AcKci {Philips Rvs. Rep. 2J. 
317 (1968); Phw. Lell. 29A. 596 (1969)) have given 
vclocay-!\eM characlerisiics which are very similar to 
those shown in t ig. 14, h was also pointed out m the 
(list of these references that in the earlier woikf7j the 
characteristic in the neighborhood of the ihicshold field 
had been broadened by material inhomogenciiies, 
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I ig U I xperimcnlal velocity-held characteristics determined by 
Klicit and Kino| 1 1| lor insulating gallium arsenide and by Braslaii and 
Hiiiigel I3| loi 1-5(1 cm bulk and epitaxial material. Also included for 
comparison (bioken curve) is the drift velocity calculated by the 
Monte ( arlo method loi an intervalley deformation potential of 1 x 10“ 
eV/cm 


velocily-ficld relationsliips of the higher 
resistivity malerial in general show a lower 
negadve differenlial mobility, and in most 
cases a lower threshold velocity. However 
the variation in the sample characteristics 
across the wafer from which they were 
fabticalcd indicated that the higher resistivity 
material was stgnilicantly less uniform than 
the lower resistivity material. I his view was 
supported by the fact that Ciunn oscillations 
111 the samples showed a low and variable 
oscillation amplitude m the higher resistivity 
material. It should be noted that recent calcu¬ 
lations by Rcesl211 on the frequency depend¬ 
ence of the electron mobility in gallium 
arsenide show that at GHz the differential 
mobility particularly just beyond threshold is 
somewhat reduced from its d.c. value. How¬ 
ever, the velocity field characteristic as 
deduced from the microwave results will be 
much less sensitive to frequency since it is 
deduced from the average conductivity over 
the microwave cycle. 

By measuring the potential distribution in 
an H2fj. long sample which was sufficiently 


lightly doped to prevent domain oscillations, 
ThimI6] has deduced the velocity-field char¬ 
acteristic from Poisson’s equation and the 
current continuity equation. In principle this 
technique has the advantage that space charge 
is allowed to form in a well-defined way and 
the measurements can then be made d.c. 
However, the drift velocity is a sensitive func¬ 
tion of the field gradient in the sample and the 
lack of resolution of the potential probe and 
other inaccuracies inherent in this type of 
measurement only allows the velocity-field 
curve to be specified within quite wide limits. 
In fact it has been shown by Kino et u/.[57] 
that the velocity-field characteristic measured 
by Ruch and Kino[l 1], which is quite different 
from that deduced by Thim, is consistent 
with the potential distribution measured in 
lightly-doped samples. 

fhe measurements of Chang and MolUlO] 
and Ruch and Kinolll] both employed in¬ 
sulating gallium arsenide with resistivity in 
the range 10" fl cm. Consequently oscillations 
do not occur in this material and electron in¬ 
jection is prevented by a Schottky barrier at 
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the cathode. The depletion layer in the sample 
produced by the Schottky barrier under the 
influence of an applied field produces only 
an insignificant field gradient in high resis¬ 
tivity material, so that uniform field conditions 
can be achieved within the sample throughout 
the whole field range of interest. Electrons 
are then injected into the sample near the 
cathode by means of a pulsed gallium arsenide 
laserllO] or an electron beam| 11] and these 
drift towards the anode under the influence of 
the applied field. In the Chang and Moll ex¬ 
periment, trapping prevented the electrons 
from reaching the anode and then the field- 
dependence of the trapping rate is needed in 
order to infer the drift velocity from the steady 
state current, and the scale of the drift vel¬ 
ocity remains unknown. On the assumption 
of a field-independent trapping rate, (?hang 
and Moll deduce a velocity-field character¬ 
istic with a threshold field of only 2'2kV/cm 
and the velocity reaches a minimum at about 
ykV/cm. However until the exact variation 
of the trapping rate with electric field is estab¬ 
lished in such an experiment, no definite 
conclusion can be drawn, and it should be 
mentioned that large changes in the deduced 
velocity-field relationship result for peifectly 
plausible field dependences of the trapping 
rate[58J. In the Ruch and Kino experiment 
trapping of the electrons was so small that the 
majority of the electrons generated at the 
cathode reached the anode. Consequently 
the drift velocity can be deduced directly from 
the transit time of the electrons through the 
sample. 

In Fig. 14, the velocity-field characteristics 
measured by Braslau and Hauge[13] and by 
Ruch and Kino [I 1] are compared. It is seen 
that all three curves have almost the same 
slope in the region of negative differential 
mobility, but differences exist in the measured 
magnitudes of the drift velocity. Nevertheless 
these differences are less than 10 per cent 
throughout the entire range of field strengths, 
and this must be regarded as being satisfactory 
in view of the experimental uncertainties indi¬ 


cated above and the different samples used in 
the measurements. * 

Also included in Fig. 14 is the velocity-field 
characteristic calculated by the Monte Carlo 
method for an intervalley deformation poten¬ 
tial of 1 X IO"eV/cm. It is seen that the curve 
is in good agreement with the experiment 
curves up to the highest field strengths in¬ 
vestigated. Unfortunately this good agreement 
does not allow us to conclude that the inter¬ 
valley deformation potential is about 1 x 10** 
eV/cm. The main reason for this is the un¬ 
certainty in the effective mass in the (100) 
valleys and. although the values used in the 
present work is believed to be reasonable, 
if subsequent experimental work establishes 
this mass to have a significantly different value 
then this would of course change the calcu¬ 
lated characteristic. For example an increase 
in the (100) mass will decrease the threshold 
field and velocity and increase the negative 
differential mobility. Since these effects 
could be balanced to a large extent by an in¬ 
crease in the intervalley deformation poten¬ 
tial so retaining the good agreement with 
experiment, then no definite statement can 
be made at this stage concerning the exact 
value of the intervalley deformation poten¬ 
tial. Despite this difficulty, it is worth pointing 
out that the discrepancy between the results 
described here and those of the approximate 
treatments[14,16J is so large, being in fact 
much larger than the changes produced by 
reasonable variation m the uncertain material 
parameters, that a deduction of the inter- 
valley deformation potential from these pre¬ 
vious results would be completely misleading. 

The uncertainty in the mobility in the (100) 
valleys is by comparison much less significant, 
at least until very high field strengths because 
the contribution to the average velocity made 
by these valleys is quite small. For example 


*Recenl measuremenis by Fay and Kino (submitted 
to AppL Flm. Leir ) of the phase velocity of growing 
space charge waves propagating m semi-insulating 
gallium arsenide biased above the threshold field are in 
excellent agreement with the Ruch and Kino results. 
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for an intervalley deformation potential of 
lxl(V’eV/cm the (100) valleys contribute 
about 1 per cent of the average velocity at 
SkV/cm, 10 per cent at lOkV/cm, and 30 
per cent at 20kV/cm. Consequently a large 
change in the (100) mobility will result in 
only a small change in the average velocity. 
Also, at 01 eV above the (100) minima, the 
influence on the average velocity of the (III) 
minima will be small so long as the electrons 
m the (000) valley above ()'36eV and in the 
(100) valleys are not significantly heated by 
the electric field, as is the case for an inter¬ 
valley deformation potential of I X UV’eV/cm. 

6. CONf I t SION 

The principle advantage of the Monte 
Carlo method of calculating distribution func¬ 
tions and the resulting transport properties 
IS that It gives the exiict solution ti> the Boltz¬ 
mann tiiinspoi't equation, and this ciin still 
be achieved when many sctittering processes 
and complex btind structures are necessary. 
This has been demonstnited here for ;i two- 
viilley model, one of which is non-parabolic, 
but the generali/iition to situtitions in which 
more valleys make significant contributions 
to the average drift velocity is very strtiight- 
forward since it inviilvcs only the addition 
of extra mtci valley scattering processes and 
corresponding histograms to store the 
di.stnbiition function. I his is to be con- 
tritsted with the complexity involved in 
solving a many-valley problem using con¬ 
ventional techniques where it is necessary to 
solve complicated coupled equations for the 
distribution function, this being true even 
for the simplest disphiced Maxwellian 
approiich. Thus for example the calculation 
of high-field transport properties of n-type 
germanium has been carried out using the 
Monte (Tiiio method l.S9| including the 
ellipsoidiil energy surfaces of the (111) 
and (100) valleys and distinguishing between 
those (III) or (100) valleys which are not 
equivalent for a given field orientation. This 
problem would be prohibitively complex 


using analytic approaches even if conven¬ 
tional approximations such as the curtailed 
spherical harmonic expansion are made. The 
Monte Carlo method can also be used to 
determine transport properties in crossed 
electric and magnetic fields [60] such as the 
Hall coefficient and magneto-resistance, and 
is ideally suited to the evaluation of statistical 
properties such as the diffusion coefficient |61]. 

In the application of the Monte Carlo 
method to gallium arsenide described in this 
paper, the main difficulties lie in the uncer¬ 
tainty in the (100) effective mass and in the 
(0()0)-( 100) coupling constant, and in the 
location and influence of the (111) valleys. 
Despite these difficulties the method gives 
results which are in good agreement with the 
best available data provided reasonable values 
are taken for the uncertain material para¬ 
meters. It therefore now seems that further 
progress in the calculation of the high field 
transport properties of gallium arsenide must 
await detailed experimental determination of 
the conduction b;»nd structure away from the 
centre of the Brilloiiin zone. 

.-tikiiDwIi’Jui'iiH'iii':— 1 lie iiulhoi's would like lo express 
then yi.itiliide lo I P. Mcl eiin iind It D. Rees for 
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lesiills prior lo piihlicalion One of us (W !■ ) .icknow- 
ledycs ihe hospiialiiy of the .Solid .Stale Device F.lee- 
lionics Depailment at Bell I elcphone laboratories 
dniim; the fin.il stages of this woik. In pailicular, thanks 
aic due lo J (i Riich lor assistance in some linal com¬ 
pulations and lo B. J Ronian loi discussions Contributed 
by permission ol ihc Director of R R.F. CopyiighI 
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APPENDIX 

Proof that the Monte Carlo procedure leads to a distribu¬ 
tion funt tion which satisjie.s the Boltroiunn equation 
It IS stiaightforward to show that (he Monte Carlo 
procedure outlined in Section 3 leads to a distribution 
function which satislies (he Bolt/mann transport equation 
Let us define P„(k|,.k.r) to be the probability that the 
electron will pass through the state k at time t during the 
course of the ii'th free flight in the electric field, having 
started at the state k,, at time zero. The explicit lime 
dependence in this definition must be retained since the 
electron can pass through k during the n th free flight 
after any time t between 0 and x;. I he probability function 
must satisfy the equation 

/’„(k„.k./) = J slk'f\lfP„ ,(k„.k',r') 

X J dk'’.S(k'.k") expj^— j \^k" 3 '^s'j luj 
xs|k-k''-y(/-t'lj (Al) 
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r.v(k„.k} «-A(k)0(k«.k)-Lim ^L 


A dk 


Th. rigW- Of 0 , 0 ..™ (A, I . is .ho p^iuc. Of 

(hree probabilities eUciron will 

,1) the probability />. ,(k..k',/ 
pass through some stale k at lime / k 

(n - l)lh free flight. 

(2) the probability i'(k'.k") that the electron uill be 
scattered from this state to some other state k 

(3) the probability exp { . } that the electron will nirl 
be scattered while drifting from k" to k during the n’lh 
free flight 

I'he delta function ensures that the vector k-k" is j .■ . 

parallel to the field and has the correct magnitude for the ^ «»' 'he r integral by parts, and noting that 


X f i}rP„ ,(K-k'.t-T) 
Jo 


(A,.S) 


—p 

intermediate states k' and k" and the lime /' arc all dr " ‘ 


iV 


we obtain 


integrated over. Using the delta function to do the , , 

integration over k", and making the change ol vaiiabics /j, ti = - \ /L)C (k kl —I im V — / 

UiT - I I'. V - T 1 weohiain A ah ' r “ ^ 


dr 


P„ik„.k.t) -■ J ilk' J' iWP„ ,(k,„ 

.k'.t - t) 

X j dk'/>„.,(k„.k'.0)5(^k',k 


K.v(k'.k-'^r)exp|- J 

'>(k-fv)dr] ,A2, 

X exp — 1 a( k —- 
1 J ,1 ' i 

f.v)dy] 


11 the Monte C arlo calculation proceeds for N collisions, 
then the count obtaiticd at the slate k is, after normaliza- 

' 1 r'’ 

*■ V"? Sr 1 

f dk'P,, ,lk„.k'.l).Vtk',k) 

lion, 
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f\(k„.k) -■ 1 im V ■ 1 

f Ot/’„(k,„k.t). IA3) 

1) 

■["Pifl/'j 

dk' f (It 
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) 
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( A .M, wc lind that 

a 
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Reversing the oidci of the integialion and diflcrentialion 
in the last term results in two terms, the first of which 
exactly cancels the second term in equation (A.f>). while 
the second can be written with the aid of (A 2) to be 


l,im 2 ,.U’..(l‘..-k.O) -/>„(k„.k,7-)l 


(A.7) 


which IS zero Also the thiid leim c.in be lewritten liom 
(A.3I in icimsof f\. ,(k|i.k') and we finally obtain 


ij-' a 
A Ilk 


(\(k„.k) - -X(k)rv(k„.k) 


;exp 




j dk'Cv ,(k,„k')i(k'.k). 


tA 8) 


dv 


we Ctiii r cwntc (A 4) tis 


In ihc hmil (4* large /V, C\-, C\ and the dependence on 
ko disappears. Hquation (A.8) therefore reduces to the 
UoU/iTiann cqualjon. 
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EPR OF NF+ IN STANNIC OXIDE AND 
OXIDATION-REDUCTION EFFECTS ON THE 
EPR SPECTRA OBSERVED IN FLUX-GROWN 
CRYSTALS 
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and 

E. E. KOHNKE, M. D. BEI.Lt and W. J. I.EIVO 

Physics Department, Oklahoma State University. Stillwater. Okla. 74074, U S.A 

(Received 29 Seftlernher 1969) 

Abstract—EPR spectra of flux-grown stannic oxide single crystals were sludied rn the X-band at 
95 and .1()(J°K ReMUiances due to Ni'" as well as to previously reported He" and C'r'" ions were 
observed. The Nickel center was identified by the diffusion of nickel into vapor-grown ciyslals It 
IS found to occupy an interstitial position The spin Hamiltonian parameters arc r = f. gj. = 1 
g„ = 6-84 and g, = 5-10. A superhyperfine structure of approximately 6 U. was also observed. I arge 
differences in signal magnitudes were noted for the above ions in flux-grown crystals m the as-grown, 
reduced, and oxidized conditions. This is attributed to the loss and gain of oxygen by the crystal and 
associated changes in ion valency during the heat treatment process These changes have been used 
to oidci several ion ground stale enetgics in relation to the conduction band. 


1. INTRODUCTION 

Fleciricai. iind optical properties of flux- 
grown stannic oxide crystalsfl) have been 
under study in our laboratory for some years. 
Recent photoelectronic measurements[2,3J 
have revealed the existence of several electron 
trapping levels and at least one compensated 
acceptor sensitizing level in the forbidden 
bandgap of this material. We have now 
initialed EPR measurements in an attempt 
to determine whether the levels observed 
can be associated with the presence of specific 
impurities. 

Previous EPR studies in stannic oxide 
have been carried out on vapor-grown speci¬ 
mens. Signals arising from Cr**[4,.5], Fe'*^ 
[6,7], F‘'+[8], and Mn''+[9] ions have been 
reported. In the course of our investigations 
on flux-grown samples done at both liquid 
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nitrogen and room temperatures, we have 
observed four distinct signals. Two of these 
are due to Cr“' substitutional and interstitial 
ions as studied by Hou. Summitt, and Tucker 
in the X-band and in the K and A'l bands by 
W. H. From. I'he third corresponds to the 
Fe’+ signal investigated by Nakada, Ebina 
and Takahashi and by Sperlich. On the 
other hand, the fourth signal to our knowledge 
has not been mentioned in the literature and 
is here identified as arising from a Ni^+ ion 
in an interstitial site. 

fhe EPR spectra of these ions showed 
important heat treatment dependences in 
oxidizing and reducing atmospheres. The 
effects on the ion signals are consistent 
with those noted by Hou et «/., but larger in 
extent, leading to the conclusion that their 
proposed mechanism is inadequate to explain 
our results. The Fe-’^ signal also shows an 
extensive heat treatment dependence with 
lesser effects noted for the Ni'*'^ signal. 

The purpose of the present paper, then, is 
threefold: 
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(1) To report the observation and nature of 
a new signal, and to identify it as arising from 
a Ni^^ ion in an interstitial site. 

(2) To describe the changes noted in nickel, 
chromium, and iron resonances following 
heat treatment in oxidizing and reducing 
atmospheres. 

(3) To propose a model which explains 
these results in terms of the changes in 
oxygen vacancy concentration resulting 
from treatment procedures and to give 
supporting evidence obtained from weight 
loss measurements. 

2. THE NICKEL CENTER 

Specimens and EPR experimental procedures 

Two types of crystals were used in the 
study. One scries of samples was grown from 
a cuprous oxide flux in our laboratory. The 
others were grown from a vapor phaseflOj 
and were made available tt) us by the Research 
and Development Taboralory, Corning Cilass 
Works. These latter crystals did not display 
the unidentified HRR signal of interest in the 
as-grown condition and were later doped by 
diffusion of nickel into the sample as discussed 
below. 

I he spectrometer employed was a conven¬ 
tional X-band apparatus operating at 9-13 kMc/ 
sec with lOOkc magnetic field modulation. A 
Varian V-4.‘'3I bPR cavity was used with an 
orientation mount which allowed the rotation 
of the sample about the vertical axis while at 
temperatures ranging from — IStfC to room 
temperatuie. The magnet employed offered 
a magnetic field range from zero to approxi¬ 
mately 4 S kCi. 

The crystals were oriented by the l.aue 
back-relleclion technique and transferred to 
the orientation mount. After mounting the 
orientation of the samples could be further 
checked to an accuracy of ±()-2° by use of the 
Cr‘^ and Fe-*^ signals. Magnetic field measure¬ 
ments were obtained with a proton gau.ssmeter 
which allowed an accuracy of ±1 G. All 
subsequent F.PR data were obtained in the 
same manner. 


To test the hypothesis that the previously 
unreported signal arose from the presence 
of a nickel center, vapor-grown crystals from 
Corning Glass-in which the signal was not 
originally observed - were doped with nickel 
by a diffusion method similar to that used by 
Wittke to dope titanium dioxidefll]. A 
stannic oxide sample was dipped in a 
methanol-nickel acetate solution and placed 
in a quartz treatment apparatus. The apparatus 
was evacuated allowing the methanol to 
evaporate and the contents were heated to 
decompose the acetate leaving a nickel oxide 
residue on the crystal surface. Nitrogen was 
introduced into the system and the contents 
were heated to about 1000°C for a period of 
two weeks. At the conclusion of this treat¬ 
ment, oxygen was admitted into the system 
and the sample was again heated for 8 hr 
at the same temperature for the purpose of 
oxidizing it back to its original stoichiometry. 

Subsequent EPR measurements in these 
treated specimens revealed the appearance 
of a new signal, due to about 10'’ centers 
which corresponded to the flux-grown speci¬ 
men signal. Similar enhancement of the 
already present Cr'"^ signals was observed 
following an analogous treatment with 
chromium acetate. 

Nickel spectrum results 

The nickel center gives a sharp, well- 
defined signal of linewidth 1-2 G. at both 
room and liquid nitrogen temperatures. Its 
orientation dependence is shown in F'igs. 1 
and 2. Since the nature of the signal indicates 
a fourfold symmetry exists for the site of this 
ion, only a 90° interval has been shown. As 
can be seen, in the (001) plane there are four 
inequivalent sites which decrease to two in the 
[110], [iTO] and [100] directions. 

The rutile-structure site which has this 
type of symmetry in the undistorted state is 
an interstitial site[4, 12]. It is surrounded by a 
distorted octahedron of oxygens of tetragonal 
symmetry with its tetragonal axis lying -M3° 
from the [110] direction. The total symmetry. 
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hig I Ohscivcd (circles) and calculated (solid lines) 
Ni'+ resonances in the (001) plane. 



I ig 2 Obscived (circles) and calculated (sv>lid lines) 

' Ni" resonances in ihe (I 10) plane 

I however, is lowered to C’,/! by another dis- 
I tolled octahedron of tin atoms of the same 
I symmetry but with its tetragonal axis tilted 
f from the [IIOJ axis. Four inequivafent 

I sites of this type exist, becoming equivalent 
I in pairs in the [110] and [100] directions and 
all becoming equivalent along the jOOlj 
, direction. A typical resonance diagram for 
an ion in such a site will thus have the charac- 
^ teristics of Figs. 1 and 2. Recognizing that 
both other probable positions for the ion have 
' only two inequivalent sites in the (001) plane 
|4, 12), we may conclude that the nickel ion 


is present in the octahedral coordinated 
interstitial site. This is not surprising since 
nickel is also found in the corresponding site 
in titanium dioxide [ 12J. 

The orientation dependence of the nickel 
signal can be represented by a spin Hamil¬ 
tonian of effective spin .v = 4 and effective 
je-values = I ^',, = 510 as shown in 
Figs. I and 2 by the solid lines calculated using 
these parameters where the v-axis is taken 
along the [001] direction. 

On the basis of the .v =4 character of the 
signal, one expects the valency of the nickel 
center to be +3 or -t-1 since these are the only 
two reasonable valencies of half-integer spin. 
The trivalent state is to be preferred since 
both Ni** and Ni“+ are found in titanium 
dioxide and valencies are for corresponding 
impurities usually equal or larger in stannic 
oxideII3-l5]. Additional justification for 
the choice is based on the very large aniso¬ 
tropic g-values which are characteristic 
of the d' system in distorted octahedral 
coordination [17-19]. 

The very surprising fact about this system, 
however, is that the signal is sharp and easily 
observed at room temperature. Generally 
the (P system can be observed only at tem¬ 
peratures less than 78°K or sometimes even 
below 20°K. An exception is the Ni’^ ion 
observed in titanium dioxide [12] where 
it occupies the corresponding interstitial 
position to that of the Ni''"* ions of this study. 
In the titanium dioxide case, however, the 
g-values varied only a few tenths from 
the free spin value due to spin quenching. 
The reason why the unquenched system 
of the present study gives rise to a sharp 
signal at room temperature is unknown to 
us at this time. 

The magnetic x- and r-axes of ihi^ crystal 
do not correspond to the [110] and [110] axes 
of the crystal, but rather he ±0-6° from these 
principal directions. One can qualitatively 
explain this behavior by considering the 
arrangement of nearest-neighbor oxygen and 
tin ions. The nearest-neighbor oxygen ions 
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the II lOJ axis at an angle of 45° in the same 
plane lies the tetragonal axis of another 
distorted octahedron formed by the nearest- 
neighbor tin ions. T ho magnetic axis may then 
be expected to lie somewhere between these 
two directions. Since the nickel-oxygen inter¬ 
action should be stronger than the nickel-tin 
interaction, one expects the magnetic axis to 
be closer to the oxygen tetragonal axis, in 
agreement with the observed results. Very 
similar results have been reported for Cr'’+ 
in this site with the magnetic axes tilted 
±0-5'' from the [ I I0| axisl41. 

In the analogous case of Ni-” in titanium 
dioxide, the magnetic axis lies at an angle 
of 9 r from the [110| dircction[12| One 
explanation for this difference might be 
found in the increased covalency of sltinnic 
tixide suggested by the larger superhyperfine 
structure due to neighboring tin ions[5,8). 
With a smiiller covalent interaction with 
neighboring metal ions the magnetic axis in 
titanium dioxide could be expected to lie 
closer to the tetragonal axis of the nearest- 
neighbor ttxygen ions. 

We observed a supei hyperfine structure for 
all oiicnlations other than //„ parallel to the 
magnetic t-axis. Although a detailed study 
ol the anisotiopy in this structure has not 
been mtide, the spliilmg is approximately 
f) Ci. I his IS very close to the values reported 
for the ('i''' interstitial ion[4) and thus the 
above-mentioned small deviation of 0-1° in 
the directions of the magnetic axes for these 
two ions is understandable. 


3. HhAT TKKA 1 MKN r RKSDI.T.S 
Ohserved effects on the fiPR spettra of 
jilt x-gitnvii er\sUils 

Hoii, Summitt, and fucker have observed 
changes in the EPR spectra of Cr^"*" ions in 
viipor-grown stannic oxide crystals after 
heat treiitments in a hydrogen atmosphere. 


] TUNHEIM eial. 

u the tetra- They have proposed that chromium substitu- 
„hec/ron With the ^ (o an interstitial position in 

" ‘Vher'side of the presence of a hydrogen ion. While study¬ 
ing flux-grown crystals, we have observed 
changes in chromium, iron and nickel signals 
by utilizing various atmospheres including: 
air, nitrogen, vacuum, oxygen, helium and 
hydrogen. Since it was found that large and 
reproducible changes could be best gotten 
using oxygen and nitrogen as the treatment 
ambients, the work reported here will be 
confined to discussion of heat treatments 
in these two gases. The observed effects are 
consistent with those reported by Hou, 
Summitt. and Tucker although a much 
greater range of variation was noted. 

The basic data upon which the following 
description is based consist of the F.PR 
spectra of our flux-grown crystals in the 
highly oxidized, highly reduced, and as-grown 
conditions. The oxidized condition was 
obtained by heat treating in an oxygen atmo¬ 
sphere at 90()'’C for 20 hr and then quenching 
to room temperature. The reduced condition 
was obtained with the same treatment using 
nitrogen instead of oxygen. Supporting data 
showing consistent trends were also obtained 
for intermediate states between these 
extremes. The trends were consistent 
within the limitations imposed by the difficulty 
in exactly reproducing the same degree of 
treatment in different specimens. 

I he results are as follows; 

(1) The Cr'+ interstitial ion signal has a 
maximum amplitude for the reduced con¬ 
dition, becomes quite small in the as-grown 
condition, and finally disappears in the 
oxidized condition. 

(2) The Cr“ substitutional ion signal is 
missing for a crystal in the reduced state, 
reaches a maximum when reduced slightly 
from the as-grown condition, and decreases 
to approximately three-fourths its maximum 
value for the oxidized condition. 

(3) The ion gives rise to a signal of 
maximum amplitude when the crystal is in 
the oxidized state. This signal then becomes 
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i very small for the as-grown crystal and goes 
to zero for the reduced state. 

(4) The EPR signal of remains e-'.on- 
tially constant except for the reduced state 
where it decreases slightly. 

It is noted here that the dependence of the 
Cr^^ signals reported by Hou, Summitt, and 
Tucker is consistent with the dependence 
seen in this study. The greater range observed 
in this work can be attributed to the lesser 
amounts of impurities present in our crystals 
(all four impurities were of concentration 
less than 1 ppm by wt.) allowing larger Fermi 
level changes to be induced by the creation 
of the same number of reduction imper¬ 
fections. Reinforcing this conclusion is the 
fact that these vapor-grown crystals changed 
only slightly in electrical resistance when 
heat Ireated in a reducing atmosphere(i01 
while that of the flux-grown samples decreased 
by orders of magtiitude. 

Proposed niodcd for heat treatment effects 

The model previously proposed in the 
liierature[4] to explain the heat treatment 
dependence of Ci'" ion signals is found to be 
inadequate to explain the data of this study. 
Proposing that chromium substitutional ions 
jump to an interstitial position in the presence 
of a hydrogen ion cannot explain the reversible 
changes observed foi' heat treatments in 
nitrogen and oxygen. 

A mechanism which will qualitatively 
explain both the previously reported data 
and those of this study can be based upon 
Ihe assumption that ttxygen migrates in and 
out of the crystal during the treatment 
processes causing an actual change in stoi¬ 
chiometry. More specifically, oxygen leaves 
the crystal during the treatment in nitrogen 
or any other reducing atmosphere, releasing 
one or two electrons for each atom involved. 
This raises the Fermi level and may thus 
cause a change in the valence state of any 
impurity having a ground state within the 
range of its rise. As an example, if the Fermi 
level lies substantially below the Cr^+ inter¬ 


stitial ground state most of the interstitial 
chromium will be Cr'*^. This would be the 
situation for the oxidized condition where 
no signal is seen arising from the Cr^+ inter¬ 
stitial ion. Now, as the crystal is progressively 
reduced, the Fermi level rises, more Cr'*^ 
ions are changed to Cr*^ and an EPR signal 
appears due to the latter ion. Signal changes 
occur in the reverse order when the reduced 
sample is oxidized once again. It should be 
noted here that the integer spin systems such 
as Cr^+ would not be detected for the numbers 
of centers involved in our crystals. 

In search of further support for the proposed 
model, a series of weight measurements were 
made to detect the loss of oxygen. A Mettler 
M5 microbalance with a sensitivity of ±2 
was used. A large number of crystals of 
approximately l'2g combined weight were 
placed in a small quartz capsule and weighings 
were made of both the capsule and the crystals. 
A weight loss of about 6 parts in 10'^ (by wt.) 
was observed for samples heat treated in 
nitrogen for twenty hours at yOO'C after a 
similar treatment in oxygen. After again 
treating in oxygen the weight lost was 
reversibly regained. 

Similar consideration applied to the iron 
and nickel ions suggest a method for ordering 
their ground slate energies in the forbidden 
gap. On the basis of the proposed model and 
the heat treatment dependence of the F)PR 
spectra a schematic diagram is given in Fig. 3 
for the ion ground state energies in relation 
to the conduction band. The reasoning 

Conduction Band 


(Substituttonal) 

Fe^* - -Cr^"- 

(Interfttitiot) 


(Substituttonal) 


Fig 3 Indicated iclativc order of several ion ground 
stale energies below the conduction band. 
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involved in the level placement is as follows: 
the Cr~* substitutional ground state is placed 
close to the conduction band since the 
substitutional signal vanishes only for a very 
highly reduced state of the crystal. Since the 
signal is small for the as-grown state of 
the crystal, the Fe*^ levels are partially 
occupied. Also the Cr-*+ interstitial signal 
is quite small in the as-grown state, thus both 
the Fe“* and ( r" interstitial ground states 
probably lie m the region of the Fermi level 
in the as-grown crystal. Substitutional Cr** 
signals decrease only for the very highly 
oxidi/ed condition and its ground state has 
been placed lower in the forbidden gap, 
possibly I eV or more below the conduction 
band. Since the Ni-" signal decreases only 
slightly for the reduced state, its ground state 
is even lower with the Ni-' state very close 
to the conduction hand. 

It must be emphasized again that only the 
ordering of the levels should be considered 
significant. Actual energy values await 
correlation with other experimental data. 

.U kniwh-ilf;fincnl\ ~ \)ic <lullu>r^ wish li) Ih.iilk the 
N.ilKinii) AeiuniailJC', iiml .Sp.itc .XilinintMiiiiiDn for ihc 
tiM.ini.ial suppoil puivKlcO Un itns woik under NASA 
(iianl NsCi-609 I tic icsc.ncti puiipani ut which Ihis 
IS a p.iil received ils iinli.d siippurl riom ihe Otliee ut' 
Nav.il Kese.nch nndei Conliacl No NonrO.S95(Ot) 
Special ihaiiks .ne due lo Ihe Reseaich and DevetopmenI 


l,aboratory. Corning Glass Works and Dr. R. W. Summitt 
for furnishing us with several vapor-grown specimens 
used in the study. 
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THE TEMPERATURE DEPENDENCE OF THE PLANAR 
HALL EFFECT IN IRON, COBALT AND NICKEL* 
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Abstract-The temperature dependence of the Spontaneous Planar Hall Effect in the ferromagnetic 
metals: iron, cobalt and nickel has been studied. Measurements were made from room temperature 
to the Curie point in case of nickel and up to bOO^C in case of iron and cobalt. The following empirical 
relationships among the planar Hall coefficient P,. magnetization M and the resistivity p were estab¬ 
lished: P, ~ M^(M„‘~M'‘) with different values of for iron and nickel, and P, ~ M^(ap + for 
cobalt. For cobalt, different pairs of (a. fi) were found for the hep (low temperature) and the fee (high 
temperature) structures. Temperature hystersis was observed in the region of phase transformation. 


Possible resemblances with the usual Spontaneous 
1. INTRODUCTION 

The Planar Hall Effect [1| arises when a 
current is allowed to flow through a conductor 
placed in a magnetic field. An electric field 
is developed in the plane formed by the 
current vector and the magnetic field vector 
and is perpendicular to the current direction. 
This planar Hall field is a sine function of 
the angle 'O' between the magnetic field H 
and the current density j. It is given by 

E,, = jPoH'^ sinfleos^ (1) 

where P„ is the planar Hall coefficient. Jan[2] 
found that this ‘pseudo-Hall effect’ i.s actually 
a consequence of magnetoresistance. Phen¬ 
omenologically. it can be shown that the 
product 

PoH- = l>i~f>i ( 2 ) 

where p„ is the resistivity in a longitudinal 
magnetic field and is the resistivity in a 
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Hall Effect were investigated. 

transverse magnetic field. In nonmagnetic 
metals, this difference is often too small that 
their planar Hall effect attracted little atten¬ 
tion. However in 1966 Vu Dinh Ky[3] 
reported that in nickel the spontaneous 
magnetization M brought the planar Hall 
voltage to a level comparable to the usual 
Hall effect. In his phenomenological theory 
(4), he established that the spontaneous 
planar Hall field 

E„=jP^M'^s'mOcosO (3) 

where P„ is the spontaneous planar Hall 
coefficient. In case of nickel[3] he found 
thatP., ~ 7x lO '^V-cm/A-G^. Again 

PM~ = Pn-PL ^Ps (4) 

and the last quantity is often defined as the 
ferromagnetic resistivity anisotropy [2]. 

2. EXPERIMENT 

The measurement of the planar Hall vol¬ 
tage is similar to the usual Hall efl’ect except 
that the sample is now placed with its plane 
parallel to the magnetic field. As in usual 
Hall effect measurements, an aternating 
current technique was employed to eliminate 
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all the interfering d.c. voltages such as thermo¬ 
electric potentials[5]. Nernst and Etting- 
shausen effects however were negligible 
with such a geometry. The usual threeprobe 
balance method (6] was used to minimize 
the misalignment voltage developed across 
the Hall probes. Besides, with this arrange¬ 
ment. the thermal stability requirement and 
magnetoresistance effects affecting the 
misalignment voltage would not enter|7]. 
Usual Hall voltages came up from the fact 
that the sample might not be perfectly parallel 
to the magnetic field. This was eliminated 
with the field reversal technique as it is an 
odd function of the magnetic field. The major 
difficulty in the use of the a.c. technique was 
the induced e.m.f, within the Hall voltage 
detection loop when the sample vibrated in 
the applied magnetic field|8|. This was 
improved by pressing the samples hard onto 
I he sample holder and by aligning carefully 
the current and voltage leads, minimizing the 
area of the loops Formed, Besides, as the 
planar Hall voltage is an odd function of 
'O' this spurious e.m.f. was eliminated by 
taking the mean of two readings, one with 
angle 'O' and the other with '—O'. However, 
with well aligned samples, this voltage was 
often less than 1 per cent of the planar Hall 
voltage. 

A power amplifier provided the one ampere 
sample current. 175 H/ was chosen as it 
was midway between the second and third 
harmonics of the line frequency. A PAR 
HR-8 phase sensitive Lock-In Amplifier 
equipped with a low input impedance pre¬ 
amplifier was used to measure the planar Hall 
voltage with +.1)01/zV accuracy. A Varian 
V-4()()5 4-in. electromagnet provided the 
uniform magnetic field. As the demagnetiza¬ 
tion factor was small with such a geometry, a 
maximum field of 12 kG was enough in all 
cases. 

Kor room temperature measurements of 
which the angular dependence was desired, 
the metal samples in form of a thin rectangular 
plate were fixed on a modified spectrometer 


table. For high temperature measurements, 
the samples were fixed in a microfumace the 
oxygen within which was removed with 
magnesium ribbon. Direct current heating 
was used to prevent vibration of the furnace 
within the magnetic field and also to minimize 
excessive line voltage pick up. All current 
and voltage leads were platinum wires spot 
welded onto the metal samples. Experiment 
with nickel had been performed from room 
temperature to the Curie point while measure¬ 
ments on cobalt and iron were made up to 
600 and 550°C respectively. 

The samples each of 0-005 in. thick were 
supplied by the ALFA Inorganic Company 
with purity 99-998%. 99-7% and 99-998% for 
iron, cobalt and nickel respectively. Samples 
were annealed at 600X' for 15 hr. However 
practically no change in planar Hall voltage 
was detected within experimental error for 
samples with and without heat treatment. 
This was consistent with the remark made by 
Jan(2| on ferromagnetic resistivity anisotropy. 

i. RKSULTS AND DiSCtS.SION.S 

Figure 1 shows the angular dependence of 
the spontaneous Hall fields normalized to 
unit current density for the three ferromag¬ 
netic metals. The sinusoidal variation is as 
predicted. At room temperature the planar 
Hall coefficient of nickel is about 7-8 X 10 ''' 
V-cm/A-G'-' which is quite close with that 
reported by Vu Dinh Ky[3]. That for cobalt 
is 6-8x10-'^ V-cm/A-G^ and 0-95x10-'^ 
V-cm/A-G'- for iron. The planar Hall voltages 
were practically constant after saturation 
(Fig. 2) showing that the contribution from 
the magnetizing field itself was negligible. 
The spontaneous planar Hall voltage was 
taken by extrapolating the high field readings 
to H = 0 assuming a quadratic field depen¬ 
dence. 

The temperature variation of the planar 
Hall coefficient of iron and nickel is shown in 
Figs. 3. and 4. For both metals, P, increases 
with temperature and the maximum value 
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Fig. 4. The temperature dependence oF Ihe spontaneous 
planar Hall coefficient of nickel. 

was found: 


was reached in the case of nickel and dropped 
rapidly as the Curie point was approached. 
We tried to relate with the spontaneous 
magnetization M. An empirical relationship 


This is illustrated by the straight lines obtained 
when PJM^ is plotted against in Figs. 5 
and 6. Here the constants M,, have the same 
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(JimenNion as M and were found to be 3-9 
and 5-9 per cent higher than the spontaneous 
magnetization at absolute zero for iron and 
nickel respectively. 

It is of interest to note that the functional 
form in equation (5) is not unique among 
galvanomagnetic effects of ferromagnetics. 
The usual spontaneous Hall coefficient /?., 
does obey similar relationships. For example 
W, — const.^ — for nickel [9]. From 


Lavine’s data for Grade A nickel [10] we 
found that the constant is approximately 
1-6 per cent higher than the spontaneous 
magnetization at absolute zero. Actually 
such a result was predicted theoretically 
when a 4.s orbit-3d spin interaction together 
with spin-disorder scattering are considered 
[ 11 , 12 ]. 

The pattern of the temperature variation 
of the planar Hall effect in cobalt differs from 
the other two. The effect of the e-y phase 
transformation around 425°C is particularly 
marked. Cobalt has a fee structure (-y-phase) 
above 450°C and the hep structure (e-phase) 
is the stable form at lower temperatures. 
The transition is actually gradual and exhibits 
an hysteresis. It was reported by Bogma and 
Zubove[13] that both the phase transforma¬ 
tion and its hysteresis were reflected in the 
Hall effect and other galvanomagnetic prop¬ 
erties. This was also true for our planar Hall 
effect measurements. However when the 
sample was taken in succession through 
repeated cycles, the path followed was not 
constant but it seemed to depend upon the 
former thermal history of the metal. A 
measurement of the resistivity indicated that 
the temperature interval involved was large, 
roughly from 225 to 525°C although the major 
change was around 375-475°C. One such 
cycle is shown in Fig. 7. 

Although the planar Hall effect is very 
structural sensitive, there is practically no 
Jump in saturation magnetization at the phase 
transition. The simple form — M'^) 

for P, failed to fit our experimental results 
for cobalt. Even the usual spontaneous 
Hall effect of cobalt is very structural sensitive 
and does not obey — const.* —It 
was reported that was related more directly 
to the resistivity p. Actually it was found 
that 

R, = ap-\-hp^[\4\ (6) 

where different pairs of (a, b) are assigned to 
the two different phases. This is consistent 
with spin-orbit interaction theories for the 
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1 ig. 7. The temperature dependence of the spontaneous 
planar Hall coefficient of cobalt, indicating the tempera¬ 
ture hvstercMs. 


spontaneous Hall effect when impurity and 
phonon scattering are considered as the 
chief conduction mechanisms: 

R, - (Ip + hp'^ for impurity scattering[ 15), 

R, = cp'^ for phonon scattering! 16], 

Recalling that in the case of nickel, the quantity 
RJM"^ is similar in behaviour to /?.„ we sus¬ 
pected that this quantity for cobalt might be 
related to the resistivity in a similar manner. 
A plot of PJpM'^ against p in Fig. 8 showed 
it is actually the case, though a slight curvature 
exists in the region of phase transformation. 
The low and high temperature portions obey 
the linear relationship more closely. Thus 

P, - MHap + fip^) (7) 

and again different pairs of (a, are assigned 
to the two different phases. 

It seems very probable that both the spon¬ 
taneous Hall and planar Hall effects may be 
explained under the same scheme. However 
one point of interest is that for iron /?, ~ p^ 
while P, contains the factor — 
instead. Actually even before Vu Dinh Ky 
introduced the idea of treating the problem 
as a planar Hall effect, many workers ap- 



Fig. 8. Dependence o( on p for coball, indicating 

the hysteresis. 

proached it through the consideration of 
resistivity anisotropy. Many theoretical 
attempts were already made along the line 
of considering 4.v-3d exchange interaction 
and various types of spin-orbit interaction 
[17-20]. Actually Berger[21] applied the 
same spin-orbit interaction scheme to explain 
both the usual spontaneous Hall effect and 
the resistivity anisotropy of ferromagnetic 
alloys. However it seems all the theoretical 
efforts made up to the present failed to predict 
the empirical relations obtained in our experi¬ 
ment in contrast to the success obtained in 
case of the usual spontaneous Hall effect. 

The extra factor appearing in our 

empirical formulae for P, might suggest that 
the planar Hall effect is actually a fourth 
order effect. We recall that in Vu Dinh Ky’s 
phenomenological theory, he expanded the 
resistivity tensor element in powers of 
Mj., Mu- There the current density j was along 
the jr-axis and the planar Hall field was 
along the y-axis while the magnetization M 
was on the x-y plane. By taking the second 
order approximation and inserting symmetry 
requirements he arrived at this equation: 
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E„=jP,Mj.Mu 

= jP,M- (8) 


Suppose we take also the third order terms 
M/\ M/MM ,i'. M and fourth order 
terms A//, M/M^, M„\ 

Using the fact that p,„ = — p„ only M,-'M^ 
and MjMii' remain. Applying Onsager's 
symmetry requirement that = 

p,,„(- Mj,— M„) we sec that they should have 
the same coefficient in the expansion. 

I hiis 


E It if^ti I 

-- I ciM,-'Mt, -i M,, 1 

i(h f cM-)MWnl)ws(l. (9) 

Hence 

l\ - /> f cM-. 

I hat our results tavuui a 'A/^' factr>r in 
suggested that either (1) h implicitely contains 
the factor 'A/-'. (2) the main contribution is 
from the fourth order term < A/-’ 

,A simple expelimeni was performed to 
distinguish this two cases. 1 he sample was 



cos ^ 0 


t ig Depundenue ol ihe sponlaricovis planar Hall 
vollaj’C i>r nitkc) al romn I cmpfi at nre on an^lc 


delibrately placed in such a way that the 
magnetizing field made an angle 4> with the 
.r-v plane. Thus the factor Atf in former deriva¬ 
tions has to be replaced by Afcosc^. So E,, 
should depend upon cos^cfi in the first case, 
and cos*<}> in the second case. Results shown 
on Fig. 9 supports the first assumption. 
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Abstract — The non-uniqueness of the definition of Knite ‘stiain' is demonstrated to lead to significant 
ambiguities in the equation of stale of elastic solids. I'hc ambiguities aie resolved by the rigorous 
derivation (due to l.eibfried and l.udwig) of the Mie-Ciriineisen equation. Closed expressions for 
i/)„( t') and yfV'l are presented v\hich contain no assumptions additional to those already present in 
the simple M-(i equation. Numerical equations of state foi NaCI and MgO are presented which 


satisfy all ultiusonic and shock-compression data 
reveals small but signiftcant discrepancies. 

1. FINITE STRAIN 

1 f IS a well-known result [1.-1 of continuum 
mechanics that ihe theory of finite strain may 
be written equivalently in terms of any of an 
inlinilc number of different definitions of the 
‘strain'. For the case of an elastic solid (i.e. 
one possessing a free-cnergy function which 
IS uniquely defined in terms of deformation 
and temperature), this result implies, speci¬ 
fically. that the stress-strain relation may be 
written equivalently in an infinite number of 
ways. 

As examples, if the strain e is defined 
implicitly in terms of the deformation R-R« by 

R-R„ CH eR„ (1) 

then the stress-strain relation is 

o-= (l-be)(--) (l + et)77. (2) 

\drf/r y 

Heie R is a vector to a point in the deformed 
lattice, Ru is the vector to the same point in 
the undeformed reference state, denoted in 
this section by a sub-zero. The components 
of both are referred to the same set of 
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. (.'omparison with previous tabulations for NaCI 

Caitesian axes, e is the finite strain tensor 
defined by 11). o- is the (homogeneous) stress 
at the point R. 1 is the unit .f X 3 tensor. 
(I)„ = d,j. /■' is the Helmholtz free energy, or 
‘elastic energy' function, is the symmetric 
finite strain tensor defined in relation toe by 

Vo ^ i <Gj + i'n + GiijC,,,,). (3) 

Kquation (2) is exact, i.e. independent of the 
size of e. It is derived by, e.g. Leibfried and 
I,udwigl3) and by IVIurnaghan[4]. 

Alternatively, the strain f can be defined 
implicitly by 

R-R„ ^ fR (4) 

and then the stress-strain relation is 

/i7f\ I 

( 5 ) 

with the symmetric tensor € defined in relation 
to f by 

€ij = i ( ./ij +./ II ~.f mj.l mi ) . (fi) 

Equation (.*') is also exact, though its general¬ 
ity is restricted to special situations, including 
the important cases of isotropic bodies, and of 
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pure strains unaccompanied by rotations. It is 
derived by, e.g. Murnaghan[5]. 

Not directly involved in the proofs of (2) 
and (5) are the relations between strain and 
volume change; 




p- = Idel (l + 2rj)| 

0/ 

(7) 



=^|det (1-201 

(8) 


y is. of course, specilic volume. 

I he difi'erence between these two defini¬ 
tions of strain |1) and (4) is clearly in the 
choice of the characteristic lengths used as 
coeflicients of the strain on the KHS of the 
two definitions. In the first case, the chanicter- 
istic lengths are taken IVom the reference 
sitite; in the second, from the deformed state. 
Beciinse of this cssenluil difference, the 
strains e ttnd rj arc called /.ug/v/w.c/V/n or 
iHiiit'i-idl definitions of strain: the strains 
f and € arc called I'.ulcridii ot sfxiiidl. These. 
<md othci definitions ol'strtiin can be. and have 
been, derived with mote gencialily than is 
needed here. An elegant, and exhaustive, 
discussion of finite sttain is given by 
I riiesdelll 11; a mote limited, pedtigogic 
tietitment is given by I hotnsen(6|. 

Although t2) and (,*') aie exact, their uscftil- 
ness IS limited by the need for expressions for 
the ftee eneigy as a function of the strain. 
In general, the physical description of the 
free energy m terms of interatomic forces, 
etc. will impose letiiiirements on the choice of 
a delinition of sirtiinl?). Also, any approxi¬ 
mations iTiiide m /•■ will affect the results of the 
choice of a delinition of strain, flence. the 
dl>l)lii<iti<»i of (2) and (.x) to real solids will 
iidt he exact, and further, will depend critically 
upon the choice of a definition of strain. 
Different choices letid to non-equivalent 
equations of stale 

As an illtistnition of this, consider the 
special case of hydrostatic pressure P on an 
isotropic body. Both (2) and (.“i) reduce to 



Equations (7) and (8), however, do not reduce 
to the same form, but rather to 



The fact that E,, appears in the denominator 
of (7a) and in the numerator of (8a) is an 
expression of the essential difference between 
the Lagrangian and the Eulerian definitions 
of strain. 

If the free energy is assumed to be of the 
form 

'w 

( 10 ) 

l=-I 

with = 3. then (9) and (7a) give the third- 
order Ldurddfiidn isotherm 

P=iKJy''-'~ y ”)tl-^A,1)1 (ID 

wherey is the volume ratio 


Here the coellicients/f, have been evaluated 
in terms of the boundary value measurements 
at the reference state, taken here to be 
defined by P = 0. T = Tn = room tempera¬ 
ture. K is the isothermal incompressibility; 
K' is (<>Klt)P)r'. p is density. This equation 
appears in Murnaghan's 1951 monograph(4], 
p.7l. 

As is clear from the symmetry apparent in 
(2) and (5). or in (9). (7a) and (8a). an assump¬ 
tion equally as plausible (at this point in the 
argument) as (10) is 
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F='2B,e< (13) 

j=i 

with jm = 3. Equations (9) and (8a) then lead 
to the third-order Eulerian isotherm 

(y™ - (1 + J (/Ci - 4) (y^'^ - 1)). 

(14) 

This equation has achieved prominence in 
the literature as the Birch-Murnaghan (B-M) 
equation of state through its application by 
Birch[8-11] and others to problems of finite 
compression in the interior of the earth. It was 
apparently first written by Murnaghan[5J in 
an early exposition of the thoughts which led 
eventually to his lO.") 1 treatise. 

The difference between (II) and (14) is an 
increasing function of y. becoming serious for 
y ,:> 1 -2. The divergence is illustrated in Fig. 
1. where curves for (11) and (14) are shown, 
together with the Lagrangian and Eulerian 
fourth-order isotherms corresponding to i,„ = 
4. in (10) and to j„, = 4 in (13), respectively. 
Also shown for comparison is a curve of the 
Murnaghan equation (12) 

P--^(y'*-\) (15) 

where/3= Aw,'. 

The fourth-order curves require a knowl¬ 
edge of A 0 = (d‘KISP-)T„\i,-n’ which is not 
measurable directly. Later sections of this 
paper develop a way of determining this 
quantity indirectly. Figure 1 is drawn for a 
material with properties similar to NaCI. 
Since the fourth-order Lagranf-ian isotherm 
is considered the most important. Fig. I (b) 
shows the deviations of the others from this. 

I'he main point of Fig. 1 is to demonstrate 
that the ambiguity mentioned above is real, 
and serious for large compressions. The 
ambiguity is not resolvable with concepts of 
continuum mechanics, but requires a physical 
description of F in terms of an atomistic 
theory. 




lions of stale for third (.tL) and fourth (4L) order Lagran- 
gian formulas, lor third (.tE) and fourth (4E) order 
Eulerian formulas, and for the Murnaghan formula (M). 
(b) The lowei two sets of curves describe the (percen¬ 
tage) departures of 31., 3F. 4E. and M from 4L, in two 
ways: (I) as pressure differences at constant density, as 
functions of density (vertical scale), and (2) as density 
differences at constant pressure, as functions of pressure 
(horizontal scale). 

2. LAITICE PYNAMICS-THE POTENTIAL 
ENERGY 

As Knopoff has pointed out [7], each model 
of atomic interaction leads to a definition of 
strain appropriate to that model, and thence to 
an equation of state appropriate to that model. 
The purpose of this paper is to identify the 
definition of finite strain appropriate to that 
model of atomic interaction which underlies 
the theory of lattice dynamics, and to examine 
the consequences that follow. Only centro- 
symmetric lattices are considered. The model 
is defined by the assumption that the instan¬ 
taneous lattice potential energy at time t 
may be approximated by a Taylor expansion 
in the atomic displacements; 
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‘M/) =<^n(- • - K- • ■) 

( ( 


1 


mnq m n p 


3' 


+ ~ y <ti (^ ^• Q • q 

^ . It 

J »nnp‘J m 11 p q 
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(16) 


The notation here i.'i that of Leibfried and 
l.udwigi 3]; in fad. it is fairly said that most of 
the ideas presented here are implicit, and 
some are explicit, in that excellent review. 
Biielly «/!' is the i component of the displace¬ 
ment from equilibrium of the /ith atom in the 
unit cell which is located by in. T he CTnipling 
Parameter of lirst order, (^"'is the indicated 

i 

partial derivative ofdi. evaluated at the equi¬ 
librium configuration (•■•R-) and so is 
a function of volume. I'he sums (over repeated 
indices) cover all lattice sites I he termination 
of the expansion at the fourth older is import¬ 
ant. when thermal effects are significant, for 
reastms that appear presently. 

It is desired to express (16) in terms of an 
expansion about a fixed reference position. 
The assumption of (16) as written requires, 
for example, that the fust term he expandable 
as 


<!>„(■■-R-■ • • K • ■ ■) 

+ 2 : -«'f» 

U < Ilf 


— V a.*>'"i 

' A I y^M''KA(rx^ /xm) 
^ nkl 


I , k k I I 


( 17 ) 


where the super-tilde denotes evaluation in 
the fixed reference state. The reference state 
may be chosen arbitrarily, so long as the 
approximation implied by the truncation in 
(16) and (17) is not violated. It is convenient 
here to choose that state as the one where 
(j)a is at a minimum (hence ^^ = 0). This 

configuration, (■■•&•••), of course would 
be that assumed by the crystal if it were har¬ 
monic. That it is not realized in an actual 
crystal except under unusual circumstances is 
of no concern here. It will be referred to as the 
'rest' state. The coefficients ^“"etc.. are. of 
course, constants. 

T he strain is introduced here for the first 
lime as a simplifying notation. U.sing the 
simple l.agrangian definition (I). 

«:-/>:=c::«: ns) 

f ! I r r 

and assuming the strain to be homogeneous 
throughout the crystal. </>» is 


</>„(• = 

1 ^ XT'i.”™ 

1 V R,iR~e„c„ 


+ 3 ', y X 


innpq 

\ 
ikl 


XR";rR R", e,re„e„^e,„ . -f ■ • • ■ (19) 


' f U 


T he other terms of (16) are also expandable 
in this way. but they do not appear in the 
equation of state, and so are not treated here. 

It is a simple matter to convert the expan¬ 
sion (19) in e to the equivalent expansion in 
»j appropriate to the stress-strain relation (2) 
and the rotational invariance of <f)„ 


ill"b T ^ IlklVtiVkl 

T ^ K ^ Cijklinmni'qilVklVrnn'qiiii (20) 
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where 

y d-q^drtkil 


1 

y driijd-nkidv mil 


( 21 a) 


(21b) 


^'uklmnnQ 


1 a^<<>o 

P' <^r)iidriiti<iTq„i„d7)p^ 


(21c) 


1 d^<}>n 

y (>e„d€i:r 


(23a) 


and so forth. The (constants) C,jki~ etc. would 
then be related, in some complicated way, to 

the 4>7" ^7 to higher-order terms. 

• k J i 

This IS because, according to ( 8 b), 


6 = 17 + 0 ( 17 ^). ( 8 c) 


Though the description of the c,jki in terms of 

the is easy(3, 6 ], it is not given 

1/1 ; / 

here. Again, the c,jki etc., are constants. 

Turning now to the Eulerian definition of 
strain, it is cleai' that an equally valid repre¬ 
sentation of the static potential energy is; 


*- fj r \ 

fufjk, 

uk r , I 


+j, ( 22 ) 

I Ik I r 1 / II 


Hence the third term on the right of (23) 
already contains terms in 17 **. Since, as will 
be discussed below, it is important that the 
expansion (16) be truncated at the fourth- 
order terms, the expansion (23) is not 
permitted. 

Consideration of this point was excluded 
by postulate from recent work by Thomsen 
and Anderson [33. 34]: these were discussions 
within the theoretical framework of Eulerian 
strain. The present conclusion is that the 
Lagrangian strain, rather than the Eulerian. 
is more fundamental to the equation of 
state of solids wherever thermal effects are 
important. 


fhe important point is that here, unlike in 
(1*^), the polynomial coefficients of the strain 
components arc not constants, but depend 
upon the equilibrium configuration (■ • ■ R • • •) 
imposed by the external stress. Therefore an 
Eulerian analog in c to to equation 20, i.c. a 
strain polynomial with constant coefficients 
is not possible. The conclusion follows that 
the Taylor expansion of <l>(/) in the atomic 
displacements from equilibrium, as in (16). 
requires the Taylor expansion of0o(‘ ■ ■ R • • •) 
in the 1 agrangian strain, as in (20). 

Of course, it is possible to write 

I - - 

<t>ll -kjiu + lkjl' ^ Ijkifijfkl 

2 I P" ^ijkljnTi^tj^kl^iiin ' ' ' (23) 


.1. LATTICE l)YNAMICS-THE FREE ENERGY 
It is well known that, in the harmonic 
approximation, the Helmholti' free energy is 

F = (i>ii+E,, (24) 

where d>„ may be taken as the first two terms 
of ( 20 ), and the vibrationtil contribution is 


k ^ ” 


'-‘‘'"{--ff) 


{25) 


where the summation extends over all wave 
vectors k of all branches. The eigenfrequencies 
to(k) arc second derivatives of the potential 
energy <1>; the spectral average is[3] 




fill 



where 


( 26 ) 
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Since, in this approximation, the 

II II 

are constants, the w are constant, and F, is a 
function of T only. The equation of state is 
then 


and X is its variation with the strain: 


( 33 ) 


p=- 


(ly 


(27) 


In the fourth-order theory, the free energy 
isl31 

/■ " <1)1, + F, + /• ,ii,h (28) 


where i/j,, is the quarlic polynomial (20). F„ is 
of the same form (2.‘i) as in the harmonic 
theory, but now the frequencies are quadratic 
functions of the strain ij. In fact, (he entire 
term F, must be considered to be a function 
of /, and a quadratic function of »/[3,61. 
Incorporating the 'CJriineisen approximation' 
whereby strain derivatives ol' the logarithms 
of the (0 arc all assumed to be equal, it is(3,61 

f'AV'T) == FJT) 

+ s ^ I (7, + 

X (/>,-FCV) |7;,,T7fc,. (29) 


Odier variations! (3. I4| on the exact form of 
(his approximation yield the same results in 
the present context. Here (/, is the vibrational 
contribution to the internal energy, evaluated 
at (he rest state; in the fourth-sirder appnrxi- 
malion, it is 


0 ,, - y fji 


- ) 

\2 exp (fiio/AT) - 1/ 


(.30) 


C, is the corresponding specific heat: 


C, = 



V'""'*' (31) 


yij is the tensor form of the Ciriineisen para¬ 
meter, in the rest state: 


I f) In Ol" 



(.32) 


The specific anharmonic contribution F„„^ 
is given in Section 10 of Leibfried and 
Ludwig[3); it need not be reproduced here. 
As for F, in the previous (harmonic) approxi¬ 
mation. F„„,, is, in the fourth-order approxima¬ 
tion. a function of T alone. Hence it will not 
enter into the thermal equation of state (2). 
but only into the caloric equation of state, 
i.e. Ci and 7-derivatives thereof. 

The thermal equation of state which follows 
from (28) was first written over half a century 
ago(l2, 13], In its simplest form, it is called 
the Mie-Griineisen (M-G) equation of state: 


^ ^ stolli' 3" F(htTTnal 

or more explicitly. 

dV ^ V 


(34) 


(35) 


As explicitly defined by (20) and (29). it is 
referred to in this paper as the fourth-order 
anharmonic equation of state. Jt is convenient 
to restrict the generality of the treatment to 
those crystal classes whose strain response to 
the hydrostatic pressure is a diagonal tensor. 
(This includes all classes but triclinic and 
monoclinic.) For these cases, from (2), (28), 
(20). (29). 


F = (l + 2r}j|^ 

a- 1 ^ ^ 

Pr Qtit 



Kk + yafe 


( 


TC, 

If 



(36) 


Here the notation of Voigt [14] is adopted. It 
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is a simple matter to express the constants 
appearing here in terms of quantities measured 
in the laboratory. However, before this is 
done, a number of remarks of a general nature 
are in order. 

Of basic importance is the concept of a 
self-consistent approximation. The present 
development specifically does not purport to 
be an exact theory, but only an approximate 
one. It is the requirement of internal consis¬ 
tency within a well-defined approximation 
that produces the explicit functional form 
(36). This equation contains no approximations 
which are not already present in the simple 
form (35) of the M-G equation of state. 
These approximations are well known; the 
two most important bear some discussion. 

In order that the ‘thermal pressure’ term of 
(34-36) be linear in U,. and hence linear in 
I at high 7', it is necessary that the specific 
anharmonic term, F„„h- >n (28) depend only 
on /, and hence vanish upon operation with 
(dlf)ri)r. For to be thus constant in 
strain, it is necessary that be constant 

,iki 

m strain, i.e. that the Coupling Parameters of 
/;7//i-ordcr vanish as in (16) and (20). Thus 
the linearity in Ug of the thermal pressure is 
tied inextricably to the quartic expression in 
jj of the static pressure. I he fourth-order 
theory thus defined describes the thermal 
dependence of the lattice ‘constants' and of 
the elastic ‘constants’. It is not competent 
to describe the mixed deiivative d'^KIdP<>T\„: 
for that a higher-order theory is required[6]. 

Entirely separate from, and additional to, 
this approximation is the Griineisen approxi¬ 
mation, introducing The simplification 
thereby provided is apparently crucial; little 
progress can be made without it. Moreover, 
it becomes rigorous in the high- and the low- 
temperature regimes[3|. However, by re¬ 
placing a spectrum of functions with a single 
(unction, it thereby reduces the utility of such 
detailed information as is available. In par¬ 
ticular. the role of the measured ‘reststrahlen’ 
(requency in this development is not clear. 


4. CUBIC CRYSTALS 

The fourth-order anharmonic equation of 
state (36) contains a number of constants, 
all of which are definable in terms of laboratory 
measurements. While this is true for all 
crystal classes (except, of course, monoclinic 
and triclinic), the cubic crystals offer the 
simplest and most instructive cases, and are 
the only ones considered in the following. 
For these, the strain components are equal, 
and from (7a) 


where a is the edge of the unit cube. The 
incompressibility K can be written 

(38) 

I 

analogous quantities are defined by 


_Lv- 


'3 - " 


tftTTT 


I 

For this (cubic) symmetry, also[3) 

7.) = 'yS,j. 

The equation of state becomes 


(38a) 


(38b) 

(38c) 


(39) 



{■n-i-nr+W^} 



(i) 1^+’" 


k 



(40) 

It is easy to describe the six unknowns, a. K. 
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■y. r. A, A. in terms of the six measurements, 
AV’’, a„. Ki {HKIH'Drlo. K'^. respectively, 
at the ‘zero state', P = 0. T — !„ = room 
temperature|6|. In this way, an extended 
portion of the P{T.V) surface of the solid 
is described by 'extrapolation' from the zero 
point. The value of. in fact, the necessity for 
such an approach (as oppo.sed to earlier 
'curve-fitting' procedures) has been em¬ 
phasized by Anderson! 15, I6| and others. 
Accordingly the constants are found by oper¬ 
ating on (40) to yield the following iterative 
set: 

0 - T/„- iil 'T),,- ( (40a) 


Ik 




I.T 

^ ^ f/„. /J 


Vo 


K - 


y - 


A 




I • I- 7 ( K - y-’) 

- y r\ 

I OlfA'ot iitjo )/c 11 ) __ 

11 4- V),,) X/y -!-■)/(,) In Cji) In 7 ))„] 

<iK 


(40b) 


(40c) 


I a 

r,n "n 


OdA (I ( a II ■ i ) 4" .y j 




A,i/ ii \’ 

K 


1 " ) 


K^)K^) ■( A(|( A (I f I ) 


-)■ y- 

(4()d) 

(40e) 

(40f) 


wheie alpha is and K' is —ViVPl 

iiV),. 

I his is a closed system, provided that (/, 
and C, are known, and that all ‘measurements' 
are actuallv realizable. The expressicms (30) 
;md (3 I) for the internal vibrational energy 
and the specific heat require assiinipiions on 
the spectrum of eigenfrequencies; I.eibfried 
and l.udwig|3| have estimated that the use 
of the Debye spectrum for this purpose 
incurs errors smaller than those due to the 
errors of measurement of a„. A',,'’, etc. Of 


course, evaluation of (30) and (31) requires 
the u.se of a characteristic temperature ()/, 
appropriate to the rest state rather than to 
the zero state [3.6], 

rhe techniques of modern laboratories are 
sufficient in general to measure directly all 
required quantities except for A^". For soft 
materials (with small values of A'o). even this 
measurement may be possible|30]. however 
it is not necessarily useful with (40). This is 
because for these soft materials, the inter¬ 
atomic forces are weak, and the displacements 
may become large, so that, strictly, the fourth- 
order anharmonic approximation is in¬ 
sufficient. This insufficiency is demonstrated 
by the fact that for these soft materials it is 
often also possible to measure the higher- 
order effects <'i-KlciPi>T ^ 0. and lim d'^KI 

I <),, 

<n - 7^ 0. The adequate description of such 
materials will require a higher order theory [6). 

It is still possible, however, to determine 
(he parameter A. and the corresponding A',” 
by indirect metins. The quantities A and X are 
both of fourth order, that is to say, they are 
different linear combinations of the fourth- 
order Coupling Parameters . In certain 

nkl 

cases of high symmetry, and assuming such 
restrictions as nearest-neighbor, central- 
force interaction, the quantity /\ can be 
calculated from X16). Because of the approxi¬ 
mations involved, however, this calculation 
can only be considered to provide the order 
of magnitude of .A. 

The parameter A can, however, be found 
exactly, if it is ti.s.snmeJ that the fourth-order 
anharmonic approximation is sufficient to 
describe the solid under conditions of shock¬ 
wave compression. This assumption has, in 
the past, been universally adopted, with the 
M-Ci equation of state being used, along with 
various approximations, to interpret the 
Hugoniot in terms of an isotherm(32]. The 
assumption is not always justified, as shown 
below. The topic of shock-wave data will 
require some discussion in order to free it 
from a number of encumbering hypotheses; 
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to this end the Griineisen parameter is 
treated next. 


5. THE GRUNEISKN PARAMETER 
A simple differentiation of (35) yields 
the well-known ‘thermal’ formula for the 
Griineisen parameter. 


y = 


Vj^K 

C, 


(41) 


Because the volume dependences of « and 
C, have not been available, researchers 
have turned to assumptions on the nature 
of the vibrational spectrum in order to 
obtain expressions for 7(V)|17-191. Knopoff 
and -Shapiro [20J have given tin excellent 
discussion of the difficulties engendered by 
such assumptions. However, no such hypo¬ 
theses are necessary in the present develop¬ 
ment. With the definition 


---^(l-ie),„,--'~(1-Fet)„j (42) 


(of which (32) is the special case at /.cro strain) 
the Griineisen parameter for a cubic crystal 

IS 


y( y ) -- ( y I- 3Atj) 


(43) 


with the constants y and A defined by (4()c. e). 
Here, all the modes of vibration, both acoustic 
and optic, both low-frequency and high, are 
correctly represented by the measured values 
of «« and (^KjaT),.. There are no assump¬ 
tions in (43) beyond those already present 
in the simple M-G equations (35). The 
Griineisen parameter is shown graphically 
in Fig. 2(a), using the data of Table 1, for a 
number of cubic materials of interest. 

'I'he calculation has also been done for non- 
cubic crystals, in an informal way. i.e. through 
the literal application of (43) and (7a) to these 
materials. The results are graphed in Fig. 2(b) 
for several materials of geologic interest. 
Comparison with previous work[33.34) 
based on Eulerian strain emphasizes the 
importance of the choice of Lagrangian 
strain. 

It is to be noted that the coefficient of 
F/jr in (40) contains a term additional to 
those of (43). It arises from the variiition of 
with compression, i.e. in this approxi¬ 
mation. 


U,(y/D - UAT] 




. (44) 


The strain dependence of the thermal ex¬ 
pansivity is most easily found, not from (41). 
but by differentiating (40) with P held constant. 



Vo 

Fiji;. 2(a). (he Cjriincisen parameter, nirrmali/eil to its value .il l‘ — 0 / = 'I„ 
\ he basic relerencc value.y. is listed in Table I. 




20i2 


L. THOMSBN 
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The result is 
a{K, T) =a(P=0, 

I 7>Ka 


-iri 


('-B 


-yi-y 


.a In Cv 


a In 


f]l 


(45) 


where 

a{P- 


0, T) 


kv\a{P = 0,T) 


)^CAT). 

(45a) 


This function a{y, T) decreases rapidly with 
V; difficulties with the fourth-order approxi¬ 
mation may be expected near its vanishing 
point. In order to evaluate (45) properly, it is 
necessary to know P; hence the problem of 
determining A is now discussed. 


6. HUOONIOT INTERPRETATtON 
Through the assumption that the fourth- 
order anharmonic theory is sufficient under 
conditions of shock-wave compression, the 
parameter A can be evaluated. The evalua¬ 
tion starts with the locus of Hugoniot points 
in the P-V plane, where the temperature 
is defined implicitly by 


U,I = U„ + ^P„(V„-Vk). (46) 


Ihe correction from Hugoniot to adiabat 
to isotherm is unambiguous, since y(y) is 
well defined. However, it is logically more 
straightforward to introduce the Hugoniot 
condition (46) directly into (40). The internal 
energy U is composed of two parts 

U{V,T)=<t,„(V) + UAV.T) (47) 

and in the fourth-order theory, t/,, is defined 
by (44) and (30). is, from (20), 


+ -^At,^]. (48) 


Substitution of (46) el seq into (40) gives the 
fourth-order Hugoniot: 


OV'// 


H 




d»o(F„) 

Vh 



When evaluated at a single Hugoniot point, 
(/*//. I^h). this equation contains only one 
unknown. A, which is thereby determined. 
The equation can then be used to generate 
the entire locus of Hugoniot points. Further, 
the same constants can be used in (40) to 
generate the isotherms, adiabats, etc. 

This method of Hugoniot interpretation is 
equivalent in concept to more complicated 
schemes[2l-23J; it has. however, the advan¬ 
tage of internal consistency. It shares with 
these other methods the assumption of the 
fourth-order approximation; as discussed 
below, this assumption is not always justified. 
Only partial checks on the assumption are 
possible within the conceptual framework 
developed so far. The Hugoniot generated 
from (49) does, in fact, reproduce the measured 
Hugoniot within experimental error (for all 
minerals tested), but this is perhaps to be 
expected, because of the fitting procedure 
used. Another measure of the validity of this 
assumption is introduced in the next section. 


7. EQUATIONS OF STATE OF NaCI and MgO 
The calculation of the equations of state 
of NaCl and MgO was made for reasons of 
mutual comparison. Weaver et «/. [26] stat¬ 
ically compressed a powdered mixture of 
NaCI and MgO and simultaneously measured 
the lattice constant of each. Hence equation 
(40), when applied to this simultaneous com¬ 
pression data, should give the same calcul¬ 
ated pressure for both solids. 

The constants for NaCI in Table 1 were 
used in conjunction with the shock-wave data 
of Fritz el a/.[24] to determine A^„cl = 23. 
The constants for Mgo were used with the 
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shock-wave data of C arter et al. to determine 
Amk(i= 22±4. The postulation of a simple 
strength effect (cf.|22]) in MgC) was not re¬ 
quired to fit the Hugoniot data. The uncertain¬ 
ty in Avu..,,, which results from scatter in the 
Hugoniot points, is not important for calcula¬ 
tions below /’ = 3()0kb. The (analytically) 
calculated isotherms are given in Table 2 and 
compared with those given by Weaver et al.: 
the agreement is good. The advantages of the 
present theory over that of Weaver et al., 
and of Deckel 12.‘i, 28). include: (I) its internal 
consistency. (2) its easy extension to the de¬ 
scription of arbitrarily complex crystals, and 
(3) its lack of limiting hypotheses (for example, 
no central-force theory can describe the elas¬ 
ticity of NaC'l completely, as is known from 
measurements on the individual elastic moduli. 
On the olher hand, the present theory is easily 
extendable to the desciiplion of the elastic 
moduli: such a paper is now in preparation.) 

It is an interesting exercise to calculate 
that part, /’s, of the pressure which is due to 
the qiiartic term in the strain, with coetlicient 
\. It is plotted, as a fraction of F, in Kig. 3. 
Hecaiisc of the larger compression of NaC'l at 
a given pressure, is considerably greater 


(or this 

mineral than for MgO. In 

fact, by 
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rig. ^ The coninbuiiort of the foiirlh-otder Jerm. /\, 
lo the equation of state (40) for NaCl and MgO. 

in Ihis case. The fact that the present cal¬ 
culations do not indicate such an insufficiency 
is not at present well understood. 

The sign of the second derivative A'll has 
been the subject of some speculation! 11. 16, 
I2| and at least one measurement|30J, the 
consensus being that it is generally small and 
negative. With the parameter A determined 
by the Hugoniot for NaC'l and MgO. Kl is 
given directly by (40f). It is, for NaCI, 
A'A',';--3’79; for MgO. AA;; =-3 ± 4. 
Thus the present work is in accord with 
the current consensus, 

8. DISC i;S,SION 

I’he fourth-order anharmonic (thermal) 
equation of state is given by (36) and (40). 
Especially for cubic minerals, there is no 
particular difficulty. CAf the six parameters 
which characleri/'e the equation, five are 
routinely measured at zero pressure; the sixth 
is easily obtained from the Hugoniot. The 
Cinineisen parameter is unambiguously 
defined by (43). 

The sufficiency, however, of the fourth- 
order theory is another matter entirely. As 
C'hang and Barsch[30] have remarked, the 
series (20) converges slowly. It seems reason¬ 
able to expect that the fourth-order approxi¬ 
mation will begin to break down before 
VIV„ = ()-8. This is in accord with an estimate 
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[31J that melting (and hence breakdown of 
the approximation) occurs when the vibra¬ 
tional amplitude approaches «i,/10. These 
compressions will occur near PIK„ — T Thus, 
for a soft material with weak interatomic 
forces, and hence a small incompressibility, 
the range of validity of the fourth-order theory 
should be restricted. For a harder material, 
the range will be correspondingly extended; 
for most oxides and silicates the theory is ex¬ 
pected to be adequate below their points of 
transition to higher density phases. It can, of 
course, also be applied to the high pressure 
phases, if the relevant data are available, 
hvcntually, one may hope to be able to 
understand in this way the equation of stale 
of the homogeneous lower mantle of the 
earth. 

For these harder materials, however, the 
Griineisen approximation may lead to trouble. 
I his is because, by virtue of their hardness, 
6i, is greater than room temperature, and the 
normal modes of vibration are not all saturated, 
I he approximation may be drastic, and may 
he reflected in false values of the constants, 
leading perhaps to effects such as the slight 
divergence of the isotherms in Table 2 at 
intermediate compressions. It may be pref¬ 
erable, for these materials, to evaluate K, 
etc. with measurements at high temperature 
rather than at To- In this case, however, the 
intrinsic errors of measurement will be higher, 
and It may be that no advantage accrues. The 
situation should be separately evaluated in 
every case. 
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U' O 1 Anderson foi his conlinued guidance and 
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discussions with R. C. I.iebermann, and Irom a critical 
coiiespondence with T. Takaha.shi. In a moic specific 
sense. I arn gialefiil to Leon Knopofl' and to G. F. 
Duvall for forcefully pointing out to me. at a lime when 
I was not prepared lo believe it. the ambiguity in the 
theory of finite stiain Financial support was provided 
ihiough National Aeronautics and Space Administration 
contracl NSG-445 and through Air Force Office of 
Scientific Research contract F4462()-f>fi-C -0079. 
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QUANTUM MECHANICAL TREATMENT OF POLAR 
OPTICAL MODE MOBILITY AND APPLICATION 

TO InSb='T 

R. W. Cl NNINtiHAM and J. B. liKliBEK 

Department of Physics, Washington Stale I'nivcrsity, Pullman. Wash. 991U S.A. 

{Ilctcii'fd \ ^ St‘t>lciiihn m revisedfonn 17 Deteiiihei 1969) 

Abstract - A manifeslly quantum mechanical calculation of the electrical condiictivily for polar 
optical mode lattice scattering of earners has been earned out hy applicalntn of a Kubo lornuila 
1 rohlich's interaction Hamiltonian has been used in an S matrix appioximalion scheme The resulting 
conductivity is then found lo he above ihc corresponding classical expression when the tcmpcialiire is 
below the characlcristic Icmpcialtiie, as expected. I lowever, for icmpei alures above the characlenslic 
temperature Ihe condtictiviiy lies below the classical expiession and is conlrai y lo expectation When 
both calculations aie coinptired tti mobility dttla for heavy holes in InSb, Ihe qutuittini calculation gives 
a better lit to Ihe data, lixpcrimcnlally it is found that the dominant lattice scattering for heavy holes is 
the polar mechanism for / hHV K. above .MMf'K a second mechanism conlribiiles to the scatteiing 
and IS tentatively identilied as non-polar optical mode scattering. T he idenidicalion is coniplicatcd by 
the fact that the c.iriici optical mode coupling constant and Ihe optical mode charactciislic tcmpcia- 
tui e aie both unknow n 


1. IN'IRODLITION 

I HK PROHi KM of electrical conduction in 
solids has been considered by many workers 
in the past. Lucid treatments based on the 
scmiclassical Boltzmann transport equation 
niiiy be found in the works of Wilsonjll, 
/iinan|2|, and Beer[.^|, A mtimfestly quantum 
mechanical approach hits been suggested by 
Kubo[4|. His theory does not depend on a 
transport equation or a distribution function, 
but docs employ the density operator of 
quantum theory. The Kubo theory has been 
increasingly employed in the study of solids. 
This paper is an attempt to apply a manifestly 
qtiiintum mechiinical theory of conductivity 
to the problem of polar optical mode mobility 
in solids. 

Previously Howarth and Sondhcimer(5| 
liitve developed the theory of polar optical 
mode mobility by use of a variational solution 
of the Boltzmann equation. The form of their 

' Par! of a thesis suhmilled in pailial tulfillmcnt of Ihc 
Ph O dcgice hy R. W C unningham. 

'Suppoiicd by Cnileil Si.ilcs Atomic I nergy (’om- 
niission ( omract Number USAFC AT (45-1 )-2012. 


solution yields a value for the conductivity 
and mobility which approach true values 
asymptotically from below. The dependence 
of solution on the form of the trial functions 
has not been investigated in general and is 
another impetus for a quantum mechanical 
investigation. 

This paper will be concerned with a cal¬ 
culation of the mobility of carriers scattered 
by polar optictil mode lattice vibrations 
through the use of a Kubo formula, hirst an 
approximation scheme based on the work of 
Lujita and Abelb) will be obtained so that the 
current calculation which appetirs in the Kubo 
formula may be evaluated. The evaluation 
scheme is field theoretic and comes from an 
expansion of the scattering matrix. Next the 
Krbhlich[7J interaction Hamiltonitm will be 
transformed to number operator form and 
used in the evaluation scheme. A specific 
expression will then be obtained for the 
electrical conductivity and mobility. C'om- 
paristtn of the quantum and scmiclassical 
solutions will be made, binally the quantum 
mechanical results will be applied to the 
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heavy hole mobility in InSb. The quantum terms of the scattering matrix f9] as 
calculation is in better agreement with experi¬ 
mental values than the semiclassical theory e-"-/'/'! = ( 7 )^ ( 6 ) 

over a fairly wide temperature range. where 

/ ^A'.irriiT T//[;,((,ce, (7) 


2. THK KI BO KOHMII.A AM) AN EV Al l ATION 
S( IlKMi; 

fhc form of the Kubo|41 formula for the 
electrical conductivity most appropriate for 
this work is 

<rjO) -/ir dT(./,(r)./,), tl) 

where is the //th component of the zero 

frequency ii /() conduclivity tensor./i ' - A«7 
with k/i Boltzmann’s constant and / the ab¬ 
solute lempctatiire. I the volume of the speci¬ 
men, r a time parameter, and (./,(r)./,> is 
defined by 


.V(r) is the scattering matrix given by 

5(t) =2 ( - D" f dt, • ■ • f" 'd/„{//,(t,) 

( 8 ) 


and //, is the interaction Hamiltonian evalu¬ 
ated at the time indicated by its argument. The 
form of the various terms in //,, and H, will be 
considered in due course. Then the current 
correlation may be written 


(9) 


■ //■{p„.;,lr)./,| (2) 

Here the ./'s ate one particle ciii rent operators 
and p,| IS (ho equilibrium dcnsiiy opeiiitor for 
the giarul eannonieal ensemhic and is defined 
by 

/.„ - : 'e "" (3) 

and 

1, 0 (4) 

II is the steady state flamiltonian of the 
system and includes the earrier-iatliee vibra¬ 
tion inleraetion, fx is the eleetioehcmieal 
potential and /V is the earlier density, I hc 
grand eannonieal ensemble is the most appro¬ 
priate one to use since the phonon and particle 
densities are constantly lltietuaiing. A detailed 
derivation of equation (1) has been given by 
('iinningham|8] 

With the aid of the evolution operator./,( 7 ) 
may be vvritlen 

7 ,( 7 ) - c'"' '7,(0)e (5) 


The argument of 7, has been suppressed since 
it is no longer pertinent. 

I he most appropriate form for./; and./, is as 
number operators. A representutive current 
density is 


c I, « , t 

„*v z 


where a,, and n, are carrier creation and 
dcslruclion operators, and c is the magnitude 
of (he electronic charge. T his form is obtained 
by assuming hands of standard form, an 
assumption which will be used throughout. 
However, the effeetive mass in ' is a weighted 
cfTcetive mass and is not necessarily the 
eyelotron mass. T he current correlation may 
then be written as 




) (11) 


where CTr.A.A') is defined by 


C'(T,k,k') — (,V+(7)ri/(7)n,, (7).S'(7)u/7ai/7.) 


But the evolution operator may be written in 


( 12 ) 
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and 

f2(r) = einrri" OQ-’i'n/ii' (|3) 

is an interaction representation for any 
operator O. When equation (12) is expanded 
by use of equations (2) and (3) and rearranged 
with the aid of a theorem of quantum field 
theory [10], CiT.k.k') becomes 

C{T.k,k') - I ( 7)\{r)f;;'.) 

(14) 

Evaluation of equation (14) follows from 
Wick's theorem [I I] which may be written 
for this case as 

iAnC ■■■¥/.)=- (-L- I )'■'(,-I/y)<C • ■ ■/.) 

-t (± I )^^(AC ){lil) •••/)-(••• (15) 


[eCK,-|]-i. (18) 


In addition, there is the rule that all contrac¬ 
tions containing an odd number i)r factors 
vanish. The rules given by equations (17) 
imply a propagation direction with ii' a crea¬ 
tion and u a destruction vertex. If the opposite 
is true, even though u > //'. a minus must be 
attached to the or caj.. For the cases to be 
considered in this work, only w,, will be af¬ 
fected. 


3. THK INTERACTION HAMILTONIAN 
Evaluation of the contractions requires a 
form for the interaction Hamiltonian. This 
has been carried out by Frbhiichl?] who 
obtained 


/y, = K 



(19) 


where S, (r— 1. 2, .7) is the parity of the 
permution required to obtain the given ar¬ 
rangement. (-H I) for Bosons and ( - I) for 
h ermions. Each of the multicomponent 
averages may be reduced to a two component 
avertige (or contraction). Applic.ition to 
equation (14) yields 

C(t) -- ■.V+(r))((7o7,,.S(T)o,, > 

-F („,.u;.)<.Vt( r)uo 7 ,,V(( 16 ) 

1 he rules for evaluation of the two component 
contractions have been given by Fujita and 
Abe [6] as 

(uAt<)a'r{ii')) --fi(A,A')(l "'’'a" 

(aliiiAui, (u)) = 8{k.k' )fi,e “•'-“’"■'I.'" (17) 

= fi(q,q')(l +n„)e-''"'"'’"'v 
)h^{u)) = Siq.c/' )n„c 

where J], and iir, are the Fermi-Dirac and 
Bose-Finstein functions respectively. 


where cj is a phonon w ave vector of magnitude 
</. f is a position vector (r is the 'distance' 
between a phonon and a carrier), h,', and h,, are 
phonon creation and destruction operators 
respectively, and 



Here e* is the Callen] I2| eft'ective charge, V„ 
the volume of a unit cell. M the reduced mass 
of the two lattice ions, w, the optical mode 
angular frequency, and (/' the number of unit 
cells in the specimen. When equation (19) is 
rewritten in terms of carrier number operators 
it becomes 

//; = « 2 - ( <'a"a (21) 

Note that //, contains an odd number of 
operators in each term, a fact that will be used 
later. Fujita and Abe [6] have considered a 
diagramatic representation for this type of 
Hamiltonian. 

Note that conservation laws are written into 
the subscripts of equation (21). The first term 
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indicates the creation of a phonon of momen¬ 
tum the destruction of a carrier of momen¬ 
tum and the creation of a carrier of 

momentum 

The derivation of equation (21) has as¬ 
sumed single phonon carrier interactions. 
Multi-phonon process may be included, but at 
this stage of theoretical development their 
inclusion does not seem appropriate. Only 
single phonon-carrier interactions will be 
considered in this paper. 

4. AfPKOXIMATK EVALUATION OF IHE 
fURRENI rOltREl.ATION 
For computational convenience, equation 
(14) may be rewritten as 

r(r.A.r)--n(r)e (^2) 

where/Or) is given by 

n(r) - ((/,/,Vt(r///tir)/h (r|.V(r)//r>. <2,1) 

and (he arguments k and k' have been sup¬ 
pressed in //. When //(r) is expanded to a sum 
of prodnets of two component contractions 
and cvahialed by equation (17), the result is 

//(r) 1 -,/*)(! -/,.•)(.Vt.S') 

+ S(A'.A')(l-//;.),4(i’ti'). (24) 

[ he argument r has been suppressed. 

The remaining contraction is most easily 
carried out when S and 5t arc expanded 
according to equation (8). so that 

(.Vt.V)- i i (,v;.s„). (2.S) 

/.ft 0 (;lfi» .'r 

r rolcvtt-'f 

where i', or S', is just the rth term of the ex¬ 
pansion indicated by equation t8). When 
equation (2.*!) is written out in detail it becomes 

<s;s„) = (/)J"" fd/,’d/J’d/,••• 

J (I J (I 11 

f" ’d/„(//, • W,,) (26) 

J (i 


where 

Expansion of the interaction Hamiltonian 
to a sum of complete two-element contractions 
yields 

■ ■ H„) + - ■ 

■ • • //„-,) 

= 

In general {U,H„) may be evaluated by the 
use of equation (2i). The notation will be 
simplified for convenience by suppressing 



in the next .several steps, and setting k = K. 
k + fi= K’. and the subscript q will be dropped 
from the phonon creation and destruction 
operators. Then 

- - cik/if,jhjtik;,aj,„b„) 

-Ml/.-/'../(27) 

The ± occurs with hw,, because either t„ or ij 
may be the creation vertex for the phonon. Let 
/•■ -/ft) < + 1) • = /k (' -./ft’) fi^' and 

€i = (E^ — 

so that may be written 


(28) 
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FjC-. (29) 




Integrations over the tf may be carried out 
with the aid of the asymptotic formula[6] 

/„ L 

+ 0(«''“*), (30) 


where 


6i(e) = 6(e):^-FF(l/e); (31) 

TT 




Since the contractions are ordinary numbers 
they may be manipulated at will. The first 
term is then straight-forward and yields the 
integral 

fdrj C dtA‘'du{H,H.,) 

Jn Jo Jo Jo 

= -^[F,S,(eJ+F,6-(eJ]^ 


8 is the Dirac delta function, and PP means the 
principal part is to be taken. Application of 
equation (30) to a general term such as equa¬ 
tion (29) is complicated, but systematic 
application through a few terms will illustrate 
the general result. 

Consider first {SD and ( 52 )- From equation 
( 8 ) 

(S!,(t)) =-r dr, fdr.N.H, 

•'0 •'n 

(S,(r)) = -rdr,fdr,(//,N 2 } 

Jo Jo 

and from equation (29) 

<HoN,) = - [F,e"'' + F 2 e-''''-''’'-j 

=-[F,e 'I'.-'" +F2e''''“''’'i, 

application of equation (30) yields 
(S^(r)} = fdt, f''d/ 2 [F,e"'' 

•'ll •'0 
-hF-jC '''•■] 

~ TTT[F|SI (e^) +/•25 («*) 1 (32a) 

= Cdr, rd/,[F,c 

Jo Jo 

-i F,e‘"' 

~ 7rT[F,8 (€..) +(€,)]. (32b) 

Further consider {S\ (r)) which involves 


the second set of integrals having yielded a 
TT/j factor. The term is most 

easily evaluated by straight-forward evalua¬ 
tion. The final result is 

<i'.:(T)> ~~[F.8,(€j+F2S_(6,)r. (33) 

so that the general trend should be apparent. 
(,Vt5) may then be approximated as 

<.S't5) - i (A7, + 5„) (34) 

II'-O 

where 

r(X,A') =7r[F,6(eJ + F 26 (e;)] (35) 

and 

SIA") =S+(.V)+6 (.V). (36) 

Equation (35) is written in such a form 
because an e+ may occur in one term and e- in 
the other, as will be seen later. 

Equation (35) may be further evaluated 
when the suppressed notation is written out in 
full, with the result 

E(A) = f-^[F,S(€,)+F 2 S(eJ] d^'^?, 

(ZTT)' J q 

( 37 ) 

where the transformation 

2 ^ [E/(277)''1 / d^'q 
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has been used. Transformation to polar co¬ 
ordinates simplifies equation (37) to 

TTK* f f 

r«) iicj I dil[F,fi(€,)+F,S<eill. 

and as usual, dfl = sin Addd^). In general, A 
and <7 do not he in the same direction, and it is 
convenient to let 0 he the angle between A and 
lytA . <y '-= cos 0) so that 

riA) —- J dr/ J sin (t | /-iSle.) 

-f )]d(l. 

I ho limits of integration for f) arc obtained 
from the requiicment that cos h he leal- brom 
equation (2X), and the definition of A' and 
A , e , may be u riilen 


= “ In ( Qsig ,) + Tj In ( g'.Jg \) ]. 

(40) 

Fquation (23) now becomes 

(/(T) = [6(A'.A)(I-/*.)2 + 8(A',A')fi(A,A) 

(41) 

In general both terms will be present in the 
evaluation of equation (41). However, if j'^ is 
assumed large, 4- “ 0, then only the second 
term is large. This assumption will be used 
throughout the rest of this work, and equation 
(41) becomes 

air) -- 8(A'.A')8(A.A),4e-'"'''', (42) 


t. ■ (</--I 2At/cos()) 

whole the hands of stand<ird foint assumption, 
/., ■- frk-l 2 m\ 

and 

- /r(A' I (/'i 2Ai/cosO);2w' 

have been used Since (he integral wilt have a 
contnbuiion only wheat. and are zero due 
to the 8 functions, the limits are found from 


y//l (38) 


.S. APPROXIMATION FOR THF, CONDUCITVITV 
TENSOR 

The conductivity tensor for the carrier-polar 
optical phonon interaction may be approxi¬ 
mated with the aid of the foregoing. In order 
to draw till of the ideas together, an outline of 
the calculation will be shown. Fquation (I) 
gives the zero frequency conductivity tensor 
as 


O-,, =/if' j| dT(./jt T)./,). (1) 


2k.! 


I. (39) 


Hut the current correlation function is found 
(o be 


It will be shown later that the signs ofe.^ and 
e'. arc opposite and will therefore yield tw'o 
difi'ereni limits for the integrals. I or (he 
present the solutions of equation (39) will be 
designated c/,. q... q',, q’, for the two limits. 
Upon change of variables to y~ [ft(t/- + 
2Ag cos 0)/2m*] ±Aiaiq,r(A) may be written 


1(A) 



d£ f 
Ikqi 


6|y)dy 


<./,(T)y,)2 a,a;c(t)6(A',a’), 

and C(t) is given by equation (22) as 

C(t) - H(T)e '"*3—" (22) 

and h(t) has the value 

M(r) = S(A,A)6(A',A') (42) 
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The combination of these equations yields 



x^f «e-''<'‘'>AdT. (43) 


Equation (43) is easily integrated over t to 
obtain 



X ^ A8(A',A)A„A;e ""V^/ITA'). 

* *■ 

One summation will delete the 8 function and 
the conductivity tensor becomes 


/ e/i \ ■ 

(27r)nw*K/. 


dUA—yC-'*'*/.- (44) 


For cubic and isotropic materials k~ — k,~ + k.,- 
+ kr. k,- — k./ — k/, so that k.J^a — A'-/3. Then 
transformation to spherical polar coordinates 
and energy variables yields 


j II ' 


■M2p iHi: (i) 


dE. 


where 


FU) 


-/■ 

J 0 


./irJr^e -^dx 




(46) 


and c = GIT = HwiIkT which is contained in 
F, and F.,. Single band conduction has been 
assumed throughout the above development. 
F(owever, if the band in which conduction 
takes place is spin degenerate, equation (45) 
should be multiplied by two. It is also worth 
noting that equation (45) is equivalent to 
equation (43) of Ref. |5], but that G(c) has 
been replaced by F{z). 

Evaluation of Fiz) is straightforward. For 
terms involving F, the process is such that 
+ h(oi is chosen, but for f'._> terms — hw, is 
chosen. Then </,. r/,'. c/.^. q!, may be evaluated 
and the ratios indicated in equation (40) 
become 

q., VI + hdiiilE + I Vi + z/jf T 1 
(/, V I + — 1 VI + zlx — 1 

^2 _ 1 + V I - _ 1 + V I -z/j: 

q, I - VI - fimJE I - Vl -zlx ' 


Flere z = hiaJk^T = GIT and 0 is a charac¬ 
teristic temperature. In keeping with the 
approximations introduced for and ,/).■. 
/■', and F-, are 


Further simplification is possible with the 

introduction of the dimensionless parameters Since n+ 1 = ne”'"''« and ./j = F(z.) 

defined by ,v =3 fiE so that the conductivity becomes 


F(z.) 


-f 

nJ „ 


.v-’e 'ds 


In 


Vl +z/s+ i 


[Vl+zJjc- 1 


}+/,0-l)ln. 


\ + V\-zlx 
1-Vl-r/.v 


(48) 


eventually becomes 


a 


37r-/re*=)3- 


where h(zlx— 1) is the Fleavyside step func¬ 
tion defined by /i(.v) -- 0 il y « 0 and/i(y) = I 
if ,v > 1. The properties of the In functions 
may be used to rewrite equation (48) in a 
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more tractable form as 


F(z) 


1 r°‘___ Jt^e 

2n In {v + V(,y-+ I)} + /i(.y — 1) In {.v+ \'y^ — l} ' 


where y—'\/xfz.. Then the condi'ctivity becomes 

2Mv,V,Ae ~ \ 

<T ^ - 

with Ci (/’) defined by 

c(z) ^ r 

J (I 


3iTWe*-‘h-^ 

x-e'^dx 


CJ(^) 


In {y + V(y^ + 1)} + /i(y — 1) In {y + Vy- — 1} 


( 49 ) 


(50) 


(51) 


Spin degeneracy of the hand has been included 
in equation (50) since it obtains for most 
semiconductors. 

Giz) has been evaluated numerically and a 
plot is shown in Fig. 1. For comparison the 
related quantity of Flowarth and Sondheimer 
[5] is included. It should be noted that Giz) 
lies above the calculation of Ref. [5) for 
/ > 0-5 as expected. Flowever. for 0 ^ Z 
^ 0-5, the calculation of Ref [5j lies above the 
calculation perl'ormed here. This is somewhat 
unexpected and is probably due to the type of 
statistics employed. Similar results are ob¬ 
tained in Rcf|5i for a degenerate carrier 
distribution, but a direct comparison of the 
two computations is difficult. 

The mobility of charge carriers may be 
obtained from the relationship 

IT — Ni‘n (52) 

where N is the density of carriers and /a is 
their mobility. For carriers in a band of stan¬ 
dard form and the relationship 

where,/o is given by equation (18). the classical 
approximation to /V is 




~ anm'■ k,J d' 


Thus the mobility becomes 


M = a/Nc : 




Giz). 

(54) 


6. APPI.ICAIION TO THE MOBILITY OF HOLES 
IN InSb 

Carriers in Ill-V compounds may be 
scattered in a variety of ways. In addition 
to scattering by lattice vibrations, impurity 
scattering may be effective. In this section 
it will be assumed that the samples which will 
be studied are sufficiently pure so that scatter¬ 
ing by lattice vibrations dominate. Then four 
types of lattice scattering need to be con¬ 
sidered. (1) polar optical mode, (2) deforma¬ 
tion potential. (2) non-polar optical mode, 
and (4) piezoelectric. The first mechanism 
has been discussed above. The second 
mechanism is due to the interaction of 
carriers with the acoustic modes of lattice 
vibration. Non-polar optical mode scattering 
will arise when the type 111 or V atoms only 
vibrate In an optical mode. Piezoelectric 
scattering arises when long wavelength 
polarized acoustic modes interact with a 
carrier. 

The polar optical mode mobility is given by 
equation (54), and values of the parameters 
for InSb are M = 9 81 X 10*-'g, 197-2 
cm'. (''=016. and = 68 0 x 10 ■'''cm" 


(53) 
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Eig. 1.1 he iunction <7(j) us a funclKm of.-. 


1 hen the polar optical mode mobility 
lakes on the value 

(cm'^/v-sec). (55) 

I he deformation potential mobility is given 
by(l6| 

(cm^/v-sec), 

where C’,, is the elastic constant in the 
(110) direction in units of dyn/cm". m,, is 
the free electron mass, m'^ the conductivity 
mass, and the deformation potential in 
cV. C'l, has the value 6-717 x 10” dyn/cm^ 
117) and i'„ is estimated from E,tc — Ea = E 
with £, =-7.2eV and |£,„| = 8-25 eVl 18) 
us fc,, = — I • 1 e V. Then y,,, becomes 


2-04 X 10’(m„/w7(56) 

Harrison's 119] theory of piezoelectric scatter¬ 
ing yields 

l■05C,,Av''e|, 

(cm'^/v-sec), 

where e,, is the piezoelectric constant (in 
esu/cm^). For InSb = 16-8120] and Cn = 
2-13 X 10^ esu/cm-[2 1] so that becomes 

= 4-4 X 10-‘^(mii/w’')-''-7 (cm-/v-sec), 

(57) 

Ehrenreich and Overhauser(22] have con¬ 
sidered the theory of non-polar optical mode 
mobility. Their work 

/U.„„= 1-35 X W^pcyeHmJm*)^''^F(w)ICyT"-^ 

(cm^/v-sec). 
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where p is the mass density, a the lattice con¬ 
stant (in cm), C , the coupling constant between 
non-polar optical modes and carriers (in eV). 
and /'(u ) the function defined by 

f ' U'C ^ 

/■("I- ^1"’ (58) 

where 

</)( ir ') ~ //( I 4 II' ')' ■^ I (// 1- I ) ( 1 - u- ' 

for u- > I 

1 -f IV ')' for )v < 1 

and II— l e"' I) f 'oi InSh the mobility 
becomes 

Pm, lO-'ff' I III,,/HI ' ) ■''/■'( iv)/C','- 

(cm-/v-sec). (W) 

I he cxpciimcntal mobility for holes in In.Sb 
IS shown in l-'ig, 2. Some of the diita was 
obtiiined explicitly lor this work, hut dtiltt 
from other si>tirccs|2^-2fi| is incltidcd for 
compaiison l^^anlln;^(ion of the (igtires shows 
th.'K over a fairly wide lempertKtire range the 
mohiliiv of all the samples is (he stimc. 1 he 
close agieemenl ol the experimentjil dtita for 
samples from so many sources thus indicates 
lattice scattering is dominant fi'r 7’ — l.'sO''K. 
at least for pure samples. 

In order to estimtite the tipplictibility of 
each of the four mechanisms, the low tempera- 
(tiie value III has been used|8|. 

Pie/oclecli ic setittermg mtiy he ruled out 
immediately since /tt^( .100'K ) ^ 9 3 x Kf’ 
cm’/v-sec, or more thiin a thousand times the 
metisiired mobility tind rises more steeply than 
the experimenliil points, neformation poten¬ 
tial scattering also runs tibove the experimental 
values by a factor of ;it least 10 and tilso does 
not have the same temperature dependence as 
the experimental values. 1 herefore it cannot 
be the most dominant mechanism. The non- 
poltir mobility contains the unknown quantity 
C'^. if 0 has the same value as the polar optical 
mode 6. Equation (.19) then yields a reason¬ 


able fit to the experimental mobility only if 
^4 has an abnormally large value as compared 
to other materials. Finally, equation (55) has 
been fitted to the experimental mobility by 
allowing ni* to be an adjustable parameter. The 
fit obtained is shown by heavy dots in Fig. 2 
for m ■■ = 0'45m„. Reasonably good agreement 
is obtained. In contrast, the semiclassicai fit 
of Ref. [5] falls considerably higher at the 
higher temperatures. 

A constant effective mass has been assumed 
in the discussion above. However. Cunning¬ 
ham) 81 has found the heavy hole mass to be 
temperature dependent. When his values for 
(m /m„) are used in equation (55). an im¬ 
proved fit having no adjustable parameters is 
obtained. Comparison between the experi¬ 
mental points and computed values is shown 
in Fig. 2. I he agreement is quite good over 
about I50°K temperature range, the poor 
agreement at low temperatures being due to 
a small amount of impurity scattering! 21 ). 
The analysis has only been Ccirried out to 
30()‘'K since that temperature represents the 
high temperature limit of the data used tt) 
obtain (in'lni„}. 

An attempt has been made to fit the higher 
temperature experimental points with a 
combination of polar and non-pol:ir mobilities 
through the simple expedient of adding reci¬ 
procal mobilities. Additional experimental 
points due to Schoenwald 124J extending to 
7.5()'K have been included to aid in the fit. 
Reasonable results are obtained for m ' = 
()-45w,i only when 0 is allowed to increase to 
3.50°K. Then C 4 takes on the value l2eV 
which is in reasonable agreement with other 
materials. The lit of the two optical mode 
mechanisms to the experimental points is 
shown in Figs. 2 and 1. An improved fit may 
be obtained if both 6 and C, are increased. 

The combination of polar and non-polar 
optical mode mobilities must be regarded as 
highly speculative since very little is known 
about either C, or 8. They are at best a pair 
of adjustable parameters as far as this work 
is concerned. In addition, the theory of non- 
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Liy 2. I:ipcrimcnl.d ;in<i Ihcoiclical mohi]ilies as a riintlnifi ol Icmpeiaiuic-. 
riie ps)lar mohilily lor a IcmperaHiic mdepeiulcnl coniluclivity mass rs 
imlicaleit by tioK, data Irom KcVs 12.M - |2d| .12'') and |2f>| have been included 


polar mobility has been adapted from the 
theory t'oi' elemental scmiconduetors and may 
not be completely applicable to lll-V com¬ 
pounds. For such compounds the non-polar 
optictil modes arise from second nearest 
neighbors and then for two lattices having the 
same lattice constant but difTerent masses. 
I bus the value of the non-polar coupling 
constiint may be quite dilTerent from the value 
fot the column IV semiconductors, and the 
ichaiacteristic temperature may not be the 


same as for the polar modes. The most 
meaningful statement is that for temperatures 
below 3(HFK polar optical mode scattering is 
dominant: above 300'’K an additional mechan¬ 
ism or mechanisms may he operative but is 
as yet not well understood. 

7. VONCl.VSinS 

A quantum mechanical theory of conduc¬ 
tivity and mobility for polar optical mode 
lattice scattering has been developed. For 
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tcmpciatlircs below the polar optical mode 
eharacteiistic tcmperatuic the two theories 
;iie in agreement, hot Ibr ’/' > ft the quantum 
mechanical ctilculiition has an essentially 
different behavior. This divergence of the 
qtuintum iind semiclassical theories is some¬ 
what unexpected. I he source of the difference 
has not been investigated, but is believed to 
stem I'roin the quantum nature of the problem. 
When the two are compared to experimental 
results for holes in In.Sb. the quantum mechan¬ 
ical calculation fils the data better than the 
semiclassical theory. 

The theory has also been used to investigate 


the dominant lattice scattering mechanism for 
holes in InSb. For 150°K -s T s; 300°K polar 
optical mode scattering is dominant, and for 
7' > 30(rK a combination of polar and non 
polar optical mode scattering seems to fit the 
experimental data fairly well. Identification 
of the non-polar mode is. however, quite spec¬ 
ulative since both the coupling constant and 
characteristic temperature must be used as 
adjustable parameters to effect a reasonable fit 

.Ukmwti’iJfiiinnils—Vhn authois lire indebted lo 
Puircs'.or Jluncs t. P.irk I'oi many helpful conversations 
He also served as testor for some ol the theoietK.il 
ideas 
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Note added in prooj 

We wish to thank the referee for calling our aiientioii to 
a paper by Yu. B. Ermolovich iSovicl Phys-solid St 
11. 429 (1969)) which appeared after submission of our 
paper. Ermolovich indicated the deformation mobility 
due to both longitudinal and transverse modes follows 
/i,i = 7-55x I()“7 However, we lind the longitudinal 
contribution to be p.,ii.~ I-5XI0"/' and the trans¬ 
verse contribution to be ix.ir- 2 0 x lO'T" ''-' which yield 
/a,, — I-8 X lO'T p.,,T was computed from the con¬ 
stants Cii = 3 0I8X 10" dyn/cm“|l7J and E,, 7 .= 2 0 
eV (F H. Poliak, private commuiiicalion). Ermolovich 
has estimated Fa, = 2-3 eV which lowers p.,i lo l -Sx 
lO'T He also estimated ta,. as - 9 4 eV. a 

value which lowers our estimate for p.,u below the low 
temperature experimental points. The mam differences 
between the two calculations of p.,, arc the values of the 
effective ma,ss and the longitudinal deformation potential 
Further elucidation of this will best be carried out after 
an unambiguotis determination of F„. 
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Abslraet —Two sets ».)t oscill*ilions in the magnetorenection oJ high purity <r-.Sn h.ive been obseived. 
I hese are v^ell explained by the 'invcited' hand slriiclurc. The — IV energy sepatalion is foiind to 
be 0 4(3 eV. and independent of temperaiuie ovet the langc 1 •5'’-85‘’K.. Oihei directly determined 
quantities aic the hand-edge masses w,Ml k'> 0-028m. m.Ml’M*) " -0 I9.S/;;. and////(I'j ) - -O-O.SKm 
the k. p inteiaction parameter h.,, and the valcnce-band spin-orbii splitting X arc deduced to he 24 0 
.ind OXOcV. lospeclively I he results of this and other evpenmenls laise doubts about turieni 
thoughts' on the positions of (he I’r. conduction band and IV. valence hand. Ihcie is a diseiepancy 
betvseen intciblind and inti aband effective masses, which is also charactoi isiic of I nSb 


I. INTROUIXTION 
(.1) rr-Sn Wi'(7(.’U 

rr-Sii IS the heaviest member of the group 4. 
tlianiond structure semiconductors. Because 
iltc o phase of Sn is stable only below I3T, 
cr>sial growth and handling problems have 
impeded studies of this mtUerial in comparison 
(o those of Cie and .Si. Transformation of 
/i-Sri er\slals by cooling usually produces 
only o-Sn powder because of the large 
increase in volume in the fi -> a transition. 
It has been possible to produce small volume 
pieces such as filaments and foils, and the 
early experiments were done on these as well 


I his vMiik was spunsiircd by Ihc 17cparlmenl of Ihc 
.'\ii i oisc al I inedln i abeialury. suppoilcci by Ihe H S 
3ir loise (Xliec nt -Siicntilie Research al Ihe t raneis 
biiK'i Natuinal Magnet I .iboiaUn y, and iiiinlly siippoiled 
h^ (he Advaneeil Researeh f*ro|cels Agency and the 
SniiOfurl Science f oitmjalKin ol Nonhsceslern Univcr- 

siK 

'Sisning Seicntrsis. t r.incis Hiliei Natuinal Magnet 
I ..bor.Mdi^ Mil .C amhiidge. Mass. 021.19. U..S A 
(hesent address. Naval Researeh I aboratory. Wash. 
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as on powder. These experiments have been 
reviewed by Busch and Kernll], In 1958 
Ewald and Tuftep] produced small but high 
quality single crystals of tr-.Sn by solution 
growth in Hg al ~ -30°C. The purity of these 
crystals was as good as that of the fi-Sn 
source material, giving5-It) x lO’"'donors/cm*; 
although heavier /i-type tind A'-lype dopings 
could be obtained if desired. I ater develop¬ 
ments, to be described below, made it possible 
to increase the purity of the rr-.Sn by more than 
an order of magnitude over the /TSn source 
material, reducing the donor concentration to 
= 5 X 10" cm 

Ihe availability of single crystal ir-.Sn has 
led to many definitive experiments. Sevenil of 
direct relevance to our experiment are 
mentioned here and in later sections, and the 
reader is referred to a recent re view j,31 for a 
fuller account, figure I shows a portion of 
the band structure of «-Sn for the highest 
valence bands and lowest conduction band. 
This ‘inverted" band structure was suggested 
by (jroves and Paul [4] to explain the follow- 


2(HI 
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I'll’ I lijiul slMJLiurc o) Sn showing ihc highcM 

valoiK'o hands .in<f l(»wcst conduction h«md (which in¬ 
cludes I,. iUid U'l Allows ,-f and ff indicate the two 
sets ot intcfhand transitions discussed here 

ing tlisiinctivc cxpciimcnlal observations: 
(I) A inagnctorcsistance measured by lufte 
and l'waldl51, which for u-type samples has 
(()()()) symmetry al low temperatures (due to 
electrons in the !«' conduction band) and 
(Ml) symmetry at high temperatures (due to 
electrons tn the /.o' minima), and for p- 
type samples has <()()()) symtnetry; (2) A/'’'- 
dependence for the intrinsic itcl(v;ition of 
carriers at low temper;iturcs (appropriate to 
activation ttcross ;i /ert> energy gap) which 
iloes not change with pressure because hydro¬ 
static pressure does not split the I degener- 
;icy|41; (2) A high temperature intrinsic 
activation appropriate to an energy gap of 
() leV|l). caused by thermal ionization 
dominated by the valence band and the 
L,-,‘ conduction band. (The — I's’ energy 
separation at low temperatures has been 
determined recently by I avinc and Ewald 
|6, .1] to be 0-()92eV.) (4) A conduction band 


effective mass, measured by Hinkley and 
Ewald, appropriate to a mass energy gap’ of 
several tenths of an eV, rather than appropri¬ 
ate to an energy gap of ~ 0 eV [7]. That is, the 
mass is determined largely by the magnitude 
of the Tj' spacing, and while this is the 
same as the thermal energy gap in a material 
such as InSb, it is not in the band structure of 
l-ig. 1. Recent experiments bearing directly 
on the I'h^ valence and conduction band 
degeneracy are (he determination of the 
warping of the !'«' conduction band, by 
Booth and Ewald[8.2J. and the effects of 
uniaxial stress, by Roman and Ewald [9, 3], 

(b) MtifiiH'torcfli’ction 

In the magnetoreflection experiment re¬ 
ported here two sets of oscillations in the 
reflection as a function of magnetic field are 
attributed to transitions between Landau 
levels in the l^' and band.s and in the 
r„' valence and conduction bands, as shown 
by arrows A and B. respectively, in Lig. 1 [ 1 ()). 
These results arc similar to those on HgTe 
111, 12). another material with the ‘inverted’ 
band structure. 

The theory of the magnetic energy levels 
derives from the effective mass theory of 
l.uttingcr and Kohn[L3, 14] and a generaliza¬ 
tion of this to the ‘small-gap’ problem by 
Pidgeon and Brownll.*']. Reference[14] gives 
the solution of the coupled effective-mass 
Hamiltonian (applied to cyclotron resonance 
in /J-type (Je). This includes the ‘quantum 
effects' or irregular spacings of the Landau 
levels near the I'k' degeneracy energy. The 
treatment in Ref’.ll-S) includes the I’,* and 
Lj bands as well, and thus accounts for the 
nonparabolicity in /-.'(k) from the IV —IV - 
I'h' k.p interactions and the ‘quantum 
effects’. The magnetic Hamiltonian of Ref. [15] 
is equally applicable to the inverted structure, 
L'(I’k‘) ■ ). and the more usual case, 

/'-'(I','') .' £'(L„+), as is the corresponding 
zero field Hamiltonian [16], We have found a 
greater departure from linear behavior of 
photon energy vs. magnetic field, hv vs. H. 
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for the 1 , 1 + transitions than is intro¬ 

duced by the Fj' - r„' - r„+ k. p interactions. 
In an attempt to explain this we have extended 
the treatments of Refs,[141 and [15] to include 
the r« and I'o conduction bands (from the 
single group, conduction band). 

The magnetoreflection data permit a direct 
evaluation of the - Fy" energy separation. 
In addition, by adjusting the parameters in the 
effective mass Hamiltonian to fit the predicted 
transition energies to those observed, one 
obtains effective masses for both F„’ bands 
and the F 7 band. Although the F,^ band is 
not involved in the transitions, it is coupled 
into the Hamiltonian and an estimate of mass 
for that band is found as well as the F„' - F,^ 
energy separation. 

2. EXPERIMENTAI. DETAIL.S AND RESIIET.S 
(a) Sample preparation 

Single crystals of a-.Sn grown from Hg 
solution by the method described in Ref.|21 
have smooth, natural facets which are well 
suited for reflectivity studies, lor our measure¬ 
ments we used the highest purity a-Sn which 
IS produced by further purification of the best 
commercially available ff-Sn (Cominco six- 
nine) by a solvent extraction technique: The 
fi —* a transition at —of a wt.% Hg alloy 
with Sn yields massive chunks of «-.Sn. This 
material, placed in contact with liquid Hg, 
.ibsorbs additional Hg (approximately 25 per 
cent by volume) as the temperature is raised 
to 4"('. The Hg, saturated with Sn, is extracted 
b> lowering the temperature to —I5”C. Finally, 
the purified tin is reclaimed from solution by 
cooling to 35"C. This procedure reduces the 
II type impurity content (determined by Hall 
measurements) from -8 x i()''’cm •* to - 5 x 
10''cm '. As will be seen below, the quality 
of the magneto-optical data from this material 
IS comparable to that from the best Cie and 
InSh 

I (h) Measurement details 
I fhe data presented below were obtained 
I from a sample with a ( 100 ) plane facet. 


measuring about 6 mm x 3 mm. All measure¬ 
ments were taken in the Faraday configura¬ 
tion, with the optical propagation vector along 
the magnetic field. The data are thus character¬ 
istic of the magnetic field perpendicular to the 
( 100 ) plane. 

The magnetoreflection was measured with 
the sample in several dewar configurations. 
The l-S^K runs were made with the sample 
submerged in superfluid helium, optical access 
being achieved with a cold sapphire window 
cut perpendicular to the r-axis. The same 
arrangement was used at 77°K. with the 
sample submerged in liquid nitrogen. Because 
of the absorption of the sapphire window the 
submerged sample technique was restricted 
to wavelengths shorter than bp.. For the 
measurements at longer wavelengths the 
sample was mounted on the cold finger of a 
liquid helium dewar equipped with a KBr 
window. The sample temperature m this 
configuration was about 20 ‘’K. It was found 
that with the cold finger at —10 to —15°C the 
sample could be held safely in the a-phase and 
the dewar evacuated in a reasonable length of 
time. The temperature was monitored with a 
thermocouple and the dewar tail was cooled 
with CO., ‘snow' produced by throttling liquid 
CO,. 

A plane polarizer (AgC'F pile of plates or 
wire grid) and a C'sl Fresnel rhomb were used 
to obtain circularly polarized radiation. 
Switching from one Faraday component of 
radiation to the other was accomplished by 
reversing the direction of H. The reflected 
radiation was detected with an InSb photo¬ 
voltaic detector operated at liquid nitrogen 
temperature or a C'u doped CJe photoconduc- 
tive detector at liquid helium temperature. 
The data were taken by sweeping magnetic 
field at fixed photon energies. 

(c) Re.siilt.\ 

Figure 2 shows the experimental traces of 
reflected intensity vs. magnetic field at two 
photon energies. 'Fhe oscillations in the upper 
trace are due to the transitions iB in f ig. I) 
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m.iyiiclK. IK'ld III thed pholon cnei>;it's. IJppei traces show peaks due lo ihe 
I „ -• I , liarisilions, and (lie lowei dace shows small peaks Irom Ihe I * I'h' 

II ansiitons siipenrnposed on a laige T; —♦ I',' psnk 


hot ween I V hands. I he lincshape. w ith sharp 
low field edge and high field fail, has the same 
I'lirm as the theoretical lineshape calculated 
fioin Ihe t'orni of the joint ilensity of states of 
the magnetic siibbaiidsl I7|, The large potik in 
Ihe lower trace is due to a I', —‘ I s' transi¬ 
tion and the smaller oscillations ;ue due to 
I s ^ I s' transitions. I igures .t and 4 show 
the plots, taken from reflection maxima, of 
in- vs. H foi Ihe twn sets of transitions, the 
r.,' -*rs' transitions were seen at photon 
energies up to O-.S.*’ eV but are plotted only to 
0 2 eV in I ig, 4 (and between (I-19 and (129 cV 
for the ir polari/ation m I ig. 6). I he reflec¬ 
tion maxima are plotted because they are the 
easiest to identify and because iheoietieally 
they should be very close lo the resonance 
fields 117]. 

.1. mStUSSION UK RKSliLTS 

la) Theory 

I he rciider is referred lo Refs.| I I ] and [15) 
for a discussion of the theory which, for the 


most part, has been used to generate the 
rmignetic energy levels and the optical transi¬ 
tion energies. Here we state several results 
of this theory and list the parameters which 
enter into Ihe tilting process The new aspects 
of our theoretical work are discussed below 
and in Section .Vd), and the algebraic details 
of this arc given in Appendix B. 

The coupled Hamiltonian we use has 
dimension 8X8 corresponding to two spin 
stjiles for the l'„' conducliion band. !'« 
valence band. I'y valence band and 17 
valence band. The mutual interactions be¬ 
tween these bands are fully included, whereas 
the interactions of these bands with remote 
bands are brought in to order k- via effective 
miiss parameters. The magnetic field splits 
each band into subbands, and the simplest 
solution of the coupled Hamiltonian for the 
nth subband of band j is 


o(r). 


II) 



PHOTON ENERGY (eV) 
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I ig 1. The open and closed circles show the posilions ol'lhc leflcclivily 
peaks lor <r' and ir polai i/alions due lo I'r —* I ,' Iransitions The solid 
and dashed curves give the transition cneigies Croin the thcoiy. 



Tig 4, I—» l „' tiiinsition energies with expciimental points and 
theoretical curves, t hese transitions have been seen up lo ()-.‘'.*icV. 
and more ol'the spectrum is shown in Fig b. 
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S. H 

yiih 

ll,c / urc c)cmcni‘, of the unil-'ty matrix. 

ihe Niimiliunian; //'(rl oml.iins .umt. 
sional harmonic oscftalor lunciwn. / 

order where the relation between //and 
depends on /' but is independent of // ll<- 
,.M.mnle,n' n* I for band/'and n " 

(or band f). the u,Jrl are the hand edet 
(li (II Hloch t'linctions for the eighi b.im s. 
and iranstoriri as eigenvectors of the total 
angular momeniiim, .1, and the component 
along the in.ignelic held direction, 
particular, the association is I ? ; ,1 

• !. I. J !■ W, ‘ j. r i; 1; : J 


M, In 
•!. M, 
\l, 


(soliopv of the energies in the X,/. pitine, 
where is tilong the direction ol II, is .i 

necessarv condition lor a so/iiiion in the toini 
of cctii.ilion III I his piobleni btis been 
handled m Kef 11-41 by sep.irtitirig (he X, tind 
X. parts of the energy into an isoliopic pall 
and a remainder I’he isoliopic ptirt is treated 
evactiv tirid, if necessary, the remairKter is 
included as .i peiliiibalion between parlieiil;ir 
siibb.iikls I he |ieiliiibalion is pioporlional to 


bSii of /It' ^x- H Ihe I ^ I «' transi- 
,,on at hish Pholon energies discussed ,n 
;^,ion 4td>, we have developed an allernu^ve 
Isotropic approximation which is tmproved ,n 
Ihis rcspeei. The details of thrs are discussed 

in Appendix B. . 

As mentioned above, the peaks in the 
magnelorefleetion arc predicted to be close 
,o the onset of the interband transitions, 
whtch occurs at X, -0. With X..< set equal to 
/CIO the magnetic Hamiltonian factors into 
two 4x4 matrices with two sets of corre¬ 
sponding solutions. We use V;' and 'h' as labels 
on the separated parts. 

Ill considering the optical selection rules 
;is well as the k.p interaction parameters it 
is nscfiil to have the symmetry forms of the 
;/,„(/) displayed lin the familiar forms of 
Kefs.11.41 iind (I6|) as well as the order of the 
harmonie o,scdlalor fiinelion in /]". We call the 
ptoduci of these funetions d,". and choose 
the 1 ordering to coincide with that in Rcfs.f 11 ] 
aiKlII.X): 


(I set 


»("ll, ) 


t »>(.„ 


(i,"ti;') 

d 

2 ‘-i.v i />') r>-//„, 


1 

/jb 

' iV) M 2/ 1 

ii-b 

i>."<t ) 

(|’ 

t.V (fl f f/i 

(?,i) 



/>-sct 


((."(1, 1 

l.x 

1 >'!>., 

(i.-X) 

(1,(1. 1 

(j/ 

''t V 

(i~f) 

fh.ti. ) 

1(6 

' i :/r 

(lit 

(Ml : > 

/M 

■ 'IfVi/)) J (-/r !),/,„, 



the amsoliopv or warping of (he 1/ bands, 
and this warping is large enough for o .Sn|g|, 
10 make (he isoiropie approximation poien- 
liiilly troublesome. In addition, to make the 
zero ofdei Hamiltonian of Kef 114) isotropic 
in the X,X,. plane at X., 0. a large part of (he 

inleraelion between the IV hands and the 
I',: conduction band (from the I',- band) is 


I he magneto-optical transition probability 
I in. lU) depends tipon the optical momentum 
matrix element which can 

be broken down into the sum of two terms: the 
"inlraband' term proportional to fin symbolic 
lorm as though equation (I) had a single term) 
IPoisI/ i'’)Mi,iyn|„li/, and an 'inter¬ 

band' term proportional to (iv„|p,.,„|«, 
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(//I/ (")xtai- For mixed bands with solutions 
of the form of equation (1) both types of 
matrix elements are nonzero for either the 
intraband or interband transitions, hor the 
transitions of interest to us the ‘interband’ 
terms are much larger than the ‘intraband’ 
and are the only ones we consider. 

For our work in the Faraday configuration, 
with the optical electric field 1 H, we distin¬ 
guish between the cr^ polarization with matrix 
element (Pi+tp 2 ) I'/'r) and then- polariza¬ 
tion with matrix element —/p 2 )!'/'/)• 

The fz' polarization connects an initial state 
to final states of one unit less of angular 
momentum (AWj = —I). and o- connects to 
final states of one unit more of angular 
momentum (AM,, = +l). By examination of 
the partial wave functions of equation (2) it 
is seen that initial and final states are both 
within the (/-set or both within the h-set. 
Furthermore, since (</)„|</)„') = 5„„., in the 
polarization the final state must have one 
unit of // less than the initial state or An = —1, 
and forcr“An — +1.* 

At k = 0 the solutions of equation (1) 
reduce to a single term and the probability for 
the transitions B in Fig. I between the I h^ 
bands vanishes. The magnetic field causes 
the mixing of the I'-" wavefunction into the 
conduction band via A, and A 2 k . p terms, and 
it is this which gives a nonzero transition 
probability. There arc four B transitions of 
nearly equal strength. But, as discussed 
below in connection with Fig. 5, the splitting 
of the (/- and h-set solutions of the I ’s^ bunds is 
such that the four transitions group into two 
pairs, with each member of the pair having 
nearly the same transition energy and 
occurring in the same polarization. 

The A transitions are similar to the light 
mass valence band to conduction band 
transitions in InSb, for example, but with 
inverted initial and final states. The broaden- 


*Our choice here of a-* corresponding to (i/idtPi-r 
IS the same as Ref.l 18], for example. The opposite 
convention was used in Ref.f 11 f. 


ing of the large peak in the lower trace in 
Fig. 2 probably is caused by lifetime broaden¬ 
ing of the r, states. Because this valence 
band is submerged, a hole created by a photon 
can quickly recombine with an electron 
scattered from the 1,,^ band by the creation of 
an optical phonon. There are four possible 
A transitions; A// = ±l (/-set and An—±l 
h-set. Unlike the case of the I s’ -» I s' 
transitions, these four transitions do not 
have equal probability. In the (/-set the 
An = +l((r ) transition predominates, and 
in the h-set it is the An = —I (/r ‘) transition. 
We observe only these strongest transitions 
in our experiment (Fig. 3). but this is reason¬ 
able because the others are predicted to be a 
factor of five or six lower in intensity. A fuller 
discussion of the transition strengths is given 
in Refill I]. 

(b) Parameters 

Two types of parameters arc involved in our 
k.p magnetic Hamiltonian. The first consists 
of quantities which enter into the mutual 
interactions of the coupled bands of Fig. I: 

£„ ^ E{\\*)-FAV-,-) 

A ^ £(!•«+)-/-JdV) (3) 

£p — ImP'lfi'-. 

where P = {~ifilm)(S\p^\X}, with m the 
free electron mass and pj. the x component of 
the momentum operator. T he second consists 
of quantities which come from the interactions 
with the more remote bands; these are y,, 
■y,. >. 1 - K and (/[1 4. 15]. The parameters k and 
q multiply terms which are present only when 
the magnetic field is nonzero. The quantity q is 
nonzero only when there is a spin-orbit 
coupling. In the past q has been estimated to 
be small and assumed to be zero. Recently 
Pidgeon and Groves [20] found from magneto¬ 
reflection experiments that <^ = 0-4 for InSb, 
and Hensel and Susukit21] found that q = 
0-06 for Ge from measurements of the 
valence-band g-factor anisotropy under uni- 
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iixial stress. As shiivsn in Ref. (211, q arises 
from the spin-orbit splitting of the I ,-, condue- 
iK'n band, A,, It vvill be cornpanibic to the 
othei higher-band partinietci's when this 
splitting IS a noii-iiegligible fiaetion of the 
I'r, - I / energy sepaiation.I 

It is useful to show the ci'mposilion of the 
higher hand par.inielers in terms of the k.. p 
1 . onii ibiitions froiii hand-, of partieiilar 
svminetties [his has been done in letnis 
of single gioiip symnietnesi 181 but we lake 
the spin-oibil splitting of the I ,, eondiielion 
h.inil into aeeoiinl whieh gises a </ eonlnbn- 
lion to eaeh paiiimelei |2 11. 


\>l ‘ ^ 2(, • 2//, I 2//,) I t Ui- 
I 2f, II, n.) ',,y, 

y. '</■ f'I//, //.111,/. 
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and, again, l:(lpi, 1 

expression includes all highei 

sum in each 
bands o( (he 


symmeiiy indicated 1 he cjiiantiiies m equa¬ 
tion (.8) are dimensionless and must be 
niultiplied by h-l2in to equal parameters with 
the ,sarnc symbol ,n the uiiginal|22| and 
review (161 references I he expression for 
q IS that given in Ref|2l|. with A, the spin- 
orbit -splitting of the,/th I ,., hand. 

The I valence band derives from the 


single group I'.y. and the prime of F' indicates 
that the I'j valence band is to be excluded 
from the sum as it is not a higher band. Thus 
the magnitude of F is relatively large and that 
of/-' IS very much smaller. The quantity A/., is 
also c.Kpectcd to be small because the 12,- 
levels, derived from atomic ,/ functions, are 
thought to be f.ir above the valence band. 

(It is hoped that our use of several types of 
notation helps to relate this paper to many 
pievioiis papers, with a minimum of con¬ 
fusion. I he rchilions between the y's and the 
paiamctcrs used in Ref. [14], which we call 
ys. are given in equation (Al). In some 
seclions of this paper we find it desirable to 
isolaie not only the i :. - I'.l interaction but 
also (he I',;. —I'l- interaction. The y'’'s are 
then used and these are related to the y's in 
equation (B4).) 

ic) l itiiiiK procediiir luul niintcrical resiills 
One approach to the fitting problem, and 
that used for the HgTe study [ IIJ, is lo gener- 
.ilc .1 stalling set o( y s iind k by assuming 
that (/' and //, have the same values fora-.Sn 
as for (ic ((/ -1. //, - -5), (Actually, as 

shown m Rcl.18]. (t and A/, can be estimated 
Iroin available experimental data, namely the 
coiuliiction band anisotropy |«J and the 
.iveiage valence band mass[22|. This will be 
discussed more fully below.) We can estimate 
(/ by assuming that only the lowest 1',, 
conduction band contributes to JJ, and i/. 
i c 

</ ■•i//,A,./(/2,,-,-/2„). (6) 

As we discuss below, estimates of A,., and 
/■-i:. are available from band structure calciila- 
iKins. Ihe energy sepitralion li„ can be 
equaled to (he H = 0 intercept in Fig. 3- 
can be e.stimated from the rule and the 
splitting o( the —» A, transitions seen in the 

reflectivity [24]; and, finally, E,. can be taken 
to be the same as found in InSb or Ge. This 
gives the required information to generate 
a starling set of theoretical transition energies. 



INTERBAND MAGNETOREFLECTION OF a-Sn 


2039 


which one then hopes to improve by making 
small changes in parameters. 

At this point a comparison of the theoretical 
and experimental transition energies for the 
1 —* I’h^ transitions reveals a unique and 

extremely useful pattern for the transitions, 
from which we directly determine the indivi¬ 
dual masses and, consequently, are able 
to simplify the entire fitting procedure. This 
is shown in Fig. 5. The conduction band spin 
splitting between a- and h- set subbands of a 
given /i-value is about the same as that of the 
valence band. Therefore, each !'„+ 

reflectivity peak is made up of an unresolved 
doublet; a peak arising from an rt-set tr' 
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Fig .s The lowest Landau levels for the I'b* bands at 
70kOe. The arrows show optical transitions to the 
II 2 levels of the conduction band. The difference 
between the o* and it transition energies to a given 
conduction band level is a direct measure of the valence 
band level spacing. 


and a fc-set (t* transition, with the same being 
true for the <t~ transitions. The photon energy 
difference in Fig. 4 between a o-+ transition 
and the nearest cr~ transition is twice the 
valence band cyclotron energy, or —IfieHl 
(cm*) (where mf < 0). The energy differ¬ 
ence between adjacent rr+ or ir" transitions 
is the usual reduced cyclotron energy, 
(heH jc)((\lm^) — (Mm*)). Since m," is 
measured from the — separation, this 
second spacing may be used to determine 
m*. 

We are now able to improve upon our 
starting values for the y's. k and c/. (The 
algebra associated with this is given in 
Appendix A.) We do not have enough informa¬ 
tion to specify all of these so we again make 
the simplifying assumptions that //, comes 
entirely from the nearest 1’,., conduction band 
and that F' = H, = (i. With the experimental 
values of the valence-band effective mass, 
conduction-band effective mass, conduction- 
band anisotropy, and with the use of equa¬ 
tions (A7). (A12). (A13) and (B4) we 
can solve for E„. //,. and (/. for a given 
value of (/. The curvature of the band is 
caused by k.p interactions with l'«^ and l^' 
bands, and w^tf;”) can be expressed as a 
function of £„, F„ and A. We let the remaining 
unknown, A. vary in making the fit to the 
transitions of Fig. 3. In summary, the direct 
measure of from the Ij,^ —» ! 

transitions, plus the I'm^ anisotropy from Ref. 
[8], starts us on a simple and direct fitting 
procedure from which the other band struc¬ 
ture parameters are determined. To test how 
sensitive our parameters are to the assump¬ 
tions, such as H, = 0. we repeat the process 
substituting in values of H., which are typical 
of the value suggested for Ge[2l]. This is 
discussed further below. 

The I’k^ anisotropy of «-Sn is larger than 
that of Ge or InSb. As shown in the Appendix, 
the anisotropy or warping is proportional to 
y 3 ~y‘ which, from equation (4) or equation 
(A8) is seen to be equal to hC 
Within the approximation of equation (6). 




:(i4ii 


S H GROVFS <-/ al. 


this bct-omes Ui - ',(1 +^3^/)//,, where 
c/ 2A|-,/(9ifOr see cqualion 
(A9) for allernativc notation.) An increase 
in the magnitude of //, (and/or </) and a de¬ 
crease in the magniuide of (/', in comparison 
to the other materials, is needed. It turns out 
that the necessiiry change under the constiaint 
fi I) tie the consirtiint that the predomi¬ 
nant !„■ 1',^, interaction in equation (.3) 

comes from a I , .. coniluclion band) gives a 
predicted m,' which is smaller th;in observed. 
Ihis pioblem was noted in Ref|S|. I he size 
ol the discicpancy here is less than in Ref IS) 
because oiii value ol r/r; is smaller than the 
value used iheie anti because we include the 
clicci ol (/. howevci, the (rroblem of the sign 
ol (I remains, 

1 he I bantls fo. n Sii ticrive largely fiom 
aloinic 3/) oitsiials I he I |.. hands which 
contiibnio to (lie k . p sum tor (i ilerive liorn 
aiUibtintlnig t/ liko oibilals. A negative value 
ol <1 would nulicale that the piedomimint 
inlci.ictioii IS with a conduction band ol 5(/ 
char.Kiel, and ;i positive vtiluc of (,' would 
icsuli it the 4(/ valence btind niade the l.iigei 
coniiihuiion .Appaiently o ,Sn is the only 
ditiinoiitl /mcblciute seinicondnctor wheic 
there has been a tpicstiori about the sign of 
<1 Ht)ih the dcleimiimtion ol the tuiistituipy 
and that ot iii, loi ,..Sn aie diicct and lela- 
irvclv free ol complications. It should be 
added that this problem does not tirisc Irtun 
sefting / and II. equal to zero. If these 
p.irariieleis have nonzero anti negative values 
f; must be even larger Hie imiss and antso- 
liopy vtdues can be salislied vviih negative 
(I if t/ (or </) IS free to vaiy. However, with 
Air, 0-.3 eV'. as discussed beittw , li,.^ must be 
no higher than about lOeV. Jhis’/s much 
lower thiin the value geneitiied from band 
structure calculations which, at lowest arc 
about 2-()fV/2.3|(see -Section 3(d)). However, 
there are other results of this experiment iind 
the oscillatory magnetoresistance [2bJ which 
require a low value of f;(r, J d they are to be 
explained by the variation of E with X pre¬ 
dicted from the k. p Hamiltonian, and we do 


not rule out this explanation which retains 
(1 ^ 0. This will be discussed further in 
Section 3(d). 

rhe problem of the sign of G is not particu¬ 
larly imporitint for fitting the magnetoi’eflection 
results. Within reason, a set of parameters 
which gives the proper masses will fit the data 
of Figs. 3 and 4. However, the sign and magni¬ 
tude of G are important for deducing informa¬ 
tion about the 1',-, band from the measured 
masses and conduction band anisotropy. In 
Table ( we first list parameters consistent 
with a — 0, which includes the low I',-, band, 
but with A,-, as calculated in Ref. 125]. To 
position the 1',.-, band as calculated in Ref.[25]. 
G must be f()’5, as shown in the second part 
of Fable 1. The J\* masses are the classical 
thigh n) cyclotron masses for the (100) plane 
and arc calculated from equations (AlO) and 
(All). The 1';^ and I';' mu,ssc.s are calculated 
from thecxpiessions appropriate to X = 0| 16]: 

m _ ^ ^ E„l 1 2 \ 

and 

in _ E,j I 

(I'r.) 

If H, and the higher 1',. band contribution 
to //, are 0-2 (these values have been 
suggested lor Ciel2l]) the change in the -y’s is 
less than 10 per cent. Such variations may be 
thought of as the uncertainties which result 
when the measured quantities, 1’*+ masses 
for example, are known exactly. The fit of 
theory to experiment in Figs. 3 and 4 is very 
sensitive to the 1/ masses and the ly valence 
band mass and we estimate that these quanti¬ 
ties are known to better than ± 5 per cent. The 
energy separation £„ is determined from Fig. 3 
to i 1 pel cent. The combined uncertainties of 
the Ih' masses, E,„ and the higher-band 
parameters produce an uncertainty in of 
±6 pei cent. The worst case combinations 
can make A as large as 0-87 eV or as small as 
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Table 1. Parameters determined from magnetoreflection, with conduction hand 
anisotropy parameter, F,from magnetoresistance\S]. Energies are in units of electron 
volts and masses in units of the free electron mass. Set I parameters give highest 
Ei 5 levels consistent with G « 0. Set 2 parameters arise from using E,., levels from 
OPW computations[2b] with no constraint on G. In both sets F', and the higher 
r ,5 contributions to H| are set equal to zero 



£■„ = 0-413 
ni,* = 0 028 

A =0-91 
ml = 0-195 

m*(r,') 

1 =-0-0.58 

Set 1 

G =0 

E„ = 24 0.S 
y, = 4-28 

E„ = l-l.'i 
is = 0-80 

H, =-7-20 

Eu = fi-61 
y, = -l-69 
t„- = 0-65 
m'd'/) =-0-040 

q = 0-98 
y,= 1-69 

K = -3-40 

Set 2 

G = +0 .Sfi 

E„ = 23-93 
y, = 4-19 
£» = 2-48 

a = 0-80 

//, = - 8-04 
- 18-38 
y, = -l-73 
£■„- -= 1-98 
=-0-041 

f/ = 0-42 
ys= 1-64 

<t = - 2 -18 


0-76eV. The 1%+ mass for worst case combina¬ 
tions is — 0-048m and —0 036m. 

The lowest cr transition in Fig. 4 is at too 
high an energy to be part of the Landau level 
transitions shown in Fig. 5. Our suspicion is 
that it is a transition from an impurity ground 
state associated with the n = 0 conduction 
band Landau level to an excited impurity state 
associated with, and lying below, the n = 2 
conduction subband. The observation of 
impurity transitions similar to this in p-type 
InSb and Ge[25] makes this plausible from 
an experimental point of view. Evidence has 
been presented recently for discrete impurity 
levels in a-Sn under uniaxial stress which 
causes the splitting of the bands[9]. It 
would not be surprising if a similar effect 
were caused by a high magnetic field. Further 
work on the low photon energy magnetoreflec¬ 
tion using the 28ja line from a water vapor 
laser is planned. Some additional thoughts on 
the impurity transitions are presented in 
Section 3(f). 
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(d) r,r, Band nonparabotic correction 

In Fig. 6 we show the extension of the 
^ transitions to higher photon 
energies (for the cr' polarization). It is seen 


I ig 6. A higher energy segment of the spectrum of 
I n' -» l'»' transitions. The dots are the evpcrimental 
points and the dashes give the theoretical curves. The 
cr' data and theory have been omitted to simplify the 
figure 
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from this figure, as well as from the high 
photon energy range in l ig. 4, that the theory 
prediets transition energies which are too 
high, Since at these photon energies the initial 
and final states arc well into the hands, it 
seems reasonable that lerms of higher order 
Ihtm A- from the I',, hand interaction could 
cause the ilisciepancy between theory and 
expcnmcnl, 

T he parameter //,, again within the approxi¬ 
mation that only the lowest 1',-. conduction 
band contributes to the sum over I’,-, bands, 
has the foim 

1/-r.itiil O) 

with f-.'n (2/m)(|(.V(p„(r)|') as seen from 

ot/uation IS), and /;„ ^ /;'(rK'). .Vlorc pre¬ 
cisely. the qiiiintity which enters the Hamil¬ 
tonian is 


the theoretical curves in Fig. 6. (Actually, the 
two transition energies for each polarization 
predicted from the 4-coupled band theory, 
which are averaged in Figs. 4 and 6. are split 
by an unrea.sonable amount at high photon 
energies-i.e. by an amount which should 
make them individually observable. This is 
due to a rtipid change in conduction band 
g-factor, from large negative to large positive, 
predicted by the 4-coupled band theory. The 
main elfect of coupling in the Fj., bands is to 
give a slower variation to the g-factor and thus 
give pairs of transition energies which are 
close in energy, even at hv “O-beV, as is 
observed experimentally. See Appendix B for 
further discussion.) We have tried decreasing 
the energies of the F,.-, bands by moderate 
amounts, but without success in noticeably 
improving the overall fit in Figs. 4 and 6. 

At this point we digress to consider an 


//, -/•VfF(k) /•.,,(k)|, (10) 

wheie /',(kl is an eigenvalue ol the coupled 
ll.imilloniati Because ol the k dependence in 
Ihe eneigy denominator ol equ.itionl l()|. the 
k- l/ieoiv (eqii.uion(<)() will tend to give I',,' 
soiiduclioii ,iiul valence band eneigies which 
•lie loo (ai.ec m niagniludc. I tins qnaliialively 
the higher ordei I’, , teinis will lend loeouect 
Ihe ilisciep.incy in Figs. 4 ,iirI 6 . .Similar 
aigiimenis apply ioi jhc o(|te, | 
ineiei 

lo lesi this iilea qiianlilalively we have 
included the I’,., bands in ihe magnetic 
Hamilioni.m; i.e. ineieasing the size of our 
Hamiltonian I'lom four to seven coupled 
bands (u- and /i-sel each containing seven 
eigenvalues). I he algebraic details of this are 
given in Appendix H. 

Recent OPW ealeiilalions for «-,Sn|2.S| give 
« '-i-'Puralion as 2'4.4eV and the 
111 — Ih" scpiiralion as l-9.SeV, where Fk 
and r,r are the double group representations 
ol f and are split by a spin-orbit energy 
A,,. When we use the OPW values in the full 
Hamiltonian we find an insignificant change in 


Iiiiciesiiiig anomaly in tne uepenUence of the 
conduction band clfective mass upon electron 
density, or ;r-iype doping, reported by Booth 
and Hwaldl26| from oscillatory magneto- 
resistance measurements. At donor concen- 
tiations below .S X 10''cm-’’ the conduction 
hiind intiss increases with concentration 
(or k) in a manner predicted from the coupled 
1 r ~1 j,' I 7 band theory. However, in the 
lange of -■> X 10'‘-l X 10''-donors/enV (the 
highest doping used in Ref.|26J) the mass 
increases much more rapidly than predicted 
by theory. Fhis anomaly occurs at about the 
doping that is required to bring the Fermi 
level to Ihe energy of the minima (see 
Fig. I), and the electrons, through screen¬ 
ing ertecis, hiive a pronounced effect upon the 
mobility of the F„+ electrons[28]. The close 
proximity of the Fermi level to the band 
minimu may account for the anomalous mass 
dependence, although no mechanism for this 
has been found. Alternatively, the more rapid 
increase in mass with k may arise from a 
sudden change of £(k). 

lo follow this further, consider the band 
structure shown in Fig. 7. The F«- band, from 
the spm-orbit split F,, band, is close enough 
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^■i^; 7. A speculative tTnulificiUion of the band structure 
of Fig. I which ijualitativcly accounts for the anomalous 
features of the magnctoreflection and magnetorcsistance 
discussed in the text In this A,, corresponds to the Fermi 
radius of a sphere holding ~ 5x 10'’eicctrons/cm' and 
~ 01 eV. 

to r„', and of sufficiently large mass, that a 
crossing of and Tr, bands would occur 
within the region of k-space sampled by the 
oscillatory magnetoresistance and magneto- 
reflection experiments if there were not a 
weak repulsion between the bands. Although 
the bands do not cross the admixture of Fj" 
wavefunction in the conduction band 
transfers to the upper band for k > k^. and 
at high photon energies the electron is excited 
to the high band. 

There are three attractive features to this 
band structure. First, we find that it is possible 
to get a good theoretical fit to the high photon 
energy part of the Fh^ —♦ Fh^ transition 
spectrum. Secondly, the theory incorporates 
a break in the effective mass vs. k behavior 


as is desirable for the explanation of the 
experiment in Ref.l26]. Finally, the position 
of the Fi 5 levels can be made low enough so 
the warping and valence band effective mass 
are compatible with f7 < 0. 

On the other hand, there is no direct 
evidence for the band structure of Fig. 7. 
With a sufficiently close mesh of experimental 
points effects of the band crossing, such as 
extra transitions, strong H-dependent intensi¬ 
ties, and anomalous hv vs. H behavior should 
be seen. There is no evidence of these in our 
magnetorefiection data, but a fairly large 
interval between photon energies was used. 
Magnetoresistance oscillations from both 
conduction bands might be seen; however, the 
only evidence is an unexplained beat in the 
oscillation magnitude for a 1 x 10'“ donor/cm:j 
sample. Other observations are in good 
agreement with the band structure of Fig. 1; 
they do not need the low F#' band of Fig. 7 
and it is hard to tell whether they are compat¬ 
ible or incompatible with it. Thus we must 
consider the band structure of Fig. 7 as highly 
speculative. It is in qualitative agreement with 
several experimental features and should be 
kept in mind in planning and interpreting 
future experiments. 

If the band structure of Fig. 7 is not appli¬ 
cable to a-Sn then one must look to another 
explanations for the anomalous behavior in 
Figs. 4 and 6. For example, the transforma¬ 
tion of the k . p Hamiltonian into a magnetic- 
field-efl'ective mass Hamiltonian involves 
several steps in which k is assumed to be 
small; relativistic and many electron formula¬ 
tions add terms, estimated in the literature to 
be small, of different k dependences than those 
we have considered. We shall not investigate 
these possibilities, but only stress that, in this 
case, the magnetoreflection data is not fully 
explained by the k .p theory, and this appar¬ 
ently is a unique situation for the diamond- 
zincblende lattice semiconductors [IbJ. 

(e) E (Fh^ ) — E (Ft ) temperature dependence 

The Fj" -* Fb^ oscillatory magnetoreflec- 
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tivn has been measured at 1 5“, 20° and 
with no observable shift in resonant energies. 
This is in marked contrast to the HgTe results 
which show large shifts over this temperature 
iange(l2j. HgTe and the ( d,H,„ ,Te alloys, 
however, arc quite different in this behavior 
from InSb and Ge, for example. A plot of the 
O-KKK'K temperature dependence of — 

TdV )| lorfie, InSb, Hg Te and o-Sn is shown 
in f ig. h. I his figure is presented for two 
reasons: first, the Hg Te and <* Sn cm ves have 
not been published previously; secivnd. the 
collection of dilferent temperature depen¬ 
dences 111 t ig. S (and, one might add the 
hchavioi o| the ( d,Hg, ,fe alloys as well 
|27|) present a considerable challenge to any 
theory of temperature dependences. 

(I) ( oilifxirisoii will) ollwr ('ypciimciiis 

111 .Sections t(c| and f(d) we discussed the 
conduction hand anisoii'opy measurements 
and (he ellec'live mass vs. concentration 


measurements from the oscillatory magneto¬ 
resistance. A comparison of the band-edge 
conduction band mass values from that 
experiment can be made with our results, 
as can intraband measurements of the rs^ 
valence band mass. 

The band edge mass for the (100) cyclotron 
mass from Ref.[261 is = 0-02.^m, while we 
find /«,' = 0 028m. This 20 per cent difference 
is outside the experimental error of these 
determinations of mass. The valence band 
density-of-states mass has been measured by 
Wagner and Hwaldf23J from the free carrier 
reflectivity to be 0-26m. The density-of-states 
mass is close enough to the (100) mass to 
permit a direct comparison with our value of 
0105m, 

1 hesc discrepancies between masses deter¬ 
mined from inlcrband and intraband experi¬ 
ments may be characteristic of a more general 
situation. For example, recent interband 
measurements on InSb have been analyzed to 
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give the individual masses[20], with the result 
that the conduction band mass (Fg band, 
which corresponds to our F;" band) is heavier 
than determined by cyclotron resonance[30] 
and the heavy Fs+ mass is lighter than the 
corresponding cyclotron resonance mass 
[31-34], These differences between masses 
determined from interband and intraband 
experiments have not been explained. 

One possibility for resolving the mass 
discrepancy for «-Sn involves a different 
interpretation of the B transitions in Fig. I, 
which we have associated with Fb^-^Fk*^ 
interband transitions. One might interpret 
these transitions as being from an impurity 
ground state, near EfFg^), to excited impurity 
states lying slightly below each conduction 
band Landau level. Such transitions have 
been seen in magnetoabsorption measure¬ 
ments by Boyle[35] in n-type Ge and by 
Kaplan[27] in p-type Ge and InSb. If we use 
a band-edge mass of in'f = 0-023/n (E„ = 
27 0eV) and compare the positions of the 
conduction band levels to the transition 
energies in Fig. 4 we get reasonable agree¬ 
ment. If the spin-orbit splitting. A, is 0-71 eV, 
the agreement between theory and experiment 
for the F:" —» transitions is about as 

shown in 1-ig. 3. The discrepancies in F ig. 6 
remain the same. Unfortunately the theory of 
the impurity transitions is so crude that it is 
hard to make reliable estimates of transition 
probabilities. However, for two reasons we 
believe that we are observing band-to-band 
transitions rather than impurity transitions. 
First, we can calculate the intensity of the 
interband transitions, and the calculated 
intensity is of the same order of magnitude as 
the observed intensity. Thus, if the B transi¬ 
tions are indeed impurity transitions we 
should observe the interband transitions as 
well. This cannot be correct because any 
additional transitions in the magnetoreflec- 
tion spectrum are at least an order of magni¬ 
tude down in strength. Secondly, the B 
transitions we measure are of the same 
strength at 1-5°, 20° and 80°K. The intensity 


of impurity transitions should be proportional 
to the occupation of the ground state, and the 
number of electrons in the ground state must 
fall rapidly between I -5° and 20°K — or at least 
80°K—as the electrons gain the thermal 
energy to populate the lowest conduction 
band levels. 

Thus, we believe the discrepancy in masses 
remains. This is a problem which deserves 
additional experimental and theoretical study 
[36]. A question which we hope to settle in 
the near future by cyclotron resonance 
measurements is whether the intraband 
masses agree, i.e. masses determined by 
cyclotron resonance and by oscillatory 
magnetoresistance. 

4. CONCLUSION 

In summary, we have found that the 
magnetoreflection results are well explained 
by the band structure of Fig. 1. The Fs* —F? 
energy separation has been determined 
directly from the H = 0 intercept of one set 
of transitions. The valence-band effective 
mass has been measured from the second set 
of transitions, and from this the masses 
w,f(l'K^) and m*(r 7 ) have been found. The 
quantities and A have been deduced from 
the masses. Several interesting questions have 
arisen from this and other recent experiments: 
Are the deviations of theory from experiment 
at high photon energies for the F*" -♦F*' 
transitions and the unexpected behavior of 
effective mass vs. donor concentration from 
oscillatory magnetoresistance measurements 
a result of a near crossing of Fs" and F^^ 
conduction bands? Is this also the answer to 
the G problem, or is G positive, indicating a 
high l', 2 . valence band? Finally, what is the 
source of the discrepancy found for a-Sn and 
InSb between the interband and intraband 
masses? 
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APPENDIX A 

Iheie ,ire sevcial analytic approximations to the 
I I soiipled k.p matrix Hamiltonian, lor 
example, the Flk) dispersion lelalions for the I',' bands 
III Rel |_2| .lie exact to order C but do not include Ihe 
nonp.iiabolicily lesiilting from the strong coupling to Ihe 
I r Kind Pciliirbation expiessions are given in Ref,| 16) 
which include the nonpaiabolicity of the 'light' 1 „+ band 
hut .lie appioximations to the eorreci A- angular depen- 
ilenee Rclcienccl I4| gives the magnetic field solution to 
the problem id Ret |22|. The effective mass parameters in 
ih.it c;ise ,iic y,. yj, y, and k These are given by equation 
(4) d the quantity / is substituted for F', or 


■)“, - y, - 6 

V/- Yi 8/2 

YT--- Yi- 8/2 

if- K -8/2, 


(Al) 


wheic a /;„/(1t„) with L„ and t„ defined tn equation 
(1) I oi o-Snftis about 20 

Our filling is done with Ihe y'v as the remote band 
parameters, or alternatively with G and //, of equation 

Ref i«? 1''"! bt' “ warping parameter from 

Kct.|8| which IS defined in the notation of Ref.|22], and 
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we use expressions for the band < 100 ) cyclotron 
masses written in the notation of Ref.| 141. In this Appen¬ 
dix we re-express the warping and the masses and give 
the algebra for the fitting procedure described in Section 

Me). 

The expression for !’„* energies from Ref.1221 is 

E = J. (A2, 


■With the simplification that //j and F are zero and that 
only one r,, band contributes to the y's. these become- 

Eu 4 

(l~F/8) I-I-2S-—+ (A 12) 

.1 ( I K ) J 

:ind 

Fu S Eu 3 
(injmT)-^ 3E(I. ) ■|2F(r„ 


where 

j = ik,^k,’ ‘tk,/k,- + k,%Mlk\ (A3) 

The plus sign applies for the conduction band and the 
minus sign for the valence band. The effective mass 
paiameters A, B and C can he expressed in terms of 
t hose of eqiiat ion (AI); 

A - - 7 , 

B = -27, 

C^-3[(27,)“-(27,)-]. (A4) 

I tie conduction-hand anisotiopy parameter defined in 
Ref.lXJis 


P == -C-l\BiA + B)]. (A.M 

which can he written in lei ms of the parameters of 
equation (A I): 

72(fi + -ri) 

_ fi(Yi -72) f I - IY1 ( Y.' •_/£]_ 

■■ 8(1 -2y,,/8)1I - (7, +2y7|/(28)| 

where the form of equation (A7) is motivaled by the fact 
that 8 is about an order of magnitude larger than the 
y's. /■' IS predominantly determined by the quantity 
I'Vi *tnd, from equation (4). 

(Yi ■ Yj) 1<J --i/fi + </• (A 8 ) 

A more transparent form of this quantity comes frs>m 
equation (B4) where the I ',5 band contributions are 
written explicitly 


(A 6 ) 

(A7) 


where we have used equation (B4) and. again. 8 = 
F„/(3E„). If we regard the quantities on the left-hand 
side of equations (A7). (Al 2) and (A 13) as determined by 
experiment wc have three equations relating the quanti¬ 
ties E„. Eq. EiW ). Ed „ ) and G. It we use the OPW 
computation 126] result Ed * ) - Ed * ) = 0 5 eV. and 
set (1 -■ 0 wc get the first set of parameters given in 
Table 1. To preserve the other OPW computation result 
that Etr^O =2‘4eV. we find that (1 must be 4-0-5. as 
shown in the second part of Table I. 

APPENDIX B 

In this section we outline some of the algebra which is 
useful if the r,-. band d » and T„ with spin-orbil coupling) 
is to be ticated explicitly, This may be done for the cou¬ 
pled Ty' — I,* —I';' Hamillonian which in lowest order 
contains I'u effects in terms varying as k‘ and can be 
made more exact by a perturbation procedure. Or the 
T, and !'„■ bands can be treated on an equal basts with 
the others by expanding the dimension of ihe k . p matnx 
Hamiltonian from 4 x 4 to 7 x 7. 

To improve the 4 x 4 Hamiltonian we seek the expres¬ 
sions which show the T,, band contributions to the y's, 
K and q\ essentially Equation (4) but with explicit 1'^ ' 
and !'„■ parts. These can be found by comparing terms in 
two Hamiltonians. The first is the Hamiltonian of 
I.utlinger(l41. written in the most general form for l\* 
symmetry with the y's, k and q as parameters. The second 
IS Ihe k . p Hamiltonian for the T,* bands which has been 
expanded to order k- with coefficients in the form of the 
quantities on the right-hand side of equation (5), An 
alternative method, which we shall use, is to wnte out 
the 7 x 7 matrix Hamiltonian and then contract this to 
dimension 4x4. In this process wc obtain Ihe expressions 
desired. 

The following basis functions, «,nlr), are added to 
those of equation 12): 


I E„ 

Y:.-Yi = .G-+-^^, ,A9) 

which shows that it is the !'« band which is important 
foi the warping. (The zero of energy has been taken at 
E( Tk' ). i.e, E(r„ ) IS the energy of I',, above T,*.) 

Although we do not have exact expressions for the 
I »' cyclotron masses for the ( 100 ) plane, approxinratc 
expressions can be found, as discussed in Appendix B, 
which are: 


= (- 7 ,- 27 .) V I -F ,/8 (AID) 

iind 

(m/m,*),„m, = -y, -y. - l'A y.'-' + ly/. (All) 


u-sc( 

hit. 

) - |(J)"-'|(< -t- 0 ) 1 -2: T ] > 

tJ=l./Vf:=4) 

inw 

)-llSl'Mv o)l) 

t^-i) 

II ( Tn 

) - 1(4)' -'ttv-i-/vi 1 t : T 1/ 

(4.1) 

h-scl 

ii)f \) 

= |(l)"=( < -biv) t f 

lj.4) j 

»(r, ) 

li 

<»5 

4- 

t-j 

{>,. it IBI) 

h(I« ) 

= l(4)"''l(v-iv) T i 1' 



The quantity x transforms as the vector component and 
the quantity A', in equation (2). transforms as the product 
of vector components vy. 

We order the basis vectors for each set as they appear 
in equation (B 1 ) for the first three, and then as ihev appear 
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in equation (2) for the remainder. When is set equal to 
zero the u- and h-sels *ire nol coupled, and Ihe eittenvalucs 
and eitienveclors are found hy diaiionali/ing two 7 z 7 
matrices We illustiate this lor the </ sel matrn Hamil 
toman. 


y, = y."-i + 


3 








(ho lollovsttig MdidUoii !■> Used in cqutthon (H2) /.s 
/ M . I. //■(((. > -uid / (I q’ ) 0.1 ft '/i2fn}, k- 

k/ 1 k„ k k, \ ik,..k k, OA/zuK A . 

/' I ^ ]/J,) V >. y, 

/ (I (j], >' " y" f }/'. )' " y," y/' Wc h.tvo in- 

cliklcil flic micia(.(i(»n o| (ho I , ot»IKlu^.lKm hand \Mih the 
I r. haiuls It) tndei k ' ihmugli iho pai«*nic(cr y,, hcoause 
OPW oakiilalionsIJ^hj plaso iho I , h.intl vsithin scvcfal 
eleclion vtilis ol llio I ,, hands, and (ho (nadix clement 
holwecn ihcni is o( iho same oidci t)l inaginiude <is that 
betwoen the I «intl 1 hands iieprosented by I* or 
Ihe quaniily is> i'' .1 basis vooioi ol I iransroimin^ as .1 
btuidm^ ) like liinolion. I he mforaoiions uith the 
I , ■ . 1 . ami hiy.lioi 1 ,, b.uids aic 1 opiosonleti b\ the quan 
linos y,". y.", y," and wholo ifiosc tjuamidcs .no do 
lined hv eqiiaiuui (4) it ihe otirimbuiions liom the lowest 
I oondno(u>n bamt vtniiMcd, as well as ibc lice olco- 
friUi oonlfibuiitui h> y, and k 

Iho 7x7 niatiix of equation (B2) can be oontraoled 
into 4x4 toim nsiny: the iclaiivinshipl371 

t A,.t I . 

where ^ ’ is the 4 4 malnx -rthe summutiun is over 

I bands, and /: is the einenvalue ol the 4x4 Humil- 
toniun. By dropping the highcM order terns in equation 
(B3) we neglect the effects o! the r, bands on the i;,', I ^ 
and yj bands through the I ,, bands If we icpiacc A’ by 
^(1 ). which IS taken as /eitJ, and compare terms wath 

Lultingcr's matrix Hamiltonian icssentiallv the i2.3) 
(2, 3) and (.3, 3) terms of -f*/,) wo find 



where /.„ 2>nQ-lfi‘ The expressions for k and q are 
found by a comparison of terms when the magnetic field 
IS included 

The Hamiltonian of equation (B2) can be converted 
to an effective-mass Hamiltonian for a magnetic field by 
adding the interaction of the spin with the magnetic 
field and by replacing k values with operators, which are 
written in terms of the creation and annihilation opera¬ 
tors of a harmonic oscillator function. 



where N = a'^a The effective-mass Hamiltonian oper¬ 
ates on the modulating' functions which are shown, 
in part, along with their band-edge Bloch functions in 
equation (2) If we consider, for the moment, only the 
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lower 4x4 block in equation (B2), a solution can be 
found with the functions of equation ( 2 ) if in the element 
(2, 3) is retained but •y-“k+* is dropped. A similar 

situation holds for some of the terms in the r«^ —r«“ 
interaction and if, in effect, we set yi — yi equal to zero 
we can find a solution to the magnetic field problem. This 
is equivalent to the approximation made in Ref. |I4|. 
Since we are now interested in the nonparabolicity which 
arises from the 1 ',^ —re~ interaction this approximation 
seems inappropriate. As an alternative we have replaced, 
in effect, (>3 —by (y-i —which again makes a 
solution of the magnetic field problem possible. The argu¬ 
ment is that by ignoring a term proportional to we 
neglect a term of order n , but replacing it,® by k.’‘ re¬ 
quires a correction of (kJ^ — k^‘) which is of order 1 . 
(Either approximation has the undesirable feature that 
correction terms, though small in net effect, are made up 
of opposite but nearly equal contributions from lower and 
higher levels.) 

The elements being discussed are off-diagonal and of 
such a sign that the effect of neglecting (73 —y 2 )A:+“ is to 
overestimate the nonparabolic correction on the l „+ 
bands, and the effect of replacing this quantity by (y,— 
yjfA-* is to underestimate the correction. Although the 
second approximation should be better for the reasons 
mentioned above, there is still some uncertainty as to how 
well It actually works. To get more trustworthy results it 
is probably necessary to use the laborious, semiclassical 
approach of calculating cyclotron energies from the areas 
enclosed by constant energy contours. This cannot give 
the ‘quantum effects’ near Ed'*’) but should be superior 
to other methods at high n values because isotropic 
energy surfaces are not required. 

A companson between the approximate theories can be 
made on the classical (high 11 ) values of the (100). I'** 
cyclotron effective masses. These are found by reducing 
the larger dimension matrices to 2 x 2 . corresponding to 
the two r*’’ bands. Analytical expressions for the ener¬ 
gies are found by solving the corresponding secular de- 
icrminant. In the high-n limit these give 

(m/m* ),,(*,, = -yI ± Vyj(3/4) (y^-t-y.-,)’' (B6) 

for the approximation of Ref|14|. where the plus and 
minus sign correspond to the conduction and valence 
band masses, respectively. The approximation with 
(yi — y-i)k^‘ replaced by (y, — y,)k “ leads to 


(m/m*),iiHii =-yi ± 2y.i, (B7) 

where the -I- sign now applies to the valence band. These 
are just the masses for the ( 100 ) directions, which are the 
‘lightest’ directions in the (100) plane. The ‘heaviest’ 
directions in this plane are ( 110 ) for which 


(m/m* hum = -y. ± Vy.y 3y (B 8 ) 

I'he masses in equation (B 6 ) fall between those in equa- 
tion(B7) and equation (B 8 ) because |yj| -- |y,|. 

The exact, large n. (100) cyclotron masses for the 2x2 
problem can be found from equation (A2): where the 
mass is determined from the derivative with respect to 
energy of the area enclosed by a constant energy contour. 
This procedure requires numerical integration and differ¬ 
entiation. However, if the square root in equation (A2) is 
expanded and truncated after the term C‘-//( 2 B*). analyti¬ 
cal expressions for the masses can be found, as shown in 
Ref. 18). This gives 


(>n/m* ),„«„ - ( - y, - 2 y,) Vl - F/8 (B9) 

for the conduction band mass and a similar expression 
involving a valence band anisotropy parameter for the 
valence band mass. 

The agreement between experiment and theory in 
Figs. 3 and 4 is nearly independent of which approxi¬ 
mate theory is used as long as the masses predicted from 
that theory are those measured (Table I). However, the 
parameters which go into the theory do depend upon the 
particular approximation used. To minimize this effect, 
for the purpose of reporting a set of parameters for a-Sn. 
we have used equation (B9) for the conduction band 
mass since F has been expenmentally determined, and 
have used a simple average of equations (B7) and (B 8 ) 
for the valence band mass. 

A final comment about the 7x7 and 4x4 Hamil¬ 
tonians. The variation of conduction band g-factor as a 
function of energy from the band edge is much more rapid 
in the case of the 4X4 matrix than the 7x7 matnx. This 
suggests that it is important to take the variation of the 
r,j levels with magnetic field into account when calcu¬ 
lating g-factors away from hand edges for the I'*'. 1;* 
and r, bands. 
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THE PRESSURE AND TEMPERATURE 
DERIVATIVES OF THE ELASTIC CONSTANTS 
OF AgBr AND AgCl* 

K. F. LOJE and D. E. SCHUELE 
CaseWe.stern Re.serve University, Cleveland, Ohio 44106, U.S.A. 

{Reteived'iJuly 1969', in revised form 2 \ November 1969) 

Abstract —The ultrasonic pulse-echo method was used to measure the adiabatic elastic constants 
and their pressure and temperature derivatives for AgBr and AgCI at 3(M) and I95°K. The explicit 
temperature dependence of the elastic constants was calculated, and the value for the isothermal 
bulk modulus was found to be anomalously large. An ultra.sonic equation of state was compared with 
Bridgman’s compression data and the effect of the significantly nonlinear pressure dependence of 
the bulk modulus of AgBr was shown. High and low temperature limiting values of the Griineisen 
parameter were calculated from the elastic data and compared with those calculated from available 


thermodynamic data. 

1. INTRODUCTION 

The cohesive energy and lattice dynamics 
of the alkali halides have been the subject 
of numerous experimental and theoretical 
.studies, all aimed at understanding the various 
interactions in these ionic crystals. Measure¬ 
ments of most of the ehistic properties have 
already been completed and have been most 
useful, since, for example, the pressure 
derivatives of the elastic constants are 
particularly sensitive to the short range 
interionic repulsions and th? temperature 
derivatives are helpful in assessing the an- 
harmonicity in the lattice potential. Elastic 
measurements on the silver halides are a 
natural extension of this alkali halide work. 
AgF, AgCI and AgBr all have the NaCI 
structure (Agl has the zinc-blende structure), 
but they apparently are not purely ionic 
crystals. Interesting deviations from alkali 
halide-like behavior are thus expected and 
have been found. For example, the simple 
Born or Born-Mayer treatments of the co¬ 
hesive energy, which have been so successful 
for the alkali halides, do not work so well for 
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the silver halides, as indicated in the review 
article by Tosi[l]. The Cauchy relation. 
Ci 2 = C,,. holds reasonably well for most of 
the alkali halides, but it is violated signi¬ 
ficantly by AgBr and AgCI. indicating that 
noncentral forces play a major role in the 
binding. A shell model was applied by Joshi 
and Gupta[2] to AgCI, but the calculated 
phonon dispersion curves were in poor agree¬ 
ment with the experimental curves of Cole 
[3J, whereas good results had been obtained 
using a shell model for Nal and KBr[4]. In 
short, the silver halides exhibit significant 
and interesting deviations from the alkali 
halides. 

2. EXPERIMENTAL PROCEDURE 
Sampk’ prepunition 

Single crystals of AgBr and AgCI were 
purchased from the Harshaw Chemical 
Company in the form of right circular cylin¬ 
ders with diameter 0-7.S in., length 1 in., and 
faces of approximately fllO] orientation. All 
orientations were measured by a back reflec¬ 
tion Lane X-ray technique, after liberally 
etching with a sodium thiosulfate (hypo) 
solution. Final acoustic surfaces were then 
prepared by polishing with No. 4/0 metallo- 


I 
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graphic paper lubricated with kerosene and from the change in transit time with pressure 

backed by plate glass. Such polishing pro- has been described by Daniels &nd Smith [10] 

diiced sufficient surface distortion so that The electronics is the same as that employed 
nearly polycrysiallinc I aue patterns resulted, in the elastic constant measurements. 
but earlier polishing and etching tests showed The relatively large transit time shifts 
hat such surface distortion extended less encountered in AgBr and AgCI enabled all 
hnn one mi/ in depth. The orientation of the the T = 0 pressure derivatives to be deter 
^gfir sample was within ()-3° of the desired mined from runs restricted to 1 kbar maximum 
1101 direction, for ilie AgCI crystal, honcvcr. pres.surc. Pressure wa.s determined h, 

aue photographs taken on opposite Idccs measuring the change in resistance of a 300 

d .1 various points on the same face gave coil of manganin wire, the coil Xls he 
leniation vanai/ons as lin>,- •.. /» a i . . aiway.s being 

nii .r nr„Ki e . ^ kept at room Icmperal urc. 

pron/c'ni with •smoit* 


iitiiiiv puiyLTysi;injnt' IMUC paiicTns rcsinitu. 
hut earlier polishing and etching tests showed 
that such surface distortion extended less 
than one mil in depth. The orientation of the 
AgBr sample was within O-.f” of the desired 
11 101 direction, for the AgCI crystal, honcvcr. 

I aue photographs taken on opposite faces 
and at various points on the same face gave 
orientation variations as large as C. A 
similar problem with single crystal AgCI 
^as noted by Arenbcrgl5|. The final polish¬ 
ing ol the Agt I sample was done so that the 
center ol one face svas within O-r of the 11101 i 
direction, ' ' ^ 

A second single . ryslal of AgBr which will a 

he denoted as AgBi II. was prepared from a h 

aigc ingot also obiaincd from the Harshaw ,> 

the form 

m w ?h <J'amcter 0-6 

I > 101 dLiir''""" 


3. RESULTS 

Table I lists the various physical and ther¬ 
modynamic quantities used in the reduction 

■?v Yhi ^^Pe'''mental data were 

avadable tor the thermal expansion of AgBr 
below room temperature, the I95»|<: vnhm ^ 

using (jiunetsen's law. ' 


‘■'‘>-0>ito,n„n„n,casmvmc>,l.y 

pressure tranT, ? hchucleIXI. All 
‘'••''f'g the bun'er lcchnit|uci'y| Salol w 

Nona, stopcock lutsruT' 

lure. I he joon, lemperu- 

^cre nuide with '^e'asuremenis 

^'■vvcmbly nun,mod ''^;"^'''f‘--r-crystal 

‘rolled enclosure scl , ‘ /"'f’''“''''i'rc-con- 

'hcrmocotiple on he 

mea.sure its actual r> '^us used to 

transit tin es ' he I9.S°K 

ducer-burr-stm 1<rans- , 

dry ice-freon ;T ' 

Pre.\.\ure measurements r 

The general method of ,t^, " 

pressure derivatives of the ^ ‘^'’"’'"'"8 'he n 
ve-s ol the elastic constants ti 


be /-/u.fticioii.sTanis 

‘’"d AgBr are cubic crystals 
‘ >rcc independent e/a.stic sii/fnesses can 
he determined from the velocities ofthtiu 
hi pure sound waves which cln ^ 

^"ong the 11 lOj directio^ '’’‘‘^P^S^ted 

" nieJs measure- 

d -long with value 

■' vesligators who d ? 

■ lechn/que.s Txam "V ^'"Ph’J'ed ultrasonic 

w •• "-Xdmiriiitjon of irunvit f* 

Prccisioms unie v ? The 

arc;AgBr-c- 0 '>% constants 

OTT; r, ovz-^u ’ o < 11 - 0-3%; C 

T'. 0-4'i: c;, 0-2%; 

tts. 0'4%, The larn 

directly measured sh®"'' in the 

-n Age, i.sZ ^"d C„ 

"’c oricniation of 

mentioned above Th crystal, a.s 

'i«n 

'he elastic constants 
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Table I. Basic data used in this work for AgBr and AgCi. An Avogadro’s number 
6-02257 X 10^^ mole ' was used in computing the X-ray density, and a mechanical heat 
equivalent oj 4-186 J cal“' in computing the isothermal bulk modulus 


AgBr AgCI 



aoo-K 

I95'’K 

.3()0'’K 

I9.5'"K 

Sample length (cm) 

2*2292 

2-2214 

2-2323 

2-2255 

Molecular weight 

187-779 

187 779 

143-323 

143-323 

l.attice constant (A) 

5-7748111| 

5-7546 

5 .54931121 

5-5324 

X-ray density (a- cm “) 

Linear thermal expansion coefficient. 

6-476 

6-544 

5-.570 

5-621 

a (10 ■’ deg ') 

.3-511.31 

3-2+ 

3-11141 

2 7(141 

(da/d7);,(IO "deg -) 

2 -8t 

3-6+ 

3-6*' 

4-6" 

Specific heat. C„ (cal mole"' deg"') 

12-5(151 

12-2(151 

12 8(161 

II 8(151 

(dCp/dT'iy (lO"" cal mole ' deg -) 
Isothermal hulk modulus. Br 

1-4 

6-7 

.S-9 

12-6 

(10''- dyn cm -) 

0-3770 

0-4195 

0-4174 

0-4.590 


■'Delcrmined from corresponding «(14] and C„115-171. 
tObtained from Griineisen's relation. 


Table 2. Adiabatic elastic stiffnesses oy'AgBr and AgCl in units of 10''* dyn cm'- 



c';. 

C' 

Cu 

t':, 

Cu 

Bs 

AgBr (Room temp. 







Author (300'’K) 

Tannhauser, Bruner and 

0-5164 

0-II70 

0-0724 

0-5610 

0-3270 

0-40.50 

Lawson 118], (26"C) 

Tannhauser and Lawson (191, 



0-0720 

0.56,3 

0-328 

0 406 

(28-C) 



0-0728 

0-562 

0-.328 

0 406 

AgBr(l95°K) 







Author 

0-5629 

0-14.50 

00765 

0 6313 

0-3414 

0-4381 

AgCl (Room temp.) 







Author (300''K) 

Hidshaw, Lewis and 

0 ,5423 

0-II87 

0 0624 

0 5985 

0-3611 

0 4403 

Briscoe (20], (300'’K) 



0 0616 

0 5920 

0,3640 

0 4400 

Arenhergl51 



0-%25 

0 601 

0-362 

0 441 

Vallin[21],(295"K) 



0 0622 

0 .5860 

0-3582 

0 4341 

AgCI(l95"K) 







Author 

Hidshaw. Lewis and 

0-5861 

0 1427 

0 0653 

0-6635 

0-3782 

0 4733 

Briscoe (20] 



0-064 

0-656 

0-380 

0-472 

Vallin(211 



0-0650 

0-6475 

0-3730 

0 4645 


C'|,C' andC_|^are the directly measured quantities in the present work, and C 
C' = (C,, - C,.,)/2 and B, - (C,, +2C'„)/3. 
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was eva/uaieJ by carrying ^ 

,ion calculation of Neighbors (221 ^ 

of the different orientations 
different l.aue photographs of J*-' 

No orienlaiioM eorrections, howeva. hast 

been iMCOiporaled in the values in table - 

■fhe preseni results lor AgUr are m t. 
eellenl agreement with those of Taniihauscr. 
Bruner and lawsonllS] and of i atinhauser 
and t aw son 1191 Larger v.-iriations are tound. 
flow ever, among the various results lor Ag( I. 
where till the values do not agree within their 
quoted esperintenlal precisions. (ompiirisoi) 
of the present results wilh the siitlnesses 
directly inetisiired by Hidshaw. I ewis and 
Briscoe 12<)(. namely f',,- f o niiif ( J,. shows 
iheir values to he s> sleni.ilically lower. 
Valhn’s(2l[ ( II value is lower than till others 
cilctl. causing Ins biilh modulus to be lower 
also. 

( (unparison of the ehtstic constants of 
•AgMr and ,Ag( I shows that AgBr, having the 
huger tmion. is slightly mote eoinprcssiblc 
but has ;i huger shear stillness < The other 
shear silliness. (". is almosl the same in both 


nrtieriais. Thus AgCl has the larger elastic 
•misolropy. the ratio C'/C., at room tempera- 

;rtansl«forAgCI»dl.62forA*Br. 
These ani.soiropies increase with decreasmg 
lemperalure. Of particular note the signi¬ 
ficant failure of the Cauchy condition, C.o = 
( „ Here C,, -4-5C,, for AgBr and 
s x'c,, for AgCI. relationships that are nearly 

temperature independent. 

fable .4 gives the isothermal elastic stiff¬ 
nesses and the adiabatic and isothermal 
elastic compliances tor AgC I and AgBr. 

/ cnipirature lieriviiln es 

fhe measured lemperalure derivative.s of 
AgBr and AgCI at room temperature and dry 
ice temperature are listed in Table 4. along 
with the .100'K results of Hidshaw, Lewis and 
Briscoe 120| for Ag(T and values for AgBr 
at 26'C obtained from graphical differentia¬ 
tion ol the clastic constant data of Tannhau.ser, 
Bruner and Lawson 118]. The agreement for 
.AgCI is good, w hile that for AgBr is adequate, 
in view of the iincerliiinties inherent in the 

or;tnh'n :il inn 


Idhh' .L .■lJuihiiii< (DilllunlicniKil(■hniii slijfncs.si's. ('. iinilluliiihiilic 
iiiiif imd/iciiikiI cl(i.\iii i itinpluiiH cs. .S. lor AgBr (uui AgCI 



.. ‘ 



— 

-- 



c ,, 


( ,, 

•^.1 

^*1- 

b„ 

VrUi 1 'uii Ki 

.ull.lh.liK' 

0 

V70 

(l-IO.'U 

^ a 

i • I Ml 

i3-XI 

(si>lfici in.il 

(1 

0 

1) l)7_M 

1 f.f4 

] no 

M HI 

.\kIIi (I‘)s Ki 

.icliiib.ilic 

0 ( 

0 J 

0 07f*> 


- {) m-> 

n-()7 

isnihci m.il 

0 1 :s 

0 

0 07(n 


0 m 

ft f)7 

AfU liUHi Ki 

Tcll.ihillic 

0 

U V>l I 

0 O^iM 


I'l.s: 

Ih 01 

isnlftci niiil 

0 vst 

oi3x: 

0 (WOJ 

^ 075 

1 i.ts 

Ui OJ 

Kivs K) 

.Kll.lbiltic 

OWS 

o-.t7s: 

0 ObSI 

: .S7I 

0 435 

15-32 

lAolhcnnal 

0 64‘); 

0-.16.tX 

OOh-il 

7 S7« 

0 925 

n 32 

I'liils .iri: 10'- 

ilyn cm I'orC 

anil 1(1 ' 

- cm' dyn 

' lor S 
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Table 4. Temperature derivatives of the adiabatic elastic stiffnesses AgBr and 

AgCI. Units are lO '^deg ' 


(dlnC/ilT), 

^11 Cj, C]j /Is 


AgBr (Room Temp.) 


Author (300°K) 

Tannhauser. Bruner and 
l.awson* (2(tX') 

AgBr (195 "K) 

Kh2 

-22 0 

-5 48 
-5-5 

-11 82 
-9 5 

p 

1 i 

7 90 

Author 

AgCI (RoomTemp.) 

7-49 

-19 1 

-4-88 

-10-47 

3 16 

-6-67 

Author (.3 OO’K) 

Hidshaw, Lewis and Briscoe 
|2()].(3()0“K) 

AgCI(l95"K) 

■7 K4 

-18-8 

-415 

-4-21 

- 10 40 

-10-48 

- 4 89 

-4 95 

-7 38 

Author 

- 7-15 

- th-9 

-426 

-9-53 

-3-97 

-6 .57 


'Values determined from graphical dilferentiaiion of data of Ref. I IK]. 


An overall examination of Table 4 reveals 
that AgBr and AgCI are very similar, with 
AgCI undergoing smaller percentage changes 
between 300 and 195^K. Thermodynamics 
predicts that dlnC/</7 vanishes at absolute 
zero, so a decrease in the magnitude of the 
temperature derivative is expected as the 
temperature is lowered. The only anomaly 
occurs for C^^ in AgCI, where the measured 
I95°K temperature derivative is 1-4 per cent 
larger in magnitude than the 300°K value. 
I'his anomaly was carefully verified as each 
of these listed values is an average obtained 
from three experimental runs, including a 
differential experiment in which the room 
temperature and dry ice temperature deriva¬ 
tives were measured consecutively using the 
same echo number and the .same Nonaq 
crystal-transducer seal. 

The multiple runs made on C.,, in AgCI 
provide a basis for estimation of the precision 
of the temperature derivative measurements. 
For both AgBr and AgCI, the precisions of 
the dlnC/dV for the directly measured 
C'i,. C'. and C 44 are estimated to be 1 percent. 


while for the other modes: C,,. IC^; C^. 
4%: B^.2%. 

Pressure results 

For a pressure run the measured change in 
transit time of the nth echo. A/„. was obtained 
as a function of the change in pressure gauge 
resistance, AR,. Typical data plots are shown 
in Fig. 1. At room temperature there was a 
small but noticeable nonlinearity for all 
measured modes in both AgBr and AgCI. 
the nonlinear contribution to A/,, at I kbar 
being the order of 2 per cent. At 195'’K the 
nonlinearities were smaller, nearly undetect¬ 
able in plots like those of Fig. 1. For each 
run the initial slope of the A/„ vs. AR„ curve 
was obtained by fitting the experimental data 
to a second degree polynomial using the 
method of least squares. For the nearly- 
linear I95°K data, the resulting initial slopes 
were in excellent agreement with those 
determined by fitting straight lines to the 
lower data points (below 0-5 kbar), thus 
giving credibility to the least squares quadratic 
curve fitting. The initial slope, combined with 
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^ I I v;iK,i( J.Ma pKits vlu>utnp ihc ^hifl in .urival Itnic vs change in 
pressure gauge lesisiancc lor ihc ^sih echo of the Urngitiulinal wave prop<i- 
gaiing in ilic 111<»| sliieiiion in AgBr I he zero pressure Iranstl limes per echo 
arc Is TXH^see ai Slid K anil l5 l4Kpscc at I95'K, The pressure gauge 
soiisianl IS I 4(Wkbai/ll, I he dashed line is the lineal cMension of ihc low 
pressure points I he Iwoeiirvcs arc displaced lor the sake of clarity 


Ihc prcssiiic giaiigc consiiini iind tipproprialc 
//ill cc/u) li.iiisii tintc al /cio piosstirc. inkon 
Iront the previous elastic constani mettsure- 
iiicfKs, gave the c|iiaiiiiiy d In//dP. the Ihtc- 
(loft.il (rarisii (iinc shift with pressure. The 
pressiiie ticriv,dive of the corresponding 
elastic constani \s ;is then calctilaled frtini 


iiic uv /Ur I 


where //, is the isolhermal hulk modulus. 

I he results of the pressure measurements 
on AgUr timl .Ag( 'l ;ire presented in l ablcs 
. and 6 in several I'orms. the logtirilhmic 
derivative dln( /dlnr. wheie r is a crystal 
distance, was calcuhited from dln(7dln; = 
In (/df. No systciniitic differences 
were found between the runs made with salol 
seal.s and those with Nontiq seals, or among 
runs made on difrerent echoes of the same 
wave. The number of runs averaged to give 
the final re.sults arc also included in the 
tables. For both AgBr and AgCI. the pre- 


n C|,. C. and C,, are set at 2 percent, while for 
- other stillnesses: C,,. 2%; C,.j. 5%; Bg, 3%. 

Hxamination of Tables 5 and 6 reveals that 
AgBr and AgCI are very similar in their 
behavior under pressure, with AgCI generally 
exhibiting smaller percentage changes 
between .300 and I95^'K. as was the case for 
the measured temperature derivatives. It may 
he noted that the derivatives dC/dP and 
d In ( /d In f are less temperature dependent 
limn d In C/dP. All the d In C/dP decrease 
albegraically as the temperature decreases 
however, a comparison of this kind in terms’ 
ol the d( /dP\ shows the shear constant C to 
be anomalous in that its derivative at .30()°K 
IS slightly smaller than that at 195°K. although 
t c values are actually in agreement within 
experimental error. 

The sheai stiffness C.,, is of particular 
inlere.st m that it exhibits a very small pres¬ 
sure dependence, just as it had a small tem¬ 
perature dependence. It also possesses the 
unusual property „f a negative pressure 
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Table 5. Results of pressure measurements for AgBr 
expressed in severalforms 




No. of 







Runs 

d In tIdP 

d In CldP 

d In C/d In r 

dC/dP 

C'u 

300”K 

6 

-7-27 

15-4 

-17-5 

7-97 



2 

-.^95 

12-7 

-16 0 

7-15 

c 

300“K 

4 

-1507 

31-0 

-35-1 

3-63 


I95'’K 

2 

- 1219 

25-2 

-31-7 

3-65 

C« 

300-K 

5 

2-24 

-3 60 

4-07 

-0-261 


I95°K 

1 

2-.54 

-4-28 

5-39 

-0-328 

C„ 

300“K 



21 1 

-23-9 

II-9 


I95“K 



17-6 

-22-2 

III 

C,. 

300''K 



14-1 

-15-9 

4-60 


I95°K 



II-2 

- 14-1 

3-83 

Bs 

300“K 



17-3 

-19-6 

7-02 


I9.V'K 



14-3 

-18-0 

6-26 

t 1 

is the acoustic wave transit i 

time in the 

crystal and t 

' is a crystal 

distance. (Jnitsol'd In ildP andd 

InC/dParc 10 '»dyn ' 

cm*. 

Table 6 . Results 

of pressure measurements 

for AgCI 



expressed in 

several forms 




No. of 







Runs 

d In if<iP 

d In CldP 

d In ('/d In r 

d( IdP 

c;, 

300 K 

4 

-6 19 

13-2 

- 16-5 

■'■15 


l9.'i“K 

1 

-5-36 

114 

-15 8 

6-70 

c 

3(X)"K 

7 

-13-4 

27 6 

-34-6 

3-28 


19.‘!‘K 

3 

-11-3 

23-3 

32 1 

3 35 

Cm 

.30()"K 

4 

4 46 

-8-12 

10-2 

0 .507 


195‘'K 

*> 

4 .59 

8-4t> 

II 6 

-0-552 

C„ 

yoo^K 



18-3 

-22 9 

10-9 


I9.5“K 



15-9 

22 0 

10 6 

C,., 

300"K 



12 I 

-15-2 

4-38 


I9.S-K 



10 4 

- 14-3 

3 93 

H, 

30()“K 



14-9 

IK-7 

6-57 


I95“K 



1.3 0 

17 9 

6 15 


t is the acoustic wave Ininsit time in the crystal and r is a crystal 
distance Unils of d In z/d/^and d In CVdPare 10"'* dyn"* cnr’. 


derivative, the acoustic transit time actually 
increasing and C,,., decreasing as pressure is 
applied. 

Pressure results — 10 kilohurs 

In the pressure work to 10 kbar on the AgBr 
II crystal, two runs, each on a different echo 
number, were made for each of the three 
measured modes. Cj,. C'. and A typical 
example of the curvature in the At„ vs. AR^ 
data is given by the plot of a C run in Fig. 2, 
in which a linear term has been subtracted 


from the data. For each measured mode, the 
nonlinear contributions to At„ at 10 kbar were 
the order of 20 per cent. The zero pressure 
transit times needed in the reduction of the 
pressure data were measured using the buffer 
technique, the adiabatic elastic constants 
computed from them indicating this crystal 
to be slightly stiffer than the AgBr crystal 
used in the I kbar work, the values of CJ,. 
C' and 0^4 being larger by 0-2. 01 and 0-5 
per cent, respectively, than those in Table 2. 

To compute the bulk modulus as a function 
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A Rg ( ohms) 

I 1 ^; ' llliisiiaiian ol (he tumhiKMiitv in ihc lOkbar pics'-nic Jala, I ho above Jala 
lo) iIk ( ' sfuMr wave piopacaime in ihc |IIO| ilircction in AizHr A/ is Ihc shift in 
.1111 \ ai lime ‘>1 I lie Is! (•». ho. I he «. haiige m prcssnic jiaiiite icsisianec. .iml /'the zero 
pii-ssiiii' sliipe Jeieimined !M*in a least Mpi.iies ihiiJ oiiler lit ol ihetlal.i Ihc pressure 
'MM|L’e u'lisiani is I Kit khai.'li I he/em piessiiie liansii mne is 24-842/.isee. ami = 

U >1 tS /isev/lt 


t)( pa'ssiiK’ toi list’ ill .III ct|M.itit)n ol slate 
;iniilvsis, ;in an.ilyiic cvpicssion tor iho 
transit time ol .-ach nic.isiircd acoustic mode 
as a I'unctitm ol pIc•^sure was needed. Fora 
particular mode the transit lime. i(l'). can he 
represented h> .1 series expansion in poweis 
of the pressure, as 

t(f’) - /„' I + (2) 

where the primes denote differentiation with 
respect to pressure and the coelficients are all 
evaluated at zero pressure. Here /„ is the zero 
pressure transit time, U(/^) /„! is the transit 


time shift. At,,, direetiv measured in a pressure 
run. and /„'//„ is just d In t/df*, a quantity also 
determined in the I kbar pressure runs. The 
eoctfieicnts t", and were all evaluated 
from the lOkhar data hy two different pro¬ 
cedures; (1) biting a third order polynomial 
to the A/„ vs. ^R,j data using the method 
t>r least squares, and (2) employing a method 
ol successive approximations. The results 
Irom the two procedures were in satisfactory 
agreement, however, more confidence was 
had ill the latter procedure, since the effects 
ot higher order terms are graphically dis¬ 
played. 
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The final results from the method of suc¬ 
cessive approximations are most usefully 
expressed in terms of the dimensionless 
quantity At/to. which is independent of both 
crystal length and echo number, and are: 


C;,: ^ = f-7-20P + 0145/>^ 

*0 

-0 0027/’'*] X lO-** 

C': -=[-14-77P-f-0-383 
to 

-0-0079 P*] X lO-** 

Cu- — =12-27 P +0041 P- 
U) 


-0-0004P*]x 10 ' (3) 


where P is in kilobars. The linear coefficient 
for each mode is approximately I per cent 
larger (algebraically) than the corresponding 
d In t/dP value obtained from the 1 kbar work 
on AgBr. as reported in Table 5. 


4. INTERPRETATION 

Temperature dependence of the elastic 
constants 

A quantity of theoretical interest is the 
explicit temperature dependence of an elastic 


constant, which can be evaluated by combin¬ 
ing the present pressure and temperature 
data. Specifically, 


/d in C\ 

/d In C\ , , 

/d In C\ 

V dT 

( dr 

i, d In r/ r 


(4) 


The first term is the measured constant pres¬ 
sure temperature coefficient, the second term 
represents the desired explicit temperature 
dependence, and the third term represents the 
dependence on the volume dilatation accom¬ 
panying a temperature change. The individual 
terms in this equation are given in Tables 7 
and 8 for AgBr and AgCl. 

The explicit temperature dependence of the 
shear constants C' and C« is much larger 
(in magnitude) than it is in the alkali halides 
LiF, NaF, NaCl and KC1[23,24]. the fluor¬ 
ites CaF 2 and BaF2[25], or the noble metals 
126]. Comparably large values have been 
found, however, in Pb|27]. The values of 
(dlnP.^/dT),- and (dlnPy^), for both AgBr 
and AgCI are of particular interest. Swenson 
(281 has analyzed room temperature data for 
a variety of cubic materials and found that 
(d In BsIdTh is ordinarily positive and that 
(dlnfij/dT)! is small, almost always of 
magnitude less than 10 '' deg *, The devia¬ 
tions of AgBr and AgCI from these general 


Table 7. Constitution of the temperature derivatives 
of the elastic constants o/AgBr. Units are 10 '*deg ' 




(d In C/d 7 ),. 

= (d InC/dT), 

+ «(d In C7d In r)r 

c;, 

300“K 

-8-62 

-2-51 

-611 


195°K 

-7-49 

-2-37 

-5-12 

C' 

.300°K 

-22-0 

-9-7 

-12-3 


I9.5'’K 

-19-1 

-90 

-10-1 

C 44 

300°K 

-5-48 

-6-91 

1-43 


I95‘'K 

-4-88 

-6-60 

1-72 

C„ 

300“K 

-II 82 

3 45 

-8 37 


I95°K 

-10-47 

-3-37 

-7-10 

C,4 

300‘’K 

-4-54 

1-03 

-5-.57 


195°K 

-3-16 

1 36 

-4-52 

B, 

300°K 

-7-90 

-1-04 

-6-86 


I95°K 

-6-67 

-0 91 

-5-76 

Br 

300‘>K 

-10-8 

-2-9 

-7-9 


I95°K 

-9-3 

-3-1 

-6-2 
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Table 8. Constitution of the temperature derivatives 
of the elastic constants of AgCl. Units are 10 eg 


— 


(dlnC/d/),. 

= (dlnC/dr), 

-(-a(dlnC/dlnr)r 


.W0°K 

7-84 

-2 72 

-512 

195'K 

7 15 

-2-90 

-4-25 

(' 

300'K 

18-8 

-HI 

-10-7 


195 K 

16 9 

-8-2 

'-8-7 

1 1. 

ttxrK 

4 15 

- 7-30 

315 


lyv'K 

4-26 

-7*40 

3 14 

t',, 

30(rK 

195 K 

10 40 

9 53 

1 1 

-7 09 
-5-92 


100'K 

4-89 

-0 18 

-4’71 


195 K 

-1 97 

Oil 

—3-86 

/<, 

100 K 

7-18 

1-59 

-5-79 

195 K 

6 57 

-1 74 

■ 4-83 

n, 

MK) K 

9-7 

3-2 

- 6-5 


195 K 

X-6 

1 4 

-5-2 


results arc significant, although the differ- The present 1 kbar ultrasonic data was used 
ences between corresponding (d In liJiM )i to compute Bu and B^ for both AgBr and AgCI 
and (dln/y,/d7), arc quite normal One at room temperature, the resulting plots of 
practical result of this anomaly is that the the Murnaghan equation being given in Figs, 
simple reliitions between adiiibiitic and iso- 3 and 4. I he values used are: AgBr B^ 
thermal elastic data, which .Swenson derived 377-0 kbar. = 7-.‘'3; AgCl — TJo = 417-4 kbar, 
on the assumption that B, was explicitly B„--=7-00. 

temperature independent, arc not very good Figures 3 and 4 also include the experi- 
liere, mental compressions of Bridgman, both his 

measurements to 50kbar[30] and his later 
Tqiiiitioii of Mate work to 100kbar(3IJ. An unidentified transi- 

Andcrson|2‘J| has recently shown how lion, easily seen in the figures, was found in 
ultrasonic measurements at low pressures AgBr at 86 kbar and a similar one in AgCl 
can siiccessrully he used to predict the com- at 90 kbar. There is good agreement of the 
pression of solids at high pressures with the .‘'Okbar results with the Murnaghan curves. 
Murnaghan logarithmic equation of stale, especially for AgCl. but in both cases the 

100 kbar results show a significant deviation 
li / I j from the curve, the experimental values in- 

/7,'i /y„ J dicating the materials to be much more com¬ 

pressible at higher pressures than predicted 
where /i„ and B'„ arc. respectively, the zero by the Murnaghan equation, 
pressure volume, isothermal bulk modulus The only assumption involved in deriving 
and its pressure derivative. Anderson the Murnaghan equation is that the iso- 
applied the Murnaghan equation to a variety thermal bulk modulus is a linear function 
of materials for which ultrasonic data are of pressure, thus the failure of the equation 
available, covering several structure types for AgBr and AgCl must be due to higher 
and a wide range of compressibilities, and order terms in the bulk modulus being signi- 
compared the predicted compression with ficant in the relatively low pressure range 
available experimental results at high pres- covered by Bridgman’s data. If the expansion 
sures. ol the bulk modulus is carried out to second 
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Fig. i. The compresNion of AgBr at room temperature from Bridgman and as 
predicted from the ultra.sonic data. 


order, that is, if it is assumed that 


- (iff), 

then integration yields a ‘second order 
Murnaghan equation’: 


In 



A^^[B'iPnB'o-A) + \ 




(7) 


where = (B^f — IBoBo- 
This equation was used to compute the 
compression of AgBr at room temperature 
with Bo, B^, and values obtained from the 10 
kbar data on the AgBr 2 crystal. and Bo 


were calculated from the measured B.s and 
dBs/dP using the exact thermodynamic 
relations, the resulting values being in 
excellent agreement with those from the 
I kbar measurements; thus the Murnaghan 
curves for the two AgBr crystals measured 
are indistinguishable. The second deriva¬ 
tive of the adiabatic bulk modulus at P = 0. 
B's. was then calculated from the ultrasonic 
data using an exact equation from Rotter[7]: 


(,Bo(dB>,ldP)-3BsB'o~Bs 


+ - 


9(Bo)^ 


(8) 
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(kbar) 

'' ^'"’'PlOvvin,, pj' ^ . . 

. 


150 


for the bulk 


C'ent? 3"the ^"cthccoeffi- 

if 0 / much of J,e‘ 
data no adiabahc-isoihe,™! 
employed in obta.nin. wa.s 

somedthatfi;=5-' st " ^a.s as- 

Press/on is felativdy .n' ' com- 

-ter;:;; S'* 


‘-ond 

expression is sh^wn using 

» Og. 3. Two ««rv. 

■nclusion of the second L 
'•gnihcantiy affects ;//;/ a[ ®'' 
below lOOkbar, and ,h even 

dte experimental data If '^•»h 

"’‘"■'llm.onic da,. 
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can be used to predict compressions at 
pressures one or two orders of magnitude 
larger than those employed in the ultrasonic 
measurements is still valid for AgBr and AgCl 
if interpreted properly. Since the ultrasonic 
data alone yield a significant nonlinear term 
in the bulk modulus, this term should there¬ 
fore be included in computing the equation 
of state, in preference to using the ordinary 
Murnaghan equation. 


Griineisen parameter 

The anharmonic character of the crystal 
potential energy, which results in thermal 
expansion, is related to the volume depend¬ 
ence of the normal mode frequencies of the 
lattice within the framework of the quasi¬ 
harmonic approximation. This dependence is 
usually discussed in terms of the dimen¬ 
sionless quantity called a mode gamma, y,, 
associated with a particular normal mode 
frequency, w,, where 


d In <oi 
dlnV 


( 10 ) 


in which V is the crystal volume. 

Table 9 gives the calculated low frequency 
mode gammas f 10] of AgBr and AgCl for the 
longitudinal and transverse acoustic branches 
in the three principal crystal symmetry direc¬ 


tions. Except for y(C 44 ), the results for AgBr 
and AgCl are very similar, with the y’s for the 
two materials nearly the same at 195“K. The 
C 44 modes have negative gammas, with those 
in AgCl being almost twice as negative. 

Using the Quasi-harmonic approximation, 
the macroscopic Griineisen parameter, yc. 
as defined by 


yo = 


Cp 


( 11 ) 


can be shown to be a weighted average of 
the individual mode gammas. In particular, 
for a crystal of N atoms. 


Tf; = 


If, 


( 12 ) 


where the summations are over the 3/V normal 
modes and the weighting factor, c,, for a given 
mode is the Einstein heat capacity of that 
mode. The variation of yc, with temperature 
is thus due to the temperature dependence 
of the f, and the implicit temperature de¬ 
pendence of the V,. 

In the limit of high temperatures, all the 
normal modes are excited and all the c, 
are equal, so y,, becomes a simple average 
of the 3/V values of y,. An estimate of this 
high temperature limiting value. y„. can be 


Table 9. Low frequency acoustic mode gammas for the 
three principal crystal directions and the high and low 
temperature Griineisen parameters for AgBr and AgCl, 
obtained from elastic data 


AgBr AgCl 


Gamma 

Mode 

300''K 

I95”K 

300“K 

I95“K. 

y(C;,) 

|t 10] long. 

2-74 

2-50 

2-59 

2-46 

r(C') 

[110] Trans. 

S 68 

SI2 

5-60 

.S|8 

■y(C„) 

(110] Trans. 

-0-85 

-106 

-1-86 

-211 

y(C„) 

[100] Long. 

3-82 

3-53 

3-65 

3-49 

7(04,) 

[100] Trans. 

-0-85 

- 1 06 

-1-86 

-211 

y(Ci) 

[Ill] Long 

2-34 

209 

218 

2 05 

tiC,) 

(111] Trans. 

414 

3-82 

4 04 

3-83 

Vh 

(highT limit) 

2-39 

213 

2 03 

1 85 

yi. 

(low T limit) 

1 63 

1-24 

0-93 

0-58 



20fi4 


K I.OJE and D E. SCHUELE 


obtained from the present elastic data if 
several assumptions are made: as described 
by Schuele and Smith |32]. This averaging 
was carried out using a computer program 
which effectively samples nearly 10* direc¬ 
tions in the zone. / he results of the cal¬ 
culations for AgBr and AgCI are listed in 
fable 9. Since the mode gammas all increase 
with increasing temperature, the y;/ computed 
from the elastic data at 300"K is larger than 
that computed from the data at 195"K. 

At very low temperatures, only the low 
frequency, nondispersive acoustic modes are 
excited, so the crystal behaves as an elastic 
continuum and Debye theory holds. For a 
given branch of the acoustic spectrum, all 
excited modes have the same y, and the 
number of such modes is proportional to 
( , 'where is the effective clastic stiffness 
for that branch, [hits the weighting factor 
for a particular y; in equation (12) is just the 
corrcsponiling ('i fhe computation of this 


low temperature value of GrUneisen’s gamma, 
y,., was carried out as part of the same com¬ 
puter program used to obtain 7 ^. Values 
were again calculated from both the 300 K 
elastic data and the 195°K data, with the 
results listed in Table 9. 

The n value from the 300°K data is larger 
than that from the 195°K data because of the 
larger y, at 300°K. Why y,, is lower than y„ 
can be understood by reference to Figs. 5 
and 6, which are plots of the three acoustic 
mode gammas and effective elastic stiffnesses 
around the periphery of the triangle bounded 
by 1100). [110] and (111). These plots are 
for AgCI at room temperature; corresponding 
ones for AgCI at I95°K and for AgBr are 
very similar. y„ is an unweighted average of 
the mode gammas, whereas in the calculation 
of n. modes with a low stiffness get heavily 
weighted. Thus the shear-type modes (sub¬ 
scripts I and 2 in the figures) have heavier 
weighting than the longitudinal-type modes 
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Fig, 6. llluMration of the anistropy of the mode gammas for the three acoustic modes 
in AgCI at room temperature. Vi. yi and y,, are for the slow shear, fast shear, and 
longitudinal waves, re.spectively. 


(subscript 3), and of even more significance is 
that the lower shear y.’s are more heavily 
weighted than the higher shear -yj's. Con¬ 
sequently, yi, is smaller than y,/. and the 
difference between the two values is greater 
in AgCl because of its more negative y, 
values. 

A plot of the thermodynamic Griineisen 
parameter for AgCl, obtaiined from equation 
(II), is shown in Fig. 7. Values of Cp were 
taken from Kobayashi[16], who smoothly 
couples his data above room temperature with 
that of Eastman and Milnerf 15] below room 
temperature. Bs and V were from Hidshaw, 
Lewis, and Briscoe [20]. Two sets of data for 
a were employed, one from Nicklow and 
Young[14] and one from Sreedar[33]. The 
yc values computed using Nicklow and 
Young’s data show only a small change with 
temperature, while those calculated using 
Sreedar’s data exhibit a significant tempera¬ 
ture dependence. White [34] gives plots of the 
thermodynamic Griineisen parameter to low 


temperatures for a number of the alkali halides. 
One general result is that a drop in yc at low 
temperatures, if it occurs at all, occurs mainly 
between oj 10 and fV5, where (to is the Debye 
temperature. For AgCl, (tp calculated from the 
0°K elastic constants is ~ 160°K[20]. Reason¬ 
ably assuming that the variation of yc with 
temperature for AgCl should be similar to that 
in the alkali halides, a large drop in yc above 
lOO^K, as results from Sreedar’s data, is not 
expected. Thus the conclusion of Nicklow and 
Young that Sreedar's values are too low 
is given further support here. 

Following Bartels and Schuele|24], an 
estimate of the low temperature limit of yc 
can be obtained by assuming that a value of 
y/. calculated from elastic data at a particular 
temperature is proportional to the volume of 
the crystal at that temperature, and on this 
basis performing a linear volume extrapola¬ 
tion to 0°K of the 300 and 195°K values of 
yi,. The needed molar volumes at 0°K, 195 
and JOG^K were taken from Vallin[2]]. The 



2066 


K K LOJE and D. F.. SCHUELE 



h ig 7 (he (tifirModvn.unio ((ninciscn p<ii aniclcr ol Ag( I as a lunclion ot lem- 
piM.iliKc, ami Its liigh ami low icinpcraUiic limiting values as cakiilaled from the 

i-lastic d.ita 


O K cxiiopol.ilcil value. Ocnolci.1 Ity y/,(0). 
IS 0 Z.*' Cor AffCI and is shown in Fig. 7. 
Mcasiircmonis of the iherinal exptinsion of 
Ag( I at low tcinporattires. partienlaiiy down 
to the ■ / ' legion', wtnild be most welcome as 
they would pei mit it eomptirison of y,, with 
T/lO). 

The thermodynamic vtilue of y,, at lOO' K 
i.s m gooil tigreement with the y„ computetl 
from the .'?0()'K elastic d;tt;i. .Such agree¬ 
ment has not been the ciise lor all materials 
for which <i similar comparison has been made 
(2.5,.12|, so the agreement may be (orttiitous 
and not necesstirily validate the assumptions 
involved interperting the clastic y„ as the 
high temperature limit of the thermodynamic 
yci- 

A plot of the thermodyniimic Gruneisen 
parameter a.s a function of temperature for 
AgBr cannot be made because of the lack of 
thermal expansion data below room tem¬ 
perature. but the values of y« and y, computed 
from the present elastic data clearly predict 


:i decrease in y,, at low temperatures, with the 
magnitude of the decrease being less than in 
AgCI. The room temperature value of y^. as 
computed from the data in Table 1, is 2-36, in 
c.xcclicnt itgreement with the 2-38 value of 
y„ at 30()°K. 
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CURRENT CONTROLLED NEGATIVE RESISTANCE 
IN SEMICONDUCTORS 

RICHARD S. CRANDALL 

RCA Laboratories. Princeton. N J. 08.^40. U.S.A. 

(Received iO June I9(t9\ in revised form (4 November 1969) 

Abstract—A model is proposed for the current controlled negative resistance observed in compensated 
semiconductors. An increase in the free carrier density due to impact ionization causes an increase 
in the free electron screening of the electron-phonon and electron-impurity interactions. The resulting 
decrease in electron scattering causes a heating of the electron gas and more impact ionization. This 
positive feedback can result in a current controlled negative resistance. The necessary conditions are 
discussed. The electron temperature approximation is used to show that the screening model does 
indeed show the qualitative features of the observed negative resistance. A numerically calculated 
electron distribution function is used for a quantitative comparison of theory and experiment in n-type 
GaAs. The agreement is good. The screening model is also used to show how high photocurrent 
multiplication can be obtained in a sample undergoing impact ionization. 


1. INTRODUCTION 

A CURRENT controlled negative resistance 
(CCNR) was first observed by McWhorter 
and Redikerf I] at low temperatures in com¬ 
pensated Ge and has since been observed in 
other doped semiconductors[2]. The CCNR 
does not depend on electrical contacts but 
is a property of the bulk crystal. This phe¬ 
nomenon, which is associated with impact 
ionization of shallow donors or acceptors, 
requires a compensated material. The 
significant feature is that the current voltage 
curve is S shaped; see Fig. 1. 

Several models [.1-6] have been proposed 
to explain the CCNR. McWhorter and 
Redikerfl] postulated that filled and unfilled 
donor pairs formed a configuration analogous 
to the hydrogen molecule ion. This configura¬ 
tion is an important energy loss mechanism 
until impact ionization removes the electron. 
Yamashita[4] assumed that a mutual inter¬ 
action between the conduction electrons 
and the impurity system would keep the two 
systems at the same electron temperature. 
The electrons would thus lose energy to the 
lattice via the impurity system. Once impact 
ionization begins, the impurity system is no 
longer effective as an energy loss mechanism 


and the electron temperature rises producing 
a negative resistance. Zylbersztejn[5] specul¬ 
ated that free carrier scattering by carriers 
in an impurity band could lead to a negative 
resistance. All the above models, however, 
have the drawback that they require assumed 
interactions or configurations that have not 
been experimentally verified. Kurosawa [6]. on 
the other hand, considered electron energy 
loss due to excitation of donor electrons to 
a bound state. He found that this process 
coupled with a change of shape of the distribu¬ 
tion function due to electron-electron scatter¬ 
ing could produce a CCN R. 

In this paper we propose a new model for 
the CCNR; namely, screening of the electron- 
phonon and electron-impurity interactions. 
This model has the advantage that the 
parameters can be determined experimentally. 
In the next section we give a general discussion 
of the effects of screening on hot electron 
phenomena. We then use the electron temper¬ 
ature model to show qualitatively how electron 
screening leads to a CCNR. In the third 
section we shall make a quantitative compar¬ 
ison with observations of a CCNR in GaAs. 
Finally, we discuss the effects of changing the 
carrier density by light. 
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Hk 1. A sketch (>l the mrrenl / vs. the electric field 
I- sluiwmft ti ( ( NR The tiashcti portiim iif the curve 
IS the nettiitive resistance reginri hiniiided by the fields 

/. I and /■_, 

2, IVIODEI, 

Negative resistance phenomena of the kind 
that we are concerned with in homogeneous 
siihstances are tissociated with hot electron’'' 
effects. I he condition usually considered 
necessary (or the CC'NK is impact ioni/.ation; 
i.e. a high energy conduction band electron 
excites an electron from a state in the forbidden 
gap to the conduction b;tnd. Since both 
electrons remain in the conduction band, this 
process leads to an increase in the current. 
Itnpact iotii/ation Ictids to a precipitious 
increase in ciirrier density with increasing 
electric field that may or m;iy not lead to 
it ( < NK. In (;ict, we shall show that, for 
fitc C( NK to occur, the incretise in carriers 
due to impiict ionization must increase the 
impact ionization probability. 

In our model of the C C NR. the increa.sed 
carrier density increases the screening of the 
scattering potentials. Thus, ifie electron 
scattering decreases leading to an increase in 
the average electron energy. The hotter 
electrons cause more impact ionization, 
generating more carriers and making the 
distribution still hotter. Therefore, a high 


*In this paper we refer to an n-ivpe .semitonduclor The 
arguments apply equally well lo a ,,-iype scmiconduclor. 


rate of impact ionization can be sustained at 
a value of electric field that is lower than that 
required for impact ionization at low carrier 
density. 

The straightforward method of showing 
that a CCNR exists would be to solve the 
Boltzmann transport equation and from its 
solution calculate the field dependence of 
the current. The Boltzmann equation would 
contain, in addition to the usual terms repres¬ 
enting electron-phonon, electron-electron 
and electron-impurity scattering, terms 
representing electron-impurity recombina¬ 
tion and ionization of neutral impurities. This 
equation is a nonlinear integro-dilferential 
equation which is virtually impossible to 
solve exactly. Even a numerical approxima¬ 
tion would be a costly undertaking. Therefore, 
we shall adopt an alternative procedure that 
uses an approximation to the exact Boltzmann 
equation. 

Physically we expect the scattering of 
electrons from charged impurities and other 
electrons to be the most frequent collision 
proces.scs followed closely by electron- 
phonon collisions. These three processes 
have the following roles: the first determines 
(he asymmetric part of the distribution 
function and hence the power input to the 
electron gas. The second lends to redistribute 
the energy among the electrons and bring 
them to a common temperature, while the 
tlnrd exchanges energy with the lattice. We 
expect these processes to be much more 
Irequent than those in which the density of 
conduefion electrons n changes. Thus it is 
rea.sonable to imagine that n is fixed, then 
solve the Boltzmann equation neglecting 
those interactions that change the density of 
conduction electrons. One obtains as a 
solution an energy e dependent distribution 
lunction,/(/!, e.£), in which n as well as the 
electric field E appear as parameters. The 
carrier density is then determined by calcul¬ 
ating, with the aid of J{n, e, £), the rates of 
excitation and recombination, both of which 
depend explicitly on n. The physical configura- 
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tion is the steady state for which n does not 
change. By equating rates of ionization and 
recombination one obtains a further condition 
which determines the value of n. 

In more detail then, the rate equation is: 


- 

fHV,i(NA+n), 

(1) 

where 




e''^f(n,e,E)a>,(n,€) d€ 

(2) 

and 



1 

mOO 

e*'“/(n. e,£)tOr(n,e) d€. 

(3) 


We consider an «-type semiconductor with 
a spherical parabolic conduction band and Nu 
donors and acceptors. Electronic transi¬ 
tions take place from the donor level to the 
conduction band due to impact ionization, 
thermal excitation, and photoexcitation. 
Transitions take place from the conduction 
band to the donor level accompanied bv 
emission of photons or by impact recombina¬ 
tion. The thermal and photoexcitation rates 
are proportional to the number of unionized 
donors, but otherwise insensitive to the 
electron distribution. Impact ionization and 
recombination with the emission of a phonon 
or photon arc linear in the electron distribution 
function and thus implicitly proportional to 
the number of conduction electrons. This 
dependence is written explicitly in equations 
(2) and (3). Impact recombination is quadratic 
in n and is small for low electron densities. 
We shall therefore neglect it. The functions 
a>r(n, e) and aji(«, e) are the transition probabil¬ 
ities for electron-donor recombination and 
donor impact ionization, respectively. These 
quantities are functions of n because of the 
dependence of the interactions on screening. 
The remaining excitation probability Wg is 
the sum of the thermal and the photoexcitation 
probabilities. The terms (No — Na — n) and 
{Na + n) are the populations of neutral and 
ionized donors, respectively. 


In principle the rate equation can be solved 
for M. Then the current can be determined 
from the equation 

/ = neV, (4) 

where V is the electron drift velocity and e 
the electron change. The Boltzmann equation 
is used to find V which is in general a function 
of n and £. In practice, however the depend¬ 
ence on n of IV, and is so complicated 
that the rate equation can only be solved 
numerically. Therefore, we shall not attempt 
to calculate the current in full but shall content 
ourselves with showing that the screening 
model does give a CCNR. We shall do this 
by showing that the turning points (/,.£,) 
and (/ 2 .E 2 ) of the characteristic curve in 
Fig. 1 are indeed present. 

In Fig. I the current vs. electric field 
curve shows a CCNR, which is bounded by 
the fields £, and Ej. Even though this curve 
shows / as a function of £, it is sometimes 
convenient for the discussion that follows, to 
view £ as a function of /. The CCNR region 
is defined by a negative d//d£ (dashed portion 
of the curve). Tracing the current field curve 
from the ohmic region to £j. we see the slope 
is positive at currents below /,. At /,, d£/d/ 
pas.ses continuously through zero. As a 
function of £, / is double valued, and for 
the lower and upper branches, d//d£ goes to 
plus and minus infinity, respectively. Between 
the current values /, and Z-,, d£/d/ is negative. 
In this region of negative resistance, the 
system is unstable. From the above, we see 
that a necessary and sufficient condition for 
the CCNR is that d£/d/ decreases contin¬ 
uously through zero with increasing I. The 
values of £ and / for which this occurs locate 
the first turning point. Naturally, d£/d/ 
must eventually increase to positive values 
again. The second turning point is located 
when it again passes through zero. We 
first find d//d£ and invert it to find d£/d/. 
To find d//d£ we proceed by differentiating 
equation (4) with respect to £. Remembering 
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that V, as calculated from the solution of 
the Boltzmann equation is a function of both 
N and E and that n calculated from the 
supplementary rate equation is a function 
of Eonly, we can write 


dL 


= e (V + /, 


an ^dfc"^^"c-)t ■ 




If any of the derivatives on the right hand 
side of equation (5) were infinite, dEldl would 
be zero. A situation where aVIaE is infinite 
has not been observed experimentally; we shall 
therefore restrict out calculation to situa¬ 
tions where aV/aE is positive and finite. 
'I'hus we must find an expression for dnIdE 
that becomes infinite at the critical fields 
and E-i- 

V or this purpose we can use the rate equa¬ 
tion, (equation (1)), which is a function of both 
n and /■. Ky taking the derivative of this 
equation on the curve dnidi it ' 0, we can 
wriie 


du . _ ail /('m 
d/-: '■ ' ai-: an' 


( 6 ) 


1 he condition, it 0, defines the steady state, 
lixplicitly. at the first turning point we shall 
find that 


ui(E) /!,) (7a) 

an 

where the fact that n is a function of E along 
the characteristic curve determined by it — Ois 
indicated by writing n as a function of E. 
.Since aiilaE is slowly varying in the vicinity 
of E,. which is defined by n(E,)—n,. we 
can write equation (6) as 

dn _ ~C', 

dTf “ (n{E) -TiT)' 

The constant C, depends on the material 
parameters but not on E. This form is good 
only in the immediate vicinity of E,. Integrat¬ 
ing we find that 


(n(E) — nif — 2C^(Ei E) (7c) 

which is the desired form for a CCNR. 
Similar considerations apply to the second 
turning point (Z^. E^). Thus we shall concen¬ 
trate our attention on finding an expression 
for ahlan and showing that it has the form of 
equation (7a) at the turning points. 

The partial derivative —aiilan can easily 
be calculated from equation (1) to give 


an 71 

- nA/„[( I - A +-)^J 


( 8 ) 


where A is the compensation ratio NJN„. 
We have used the property that h = 0 to 
simplify this equation. 

If W, and Wn are independent of n, then 
-an/an is positive and the slope d//dE is 
positive. Therefore, there is no negative 
resistance. Thus impact ionization is not a 
sufficient condition for a CCNR, The change 
in the carrier density must also affect the rate 
of impact ionization or recombination, either 
through the distribution function or via the 
transition probabilities. As we shall show, it 
IS the effect of the carrier density on the 
distribution function that is dominant in 
producing the CCN R. 

To show if a CCNR can occur, we must 
evaluate IT, and This requires a solution 
of the Boltzmann equation for/(n,€, E). Only 
numerical solutions are possible for the inter¬ 
actions that are present in most semiconduc- 
torsl7]. These include ionized and neutral 
impurity scattering, electron-electron scatter¬ 
ing, and electron-phonon scattering. Thus 
we shall use the familiar electron tempera¬ 
ture model [8J for the distribution function. 
This model is justified in the event that 
electron-electron scattering is more frequent 
than electron-phonon scattering. Then 
the electron distribution can be described 
by an electron temperature T* which is 
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higher than the lattice temperature. In this 
model the symmetric part of the distribu¬ 
tion function is assumed to be a Maxwellian 
with a temperature T*. The Boltzmann 
equation, omitting electron-electron scatter¬ 
ing, is then used to find the asymmetric part 
of the distribution function and hence the 
drift velocity. The Boltzmann equation is 
supplemented by a rate equation describing 
the energy flow between field, electrons, and 
lattice. That is, the electron temperature is 
determined by equating the rate of energy gain 
from the field to the energy loss rate to the 
lattice. Just as before we dropped the n 
changing interactions from the Boltzmann 
equation and then regarded n as a fixed 
parameter, we now drop the electron- 
electron interactions and regard the electron 
temperature as a fixed parameter. The electron 
temperature model is sufficient for qualitative 
arguments. In comparison with experiment, 
a numerical solution of the approximate 
Boltzmann equation will be used. 

Assuming that T* has been determined, 
we proceed to calculate the functions ITr and 
fV, by equations (2) and (3). The distribution 
function can be written as 

f{n,€,E) oo n{T*)~^''^exp(—elkT*). (9) 

The actual form of the transition probabilit¬ 
ies and (Ur(n,e) are complicated. For 


our qualitative discussion, we shall u.se 
mathematically simplified, but physically 
reasonable expressions for these functions. 
The impact ionization probability is zero 
for energies less than the ionization energy 
€(. For energies greater then e,, the energy 
dependence of the transition probability is 
weak compared with the exponential energy 
dependence of the distribution function. 
Thus we may approximate to,(n, e) by a 
constant for e > e(. Similarly, we have 


neglected screening in determining the form 
of cD^/i, c) since any screening terms are 
unimportant compared with the exponential 
form of /(n,c,£). In other words, the effect 
of screening on the distribution function is 
much more important than the effect of 
screening on the impact ionization probability. 
Because of the threshold nature of the impact 
ionization, it will dominate in determining 
the carrier density and we may, for simplicity, 
replace tOrl n, e) by a constant. 

It is now straightforward to calculate the 
excitation probabilities that occur in the rate 
equation. For the impact ionization probability 
we have 

Wy (€,/*7'*)"2exp(-c,//t7'*). (10) 

for the condition that t, > /tT*. This condition 
is satisfied for the cases of interest. Here the 
n dependence of IT; is through the n depend¬ 
ence of T*. The recombination probability 
ITr is a constant and thus independent of T* 
and n. 

Since we are only interested in the term that 
is zero at the critical field for the CCNR, we 
can write 

|^oc-n-(e;/^T-0-5)F^^], (11) 
where the function F is positive and given by 

( 12 ) 

Since e./^T* > 1, equation (II) shows that, 
for a CCN R to occur, the electron temperature 
must be a function of n and moreover an 
increasing function of n. Of course screening 
is not the only mechanism that can give a 
positive dT*ldn. Any process that causes the 
scattering to decrease when n increases will 
give a positive dT*ISn. 

Returning now to the twice truncated 
Boltzmann equation, let us specialize the 
physical system to take advantage of a solu- 


_ {KNoln+\){\-K-nlNo) _ 

1 -H [{KNoln +m-K)+\-K-niNuWKinW,' 
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tion available in the literaturef9|. We consider 
that the mobility is determined by ionized 
impurity scattering and the energy loss is 
to acoustic phonons interacting via the defor¬ 
mation potential. This situation closely 
approximates the low temperature electron 
transport in germanium. Also, for these two 
interactions, the electron temperature model 
gives a distribution that resembles the one 
calculated from a solution of the Boltzmann 
equation|7|. Lor ionized impurity scattering 
the drift velocity can be written as 


where 

and 


T -- + (I-'') 

C^(i{'l')-ln (14) 

L’(<) - Ind •( 0 -T:/II I «)• (13) 


Kquation (1.1) is just the Brooks-Herring 
expression!10| for the drift velocity. The 
constants u iincl Ij, are positive. The density 
of ionized impurities when n =- 0 is N,. In the 
expression for the usual approximation has 
been made of replacing e by 1 r/'\ Hqtiating 
the power input (/lef T) to the power lost to 
the phonons gives (he (ollowing equation for 
the electron Icmperaliirc. 

(/V/-t-//)(l / ')e(4) - CV„E- (16) 

wheie / - / ' / ' and ( is a poMlive constant. 

Inclusion of screening of (he electron- 
phonon inteniction, would enhance the 
possibility of a CCNK, since, by itself it 
would lead to a positive Neglecting 

this mechanism leads to a simplification of 
the expressions that follow. 

L/.sing expression (16) we can readily 
write 

sr*_r R„ 

fin 2n 


Usually 1 and thus /? > 1. Equation 
(17) shows that f)T*tdn is positive when 
N, n. When n > N,, dT*ldn becomes 
negative. The sign of dT*ldn has a simple 
physical interpretation. If n N,, then the 
main effect of increasing the carrier density 
is to screen the ionized impurity interaction. 
Thus an increase in n decreases the scattering 
and increases T*. If. however, n ^N,, then 
increasing n increases the density of ionized 
impurities. Therefore, the increased scattering 
more than compensates for the increased 
screening and T* decreases with increasing n. 

We now show that the dominant form of 
iihifin at the turning points is («(£) — «,). 
By using equations (12) and (17) we can in 
principal express equation (II) in this form; 
however, the expression for n, is cumbersome. 
I'herefore, we make the following simplifying 
approximations that are valid for the cases 
where a C('NR is observed. We consider 
that nINi, K and / I. For the first turning 
point (/•;i,/,) only, we also have that n ^ N, 
and < 1. Then equation (11) 

can be rewritten as 


— a{n(E) — 
tin 


(19) 


where 


<20) 

Fxpression (20) was obtained with the aid 
ot equations (I) and (16) using the condition 
that /i=0. From equation (19) then we see 
that the first turning point (£',./,) is of correct 
lorm for a ( CNR. The second turning point 
il.-,.!,) is given when fiiildn again passes 
through zero. In this case we have 




(17) 


fill „/ E// \ 

(211 


see that the turning point arises 
/< = (l + l/n“e,n fi8, m electrons becomes 

(I + I/ 0 k(^). ‘he order 01 the density of ionized impurities 
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N,. Thus it is the increase in impurity scatter¬ 
ing that counteracts the screening and termin¬ 
ates the CCNR. 

Lastly we show why a CCNR is not 
observed in an uncompensated sample. In 
this case K = N, = 0 and there is no CCNR 
because dT*ldn is negative. This is readily 
seen from equation (17) when N, is set equal 
to zero. 

The above discussion shows that the 
screening model explains the general features 
of the CCNR that have been observed experi¬ 
mentally. In the next section we make a 
quantitative comparison with experiment. 

3. COMPARISON WITH EXPERIMENT 

To show how the above ideas can be applied, 
we analyze data obtained from low temper¬ 
ature Hall effect measurements made on 



£ (Vcm-'J 


Fig. 2. Electric field dependence of the Hall mobility fi,, 
and carrier density n in n-type GaAs at 5 I2‘’K. Fhe open 
circles are carrier density; the dots are mobility. The 
solid curve is the calculated value of the mobility. The 
dashed curve shows the CCN R region. 


n-type GaAs [11]. This material is high purity 
epitaxial GaAs which contains l-3xl0‘* 
donors and 1 -7 x 10"* acceptors. In Fig. 2 the 
Hall mobility /i„ and carrier density n at 
5-12°K are plotted vs. electric field. The 
values of n were obtained from measured 
values of the Hall constant R„ using the 
approximate relation n = {R„e)~'. As can 
be seen from the low value of the carrier 
density at low electric field, the donors are 
deionized at low temperature. For this 
material, the donor binding energy is about 
0-004 eV(~ 42‘’K). 

The data shown in Fig. 2 are typical of a 
CCNR. At about 2 v/cm both n (open circles) 
and (dots) and thus / increase with de¬ 
creasing electric field. The dotted line repres¬ 
ents the region of negative resistance. This 
region, however, is not observed experi¬ 
mentally. Only the two turning points are 
observed. Thus we measured n and hh only 
at the beginning and end of the CCNR. 

The solid curve in Fig. 2 is the Hall mobility 
calculated using the experimental values of 
n*. In this material the momentum relaxation 
is dominated by strong ionized impurity 
scattering. The electron phonon interaction 
is only important as an energy loss mechanism. 
The dominant electron-phonon interaction 
for electrons whose energy is less than 0-009 
eV[ll] (~ 100°K) is via the piezoelectric 
interaction with acoustic phonons. For 
energies between 0-009-0-036 e V the deforma¬ 
tion potential acoustic phonon interacting 
dominates. For higher energies the optical 
phonon dominates the energy loss. For the 
field region in which (j.n is calculated, the 
electrons that contribute to the electron 
transport have energies less than the optical 
phonon energy. Thus we need only consider 
the acoustic phonons. The procedure for 
calculating the electron distribution function 


*No attempt was made to calculate n because we feel 
that the re.sult would be model dependent. It would be 
easy to choose the unknown parameters in expressions 
for oirtn, e) and €l so that the experimental data 
could be fitted. 
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is outlined in Ref. [7J. In the appendix of 
Ref.fllj the theory is extended to include 
screening of the electron-phonon interaction. 
The solid ftf, curve in Fig. 2 was calculated 
numerically using the above theory. For 
each value of the applied electric field, was 
calculated using the experimental value of 
n. A deformation potential of 7 eV and a 
piezoelectric stress constant of 2 x 10” V/M 
were used. The deformation potential is 
the value given by Ehrenreich[ 12|. The 
piezoelectric stress constant, which was 
chosen to give the best fit to the data, is 20 
per cent larger than the accepted value!I3|. 
The ionized impurity density was chosen 
equal to the number of acceptors and ionized 
donors. 

On the theoretical curve for fj.„. the CCNR 
region is shown by a dashed curve. In this 
region ft,, was not calculated. The mobility 
was calculated at the beginning and end of 
the CCNR and the dashed curve is drawn 
in to connect these two points. The agreement 
between experiment and theory is quite good. 

It shows that screening can lead to a (XNR. 

We should remark that if n is held fixed, 
then fXf, is a monotonically increasing function 
of /•;. This is equivalent to the statement that 
IS positive and finite. I he total deriva¬ 
tive of y and similarly n with respect to /•; 
does not. however, remain finite. Phis is 
because dF/d/:' contains d/i/d/.', which 
becomes infinite at the beginning of the 
C"CNR. Thus showing that the mobility 
exhibits a C'C'NR i.s equivalent to showing 
that the current voltage curve exhibits a 
CCNR, 

4. PHOTOCURRENT tJAIN 
As a final example of how screening affects 
the electron transport, we examine the behav¬ 
ior of the current when the carrier density 
IS increased by photoexcitation. In this case 
the carrier density can be changed at constant 
electric field giving a degree of freedom (hat 
was not present in our earlier discussion. 

We consider the situation where the term 


IF*. which appears in equation (1), represents 
the excitation probability for light. In this 
case 

+ ( 22 ) 

where IF, is the excitation probability for 
thermal ionization, h is a constant, and L is 
the light intensity. Since we are interested 
in examining the electric field dependence 
of the photocunrent, it would be appropriate 
to solve the rate equation for n. However, as 
we noted earlier, this equation can only be 
solved numerically. Thus we adapt a procedure 
similar to Ihe one used to give a criterion for 
a CCNR. We examine the slope of the n vs. 

L curve. This slope dn/dL is equivalent to 
the differential photoconductive gain (DPC). 
We then compare the DPG in the ohmic 
and non-ohmic regions to see how the electric 
field has affected the steady state photocarrier 
density*^. The electric field has two effects. 

It can change the recombination kinetics; it 
can cause impact ionization. A decrease in 
the recombination probability will certainly 
increase the photocarrier density. An increase 
in (he impact ionization probability, however, 
may not increase the photocarrier density(14]. 
We shall discuss below under what conditions 
impact ionization can be expected to increase 
the photocurrent density. 

With the aid of the rate equation, we can 
now write the slope of the n vs. L curve 
at constant electric field as 

dn _ ^h.dh 

(23) 

where the partial is 
oL 

I'in 

clL ~ ~ ~ (24) 

Thus the ellects of the electric field on the 


'The DPO is, by definition, independent of field in 
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slope drt/dL are determined by the partial 
derivative dhidn. This is the same partial 
derivative that determined the critical 
behavior of the n vs. E curve (see equation 
(6)). Thus we see the intimate connection 
between the CCNR and the effects of the 
electric field on the photocurrent. 

We imagine that the electric field is at a 
value Ec which is between the fields E, and 
Es shown in Fig. 1 and that the current is at 
a value below /j. i.e. the positive resistance 
region. Now we increase the light intensity 
which increases the carrier density. At a 
critical carrier density, —dhidn becomes 
zero. At this point the system switches to 
a high conductivity state compatible with the 
characteristic curve shown in Fig. 1. Remem¬ 
ber that the system is at constant field. In 
this mode the system operates as a light 
activated switch. For the above discussion 
to apply, however, the previous considerations 
that permitted dhidn to have a zero must still 
be met. If dhidn does not have a zero, there 
can be no switching. Nevertheless, there still 
can be an increase in the DPG. This is 
because —dhidn becomes very small. Thus 
DPG becomes very large. In fact, in the high 
conductivity, but positive resistance state, 
the DPG can be much greater than it was in 
the low conductivity state. 

5. SUMMARY 

In this paper we have shown that free 
carrier screening of the electronimpurity 
and electron-phonon interactions coupled 
with impact ionization is sufficient to produce 
a current controlled negative resistance. 


Using this model, we were able to calculate 
the field dependence of the Hall mobility in 
n-type GaAs and obtain good agreement with 
data that showed a current controlled negative 
resistance. We also showed how screening, 
accompanying impact ionization, can lead 
to photocarrier multiplication. When the 
semiconductor exhibits a negative resistance, 
then light can be used to switch the semi¬ 
conductor from a low conductivity to a high 
conductivity state. 
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R6sum6—Nous avons etudie la migration sous champ 6iectrique de "“Ag, '““Cd, "^"In, "’Sn et 
’^'‘Sb dans I'Argent. L es valences elhcaces de ces differents elements obeissent bien k la loi de varia¬ 
tion en -I-1) prevue theoriquement. 

A partir de la comparaison entre les r6sistivit6s de I'ion en position stable et en position de col. 
nous essayons d'etudier la variation de sa structure electronique et de prevoir qualitativement cer- 
taines corrections a apporter aux divers calculs thcoriques des constantes de diffusion dans I'Argent. 

Abstract —We have investigated the electromigration of ""Ag, '"“Cd, "*”'ln, ""Sn and '^‘Sb in Silver. 
The effective valences of these elements are in good agreement with the theoretical dependence in 
z(z-l-l). 

From the comparison between resistivities of the ion in the lattice site and in the saddle point, 
we try to study the variation of its electronic structure and to predict qualitatively some corrections 
to be made to theoretical calculations of diffusion constants in Silver. 


1. INTRODUCTION 

Depuis de nombreuses annees, on a constate 
experimentalement que le passage d’un 
courant electrique continu a travers un 
echantillon metallique provoquait une migra¬ 
tion de ses composants soit vers I’anode soit 
vers la cathode[l, 2], Ainsi quand on soumet 
un alliage initialement homogene a Taction 
d’un courant electrique, on observe une 
redistribution des composants de I’alliage qui 
devient inhomogene 13,4], Outre cet effet 
de redistribution, le passage du courant 
electrique provoque aussi un flux de lacunes 
qu’il est facile de mettre en evidence par les 
techniques habituelles[5-7J. 

11 est maintenant bien etabli que les ions 
se deplacent sous Teffet de deux forces: 
— la force electrostatique qui resulte de 
Taction directe du champ electrique: F, == 
ZeE —el la force de friction F,,, engendree 
par les chocs avec les porteurs de charge. 
Dans la plupart des cas oCi les porteurs de 
charge sont des electrons, cette force d’inter- 
action ion-electron est de sens oppose a 
la precedente et de loin la plus importante. 

La quantite mesuree dans ces experiences 


est ‘la valence efficace Z*' definie par la 
moyenne de ces forces au cours d’un saut: 

ZVE=[F,-FF,]„". 

Cette etude est importante du point de vue 
pratique (purification des metaux et des 
semi-conducteurs) et du point de vue theori- 
que, car Tinteraction entre Tion considere 
et les electrons de conduction peut nous 
renseigner sur la structure electronique de 
Tion en 'position de coT, e’est-a-dire Tion 
a mi-chemin entre deux sites lacunaires. Nous 
verrons par la suite comment cette connaiss- 
ance nous permettrait de prevoir certaines 
corrections a apporter aux divers calculs 
theoriques des constantes de diffusion. 

2, METHODES EXPERIMENTALES 
Pour determiner experimentalement la 
valence efficace Z*, nous avons utilise la 
methode suivante, deja decrite dans[llj. 
Une couche mince du traceur a etudier 
est deposee en sandwich entre deux cylindres 
d’Argent tres pur (Johnson-Matthey). 
L’echantillon ainsi prepare est ensuite 
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relie aux electrodes par I’intermediaire de 
deux lames d'argent tres souples. [.’electrode 
superieure est mobile. Nous disposons d’un 
generateur capable de debiler un courant 
continu de 20(K) amp. Le diametre de t’echan- 
tillon est de I’ordre de 7 mm. l.a temperature 
est controlee a ±2° pres grace a deux thermo¬ 
couples Fhcrmocoax' places a quelques mm 
de la couche de traceur et relies a un systeme 
de regulation. Tous nos essais ont ete effcc- 
tues sous argon purific pour eviter toute 
evaporation de I'argent. I e temps de traile- 
mcnl vane entre quelques jours pour les 
traceurs rapidcs et deux semaines pour les 
traccurs les plus lents. 

Nous pouvons illustrer I’echantillon apres 
I'experience par le schema de la 1 ig. I. I.e 
traceur a diffuse suivant une distribution 
gaussienne: niais au lieu d’etre centre sur 
I interlace initial de souUuie, le maximum de 
cettc distribution est deplace d unc quantite 
. 1 ,,,. Nous verrons <iu paragraphe suivant que 
rinicrface de soudure represente cn fait le 
relcrentiel mobile par nipport auquel ont 
etc eflcctuees toutes nos mesures de dcplacc- 
ment. Pour cela, la position de rintciface est 
reperce optiquemeni par rapport a unc 
extremite de I’cchantillon; quant a la couibe 
activiie-pcnetratioii. elle est determinee par 
la melhoile habiiuellc 'seclionnemcnl cl 
complage . Une meihude sland.irdl I2| pcrmel 
de conntiilrc avee piecision la position dii 
maximum de celle couibe .Sui les l-igs. 


2-4 nous reproduisons quelques courbes 
typiques relatives a I’electromigration de 
’“*Cd, "■'“In et "^Sn dans I’Argent. 

Determination de D, T, X* 

Connaissant le temps /, et le coefficient de 
diffusion /7, relatifs a la soudure. le coefficient 



Fig. I. .Schema tie rechanlillon apres I’experience. 
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Fig. 4. Courbe typique de I'electromigration du ’'*Sn. 


de diffusion et la temperature de I’experience 
sont donnes par: 



(1) 

T- e 

R LogiDjD) 

(2) 


oil p est la pente de la droite LogCactivite 
spedfique) vs. {x — x„y Q et D# sont les 
constantes de diffusion donnees par[13]. 
Remarque —D'une fagon generale, les pentes 
p+ et p- (Fig. 5) relatives aux cotes anodique 
et cathodique de I’echantillon sont egales 



Fig. .S. Log(aclivite specifique) vs. Penetration, + et^Jesignanl respectivement 
les cotes anodique et cathodique de rechanlillon; I'echelle supericure cn ahscisse 
est relative a la courbe Indium No. .1. 
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a 1 pour cent pr^s. D’autre part, pour les 
experiences a des temperatures relativement 
basses (au-dessous de 8(XfC) nous constatons 
que I’activite specifique du cote anodique 
est toujours supcrieure a celle du cote 
cathodique, du moins pour une profondeur 
de penetration assez grande, c’est-a-dire 
vers Ics regions oil la diffusion dans les 
joints de grain est decelahle. 

I a valence efficace est re/ice au deplace- 
ment r,„ par la relation de Nernst-Finstein: 


oil i — A ou 3 respectivement pour I’auto- 
et I'hetero-diffusion. Ce referentiel mobile 
est aussi appele ‘referentiel de la vitesse 
atomique moyenne’ que nous noterons /?; 
il peut etre materialise dans nos echantillons 
par les traces de soudure que Ton revele 
facilement par une attaque chimique[l I]. 

Ainsi, avec nos conventions, le referentiel 
fixe 3i, du laboratoire sera repere par le 
maximum de la distribution gaussienne 
d’un isotope A de la matrice (ici '*"Ag) (voir 
Fig. 1). Dans ce referentiel /{,„ les flux des 
Iraceurs^ el 3 s’ecrivent (Annexe); 


A I'aidc de la loi d’Ohm; /; /),,./ el dc la 

relation (1) uii /),(, est negligcable devant 
/)f, il vieni: 




(4) 


oil la duiee de rexperience n’inlervicnt pas 
expliciteinenl. I es resultats obtemis sont 
groiipes dans (es f'ahlcaux I cl 2. 


•t. I'KOHI KMK UK KKKKKKMIKI. KT kKl.Vl tON 
KVIKK VAI.KNCKS kkHCAi IS 

l .'aiiiilyse phenomenologique 111, 1 4| nous 
donne le (lux du liaceiii / par lappoit au 
refeicnt/el mobile du leseau: 


.r = -/) 

I 


(iX 


dx 


(■- 


/ii,eE 


kT 


Z*n„-Z*D,). ( 6 ) 


Cc qui monire que dans /<„: (I) la valence 
clficace dll traceur A est identiquement 
niille. (2) celle du traceur B est egale a 
Autrement dit, les valences 
cllicaccs donnees par les ditterentes theories 
eitees plus haul sent definies implicitement 
dans le rclcrenlicl mobile R. C'esI pour cette 
raison quo loiiles nos mesures dc x,,) ont ele 
elfceiuces par rapport a I'interface de soudure. 


Rcldlioii enire les ealcnees effieaces 

.1, - \ ( 5 ) modele iheorique de Bosvieux et 

'* ^ ^ ^''vdel donne: -pour un atome dc solvant: 


I (ihU'iiii I, I'.leelronii^roiion dans I'Ari’enl 


./ n 

Isetl lU" liimp/tniq Icm-'/scL) 10' 


/ UK OIK N(I I 


"’“('ll I S S77 
3 7-707 

1 hits 

'""‘111 I II 412 

2 X-h04 

1 5-94 

'■‘Sn I 4 12 

2 2 S91 

1 .s syy 

4 h 19 


41K4-1 

16 

40S4h 

4 49 

4.S0I 4 

•> 61 

3994 S 

1 7.S 

4164-.S 

-3-11 

41X1) « 

8-08 

M75-4 

0 40 

1.106-6 

1 64 

4299 8 

7 86 

1472-9 

18.19 





(o) 



100 

-22 02 

2-1 

220 

20-41 

(-.1 

23.S 

- 19 91 

1-4 

210 

-41-19 

2-4 

120 

-.17-61 

1-5 

1.10 

36-10 

1 3 

,10 

- 67-0.1 

8-9 

1.1.1 

-61-92 

4 4 

9.10 

- 61-41 

2-9 

18.10 

- 19-14 

2-3 
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Tableau 2. Valences efficaces et risistivites 
residuelles en /Lift-cm/at% 


Traceur 

7 

(°C) 

Z* Ap' »•>'•> +Ap*'"" 

^p(a(abl«) 

(Linde) 

MOAg 

833 

-27-7 

3-9 

0 

(111 

867 

-21-5 

31 



875 

- 19-9 

2-9 



889 

- 16-1 

2-3 


">"Cd 

807 

-22 

30 

0-38 


868 

-20-4 

2-94 



882 

-20 

2-9 


‘'•""In 

788 

-41.4 

5-62 

1-78 


821 

-37-6 

5-27 



880 

-361 

5-34 


'"'Sn 

703 

-67 

8-40 

4.32 


823 

-62 

8-76 



872 

-61'4 

9-10 



932 

-59'6 

9-30 


'2<Sb 

852 

- 102 

14-9 

7-26 

(111 

892 

-95-8 

14-5 



901 

-95-1 

14-5 



933 

-86-5 

13-6 




ou le ler terme represente la force de friction. 

etant I’exces de resistivite du a 1 pour 
cent d'atome de solvant en position de col; 
le 2e terme represente la force electrostatique, 
f(, traduisant la presence de la lacune proche 
voisine — pour un atome de solute: 

Z* = - i Z (Ap'^' + Ap‘^+^) - (1 +/„) j 

(8) 

ou les deux termes en Ap traduisent le fait 
que I’ion de solute sent la force de friction 
a la fois en position stable et en position de 
col, les exposants (r) et (z + Z) representant 
les charges d’ecran de I’ion dans ces differentes 
positions. 

Si Ton suppose que I’exces de resistivite 
du a un ion considere est proportionnel au 
carre de sa charge d’ecran[10], c’est-a-dire: 

Ap(») = 

Ap(*+z> = a(2+Z)2 (9) 


il vient (pour 1’Argent Z = 1): 

Z^-Zt = c'"z(z4-I) 


( 10 ) 


z etant la difference de valence entre solute 
et solvant. 

Pour verifier le modele theorique et I’hypo- 
these faite ci-dessus, nous avons groupe 
tous nos resultats experimentaux sur la Fig. 6 
oil nous avons represente — Z* en fonction 
de z(z+ 1), les differents points sont relatifs 
aux experiences faites a des temperatures 
differentes. 



Fig. 6. Valences efficaces — Z' en fonction de r(:+ I). 


Nous pouvons remarquer sur cette figure 
deux resultats importants: pour chaque ele¬ 
ment, la valence efficace diminue lorsque 
la temperature augmente: pour une tempera¬ 
ture donnee. par exemple vers 880°C. les 
points noirs representant les valences efficaces 
de differents elements sont sensiblement sur 
une droite. 

Nous avons ainsi mis en evidence la 
dependance de Z* en z(z+l), en parfait 
accord avec les previsions theoriques prece- 
dentes, sauf peut-etre pour I’Argent, la oil 
les erreurs experimentales sont les plus 
grandes a cause des deplacements relative- 
mentfaibles[15]. 
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4. DJSCDSSJON 

Dans la suite de cet article, au lieu dc la 
valence efficace, grandeur commode mats 
dont /’interpretation p/iy.stque est difficile, 
nous allons plulot nous interesser a un 
parametre plus rattiilier; I'exces de resistivite 
qui est relie it Z* par (7) ou (H) (Tableau 2). 

Sur la Fig. 7, nous avons represenle: 
dune purl, Ics re’su/tats de cc travail stir 
la courhe du haul, c'est-a-d/re la somme des 
resisliviles de I'atome en position stable et 
en position de col; +Ap'"'”, d’aiilre 

part, Ics vuleurs cxperimcntales dc I inde[l6J 
relatives a la resistivite de I'atome cn position 
stable sui la courhe du has. 


Fig. 7 
at.%) 


par les relations suivantes (en AiO-cm/ 

= 0-45 (position stable) (ii) 
^pU^^> = 0■2]z^^ + 0■66z+]■7 (-id-de col) 


( 12 ) 

’ = 0-66^(^+1)-).],7 (13) 


I^Urcm/al %) 



tiS 7 < oinp.UiiisDn 


D\ 


cniic Ics Jidciciucs icsisJiviics 

JCMdllCflCN, 


courhe" par ditThvnee la 

u irht du m.heu relative a la resistivite 
ue I .ifomc on position de col: A/y''*”. 

(c qii’il faut retenir de cette figure, e’esi 
que diftere d'aulant plu.s de > 

que le solute est plus proche du .solvant duns 
/a classification periodique, a condition bien 
entendu de supposer que les Ap*'-''"’"'' difTerem 
ires peu des valeurs mesurees par Linde 
Avec cette hypothese, nous pouvons 
deenre les courbes experimentaJes de la 


Nou.s voyons done que la relation (12) est 
differenie de (9); cependant comme ce/le-ci 
elle conduit aitssi a la meme relation theorique 
II(»enzlz+I). 

Par ailleurs, on peut relier la resistivite 
rcsiduelle dun defaut a sa structure electroni- 
qiie: aiitiement dit, un ion d’Antimoine 
possede dans I’Argent a peu pres la meme 
structure electronique dans les deux positions. 

Kn conclusion, on peut dire done de fagon 
qualitative ceci. dans les calculs theoriques 
des constantes de diffusion, par exemple le 
calcul de I energie dc migration ou celui de 
par la theorie de Le Claire[17], on a 
suppose que le defaut quel qu’il soit a la 
meme structure electronique dans les differ- 
entes configurations: or nous venons de voir 
que cette hypothese est seulement valable 
pour Ics imparetes dont la valence est tres 
d|flerenle dc celle de LArgent, comme 
Liam et I’Antimoine. Par conire pour 
lautod.flusion et pour les impuretes teJJes 
quo le ( admium et I'lndium, on devrait avoir 
une contribution electronique due a la varia- 
H.n electronique lorsque I’ion passe de la 
tosition stable a la position de col. 

II serait intcressant dc verifier si cette 
Pioprrele de la position de col est generale, 
c cs -a-d.re si elle est encore valable dans 
d autres matrices. Dans ce but, nous avons 

e curi 1 sous champ 

que de quelques impuretes dans I’Alu- 
nimium et d’evaltier ensuite I'ordre de 

™ "*W taeclronique done 

ciutr;,,;:::. 

asements tout au'^long de ce encour- 

S e travail. Nous remercions 
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ANNEXE 

Expressions deJi°*eiJ„‘‘* 

D'apres [I I ] le flux des atomes de solvant s'ecrit: 


Z*=(z,-z;)(l+-^) -l(z„-z*) (A.3) 

'• \ La'a*/ Ja '' 

Zl=iz„-zl) + ^UA-z‘J (A.4) 

/a ^tant le facteur de correlation et egal a 0-78. 

(I)Autodiffusion (i = A*). D'apres[14], nous avons: 


J". = J.. + n..y 


(A.5) 


y etant la vitesse atomique moyenne; 


I 


V = — -(J,+JA->etn = n,+nx- = i‘'. 


Remplagons J., et J^.par (A. I) et (A 2). il vient. 


Laa 

-n\ = -^IZA-t: 


Z*eV.. 


kT 


Or on salt que(p. 330114])- 


L.i + Z-aa- 


— (La’a* + Laa’) 
1a' 


n La‘a ’ 

"A' /, 


D’oii: 

/7.ZVE 

V = - _ 

kT 


(A 6) 


A raidede(A.2)et (.A 6). I'equationlA 5) s'ecrit: 



(2) Hiterodiffusion (i = B) De mcme. nous avons: 


J, =-D, —+ ^(z.-z*) 1+7-^ eE (A.l) 
i)X T * \ La a' 

(notation un peu difTerente de cede du lexle oil A dcsigne 
un isotope du solvant et non I'atome de solvant comme 
ici) et le flux des atomes de traceur {i = A* ou B): 

fin, L„ r L, , 3 

J. = -Oi" + -:r (Zf-z,*) + ~(z.,-z») eE 
fljr 7 L ' Lii • J 


ax kT ‘ 


eE 


J" = J« + n«V 


V = - 


I 


:(J« + Jf). 


Si la concentration du traceur B est tres faible n* -s n, on 
montre facilemcnt que V a la meme expression (A.6), il 
vient: 

dnu iiueE 

JO = _ O » + _ 2*o,). 

" ax kT ’ ' 


(A.2) 
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STRUCTURE ELECTRONIQUE DES ALLIAGES A BASE 
DE METAUX DE TRANSITION ET DE METAUX 

NOBLES-II 

CALCUL DE LA STRUCTURE ELECTRONIQUE DE 

L’ALLIAGE CuNi 

R. RIEDINGER 

Laboratoire de Phy.sique des Solides,* Institut de Physique. 3, rue de I'Universitc, 
Strasbourg. France 

iReteived'iX Oct<ther 1969) 

Resum^-Nous d6terminons fa structure electronique d'un alliagc a base de metal noble ou de metal 
de transition. En supposant que dans la matrice les bandes 'd' sont bien representees dans une approxi¬ 
mation de liaisons fortes, et en negligeant I’hybridation s-d entre les bandes d el la bande de conduc¬ 
tion 's', nous rcsolvons le probleme d’une impurete dissoute dans la matrice par un developpmeni en 
perturbation par rapport aux elements de matric v," du potentiel d’impurete. Nous appliquons le 
formalisme dans le cas de I’alliage CuNi. Nous choisissons comme fonctions d'ondes de la bande de 
conduction des ondes planes orthogonalisees (OPW) et comme potentiel d'impurete un potentiel du 
type Yukawa Z{e"'")lr. Le parametre y est ajuste de maniere a satisfaire la regie d'ecran de Friedel. 
En accord qualitatif avcc I'cxpiSricncc nous oblenons un etat lie virtuel. cependant la largeur de celui- 
ci est trop faible probablement parce que I'hybridation s-dde la matrice n'a pas ete prise en compte. 

Abstract-We study the electronic structure of noble metal or transition metal based alloys. We 
suppose that the '</' bands are well described by the tight binding approximation: we neglect the 
s-d hybridization between j and d bands. We solve here the impunty problem by a perturbation 
development with respect to the matrix elements of the impurity potential between functions. We 
apply this formalism to the CuNi alloy The wave functions of the conduction band are orthogonalised 
plane waves (OPW) and the impurity potential of Yukawa type Z(c ''’’l/r. The parameter y is deter¬ 
mined by the Friedel sum rule. In agreement with the experimental data we obtain a virtual bound 
state, but level is too narrow because no account has been taken of the hybridization in the pure metal. 


1. INTRODUCTION 

Dans un article precedent[l], nous avons 
etudie de faijon generale la structure elec¬ 
tronique des alliages a base de metaux nobles 
et de metaux de transition. Nous avons utilise 
un modele simplifie negligeant I'hybridation 
s-d dans la matrice; nous avons recherche 
les consequences de la diffusion {ss,sd,dd) 
introduite par un potentiel de chaque impurete. 
Nous avons pu etendre le formalisme utilisant 
les dephasages dans le cas particulier oil les 
fonctions d’onde 's' sont simplement des 
ondes planes modulees par les fonctions de 
bas de bande; nous avons precise I’influence 


’Equipede Recherches Associee au CNRS (n°IOO). 


des termes s-d et s-s sur les proprietes 
physiques des alliages a base de metaux 
nobles (resist!vite electrique, variation de 
densite electronique ...). 

Dans cet article, nous voulons etendre le 
travail en calculant a priori de fagon self 
consistante, et dans une approximation du 
type Hartree-Fock, la structure electronique 
d’alliages a base de metaux nobles et, en 
particulier, de I’alliage CuNi. Pour cela nous 
resolvons d’abord [1] le probleme de la 
structure electronique des alliages a base de 
metaux nobles et de transition en faisant un 
developpment en perturbation par rapport 
aux elements de matrice v'X , du potentiel 
d’impurete entre fonctions d'onde s', nous 
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faisons les hypotheses suivantes: (1) les 
bandes d sent traitees en liaisons fortes, 
(2) I’hybridation s~d dans la matrice est 
negligee. Cette derniere hypothese nest 
qu'une premiere approximation dont les 
consequences sont en cours d'etude. 

Pour simplifier I’expose, nous avons 
presente le formalisme dans le cas de deux 
bandes seulement, une bande d, et une bande 
■v, perturbees par un potenliel d'impurete 
localise sur le site de I’impurete. 1,'extension 
au cas de cinq bandes d est triviale; elle est 
analogue a celle qui est presentee dans la 
reference 11J. 

Nous appliquons enstiite, ce modele au 
calcul self consistent de la structure elec- 
tronique d’alliages ii base de metaux nobles, en 
particulier de I'aliiage CuNi. Nous suppose- 
rons que les fonctions d’onde 's' sont bien 
rcprcscniecs par des fonctions d’onde plane 
orthogonalisees (OPW). Cette hypothese 
n'est qu'une premiere approximation; les 
consequences de ce terme d'hybridation sont 
iicttiellement en cours d'ettide. Pour calculer 
la structure electrtinique de I'impurete. nous 
avons suppose que le potentici d'impurete 
etait du type Yukawa, sa porlee etant ftxec 
de fac'on autocohcYenle par la regie de l-'riedcl 
I.^j. Fn accord avec les resultatscxperimciitaux 
(21 nous obtenons, pour I'iiilitige CuNi, un 
etat lie virtuel tres etroit (2A 0-2 eV) centre 

en dcssous du niveau de I ermi. I a com- 
paraison des re.sultals oblenu.s avec /'experi¬ 
ence (chalcur specilique, resistivite electriqiie) 
semble cependant, monirer que cette largeur 
est trop faible. Nous attribuons ce desaccord 
quantitatif a I’influence de rhybridalion s-d 
dans la matrice. 

Apres avoir rappeic la formalisme utilise 
(.Section 1(1)) nous developpons une solution 
des equations de Slater-Kosler utilisant on 
d^veloppement en serie par rapport aux ele¬ 
ments de matrice du potentici d'impurete 
C entre fonctions d'onde .s C/. Nous utilisons 
ce deve/oppement parce qu’il est tres rapidc- 
ment convergent au voisinage des energies 
de I’etat li^ virtue! (Section 1(2)); dans le 


calcul explicite, nous n utiliserons que le 
premier terme de ce developpement. Dans 
cette hypothese. nous donnons I expression 
de la charge deplacee par I impurete (1-3). 

Dans la seconde partie de ce travail, nous 
discutons le cas specifique de I’aliiage CuNi. 
Nous presentons les hypotheses du calcul 
de la structure electronique de I’impurete 
(Section 2(1)). Nous discutons les resultats 
obtenus pour le potentici s-d C,/ ainsi que 
I’influence des termes s-s sur la forme et la 
position dc I'etat lie virtuel (Section 2). 
Enfin, dans la Section 2(3), nous comparons 
les resultats obtenus theoriquement aux 
resultats experimentaux. Le calcul que nous 
presentons n'est que preliminaire parce qu’il 
suppose un grand nombre d'hypotheses 
simplificatriccs sur la structure de bandes 
du metal pur (cf. Section 2( I)); nous pensons 
I’etcndre a un cas oil la structure de bandes 
du metal pur sera Iraitee de fa(;on plus 
detaillec. 

(I) iicneroHtes sur le probleme de lo diffusion 
duns les metau t nobles 

Nous icsolvons le probleme de la struc¬ 
ture electronique des alliages de metaux 
nobles ii I'aide d'equations du type Slater- 
Kosterl4), Nous supposons que les bandes 
'</’ sont traitees dans I'approximation des 
liaisons fortes. Les fonctions d’onde ‘d’ ont 
alors la forme suivante: 

l</'k> = 2 u,„‘‘''‘\dmk} (la) 

m- I 

A est le nombre d'atomes du systeme; les 
fonctions |<//«k) sont des functions de Bloch 
construites ;i partir des orbitales atomiques 
contrees sur les sites \dmK): 

|</wk) =/V ‘'2 2 e"''*ldinX>. (lb) 

s 

I es fonctions d’onde x seront notees [sk); 
dans ce paragraphe, nous ne supposerons 
rien sur leur forme particuliere. Nous suppose¬ 
rons que I’approximation des electrons 
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independants est valable, le potentiel d'im- 
puret6 etant le meme pour tous les electrons: 
I’hamiltonien de chaque electron dans le 
systeme constitue par le metal pur et une 
impurete a I’origine s’eerit alors: 

H = H^+V (2) 

ou Ho est le hamiltonien du metal pur et V 
le potentiel d’impurete. 

Nous noterons les elements de matrice de 
I'operateur de Green, G, defini par: 

(E^-H)G=\ (£' = £- + /0) (3) 

sous la forme sui vante: 

G;‘. = <«'k'|G|nk). (4) 

En developpant H sous la forme [2|, les 
elements de matrice satisfont le systeme 
d’equations suivant; 

(E — Enk')G 

+ 2 <nk'|V|mk,>G:V ( 5 ) 

mk, 

n, n',m = .s ou di. 

Dans la formule (5) E designe I’energie des 
fonctions de Bloch |nk) {n — s,di) du metal 
pur; la sommation sur les vecteurs k est 
effectuee dans la premiere zone de Brillouin 
lorsqu'ils sont associes a une bande di, dans 
tout I’espace reciproque lorsqu’ils sont 
associes aux bandes de conduction. 

Le fait que les bandes 'd' puis.sent etre 
representees par (la, lb) permet de simplifier 
les equations (5): les elements de matrice du 
potentiel d’impurete 

(«k'I V|wk) = (6) 

se mettent en effet sous la forme d’une somme 
d’un produit d’une fonction de k par une 
fonction de k', 

2Ja(k)g„(k'); (7) 

le noyau de I’equation integrale (5) est alors 


degenere et, (5) est immediatement soluble 
[1]. Nous precisons ci-dessous la forme des 
elements de matrice (6): 

9 

dk ^ ^ dik /kRk mk _ 

^ik' S- ^ C Vtk' (8) 

nt-] X 

C= ViV<.vk'|V|/MX) (9) 

5 

Vdik = 2) 2 <m'X'lV|wX> 

/n,m'=i XX' 


Nous avons etudie de fagon generate les 
equations (5) a (10) dans I’articleil]; nous 
nous limitons ici a un modele a deux bandes 
(sd)[17] dans le cas d’un potentiel pertur- 
bateur localise. Les consequences de la 
premiere hypothese sont probablement 
negligeables. Nous considerons la diffusion 
des electrons s avec cinq bandes ‘d’ supposees 
independantes. L’ecart introduit dans la 
structure electronique de I’impurete par le 
couplage entre bandes 'd' semble negligeable 
ainsi que le montrent les etudes sur les 
alliages a base de metaux de transition [5]. 
Les equations (5) a (10) peuvent d’ailleurs 
se resoudre de la meme fagon que ci-dessous; 
les calculs numeriques, seuls seront plus 
complexes. La seconde hypothese peut etre 
verifiee a posteriori lorsque le potentiel 
d’impurete aura ete determine de fagon 
autocoherente. 

Elle est raisonnable pour les alliages du 
type CuNi. Le systeme (5) et (8) se met alors 
sous la forme simplifiee suivante: 

{E-EJG% = 8^+N '{v%2Gt 

k, 

+ (a) 

K. 

{E-Ej^)G',':, = N~'{v/2GX 

k. 

+ 2 CO (b) 

K, 
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{E~Ej^)a‘X = + N~'{v/ 

k. 

^ s vhit) 

k,. 

+ SCO- (d) 


Dans (I !),(;/=- (t/0|V|<yO) 


G<'‘‘(E) = (13) 

k 

l.es equations (12) sont identiques aux 
equations donnant G'^, dans un aJliage dont 
la matrice correspondante presente une seule 
bande s, le potentiel d’impurete K*'’' ayant 
pour elements de matrice: 


G’"‘{E) 


<flk sk , ' ' 

I) — 1 ) -f--— 

“ l-a/G'’‘'(£) 


(2) Print i[>t’ dune solution des t’c/intlions de 
diffusion: potentiel ejfeetil duns Itt hunde ‘s’ 
Nous nous proposons de rtSoudre le 
systeme (II) a partir de I'idec physique 
suivante. l.es elements dc matrice r,/' et 
tV/' determinant I'existence d’un etat lie 
viriuel; le modeic d’Anderson pour les elats 
lies virtuels correspond a une telle hypt)- 
these|6|. Pour des energies au voisinage de 
celles de I'elat lie viriucI, la ditfusion s-d-s 
es( rcsonantc et, il apparait raisonniible de 
ntig/igcr cn premiere approxtmation le (erme 
v,\ Nous obtiendtons aisCunenl une solution 
des equations (11) a I'aidc d'un developpemeni 
en serie ptir rapport aux elements de niiitrice 
('/; ee developpement sera ires rapidemcnt 
etmvcfgent piuit I: -- /•,, position de I'elat 
lie virtiicl). 

Nous pouvons preciser ceci cn mlroduisant 
tin potentiel elfectit tpour les electrons ‘s’, 
compte tenii de la ditl'iision (,v</) ct (dd). Kn 
cftel, en efTectuant la somme a partir 

de (Mb) et cn substituant dans tlla) nous 
obtenons pour la partie .v.v de l;i fonction de 
Cireen, (/;J I’equalion suivante; 


les bandes 'd' d’un metal noble etant pleines, 
le potentiel r'q"‘ conditionne a lui seul la 
variation de densiie electronique autour 
de Timpurete, la resislivite electrique etc. 
Nous avons ainsi elimine la bande ‘d’. l.a 
diffusion due a c"' est resonanle au voisinage 
du pole E/ de (14) defini par: 

I = e/G"''(£,). (14b) 

l.orsquc E/ est au voisinage immediat du 
niveau de l ermi, le terme v/ est complete- 
mcnt negligeable devant le terme resonant 
de sorte qu'iin developpement de la solution 
de (11) en serie par rapport a v/ est rapide- 
ment convergent. 

Remarquons cntin que la transformation que 
nous avons I'aite est equivalente dans I’approxi- 
mation de Hartree-Fock, a la transformation 
dc Wolff Schrieffer a partir de I’hamiltonien 
d Anderson; il est aise de montrer que, dans 
un alliage magnetique (14) entraine I’exis- 
lence d une polarisation de spin identique a 
celle qui est obtenue dans la methode de 
Wolff'Schrieff'er. 



ou G"''(£') est defini par: 


(3) Solution des equations de diffusion 
Nous resolvons le systeme (11) en remar- 
quant que les equations sont decouplees par 
paiics (a, b), tc,d). Nous pouvons ecrire la 
solution formelle de I’equation (lid) sous la 
forme; 

(15a) 
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a 6te defini comme I’element de matrice 
de I’operateur (1 — 

(5q|(l-i;/C«')-VI<flt> = {I5b) 


Remarquons que est independant de 
I’indice k; les operateurs k'j' sont definis par; 

j/y = P>VP‘ 


oil P' est le projecteur complet sur les etats 
i{i = s,d). 

En notant; 


./klL/d 

G’^(E) = N-' '2 

t t, tjk 

{’equation (11c) devient: 

X2C1}, (17) 

k., 

la solution de cette equation est immediate 
et nous obtenons la solution de (1 lc,d) sous 
la forme; 


G 


_ 

jti 


_1__ 

E — Erf, 

X |6ii, + A^“' 


y/ + G"’ I 

I -G«''(i;rf''+G''“)£’-£-^ 


) 


c;t = 


A/-' 

E-E„ 




1 


1 


l-G“‘'(Prf‘' + G‘^) E-Ej, 


(18) 


Nous resolvons de facon analogue les equa¬ 
tions couplees (11 a, b) et nous obtenons; 


G 


jk 

tq 


N '(.v^l (I — G"*r/)~'|.v^) 


N-" _ G®** 

1 -G«-'(i;rf''-l-G''») 

y (-vql (I - G°*t;/)-' I .vk, )rA, lErf 


(19) 


(4) Charge deplacee, variation de densite 
d’itats 

Nous evaluons la charge deplacee et la 
variation de densite d’etats selon la methode 
classique (cf. [1]); nous ne repdtons pas ici 
le detail du raisonnement et nous nous con- 
tentons de donner le resultat. 

De fagon generale, la charge deplacee par 
I’impurete pour les energies E' < E comporte 
deux contributions; 

Z(£) = Z«(£)+Z'®'-'(£). (20) 

Z’iE) est la charge deplacee par la bande ‘s' 
supposee seule 

Z’' = -TrImLog(l-r/G®'(£')) (21) 

TT 

est definie par: 

Z'®"'(£) =- Im Log (1 - G®''(£) 
n 

X (r/-f-G-^(£)) (22) 

oil 

Gd.(£) = At-i2:rrf'(k) 

k.k' 

X tG'“()-i./G®*)-']kk't>/(k'), 

est idenlique a la charge Z‘'' + Z'' trouvee 
pour une autre methode dans la Ref. [ 1 ]. 

A I’ordre zero par rapport a r,’, Z“ = 0 et 
nous obtenons; 

Z’‘(E) = Z'><^’>(E) =7r-'Arg(l-G"«'(£) 

X (i;rf"-t-G®'")) 

Go^‘{E)=N-'^-z /_ ■■ (23) 

£ £,k 

Nous pouvons relier ce resultat[1] a celui 
d’Anderson [6]; si on developpe au voisinage 
du pole £( de (cf. (14)) I'equation (23). 
nous obtenons; 

Z»(£) = 7 r-'Argj (£,-£) ^ Log G “-1 

-G®''(£)C«''*(£)|. (24) 
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Si I’energie £./ se irouve loin de la bande 'd\ 
varie comme E ' et nous retrouvons 
I’expression d’Anderson( IJ. 

Au premier ordre pur rapport d r/, nous 
obtenons, pour Z“'{E), le termc classique 
obtenu dans le modele de bandes rigidcs: 


/.”iE) ~ -• 77 'ImN' 



( 277 )-' 


(25) 


(11 est le volume atomiquc cl .S\lE) est la 
suri'ace d'cnergie constante E — ). 

I e terme E) prcnd la forme suivanic: 

\ - 77 'Arg{l - (i"''{E) 


(/'"*(A) ■ f/■""’(/-,) I /V - y ■ 


'k, 

i\k„ 


r'i 


E 


(26) 


la vai ia(ion de densile d e(a(s SiiiE) in(rodui(e 
par I'impurete s’oh(ien( a par(ir de (25) e( 
(26) on appliquanl la forniule|7|: 

diKE) - ' ‘!'^ (/•:). (27) 

77 til'. 

Rappelons enlin, que nous pouvons irouver 
I'expression de la madiee de (ransitiun I (E) 
a par(ir de la eonnaissanee des foncdons de 
Circen|l8, I9|. Nous pouvons ainsi ob(enir les 
proprietcs sc raltaehan( a eelle-ei (ehargc a 
grande distance, resistiviie rcsiduellc etc. 
f8.9J. 


2. STRUCniRE KFECIRONIQIIE DES AI.IJACES 
CuNi 

Nous nous proposons de calculer, dans le 
modele precedent, la charge deplacec, la 


variation de densite d’etats et la resistivite 
residuelle des alliages CuNi. Nous presentons 
les hypotheses du calcul (Section 2(1)) 
avant de di.scuter les resultats obtenus pour 
I’rf. ci' (Section 2(2)) pour la variation de 
densite detats et la resistivite residuelle 
(Section 2(3 and 4)). 

(I) Structure de handes du metal pur et 
hvpolheses du calcul 

Nous avons adopte pour la structure de 
bandes du cuivre un modele analogue aux 
schemas d'interpolation proposes par de 
nombreux auteurs [10-12]. Nous prendrons 
comme point de depart le calcul de la densite 
d’etat fait pur Burdick[l3] (du type APW) et 
nous ferons les hypotheses simplificatrices 
suivantes: 

(a) Bandes ‘d’. 1 es bandes 'd' auront une 
densite d’etats n{E) deduites des calculs 
de Burdick. Nous ncjgligeons cependant la 
difference entre les densites d’etats associees 
aux differentes orbitales ‘d’; ceci permet de 
considercr les cinq bandes ‘d’ comme inde- 
pendantes et ayant chacune pour densite 
77(0/5. I a forme detaillee de la bande ‘d’ 
n’auiti pas d’importance; seule la position 
du sommet de bande E, par rapport a I’energie 
de I ermi aura de I’importance: celle-ci — E, 

l-7eV est en accord avec les mesures 
opliques sur le cuivre. 

(b) lone lions aiomic/ues ‘d’. Nous n’avons 
pas calculc les functions atomiques ‘equiva- 
Icntes’ donnant naissance a la structure de 
bandes ‘d’ du cuivre. Nous nous sommes 
conientes d’utiliser, soit des f'onctions de 
.Slater ((|>„,(/•)=. 7 -' exp —Z7-[14]), soit des 
fonedons du type WatsonjlS] (combinaisons 
lincaires de f'onctions de Slater), (.’extension 
des lonctions’d’ aura une certaine importance 
(Section 2(2)) sur la forme de et done sur 
la largcur de I’etat lie virtuel. 

(c) l-'om lions d'onde ’s’. Nous representons 
les electrons ‘s' par une seule onde plane 
orlhogonalisee aux couches internes et aux 
couches ‘d’. Cette approximation est valable 
dans la mesure oil nous ne nous interessons 
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qu’aux energies pour lesquelles le melange des 
OPW n’est pas important (energies voisines 
du bas de bande). C'est une approximation 
raisonnable en moyenne pour les etats 
d’energie de I’ordre de I'energie de Fermi. 

(d) Relations de dispersion ‘s’. Pour le 
calcul des elements de matrice du potentiel 
d’impurete intervenant dans o/G'"'''..., 
nous prendrons une relation de dispersion 
parabolique; 

= E„ + kV2m* (27) 

coherente avec I’hypothese sur les fonctions 
d’onde. Nous negligeons done les bandes 
d’energies interdites introduites par le 
potentiel de reseau. Notons cependant que 
nous tenons compte de tous les etats de 
conduction en supposant que la relation (27) 
est valable quel que soit k. Les parametres 
fc'u et m* sont determines apres ajustement au 
calcul de Burdick. (Eg —Ef= l-54eV). 
Remarquons enfin que nous avons neglige 
(dans les equations 11) les effets de I’hybrida- 
tion s-d due a la matrice; nous tenons compte 
cependant en partie de celle-ci en prenant des 
bandes 'd' d’apres un calcul APW. 

(2) Choix dll potentiel d’impurete. Discus¬ 
sion des result a ts du calcul de v,i^ 

En principe, nous devons determiner le 
potentiel d’impurete a I’aide de la methode de 
Hartree-Fock. Cependant, le probicme 
d’autocoherence n’a pas ete examine dans le 
detail; la presente etude n’etant que pre- 
liminaire, nous n’avons assure I’autocoherence 
que partiellement. Nous avons cherche le 
potentiel d’impurete parmi les potentiels du 
Yukawa du type: 

K(r)=Q— (28) 

r 

oil Q est la difference de valence entre 
I’impurete et la matrice. Le parametre y a 
ete determine de faijon autocoherente afin de 
satisfaire la regie de Friedel Z = Z(E^ ). 


Le principal avantage des potentiels du 
type (28) est de permettre des calculs 
analytiques assez simples. Ce choix est 
justifie qualitativement de la fatjon suivante: 
(1) le potentiel peut etre obtenu a I’aide de la 
methode de Thomas Fermi linearisee; celle- 
ci est valable dans la mesure oil la perturba¬ 
tion est a variation spatiale relativement lente; 
(28) represente correctement le potentiel 
dans la region oil les fonctions d’onde d 
sont impdrtantes. (2) Nous pouvons obtenir 
une approximation du potentiel V(r) en 
supposant que la repartition electrique dans 
I’alliage est la superposition des distributions 
electroniques des atomes de cuivre et de 
nickel. Le potentiel perturbateur est alors la 
simple difference des potentiels atomiques 
du nickel et du cuivre [16]. 

F(r) = F,,(r)-|/c-„(r). 

Les configurations ‘.s’ etant supposees 
identiques pour le nickel et le cuivre, ce 
potentiel a effectivement un comportement 
analogue a celui du potentiel self consistent 
du type (28), les deviations par rapport a ce 
comportement n’etant importantes que dans 
la region oii la densite eleclronique 'd' n’est 
pas importante. Un potentiel de ce type n’est 
qu’une approximation d’ordre zero, la densite 
eleclronique ‘.v’ pouvant etre modifiee par 
I’impurete. Nous verrons dans le cas du CuNi 
que cette modification est loin d’etre neglige- 
able. Ulterieurement. nous pensons obtenir 
une meilleure approximation en choisissant 
un potentiel de ce type oil FniIt) est un melange 
de configurations du nickel determine de 
faejon autocoherente. 

Dans la suite, nous utiliserons uniquement 
des potentiels de ce type; nous ne disposons 
done d’aucun parametre pour determiner la 
structure eleclronique de I’impurele puisque 
y sera obtenu par la regie de Friedel. 

Nous avons effectue trois calculs differents 
designes par: (a) calcul a I’ordre zero par 
rapport a r/ avec des fonctions de Slater 
pour les fonctions 3d du cuivre. (b) calcul 



2094 


R. K/EDINOER 


au premier ordre par rapport a v” avec les 
fonctions 3c/ du type Slater et les fonclions 
internes calculees d’apres[l5]. (c) calcul au 
premier ordre par rapport a £■”" avec dcs 
fonctions internes et 3<ydu type Watson. 

Nous caractcrisons les resultats du calcul 
autocoherent par I'allure de: 

Nous donnons la panic radiale de cet element 
de matricedans la I ij;. I. C'e resultat s’expliquc 
par le fait que i ';'est la somme de deux termes 
de signes opposes: le premier correspond a la 
panic d'eicclions lihres de la fonclion '.s', le 
second correspond a la partic d'onhogontilisa- 
lion aiix couches internes. Pour dcs petites 
v.ileuis de la partie d'urihogonalisalion 


I’emporte varie comme |k(*). vf (k) pr6- 
sente un maximum pour^ = ku {ku = I u.a.~‘ 
et r,f^, = 2 e V); la grandeur et la position de ce 
maximum sont relativement sensibles au 
choix de la function d’onde ‘d’ et du potentiel 
autocoherent correspondant (cf. Fig. I). 
Pour de plus grandes valeurs de k (k > kju), 
r''ndecroit el la partie d'electrons libres I'em- 
porte; r'' change de signe pour |k| = 2 a 
5 u.a., selon le type de calcul. Plus la portee 
du potentiel est petite, plus la courbe est 
etalee. 

Notons que la courbe obtenue presente une 
ties grande analogic avec les coefficients 
d hybridation //,%"' des fonctions s et d des 
metaux nobles intervenant dans les modeles 
d'interpolation tels que ceux de MuellerllOJ. 
Par rapport an maximum de celui de 
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v*’‘ik) est deplac6 vers les valeurs plusgrandes 
du vecteur k et, de fapon generale, v‘'‘‘(k) est 
inferieur d’un facteur 2 a H'“‘(k). 


(3) Discussion des resuliats du calcu! de 
variation de densite d’etats 

Nous obtenons un etat lie virtuel quel que 
soil le type de calcul effectue ((a), (b) ou (c), 
cf. Section 2(2)). La variation de densite 
d'etats est lorentzienne a mieux de 1 pour 
cent. En negligeant u/, la largeur de I’etat 
lie virtuel est alors donnee par I’expression 
classique [6]: 

A(£) = 

= nJE). (28) 

ou { )f: designe la valeur moyenne sur la 
surface d energie constante E = E,^. 

Cependant, nous devons noter que I’approxi- 
mation lorentzienne est d’autant plus valable 
que les largeurs de raie sont tres faibles et de 
I’ordre du dixieme d’electron volt. A eet egard, 
la dependance angulaire de I’elcment de 
matrice est importante puisque la valeur 
moyenne de <|cJ‘)tP) done depend A(E) 
(cf. (28)) est bien inferieure la valeur de 
sapartie radiale |u*'(A,)p(u‘'*(/:^) ~ 2eV). 

Les largeurs obtenues sont assez sensibles 
all choix de la fonction atomique dc depart; 
si failure generale de v'‘’'(k) n’est pas modifiee 
globalement par ce changemenl, la largeur 
variant comme |t;''"(/(:) peut etre modifiee 
par un facteur deux. 

L.e potentiel v/ ne modifie pratiquement pas 
la forme de felat lie virtuel; en eflFet, la 
modification de €>'“ par r," est tres petite 


G^'^(E) 


20 


el le terme Z''“''(£) est donne pratiquement 
par son expression calculee pour u/ = 0. 

C'ependant, le terme u/ a une grande 
importance quantitative; bien qu’il ne four- 
nisse qu’une variation de densite d’etats 
^n’(E)(<^ Bn^'^iE)) tres faible, il contribue 


de faQon non negligeable a la charge d’ecran 
par fintermediaire du terme de bandes rigides 
Z'*. Dans le cas de I’alliage CuNi, v' deplace 
20 pour cent de la charge totale (calcul B, 
Tableau 1). De ce fait, la position du niveau 
resonant se deplace par rapport a celle qui 
est obtenue pour v/ — 0. 

En conclusion, le terme v,‘ ne modifie pas 
la forme de fetal lie virtuel mais, en modifie 
la position par rapport au niveau de Lermi. 

(4) Comparaison avec les resultals experi- 
mentaux 

Nous pouvons tenter de comparer les 
resultats de notre calcul avec les resultats 
obtenus experimentalement. 

Pour la resistivite residuelle p. nous avons 
utilise le fait que deux dephasages (*.v' et ‘d’) 
etaient importants de sorte que, d'apres f I ]; 

Ait 

p = —— (sin^ 5,1 + 5 sin“ 6.', ) 
nkr 

fi.; = - 7rZ« (t'f) 6: = - ttZ'^*" (£,.). (29) 

Les valeurs obtenues sont en bon accord avec 
fexperience (p,.xp - 2pn cm/pour cent). 

Pour la variation de chaleur spikifique 
eiectronique, nous obtenons une valeur; 

liT dB'., 

(30) 

bien superieure a la valeur experimentale 

[2]: 


ceci confirme le fait que les etats lies virtuels 
obtenus sont beaucoup trop etroits, d’autant 
plus que les valeurs experimentales sont 
amplifiees par un coefficient d’augmentation 
par echange non negligeable. 

Notons enfin que notre calcul souligne le 
fait que, dans finterpretation des resultats 
experimentaux, il est essentiel de tenircompte 
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des dephasages ‘s’ provenant de v/. Une 
estimation de la largeur des etats lies virtuels 
a partir de donnees experimentales est 
delicate dans les alliages CuNi, CuCo puis- 
que, non seulement les interactions electron 
electron peuvent fausser les resultats, mais 
encore la diffusion s-s peut jouer un role 
non negligeable. Ainsi, sur la figure 2, nous 
avons reporte la largeur deduite de I’experi- 
ence en function de la fraction de resistivite 
f = p( I = 2)/p provenant de I’etat lie virfuel. 



tig. 2. Interpretation de la resistivite et de la ehaleur 
spccifique du CuNi, a I'aide des dephasages S„. 8,. en 
function du rapport $ de la resistivite 'd' a la resistivite 
lotale. A„ = 0182eV; (£,-£■,„)= 0-697 eV; (D-IM,,; 
(2) I08j(£,.)/7r; (3) (£,-£,)/(£>-£,„). (4) Z(tV) = 
(l/ir){t082(E,)+2S„(Ef)}. 

3. CONCIAISION 

Nous avons presente les resultats d’un 
calcul preliminaire de la structure electron- 
ique des alliages CuNi. Nous avons utilise 
un grand nombre d’hypotheses simplificatrices 
afin d’alleger le calcul numerique. Nous avons 
choisi pour la matrice une structure de bandes 
simplifiee analogue aux schemas d'interpola- 
tion etablis pour les metaux nobles et de 
transition. Dans les limites de validite du 
modele, nous avons montre I’existence d’un 


etal lie virtuel. La structure de celui-ci est 
assez sensible a la partie des functions d’ordre 
3d ainsi qu’a celle du potentiel. La variation 
de densite d’etats introduite par I’impurete est 
lorentzienne. La partie s du potentiel tv,’) 
n’intervient pas dans la largeur de la raie de 
resonance; elle peut intervenir dans la posi¬ 
tion de I'etat lie virtuel parce que la charge 
deplacee par celle-ci n’est pas negligeable; 
de plus, la resistivite electrique peut etre 
modifiee de facon importante par les termes 
v,\ 

Cependant, les largeurs obtenues sont trop 
faibles pour rendre compte de I'ensemble des 
proprietes experimentales. Nous pensons 
que les approximations que nous avons faites 
sur la structure de bandes ne modifient quali- 
tativement le resultat sur I’ordre de grandeur 
des largeurs que dans la mesure oil nous avons 
neglige I’hybridation s-d dans la matrice. 
Dans un article ulterieur, nous nous proposons 
de tenir compte simultanement de I’hybrida- 
tjon s-d de la matrice et de celle qui est 
due a I’impurete. 
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DUE AU POTENTIEL D’IMPURETE DANS LES 
ALLIAGES DILUES A BASE DE METAUX NOBLES 
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Resume-Nous r6solvons formellement le probleme de I’hybridation introduite par une impurete 
entre les bandes s et d d'un metal noble ou de transition. Nous supposuns les bandes .v et d non hy- 
bridees dans le metal pur et nous representons les bandes d en liaisons fortes. Nous appliquons ces 
r6sultats a un modele simple dans lequel les electrons de la bande i ont comme fonctions d'onde des 
ondes planes modulees par la function de bas de bande; nous etendons I'analyse classique en de- 
phasages a I'etude des alliages a base de metaux nobles et de transition; nous discutons notamment la 
forme asymptotique de la variation de densite electronique el la resistivite residuelle 

Abstract-We present a general study of the hybridization introduced by an impurity between s and 
d bands of transition metals. We study a simple model assuming that j electrons are well described by 
plane waves modulated by the wave function of the bottom of the band. We extend the classical phase 
shift analysis to the study of impurities in transition metals. We di.scuss various physical properties 


of transitional alloys (residual resistivity, electronic 

Nous presentons un modele permettant 
I'etude des alliages a base de metaux nobles 
et de transition dans I’approximation de Hart- 
ree-lock; nous discutons en particulier 
I'effet des termes de melange s-cJ dus a I’im- 
purete, ainsi que le role du potentiel direct 
,s-A sur les proprietes physiques de ces alliages. 

Ce probleme a deja ete aborde dans un 
modele du a Gomes [12] a propos de I’etude 
de la resistivite de la chaleur specifique et du 
pouvoir thermoelectrique des alliages a base 
de metaux de transition. Dans ce modele, 
la bande .v et les bandes d sont traitees dans 
I'approximation des liaisons fortes. Le poten¬ 
tiel du a I’impurete, suppose localise sur le 
site de I’impurete, est determine par les trois 
elements de matrice i>**. p''". p**' du potentiel 
entre les fonctions s et d de I’impurete. 

Ce modele ne saurait etre que tres quali- 
tatif. En effet, il decrit de fa^on tres impar- 
faite les bandes de conduction des metaux 
nobles et de transition: les calculs de structure 
de bandes et les modeles d’interpolation de- 
veloppes par de nombreux auteurs montrent 


density.. ..) 

que, si dans ces metaux, les bandes d sont bien 
representees par une approximation de li¬ 
aisons fortes, les bandes de conduction sont 
decrites par un modele d’electrons presque 
libres. De plus I'approximation de liaisons 
fortes pour les bandes de conduction ne peut 
evidemment tenir bien compte de I'ensemble 
de ces etats. La convergence de la transformee 
de Hilbert de la densite d'etats exige d’ailleurs 
que la bande ait une iargeur finie iV. Enfin, 
le potentiel d'impurete ayant la symetrie 
ponctuellc du reseau, I’element de matrice 
if'' est strictement nul si les bandes sont 
construites a partir d'etats atomiques de 
symetries diflFerentes de sorte que v”" ne peut 
acquerir une signification precise que dans 
un calcul plus elabore. L'existence des para- 
metres phenomenologiques W, p®'', p®* em- 
peche toute application quantitative de ce 
modele a un alliage particulier. 

Le modele que nous proposons est une 
extension du modele de Gomes tenant compte 
d’une structure des bandes de conduction 
realiste et permettant un calcul quantitatif 
ow 
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tie /a structure eiectronitjue des impuretes. 
Pour /'etude generale des effets de I'hybrida- 
tion (notees s). Nous etudierons en detail 
ferons done aucune hypothese a priori sur la 
nature de /'ensemble des bandes de conduc¬ 
tion (notees '.v'). Nous etudierons en detail 
deux cas particuliers correspondant a deux 
modeles realistes des bandes de conduction: 

(/) les fonctions d'onde s sonl des ondcs 
planes modulees par les fonctions de has de 
bande: (2) les fonctions d’onde s sont trai- 
tees dans I'approximation des ondes planes 
oiihogona!isees|8]; nous calculerons en 
purticulier la structure clcctronique de falli- 
age ('ll Ni. 

Dans notre modele comnie dans les modeles 
d'Anderson ct de (iomes. nous negligeons 
I'hybridation v-d dc la matnee pure, ( cite 
approximation cst severe dans les mctaiix dc 
Iransilion pour lesquels le niveau de I ermi 
tombe dans une region oil les bandes de la 
matrice sont forlement hybridees (cas du fer 
pai exemple). f ile pent egalemenl intcrvenii 
dans les mtdaux nobles (on dans les metaux 
de transition) pour modifier la largeiir des ctats 
lies virlticls, lorsqu'ils existent. I 'origine de 
cet clfet. dicute pour la premiere fois par 
Kanamori (2,'< I cst facilement comprehensible, 

I 'hybridation ,s-d introdiiit une tiensite 
il'ctats faible et lentement vaiiable avec I enei- 
gic, I'elal he </ exirail ilcs bandes </ plemes, 
entre en resonance avec ces eiats. I a largeur 
de I'etal correspondant ii cette resonance 
'M' Mippo.src sciilc a etc estimee dans le 
cuivre, a partir ties ciilcuK de stiucltire de 
bandes de Burdick 124,25) iA„ 01 cV). 
Bien qu’elle scmble insurtisante pourexpliquei 
les largetirs observecs, elle n est pas neglige- 
able. Cet effet d'clargisscmeni etant d'autant 
plus grand que I'etiil lie virtuel cst pitis proche 
du somniet des bandes d, il est certainement 
important pour les etats lies virtuels apparais- 
sant dans les alliages du type Ni Cr ou Co 
Ru[26J. Un traitement plus complet faisanl 
intervenir simultanement I'hybridation liee du 
mdtal pur et de I'impurete montre d’ailleurs 
que ces deux effets ne sont pas additifs. 
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Nous developpons actuellement cette etude 

afin de calculer son influence sur Jes diverses 

proprieies physiques des alliages. 

Dans la premiere partie de cet article, nous 
etudions de fafon generaJe le probleme de 
I'hybridation s-d due a I’impurete: nous re- 
sotidrons (ou supposerons resolu) le probleme 
prediminaire de la diffusion dans chacune des 
bandes s et i/separement: e’est la un probleme 
dont les resultats sont bien connus[5-7]. A 
l aide des fonctions d'onde obtenues, nous 
determinons les solutions de I hamiltonien 
total en ajoutant I'hybridation due au poten- 
tiel d’impurete; nous obtenons ainsi une solu¬ 
tion gencrale du probleme, ou le processus de 
melange est clairemeni mis en evidence. 

Dans la seconde partie de cet article, nous 
faisons une application du modele general 
an c.is oil les fonctions d'onde s sont des 
ondes planes modulees par la fonction de 
has de bande; en accord avec cette hypothese. 
nous supposons done que I’energie des elec¬ 
trons '.v' varie paraboliquement avec le vecteur 
d’onde k(A' ^ ll„ + Une telle structure 

de bandes represente raisonnablement les 
proprietes physiques des metaux consideres; 
nous pouvons alors calculer aisement la 
charge totale deplacee, la variation de den- 
site electronique, la polarisation de spin (si 
I'impurete consideree est magnetique) et la 
icsislivitc rcsiduelle dans un metal noble ou 
de tiansition. Ces quantites sont exprimees a 
I’aidc des dephasages introduits par le poten- 
tiel dans chaque bande ainsi qu’a I’aide des 
dephasages de melange s-d. Dans le cas des 
metaux nobles, les formules classiques de- 
duites d'un module ii une bande [5] pour des 
electrons lihres peuvent s’etendre sans grande 
modilication; en parliculier, pour un potentiel 
locali.sc sur le site de I’impurete, seul le de- 
phasage /—2 (pour les electrons .v) et les 
dephasages de symetrie £/L7,12,23], sont 
modifies du fait de I’existence du melange. 
Nous pouvons ainsi faire aisement le lien avec 
la theorie de I riedel sur les etats lies virtuels 
[9, lOJ. Dans le case des metaux de transition, 
les formules a une bande decrivant les pro- 
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prietes physiques de i’alliage a I'aide des 
dephasages ne peuvent s’etendre simplement; 
ainsi, tl n’existe plus de relation simple entre 
Ics dephasages apparaissant dans la resistivite, 
la chaleur specifique ou la variation de den- 
site electronique. Ceci provient de I’exis- 
tence de deux voies (s et d) et de la non 
conservation du nombre de particules dans 
chacune des voies. 

Pour alleger les notations, nous avons 
developpe le formalisme dans un modele 
ou les cinq bandes d sont independantes et 
oil les densites d’etats par unite d’energie de 
chaque orbitale /, n(£, f/) sont egales[l]. 
Cette simplification n’entraine pas de modi¬ 
fication importante de la structure elec¬ 
tronique des impuretes[27J. Les resultats 
theoriques sont generaux, et nous avons 
retabli les indices 17 dans les formules finales 
pour tenir compte de ce fait. 

Le travail que nous presentons permet une 
description unique des alliages a base de 
metaux nobles ou de transition; il est suscept¬ 
ible de s'appliquer tant aux alliages ou il ex- 
iste des etats lies virtuels s-d (CuNi, NiCr, 
Co Os ....) que dans le cas oti seules existent 
des resonances d-d[7] (alliages a base de 
Pd, Fe etc...). C’est done une generalisa¬ 
tion des modeles d’Anderson[9] et de Wolff 
[10] tenant compte explicitement de la struc¬ 
ture de bandes des metaux consideres. II 
doit etre complete par une etude d’effet de 
I’hybridation s-d de la matrice. 

1. PROBLEME GENERAL DE L’HYBRIDATION s-d 
DES ALLIAGES A BASE DE METAUX NOBLES OU DE 
TRANSITION 

Apres avoir discute la methode generale 
(1.1), nous donnons les equations relatives 
aux fonctions d’onde (1.2), a la variation de 
densite d’etats et a la charge deplacee (1.3). 

LI Methode generale 

L’hamiltonien de la matrice contenant une 
impurete situee a I’origine s’ecrit: 

(1.1) 


oil //o est I’hamiltonien du metal pur; les 
fonctions propres correspondantes sont des 
ondes de Bloch |/ik) d’energie fn^fk): 

/y«|/ik) = £„“(k))/jk) (1.2) 

I’indice n represente la bande consideree 

(n — s; di, i= 1,5); les etats |nk) sont ortho- 
gonaux; 

{nkj/nk'} = S„,„S(k — k') (1.2b) 

le potentiel d’impurete V est du a la charge 
electrostatique supplementaire Z apportee par 
I’impurete ainsi qu'a I'ecran du aux electrons 
de conduction. Nous supposerons dans la 
suite que ce potentiel est local et est le meme 
pour tous les electrons de meme spin. De plus, 
sauf indication contraire, nous supposerons 
que I’alliage n'est pas magnetique. 

Afin de resoudre le probleme de I’hydrida- 
tion s-d, nous decomposons le potentiel 

d’impurete sous la forme: 

y=y>^^y<i,i^ys,i^y,ts (|3a) 

avec 

yu^p.ypj (l_3b) 

oil P” est le projecteur sur les etats s et £■* le 
projecteur sur I'ensemble des cinq bandes 'd'. 
Nous decomposons done I'hamiltonien (1.1) 
en deux parties: 

H, = (1.4) 

Hi = 1 /"^ 

Nous cherchons les fonctions d'onde de //, 
sous la forme de combinaisons lineaires d’- 
ondes de Bloch: 

l'l"ik) = 2^”(k,k')|nk'). (1.5) 

k 

En effet. les operateurs et L''** etant her- 
mitiques et les sous-espaces 5 et d orthogon- 
aux. les solutions |^ik> sont contenues dans 


H^Ho+y 
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I’espace n. [.’equation de Schrddinger s’ecrit 
simple ment: 

(//«+(/"") !r*) 

Dans ct dans e„k, I’indicc n represente, 

soil les bandes de conduction (nolees a) soit 
I’line dcs cinq hanJes </ (nolees di, (/ =- I. ^)- 
I.e potentiel d'impurcte etant localise, nous 
pt)Uvons I'aire correspondre a toute onde |/ik) 
une oncie de meme energie f„k = EIV 

(aI’ordrc N 'pres,A'etantlenombred’atomes 
du cristal); nous choisirons celle-ci de sorte 
qu'clie satisf'asse a la condition aux limites: 

lim (rl'I'.'k) - {r|//k). (1.6b) 

He meme, nous pouvons faire correspondre a 
chaque fonction |//k) une I'onction propre 
|^„k) de I’hamillonien total H 

in-s.dn (1.7) 

satisl'aisant a une condition du type (1.6b). 
I,a I'onction d'ondc sera exprimec dans la 
base des Conctions propres de //,: 

"l.4| 

I.es coetlicients verilient le systeme 

d'equations suivani: 

(/•“/•;;!,*..)(- 6kk6. 

-- i:' 01':^ 

/'■M 

Puisque seui Ic poienliel //.. inlroduit des 
transitions entre ondes I'l'^'), la somme 2 ‘•“st 

P 

etendue aux cinq bandes d [p = di. /'= 1,.*') 
si m = i'; elle est etendue sui les seuls etats 
de conduction si m correspond a Tune dcs 
bandes d(m = di). 

Les equations (1.9) sont des equations de 
Fredholm inhomogenes de noyau ('KJklLj'Pp', >. 
Ce systeme d'equations integrates se sim- 
piifie notablement lorsque les bandes 'd' sont 


traitees en liaisons fortes; dans ce cas, en 
effet, nous allons montrer que le noyau 
^ mettre sous la 

forme d'une somme de produits d une fonc¬ 
tion de k/„(k) et d’une fonction de k' {XtJa 
(k)ft,(k')(cf. Section |l.2]); les equations sont 
alors immediatement solubles. 

Pour calculer ('^i.k il nous faut 

prcciser les hypotheses du calcul des liaisons 
fortes:-les functions d’onde du metal pur 
|dik) ct les fonctions de I’alliage correspon- 
dant a L”' = 0, |'P!/,k> s’ecrivent sous la forme 
d’une combinaison lineaire d’orbitales atom- 
iques j/X) oil j caracterise le type de I’orbi- 
talc et X le site sur lequel elle est centree: 

|i//k) = N 2 Wn/tkici^l/nX) (l.lOa) 

in X 

!'!'■,k) = /V '-2 (I.iob) 

m * 

Nous supposerons dans la suite, pour fixer 
les idees, que le groiipe ponctuci du cristal 
est ctibiqtie et nous choisirons les fonctions 
atomiques de sorte qu’elles soient fonctions 
de base des representations irreductibles 
r;.;,(/>( ^ 1,2, .^) et r ,2 (w = 4,5). 

l:'n ttccord avec les calculs de liaisons fortes, 
notis supposerons que les fonctions atomiques 
sont quasi orthogonales: 

(n(X|«/Li) = 6 ,„Ak.- (1.11) 

Dans CCS conditions, en introduisant le pro- 

jecteurcomplet sur les etats d\ 

P"= 2 l'^> ('X| (1.12) 

I.x 

dans relemeni de matrice du potentiel nous 
obtenons: 

<'t'!k |L|r/,k> = N~' 2 (1.13) 

;n X 

avec la notation; 

/V''''('l';^,|I/|mX). (1.14) 

Le noyau de I’equation (1.9) s’ecrit done 
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comme la somme de produits de fonctions de 
k et de fonctions de k'; le potentiel d’impurete 
etant localis6 au voisinage de I’impurete, les 
elements de matrice (1.14) decroissent tres 
rapidement avec la distance |X|, de sorte 
qu’il suffira dans la pratique de ne prendre que 
les termes correspondant a I’impurete X = 0 
et (eventuellement) a ses premiers voisins[7]. 

Remarquons enfin que le developpement du 
type (1.13) peut etre etendue a une bande 
quelconque pourvu qu’on remplace les etats 
atomiques |/X) par les fonctions de Wannier 
correspondantes. Cependant, en general 
les fonctions de Wannier sont etendues meme 
dans le cas de cinq bandes d hybridees et 
le developpement precedent ne converge pas 
rapidement, ce qui lui enleve son utilite 
pratique. 


1 .2 Fonctions d’onde de I’alliage 
Grace a la forme (1.13) du noyau, nous 
pouvons resoudre facilement les equations 
(1.9). Designant pur a = (w, X) I’ensemble des 
indices m et X, nous definissons les deux 
matrices; 


- Mkk'+ ^ 2 ^ * 

1 1 


dik ^ 


N£-£". 


0 2 


X {(1~G/G,*')-'U^/*^ (1.16) 


Rappelons que, dans ces expressions a = 
(wX), m = s ou di. Ces expressions sont 
complexes; nous verrons cependant que la 
forme asymptotique de la function d’onde, 
qui intervient dans les problemes de resis- 
tivite, de charge deplacee etc... prendra une 
forme simple (voir Section 2). 


1.3 Charge totale deplacee; variation de 
densite d'etats introduile par I'impurete 
Nous determinons la densite d’etats et la 
charge deplacee par le potentiel V a I’aide de 
I’operateur de Green C = selon 

le schema utilise par de nombreux auteurs 
[11-13). La variation de densite d’etats intro- 
duite par I’impurete est donnee par: 


Equation (1.15a) sont les elements de matrice 
dd de I’operateur de Green associe a //,, G, = 
(£ — //,)'’. Selon I’habitude et pour fixer le 
comportement asymptotique de (r|«k), nous 
supposerons que E'^ = E + /O. Dans la suite, 
nous omettrons I’exposant + associe a £. En 
utilisant le fait que le noyau de (1.9) se met 
sous la forme (1.14), nous obtenons pour les 
fonctions d’onde les expressions suivantes; 


+ 


1 


NE-E\ 


- V D 

/TO , Zrf ‘"a 


S/i(£) = rr(6 (£-//)-S(£-//o)). (117) 

Celle-ci est reliee a la function de Green G 
paries relations; 

ImTrG = -iTTrdiE~H) 

(1.18) 

Im TrG'' = -nTr5{E-Ho). 

Nous nous interessons id uniquement a la 
variation de densite d’etats due a I’hybridation 
de sorte que nous ecrirons 6n(E) sous la 
forme: 


x{(l-C,''C,''*)-'G‘'UV" 


8n{E) =dn’{E) + 8n'‘{E) + 8n”‘{E). (1.19) 
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Dans (I.I9), 6n*(£’) represente la variation 
de densite electronique introduite dans la 
bande .v par y"; de meme Sn‘‘(E) represente 
la variation dans la bande d introduite par 
f/M. est le terme du au mdange 

F'*'. D’apres (1.18) et (1.17), ce terme s'ecrit 
s/mplement; 

f>n'"'(h'l =— Wr(G-G,)- (1-20} 

7T 

L’operateur G est donne en fonction de G, a 
(’aide de I’cquation classiquel I4|: 

G -■= G, (P y"“)G + t'/,. (1.21) 

Nous evaluerons la trace apparaissant dans 
(I 20) a I’aidc des elements dc malricc de G 
et Gf dans la representation inlerniediaire des 
lonctions j'l'i,,) Lcs equations salisfaitcs par 
CCS elements de matrice sont analogues aux 
equations (1.9). Nous ne la rcproduisons pas 
ici, le pnncipe de resolution est le meme que 
celui qui permel d'oblenir lcs lonctions d onde 
de I'alliage. On montrc alors aiscmeni que 
(I 20) sc ntcl sous hi t'oi mc suivantc: 

fi//"'(/;) Argdctd - 

( 1 . 22 ) 

l.a charge deplaccA- par rimpuicle el due au 
mehinge s'ecrit alors: 

/•"'(/•-) - I 

1 Argdci (I -G/'fi'i''"). (1.2,1) 

17 

Cette expression est valable quelles qiic 
soient les bandes .v et d. Rappelons que les 
fonctions 6’,'' et G/'* (definics par (1.1.1)) 
sont relatives ^ I’hamiltonien //,: elles con- 
tiennent done implicitement I’eHet due poten- 
tiel et ne se ram^nent pas directement 

aux fonctions de Green du metal pur. 

La charge deplacee due au melange se 
calcule done k I'aide d’un determinant de 
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rang 5n (n est le nombre de sites X oil pjj^^est 
non negligeable). La resolution explicite peut 
etre simplifiee par la th^orie des groupes selon 
la meme methode que celle utilisee pour 
I’etude des perturbations a i’interieur des 
bandes etroites[7J. Z'" est alors la super¬ 
position de dephasages associes a chacune 
des representations irreductibles du groupe 
ponctuel du cristal. En particulier, dans le 
cas oil le poientiel est localise sur I’impurete, 
la charge deplacee s'ecrit sous la forme: 

Z(E)=Z^(E)+Z'‘(E)-hZ^'^(£)(L24a) 

=- {3«»"(E. i;,) + r,^)} 

(1.24b) 

avec 

J)'"(/:'. 17) = Arg (I -Gl^'Gfffi). (I.24c) 

Fn ctTct. dans ce cas, le determinant appar¬ 
aissant dans (1.22) (1.23) a pour rang 5 et 
est directement diagonalise dans la base des 
fonctions |/()) puisque G/' et G/* sont trans- 
formccs identiquement par les operations du 
groupe ponctuel du cristal. Les formules 
(1.22) (1.23) generalisent les resultats obtenus 
a unc bande. Elles inlroduisent des dephas¬ 
ages de melange dont la signification physique 
est clairc: le potentiel perturbateur ayant 
la symetrie cubique. on peut choisir comme 
fonctions propres de //, les fonctions se trans¬ 
formant comme les fonctions de base des 
representations irreductibles du groupe 
cubique l'l'„'(l )>; le potentiel d’hybridation 
y^'+y''' n'introduit d’interaction qu’entre 
lcs ondes |'P') qui se transforment de maniere 
similaire par les operateurs du groupe ponc¬ 
tuel; le dephasage 6’''(r) traduit I’interaction 
entre ces ondes partielles. 

Nous ne developpons pas plus loin le 
formalisme general, bien qu’il puisse s'appli- 
qiicr sans difficulte; nous aliens etudier dans 
la deuxieme partie de cet article un modele 
simple de structure de bandes d’un metal de 
transition permettant un calcul analytique 
complet des proprietes physiques de I’alliage. 
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2. APPLICATION: GENERALISATION DE 
L’ANALYSE EN DEPHASAGES AUX ALLI- 
AGES a base DE METAGX NOBLES ET 
DE TRANSITION 

L’analyse en dephasages n'a ete faite que 
dans le cas ou la bande s peut etre assimilee a 
une bande d’electrons libres dont les fonc- 
tions d’onde sont des ondes planes modulees 
par la fonction de bas de bande w(r); 

^rl^'k) = (2.1a) 

Nous supposerons que tel est le cas dans la 
suite de ce paragraphe. De plus, pour simp¬ 
lifier les developpements, nous supposerons 
que 

(1) les cinq bandes d sont identiques et 
independantes, i.e.; 

n{E. r/) = (/0|fi 

X (£-W„)l/0) =«{£)/5. (2.1b) 

(2) le potentiel d’impurete est localise sur 
I’impurete et a la symetrie spherique. 

Cesdeux approximations sont raisonnables; 
elles sont justifiees par differents calculs dc 
structure electronique d’alliages a base de 
metaux nobles et de transition. La premiere 
n’est introduite que pour simplifier I’expose; 
nous donnerons d’ailleurs les formules finales 
en faisant reapparaitre les densites d’etats 
partielles n(E. I'j). La seconde hypothese 
simplifie les calculs pratiques; il est possible 
d’etendre I’analyse en traitant les potentiels 
au dela des premiers voisins par une methode 
de perturbation; ceci complique considerable- 
ment les calculs et n’est pas essentiel sauf 
dans des cas pathologiques (Ni Cu, Pt Au) ou 
le potentiel est necessairement etendu[27I. 

Afin d’appliquer le formalisme precedent, 
nous rappelons d’abord les resultats d’un 
calcul de diffusion dans chacune des bandes .v 
et d supposees independantes (determination 
des fonctions I'Pik)) (Section 2.1); nous deter- 
minons ensuite la charge deplacee. Section 
2.2, les fonctions d’onde de I’alliage, ainsi 


que Jeur forme asymptotique, Section 2.3; 
nous discutons la forme de I’amplitude de 
diffusion elastique en separant le cas des 
alliages a base de m6taux nobles et de transi¬ 
tion. Les resultats sur I’amplitude de diffusion 
permettent de determiner la resistivite elec- 
trique (2.4) et la forme asymptotique de la 
variation de densite electronique; nous in- 
sistons dans ces paragraphes sur la differ¬ 
ence de comportement entre les deux types 
d’alliages consideres, en ce qui concerne la 
representation physique a I’aide des de¬ 
phasages. Enfin. nous discutons brievement 
I’infiuence du potentiel de diffusion s-s sur la 
polarisation de spin introduite par une im- 
purete magnetique dans un alliage a base de 
metal noble, en liaison avec les etudes re- 
centes sur I’integrale d’echange dans les 
alliages du type Cu Mn, Fe, Cr[21 J. 

2.1 Diffusion dans les bandes s et d; fonctions 

. Grace aux hypotheses faites sur les bandes 
d, I’element de matrice t;'"= (/OIL 1/0) deter¬ 
mine entierement le potentiel d’impurete; 
d'apres les resultats classiques sur la diffusion 
dans les bandes etroites, les fonctions I'P^k) 
sont donnees par [6, 10] 

N-"" S /f»‘'"‘d>''(r-A) (2.2a) 

A 

,sd(I 

G«-(A). (2.2b) 

G"'' est defini comme I’element de matrice 
de I’operateur de Green du metal pur entre 
fonctions atomiques centrees sur le site de 
I’impurete: 

{di0\C«\dJ0} = G''"(£-, l',)5jj 

(2.3) 

(d/OlG'V'A) = G,“^(X). 

Dans le cas de cinq bandes independantes, 
ces fonctions sont independantes de /. 

La fonction G''j® definie par (1.1.'') devient 
(en omettant les indices /O pour simplifier): 
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j^jii |2 I cs fonctions //(r) sont reguli^res 4 Totigine 

<2.4) et sont normalisees scion la condition clas- 

* , ^ titV 

siquc: 


En utilisant I'equation de Dyson apptiqu^^ 
aG'A 

(;,■<= a"+ 0''l"“'G," 
nous oblenons 

(2 5) 

/T'iiprcs Chypolhesc faile siir la bancic ,v du 
metal pur. les f’onclions propics ).vk.) i>nt unc 
enerjjie donnce par: 


(.I'apies les rt^ullals ohicnus dans l upprovi- 
maiion de la masse eireetivc el dans I'appioxi- 
niation spheiique iti utilisecjl.t, I.S), les 
Idnctrons d’onde difl'usces par I'lr) se metleni 
sous la forme; 

(rl'I'IJ ■-■A' ‘-'uitlfir) [2.7) 

Oil /Id esi sciliition <le I'egualion dc masse 
cireelive: 


lim/tlr) = sin (kr~lir/2 + dt(f:)) ( 2 . 11 ) 

5 (X ) esi le dephasage introduit par la partie s 
du potcntiel perturbaleur, D’apres les resul- 
tats c(a.ssiquesfl4J, la fonction d’onde j 
associee a la fonction de Bloch (sk) s’ecrira; 

~ 2! /'e'* (*'•)■ 

' ( 2 . 12 ) 

2.2 Potcniiel pertiirbateur et charge de- 
pUicee 

Nous appliquons dans ce paragraplie le 
resultat (1.24) en uiilisanl ceux du paragraphe 
precedent. 

Grace aux formules (2.2) et (2.12), nous 
pttuvons delerminer le.s elements de matrice 
du potenliel I '''; 

(2.13a) 

= 477 J <t>'Ur^ lE(r)ii(r}j:ykr)rdr. 

a 

(2.13b) 


i A/2/»/'' /:'( Kr)}/(r) 0. (2.8) 

Nous resiMidrons cclle equation cn coor- 
donnee.s spheriques piii.sque le potenliel t'(/) 
e.st suppo.se avoir la syrnetric s'cntrale; la 
fonctiony (r) so met alois sous la forme. 


,/;(r)V/"lr) (2.9) 

oil y,”'(r) est rharmonique .spherique class- 
ique associee a la direction f|l4J el oii /,lr) 
sati.sfait 4 I'equation radiale; 


d“ 1(1+1) 

dr“ r“ 


2/ri*y r)-f 



( 2 . 10 ) 


Hans (2.13), ^''(r) cst la partie radiale de 
la fonction atomique d ei fi(kr) cst delini par 
(2.10). (2.11), les formules (2.13) appellent 
le.s commentaires suivants: —le potenliel 
d’hybridation (2.13a) a la symetrie d par 
rapport a la direction de k —la partie radiale 
de ce potenliel (D''(k)) depend de la partie s 
du potenliel par I'intermediaire de la fonction 
f.(krV, elle ne depend pas explicitement de la 
partie d. puisque dans I'approximation des 
liaisons fortes, la dependance radiale de la 
fonction d’onde n’est pas modifiee par 

yiW 

Refnarquons enfin que la fonction 
(cf. I. I -‘i I s’ecrit ici avec I’hypothese des 
bandes independantes, sous la forme; 
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Gf*|S= G/'CE) 


-Q- f -Ji^^WJL-dJc 

(27r)®J 

0 

( 2 . 14 ) 


(!’.£)=- 


ir/t<‘(E,r)v'><‘ 
l-i)‘“/(E, F) 


= Arg(l-r‘''^C»''(r)) 


(2.19) 


Dans cette formule, n est le volume atomique. 
En separant parties reelles et imaginaires de 
G,"*, nous obtenons: 


ou/(£. r) = ReG‘>‘‘ et n(£. r) = - 7 r-'ImG®'' = 
n(£}/5;/(£,!’) est la transformee de Hilbert 
de«(£,r) (cf. 2.15c) 


GiTTn^" (2.15a) 

f^=P I ^^'j^7 d£'. (2.15c) 


Dans (2.15c), P est la partie principal au sens 
de Cauchy. Puisque nous avons suppose les 
cinq bandes J independantes et Je potentiei 
d’impurete a symetrie spherique, les cinq 
dephasages de melange definis par (1.24) sont 
egaux dans le cas de bandes identiques: 


S^'CE-r,) =8*"(£) 


= Arctg 


l-ReGAE)G,'‘’(E)' 


(2.16) 


I.es quantites G/ et 6 ',''* sont donnees re- 
spectivement par (2.5) et (2.15). 

La charge deplacee dans la bande .v sup- 
posee seule est donnee par la regie de Friedel 

Z'(£) =-V (2/+t)S,(£) (2.17) 

TT ^ 

/-'■o 

oil les dephasages dans la bande s sont de¬ 
termines par (2.11). De meme, la charge 
deplacee dans la bande d est donnee pour un 
potentiei localise par la relation: 

Z'‘{E) =-(36(r.i„£)+28(r,2,E)) 

TT 

(2.18) 

ou les dephasages 8(1',, E) sont egaux dans le 
cas de bandes identiques; ils sont donnes par 
la relation: 


/(£,r) J- ^^'J0 E'. (2.20) 

2.3 Discussion des formules donnant la 
charge deplacee: etat lie virtuel 

Dans le cas d'un metal de transition oil la 
bande d est incomplete, les dephasages dans 
les deux bandes jouent a priori le meme role; 
cependant, la charge deplacee dans la bande 
d etant plus importante que celle deplacee 
dans la bande j[7] nous pouvons dire que 
I’eflfet du melange est de renormaliser les 
dephasages 8''(£, J’) en les remplagant par 
8 "-I- 8 '" (cf. (1.24), (2.26), (2.19)). 

Dans le cas d’un metal noble, oil la bande d 
est complete, les dephasages d au voisinage du 
niveau de Fermi sont nuls (modulo ir) puisque 
«''(£) est nul (cf. 2.19). II n'y a pas d’ambig- 
uite: I’effet du melange est de remplacer le 
dephasage 1=2 introduil dans la bande s par 
un dephasage: 

8'(E.I') = 82(E) H-S’-'IE.I'). 

Nous pouvons alors retrouver clairement 
I’origine d’un etat lie virtuel s-d dans les me- 
taux nobles ou de transition. Lorsque le 
potentiei d'impurete F est suffisamment re- 
pulsif, il extrait un etat d de la bande d pleine; 
I’energie de celui-ci £," est donnee (en (’ab¬ 
sence d'hybridation) par le pole de (2.19): 

1 - r"'|/(£/’) = 0. 

Au voisinage de cette energie, le dephasage 
82 (E) reste regulier, tandis que le dephasage 
de melange saute de — tt a 0 lorsque I’energie 
passe de valeurs inferieures a des valeurs sup- 
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erieures a En effet. d'apres (2.16) ei cn 
utilisant le fait que la densitc d’etats esi niille 
pour les energies considerees. s’ecrii 

sous la forme: 

I , =-__ 

( 2 . 21 ) 

La position dc la resonance il'\ donnee par 
Ic /cm dll denominatciir dc (2.1 I), 

I / (/'M Ilf''" 1 /"’l/;.l') I. (2.22) 


II n'en est probablement plus de meme pour 
les etats lies virtuels apparaissant dans les 
metaux ferromagnetiques (NiCr, NiRu par 
example); dans cc cas. il semble qu’il faille 
tenir compte de la proximite de la bande </, 
cet eft'et ayant une importance pour des ener¬ 
gies de fordre de la largeur de I’etat lie vir- 
tuelflb). 

Nolons enfin que la forme de la resonance 
n’est pas affectee par les termes t’** dans la 
mesiire ou le dephasage 6.,(E) a un comport- 
ement regulier dans le domaine d'energie 
(/■;/’ A./;,<> +A). 


est dcpiacec par Ic melange s-J. La largeur 
de I'eiiit lie virluel es( donnee par le devel- 
oppenienl dc (2 III an voismage dti deiiom- 
inaicui. 

I) m:, I ) , 

/: r.r (—.<a) 


2.4 h ont tionx d'<mde de I'rdliu^e 
Cirace an resultat (1.16) et aux formules 
(2.2) cl (2.12) relatives a 'L,V(r), on obtient 
complelcment les fonctions de I’alliage. La 
fonelion |'I'„J associee a la fonction de Bloch 
Ink) s’ccril sous la forme: 


-llL.I I ■■ 7m''7 (/-..I |•7/'(/■.'.^) (2 2.1bl 

les formules (2.22). (2.2.1) gemeraliseiK la 
tonnide d'Andetson en lenani com(i(e e\- 
pliciicment de la structure de bandes d sur 
Celle de I etal he virtuel Nous ponvons d'aill- 
eius teliDuvcr les loimules il'Andeisonl')) 
en supposant que le poientiel i est sultisam- 
ment grand pour que I on puisse assimiler. au 
voisinage dc / /"./(/..I | a sa fotme .isvinp- 


rjr) 'n;'"^(r) (2.24) 

m 

I'I';;;,) represente la fonction d’onde diffusee 
dans la bande m par le potentiel de melange 
1'"+ I Nous obtenons: 


n ""(r) -^-A)-.”^e'«‘-'/’.,(cos0)r'""(/l) 


lim./ILM ) /, '. ( 2 . 2 .tc) 

Dans ces conditions, (2.21)deviei)i 

Alt'. 1')---7m""(L:,L) - 7r(|f""|k))-')^/,■'(/•;); 

(2.21d) 

dans (2.23c). ( }, designe la valeur moyenne 
de (i'| '"(k)|" sur la surface d'energie constante 
E. L’etude du comporicment de f" montre 
qu’un tel developpement est valable pour 
I’energie de Fermi des metaux nobles]81. la 
distance entre le sommet des bandes d et le 
niveau de Fermi etant assez grande (~ eV). 


^ yy I rj-1 _ 

I-G/'G'/'Ut 

1 d',„(r-\)d,„„(£,X) 

aa t.. I — K I af moG i'''' 

./»nk ^luni’ j 7^: ~'f —— 

v/v I - G,"G,'* 

xSd<»,(r-X)d,,„,(£,x) (2.25) 

K 

(r) = A/ -' _ 

1 -G/G/'" 
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Dans ces expressions, nous avons defini 
les quantiles J, et par les relations; 


J,{E,r) 


n ... 

(2n)^J E-E% 

(2.26a) 


k 


<7 ""(A) 


(2.26b) 


Rappelons enfin que Pjfcos d) represente le 
polynome de Legendre et que d est Tangle 
entre les directions de k et de r. Les formules 
precedentes montrent que le potentiel de 
melange ne perturbe que la partie / = 2 de 
Tonde s. 


2.5 Forme asymptotique des fo net ions d’onde 
et expression des amplitudes de diffusion T 
Afin de determiner la resistivite electrique 
et la variation de densite electronique, nous 
aurons besoin de (’amplitude de diffusion; 
celle-ci sera determinee a partir de la forme 
asymptotique des quantiles J, et J,t„. Nous 
obtenons aisement a Taide de la melhode de 
la phase stationnaire[6,16,28] les relations 
suivantes: 


JAE.r) 


J.,n,(E,)i) 


il vm* 
(2-n-)^ k 


^ail(^)gi(Ar+«2<W) 


(2.27a) 

jO_ I ,i e^ 

2it 1 ^ |X| ■ 

(2.27b) 


Dans Texpression (2.27b), les vecteurs kj sont 
des vecteurs ayant leur extremite .sur la sur¬ 
face d’energie E. tels que VkjG = tX {/ > 0); 
les quantiles sont definies par les re¬ 
lations: 


rd(f>i 

(2.28) 

IrA-J^rdctAmir 

Ami^ (VkVk£„(k)),,,. 

(2.29) 



"0 si A mi est defini positif 
7r/2 si A mi est non defini 
jT si Ami est defini negatif 


(2.30) 


le lien entre la forme asymptotique des fonc- 
tions d'onde et Tamplitude de diffusion se 
deduit de Tequation de diffusion; 


= l''k> = S yz 


nk 

mk' 


E-El, 


Iwk') (2.31) 


ou la matrice T est definie par ses elements de 
matrice: 

r- =<mr|Ll'T„,) (2.32) 


la forme asymptotique de la fonction (2.31) 
s’ecrit dans la base des fonctions du metal 
pur sous la forme [16]: 

lim'T„k(r) = <r|nk> 

X a„,7jH„(r|wk,), (2.33) 

w.K, 


Les quantiles Om, et k/ sont definies plus haut 
(cf. (2.28)). Par identification de la formule 
(2.31) avec les formules (2.24) et (2.25) ex- 
primees dans la base du metal pur, nous ob¬ 
tenons Tamplitude de diffusion sur la couche 
d’energie constante E^ = 


TT 

ikm* 


'2iSr(k)-\) 

l=(i 


X(2/-f DP, (cos Oy^.) 


(2.34a) 


TA' = Sn 


_ G,'*’ _ 

(l-r‘'«'C<«)(l-G,<'G,'") 


(2.34b) 


e'*''*'>i/'''(^)y’j'"(A) 

*:(l-i;'"'G*'')(I-G,‘'G,'^)' 

(2.34c) 


Nous avons introduit explicitement la partie 
s-s de la matrice de diffusion: celle-ci a pour 
expression: 
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sr(.k) = 




1^2 malrice S sous la forme; 

1 -2/7r I 5."(A) = 

(2.35) 


GOdQ^ds 


X sin (S'‘+<f>'‘)e 




(2.37) 


Ce rcsultat nous servira dans les paragraphes 
suivants; cependant, nou.s pouvons des a 
present discuter le comportement different 
des metaux nobles e( des metaux de transition 
vis a vis de la diffusion s-d: nous examinons 
dans la suite de cc paragraphe successivement 
ces deux cas. 

2.5(a) Amplitudes de diffusion dans le 
eus du nudal noble I es bandes d sont pleincs 
dans un metal noble de sorte que le nombre 
de particules est conserve dans chaque canal: 
on doit avoir I.V™)/.)| = 1|I7| et Ton pent 
alors definir un dephasage reel b-.(k) tenant 
comple explieilement du dephasage de mel¬ 
ange Hn reportanl les f'ormules (2.15) (2.5) 
avee la condition n'M.) 0 dans (2.35b), nous 

oblcno/is. 


avee les notations: 

^ — Arctg i-irn'^lf'^) (2.38a) 

<P'‘ =• Arg 6’“'' = Arctg (—Trn"//''') (2.38b) 

«■/ = - Arg 1 1 - = Arctg (-'rrv<“‘n'*l 

{1-a'"'/")). (2.38c) 

I es dephasages S, son! les dephasages dus au 
potcniiel U" seul. fi.dA) est defini par (2.36) 
et le dephasage fi'' est le dephasage introduit 
dans chaque bande d (cf. (2.19)). Le premier 
terme de (2.37) est ceJui qu’on aurait dans un 
metal noble ayant memes dephasages 82 et 
8 '“'; le dernier terme est nul quand la bande 
</cst pleine. 


fi;iAl -■ / / 2 

8;,(A) fi.AA) ( 8'"(A) /-2 


oil 8 "' est le dephitsage de melange dehni par 
(2.16). Dans le cas du metal noble, les de¬ 
phasages apparaissant dans la forme asymp- 
totique sont ceux qui apparaissent dans la 
charge deplacee et dans la v.iriation de den- 
site d'eiais. les relations classiques cntie 
r^sistivile. variation de densite elecironique... 
seront encore valables, pourvu que Ton rent- 
place le dephasage 80 (A) par le dephasage 
82 (A) defini par (2.36). 

2.5(b) Amplitude de diffusion dans le cas 
d'un metal de transition. I orsque la malrice 
est un metal de transition, il n'y a plus con.ser- 
vation du nombre de particules dans chaque 
canal / puisque des particules s sont diffusees 
dans les bandes d par le potentiel de melange; 
Dans ces conditions, le dephasage S.j est 
complexe, ainsi qu'il est naturel dans le cas 
d’un potentiel absorbant[17]. Afin de mettre 
en Evidence le role de la bande d nous ecrivons 


2.6 Resistiiite residuelle dans un allUif’e d 
base de metal noble on de transition 
Ainsi que nous I'avons remarque dans le 
paragraphe precedent, la resistivite dans le 
cas d'un metal noble se reduit a la forme 
classiquel5|: 


P = 


4n 

A,kr 


^ sin- (8; -8;..,) 

1=1 


(2.39) 


pourvu qu’on r(:crive en fonction des de¬ 
phasages 8 ,' definis par (2.36) (/f, est le nombne 
d’electrons de conduction par atome du metal). 

II n'en est plus de meme dans le cas d’un 
metal de transition puisque les bandes d et 
la bande s contribuent a la resistivite elec- 
trique. II faul revenir a I’equation de Boltz¬ 
mann. Le probleme est ici entierement soluble, 
parce que les amplitudes de diffusion (2.34) 
T 1 ,'' onl une dependance tres particuliere par 
rapport aux vecteurs k et k'. 7 ne depend 
que de Tangle entre k et k', 7;{j; ne depend que 
de Tenergie de la diffusion (diffusion isotrope) 
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et 7'X ne depend que du vecteur k. Nous ob- 
tenons alors ais^ment les expressions de la 
resistivite electrique (Appendice 2). Nous 
nous bomons ici a discuter les resultats ob- 
tenus pour les resistivites s et d. 

2.6(a) Resistivite de la bande s. La resis¬ 
tivite s est dominante dans les metaux de 
transition; c’est la somme de trois contribu¬ 
tions s dont on examinera successivement la 
nature; 

P« = P>i + P «2 + (2.41a) 


(2.43) generalise la formule de Fermi au cas 
oil le potentiel d’impurete n’est pas traite en 
perturbation; le potentiel r"'(k) induit des 
transitions s-d avec une probabilite donnee 
par la formule de Fermi oil Ton remplace la 
densite d’etats finale du metal non perturbe 
par la densite d’etats du metal perturbe sur 
le site de I’impurete. 

(3) Contribution due aux potentiels V“ 
et V***. Le.terme de melange a une forme com- 
plexe; 


(1) Contribution de la bande s. est la 
resistivite de la bande i supposee seule; 

Air " 

<2.42) 

‘ ^ (•! 


p ,3 = sin i|i, [10 sin Sj cos (Sj + S"* 

A^kf 

— 4 sin 8, cos ( 8"* -)- d*** -I- 82 — 8,) 

— 6 sin 8 :, cos ( 8 *''-t- 83 — 8..)] (2.44) 


(2) Contribution de la bande s due au mel¬ 
ange s-d seul. Ce terme est le seul qui ne soit 
pas nul en I’absence de terme direct F*‘; 


P*2 = ^2<km*''(k)|^> 

" m 

nHEr, r,J 4- r,„)if*»(£. P,) 


avec; 


iTn‘‘‘ 

sin*//,- 

(2.45a) 




= 7 rn‘‘‘ — 


sin Zcf)" 


(2.45b) 


Pj 2 est formellement identique au resultat 
obtenus par Gomes. Cependant, on doit rem- 
placer dans la formule correspondante (cf. 
(13b)) Ref.[l] par la moyenne sur la 

surface de Fermi de la quantite lt;,„*"(k)|^. 
Cette moyenne est independante de m lorsque 
F(r) a la symetrie spherique, ce que nous sup- 
posons toujours dans le cadre de ce travail. 
Enfin, G/^IE) est renormalise par le potentiel 
F" (voir (2.15)). Remarquons que dans ce 
cas, (2.42) a une interpretation simple; en 
effet, a partir de la fonction d’onde p ,2 peut 
s’exprimer en fonction de la densite d’etats 
d par unite d’energie au niveau de Fermi et 
sur la cellule de I’impurete nJE/, 0); 

= ^ <It^m'-'ik) nnAEr, 0). (2.43) 


La signification physique de i/i, apparaitra 
dans le paragraphe suivant. 

2.6(b) Resistivite due aux bandes d. La 
resistivite due aux bandes d peut se calciiler 
egalement a I’aide des resultats de I’Appen- 
dice 2. Les cinq bandes i7etant independantes 
d’apres les hypotheses du calcul que nous 
avons presente. Les conductibilites asso- 
ciees a chaque bande s’ajoutent et nous ob- 
tenons pour la resistivite de I'ensemble des 
bandes d: 


P 5 ,' = e= 2 {v^)„n<‘(ES„,)r,„{E,) 

m 

Vin+Gli, 


Tdm(E) = 2n 


I-G-sfirl+ «<';;,) 


nJE, r„) 


4- 


{\v„f'^{k)\^)nAEy) 

l-GSS'dA + G^f) 


4 
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est la valeur moyenne du carre de la 
vitesse sur la surface de hermi m. l.e temps de 
relaxation ranSE ) se compose de deux termes; 
le premier traduit la diffusion a I’interieur de la 
bandc d compte tenu de I’hybridation s-d: le 
second provient uniquement de I’hybridation. 

Dans ces formules, nous avons conserve 
I’indice m bien que si les bandes d sont iden- 
tiques, na[E. .. sont indepen¬ 

dants de m. I.a raison en est que, lorsque les 
cinq bandes d soni hybridees, il est facile de 
montrcr que les formules sont identiques pour- 
vu que la somme sc fasse sur les orbilales 
mini-- tandis que mesurc la 

moyenne de j>-(A)|(wO|/k>|- sur i'ensemble 
dcs surfaces de I ermi </(/-- I,5). Notons 
quo les formules (2.41b) exigent la connaiss- 
anee detiiillee des surfaces de I ermi d alors 
que les formules (2.41a) ne demandeni que la 
connaissance de densites d’etals. 


Dans un alliage a base de metal de transition, 
il n’en est plus de meme. Dans ce cas, Ap‘(r) 
comprend deux termes: 

Ap’i.r) = Ap/(5;', r)-f Ap(*(r). (2.48) 

l.e premier. Ap„"(S;./-) represente la variation 
de densite qu’on aurait dans un metal noble 
ayant les memes valeurs pour les dephasages 
6,'; le second, Apf’lr) est caracteristique du 
metal de transition et s’annule pour des ener¬ 
gies telles que n"{E ) = 0: 


Api'ir) 


4 f/u*'/<(r)~’ 

(IttYV' 


sin (())'' -F S'') 


^ |l - + 

X cos {2kfr+lh., + S'"-</>*"). 

(2.49) 


2.7 V orinuon de densite eUn ironiqne dons on 
(illitiitc (I hdse de nielal noble on de transition 
I a forme asymptotique de la densite elec- 
(roniqiie s’ohticnt ((isement a partir de la 
forme asymptotique des functions d’onde 
(cf. (2..*i))l I S|. Pour unc surface de I crmi 
spheriquc. I'amplitude de diffusion 7:1; nc 
depend que de Tangle P - (k.k') entre les 
vecleurs incident et diffuse; la forme asymp¬ 
totique de la variation de densite electronique 
.V s’ecrit alors (cf. Appendicc I): 

AP"(r) -- nirE ', He { 7VM P - rr)e}. 

(2.46) 

Nous nous limitons dans la suite a Tetude de 
la variation de densite s: la variation de den¬ 
site d s’exprime de fayon analogue a Taide des 
coefficients definis par (2.28) (2..fO). 

Dans un alliage k base de metal noble, les 
formules classiques demeurent valables, 
pourvu qu’on remplace les dephasages S, par 
les dephasages S! definis par (2.36): 

Ap„" {8}, r) =~ ^ 2 ^:, sin 8', cos {2k^r+ 8 ',). 

(2.47) 


( .’amplitude et la phase de ce terme (2.49) de¬ 
pendent de la structure de bandes du metal 
de transition; son importance est predomin- 
ante dans les cas oil Tenergie de Fermi est 
proche d’une resonance (dd ou sd) nous nous 
proposons d’etudier ulterieurement I’import- 
ance de ce terme. 

Nous pouvons egalement mettre en evi¬ 
dence Teffet de la bande d en reecrivant (2.48) 
sous une forme equivalente: 

Ap'(r) = Ap'IS,, r)-f-A'"'(r) (2.50a) 

Af/'‘{r) — -7-4r sin i/y* 

hTT" 

cos {2krr + 28, -f S'”* + 8“+ 8") 
r' 

(2.50b) 

I e premier terme represente la variation de 
densite electronique dans la bande s supposee 
seule; le second mesure Timportance des 
termes de melange et de la bande d. La form- 
ule (2.50) appelle d’ailleurs les commentaires 
suivants; —la phase des oscillations de den¬ 
site n’a pas de relation immediate avec le seui 
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dephasage de melange 5'“; le fait que la bande 
soit incomplete introduit un dephasage 4)‘‘ 
independant du potentiel d’impurete;—I’ampli- 
tude des oscillations est reduite parce qu’une 
grande partie de I’ecran se fait dans la bande d; 
c’est pourquoi, quel que soit le potentiel i;"*', 
|sin'l',l ne peut atteindre la valeur limite 
unite, meme pour une energie correspondant 
a une resonance. Le maximum de sin est 
donne par: 


sup sin = 


irn" 


I “ + — 7 ^ (3 - sin= d)") I 


P 


(2.51) 


il est d'autant plus faible que la densite d'etats 
^/est plus grande. 


2.8 Polarisation de spin introduite par une 
impurete dans un metal noble 
1 .'importance des formules precedentes est 
grande dans I’etude de la polarisation de spin 
introduite par une impurete magnetique. Nous 
nous contentons de discuter le cas d’une im¬ 
purete dans un metal noble. 

Lorsque I’impurete est magnetique, dans 
I’approximation de Hartree-Fock, le poten¬ 
tiel d’impurete depend du spin; les grandeurs 
precedemment etudiees, en particulier Ap*(r), 
sont relatives a une direction de spin donnee. 
La polarisation de spin s introduite par une 
impurete magnetique vaut simplement: 

Aw,"(r) =Apj ■■■(/•)-Ap/Cr) (2.52) 

la contribution de la diffusion a la polarisa¬ 
tion de spin s’ecrit alors; 

Awi^fr) =-^sin 

cos {2kfr+8[ +SJ,) 

X-—I -(2.53) 

r' 

Nous supposerons que seuls les elements de 
matrice u"" dependent du spin de fa^on sig¬ 
nificative [9]; les formules precedentes per- 


mettent alors d’obtenir: 


Aw,'(r) (8*'' —8“") 

cos (2V-l-2S.,-l-8f-l-S'") 

X-^ 

r-' 

(2.54) 

L’amplitude des oscillations .v a la meme 
forme que lorsqu'il n'existe pas de diffusion 
s-s; la phase est modifiee par le facteur 283 . 

A ce facteur de phase pres, la polarisation 
de spin est identique a celle que donnerait un 
hamiltonien du type Kondo avec une integrale 
d’echange effective[19, 20] 




(E-E,,) {E-E,i) 


(2.55) 


Celle-ci depend implicitement de F™ puisque 
i>"'(k) est renormalise par la diffusion s-s: 
(cf. (2.13)). Nous retrouvons ainsi le resultat 
obtenu par la transformation de Schrieffer- 
Wolff (20,21 ] WM facteur de phase 28^ pres. 


3. CONCLUSION 

Dans cet article, nous avons developpe la 
theorie formelle de I'effet de I’hybridation s-d 
introduite par une impurete de transition dans 
une matrice a base de metal noble ou de transi¬ 
tion; nous avons etudie en detail un modele 
simple directement applicable aux alliages a 
base de cuivre ou de nickel. L'analyse en 
dephasages a ete etendue au type d’alliages 
consideres pour le calcul des differentes 
proprietes physiques (resistivite, variation de 
densite electronique, polarisation de spin s 
etc ....). Ces resultats seront appliques aux 
alliages a base de cuivre [ 8 ] ou de nickel. 
Enfin, nous comptons etendre ce formalisme 
au cas ou I’hybridation s-d due a la matrice 
n’est pas negligeable. 
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Nous obtenons des densilds de symetrie bien definie, 
n. el des densile.s hybrides. Ces dernieres son! neglige- 
ables. car leur conlribution est nulle cn moyenne sur une 
cellule 12, a grande distance de I'impurete; en effet, avec 
Ics definiOons (2.28) a (2.301. 

f Ap"”(k.r)dy f ^ 

Jtu Jll. 5 

■ [ d."'‘dr)d.'”'‘'(r)dV=6„„6kk 
Jii. ' ‘ 


d’apres I'orlhogonaliti; des fonctions de Bloch. 

l.a variation pour une bande donnee el une energie 
donnee ilc la densiie elcclronique sera done; 


Ap"l/:.r) 


!1_ ([■_ I f d.« 

(277) ' . 277 J s.ir ) |V,£'j 


2 



r 


x,/,"Nr).;/"‘9r) + a-l + ^5;“-^ 

-* 2 i 


S„(/. ) est la surface d'l-ncrgie constante relative a la 
bande it 1 e premier terme s'livalue aisiiment d'apres 
la methode de la phase stationnaire. Nous obtenons; 

-> I"..//'"!:;’''- 


avec laxletinilion de T. Ic second s'ecrif 


y y f - y»ikymk'_ y f 

tr Jv,.M|V,/.-| 'A 'A, J.s.,,)., |r,,£| 

X<,/>'A])-|X1/'’A^^,^ "A|^.j^^„k,) 


Celle expicssion peul sc simplifier a I’aide d'une general 
is.iiion dll theoreme optique; en utilisant la definition de 
ropeiatciii 


(,■ 


|'l"'k)<9aA| 

- . nous obtenons; 

t- ~ f ,.k 


APPKNDIC’K 1 

runite ii.ssiiiiiltilttiite de lit t iiitititiiii tie t Ititiue 
Nous gcneralisons lei les t'oriniiles ohienues par Klandin 
113) dans le c.is de plusieurs bandes. la variation de 
densit(2 electronique pour une valeui dii veeleur k donnee 
csl; 



avec I'eqii.ition de ddlusion. I'l') = i<(.) + C.'Eli/)) et 
ladefinilion(2 22)ilvicnt; 



Aplk.r) - ^ |'P"^rl|-■-(d,'A(r)|■■ 


I n regioiipanl les deux types de lermes / elT, la variation 
de densiio Ar) devienr 


Grace aux equations i2 1 M nous pouvons la mcltre sous r) 

ia forme suivunte: 


-- 

(27r) */>■' 


‘I S '''|•t«,o'^>"'‘'{r|<|,''''‘{r)T'' 'l‘-ee 

^ k, k, " ‘ 
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la variation totale de charge £lectronique par bande et par 
spin <T s’obtient en integrant la relation pr6cedente jus- 
qu’au niveau de Fermi 


Ap/(r) 


(2ir)V 

ki. kj 

.. ornia„jd>'‘'‘'(r)t^"‘‘'(r)T"k~‘‘‘+cc , „/l\ 

1 , I vi 

IVitEnlj 


On remarquera notamment que seules les amplitudes de 
diffusion Tn” interviennent dans I'expression finale de la 
variation de densite de type n. 


APPENDICE 2 

Resistiuile electrique dans an modele d ptusieurs hundes 
I 'integrate de collision associee a la diffusion d'un 
electron mk(m = s, di) est donnee par(22]: 

'^(k)U = 2 [ <A2I) 

n ^ 

oh f;„(k) est I’ecart de la fonction de distribution par rap¬ 
port a I’equilibre resultant de I'application d’un champ 
electrique. est la densite de probabilite de transition 
pour qu’un electron mk soil diffuse en nk'; celle-ci est 
reli6e i la matrice T (cf, (2.32)) par: 


= = [ T„{k)v*(k) (v„(k) .JT) 

Sir JS.iEy) 


dSk 

Vm(k) 


(A2.4) 


I'integrale ^tant effectuee sur la surface de Fermi relative 
hla bande m. 

En general, les Equations de Boltzmann relatives a 
chaque bande m sont couplees par les termes m it n de 
(A2.1). Dans notre cas particulier (cf. (2.34)) ces termes 
de couplage sont nuls par raison de symetrie: 

(1) pour m = di, n = s, I'integrale de (A2.1) se fait sur 

une surface spherique et I'integrale de K 

est nolle; 

(2) pour m = s. ou dj, n — di, I'integrale se fail sur une 
surface S^iE,,) quelconque mats la probabilite de transi¬ 
tion est independante de k'; I’integrale se reduit a I'in- 
tegraJe de a„,(k') sur SJEf.): celle-ei est nulle pour une 
surface de Fermi centrosymetnqueiU. 

Les integrales de collision se reduisent alors a: 


dfm 

“aT''"" 


= f /’:;i(),'™(k)-g,„(k'))-^^ 
Jv.ie,) ' 


+ kmik) 5] 


I 

T„„(k) 


(A2.5) 


J,(k) = f (m.n = s,dj). 

Js.tE,) v„(k ) 


(A2.6) 


(A2.2) 

nous cherchons dcs solutions du type; 

jfm(k) =-^T„(k)v„(A) (A2.3) 

SE 

oil v„,(k) est la vitesse de I’electron fk et/" la fonction 
de distribution de Fermi Dirac. S’il existe une telle solu¬ 
tion aux equations de Boltzmann relatives a chaque bande 
m, le cuurant total est la somme des courant transportes 
par chaque bande in et nous obtenons: 


Dans les hypotheses que nous avons adoptees, il existe 
un temps de relaxation intrabande. En effet. (I) pour la 
bandes, la surface etant spherique. nous obtenons pour 
r„(h) le temps de relaxation classique[22J. (2) pour 
chaque bande di, ne depend que de I’energie et 
T,,,,„(k) se reduit a I'expressions (A2.6). 

Nous obtenons ainsi le temps de relaxation T„(k) sous 
la forme: 

—- = 'V—!- {m,n=‘S,di) (A2.7) 

r„{k) ^ T„,„(k) 

et la resistivite est alors obtenue a I’aide de (A2.4). 
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Abstract —The method of cluster components iMCC) is proposed. Using MCC. variations of several 
properties of solutions are interpreted as a function of concentration, including spinel solid solutions, 
metallic and ordering binary alloys. 


1. INTRODUCTION 

At the present time, a large amount of experi¬ 
mental data has been gained on composition- 
property relations for a broad class of solids 
and liquid melts, solutions, salt solutions, 
metallic alloys, etc. The main difficulty in¬ 
volved in the theoretical interpretation of the 
property-composition relation is that no strict 
quantum-mechanical calculations can be 
made in these complicated systems. This 
leads to the fact that in an overwhelming 
majority of cases simplified models are used 
on the basis of which phenomenological 
expressions for a functional property- 
composition relation can be written down, 
parameters of those being found by a semi- 
empirical method. At this point, there is a 
natural trend to describe the relation between 
different properties and concentration in 
terms of simpler functions. As the first and 
most widespread approximation, a linear 
property-composition relation is commonly 
used. A simple example of this approach pro¬ 
vides Vegard’s law, employed for describing 
a lattice parameter as a function of concen¬ 
tration. 

To realize such a phenomenological ap¬ 
proach, it appears wise to utilize the equations, 
sometimes available for pure components, 
assuming that in describing the properties of 
solutions, it would be sufficient to retain the 
form of the equation, replacing the parameters 
therein by a linear combination of the para¬ 
meters of the pure components, each weighted 


by the mole fraction of the corresponding 
component; approximation through para¬ 
meters’/I TP. 

By way of illustration we refer to calcula¬ 
tions of activities vs. concentration which have 
been made for components in the MeO-type 
binary solutions [Ij. 

The physical meaning of this ATP arises 
from an assumed mode of interaction between 
particles in a solution. Linear approximation 
evidences the additive nature of the concen¬ 
tration dependence of the appropriate para¬ 
meter. If one succeeds in representing the 
property-concentration relationship in terms 
of a linear function, it can be said that one deals 
with a non-interacting system of components 
(with respect to this property) because the 
contribution of any component to the total 
amount is determined by multiplying the 
concentration of this component in the solu¬ 
tion by the respective value, characterizing 
this property for a pure component. 

In order to characterize the given property 
of solutions, it seems convenient to introduce 
the function of mixing Ax [2] 

Ax = x,„, - 2) f (X,„, (Cj = 1, J, 0), (I) 

i 

where C( is concentration of the i-th com¬ 
ponent in the solution. If the function x,„, 
(c,, Ci, c,) were known, one would be able to 
estimate the validity of ATP. In practice, 
however, as stated above, we know at best 
only functions x, =x, (r, = 1, 0 = 0). with 
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components not only pure substances but 
more complicated components as well, for 
example, B"'(AB'-‘>)0^ when 

several components are hypothetical in the 
sense that no compounds of such composition 
with a given cation distributions exist in the 
pure state. We note that formulae (4)-(l2) 
may be used to consider respective alloys of 
the type Me'Me.." with one common metal 
AjAlB,orAB!,,^^,Bl. 

BINARY ORDERINt; AI.I.OVS 
We now consider a binary ordering alloy 
containing two sublattices with an equal num¬ 
ber t)f sites, for which the distribution matrix 
is 

A _ B 

/rfA--l/2 l-<-\\ 

I I/2-A a ) . 


We select the following four independent 
structures as components 
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with the :iid of which it becomes possible to 
describe the matrix expansion of an alloy for 
different relations between A and <. 

Case I: A l/Zt It) 


/l/2r 

\l/:( 


1 / 2(1 
l/:( I 


<■)). 
( )/ 


(A\ ,A\\, I (1 -(■)/(', 


(14) 


Case 2: A > l/2( I c) 

+ 4[A - I /2( I - c)]A\,,B\',, + 2(1-0 ~\)B\,,Bl,. 

(15) 


Case3; A ■ ; 1/2(1-o) 


/< +A-I/2 l-r-A 
I 1/2-A A 


II 

1/2 


-t 41 II2( \ -■ c) - K]B\,,A\% + 2KB\,,B\],. (16) 


As may be seen from (14) to (16), the ex¬ 
pansion is largely dependent on the difference 
A --1/2( I - 1 ). If coefficients in the expansion 
are assumed to be non-negative (this condition 
is included in the general theoretical treatment 
and has a physical meaning), then we can 
estimate the existence region of the function 
Ate) (see t-ig. I) (breach of the three cases. 

Let us next consider the concentration 
dependence of various physical properties of 
solid solutions. We discuss primarily those of 
them to which a linear approximation can be 
applied on the basis of components determined 
in this section. This method will be further 
referred to as the method of cluster com¬ 
ponents MCC. The basic idea of the method 
resides in the fact that the property under 
investigation is conceived as a sum of contri¬ 
butions from each of the cluster components, 

I hc number of clusters coincides with the 
coefficient in the expansion of solution matrix 
into a sum of matrices of cluster components. 



Fig. I The existence region of the function for a binary alloy /(,B, ,,(1) Case I 
(If). Case 2 (14). Case .1 (I .S), 
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2. STRUCTURAL PARAMETERS AND MAGNETIC 
MOMENT IN SPINEL SOLID SOLUTIONS 

Consider the concentration dependence of 
the structural parameters (the lattice constant 
a, the degree of inversion K, and the oxygen 
parameter u in spinel solid solutions of the 
type 3fl and Jib) by the d.c. method. 

Oxygen parameter and crystal lattice para¬ 
meter 

In MCC, the lattice parameter of the solid 
solution is described by the expression 

a(c) = A,«| + (f — X|)M 2 + ^ 2 ^:i + ( I “ f — 

(17) 

derived from (5), where O/ are the lattice 
parameters of the chosen components: 


«l 

- «.l' 


02 


"B)9, 

03 

III 


<14 




Using experimental values of ate) and Xj(c). 
we can determine values of (18) from ( 17). On 
the other hand, with known values of a, and 
a(c), we can find \,(c). 

hor the solid solution/trOdi-rbcaO^, where 
/( = Fe^+, Co^"* from (17) at ^4 =/('”; 
Cd2+ = Fe'+ = B: X, = O, X^ = X we 
obtain: 

a(c) = t'a 2 + X«,+ (I —c—X)f/ 4 , (19) 

where « 2 > ‘tnd a^ are crystal lattice para¬ 
meters of the inverted ferrite Fe^^(/lFe'’^) 04 . 
normal ferrite Cd^+(Fe ^+)04 and hypothetical 
inverted cadmium ferrite Fe'^(Cd-^Fe^^) 04 , 
respectively. Using experimental data[6J 
a(c) and X(c) for the system FerCd,_,.Fe., 04 , 
we find 04 = 8,562 A. 

Using the experimental X(c) the calculated 
value of «((■) agrees well with experiment 
(Fig. 2). 

We use the expression (19) to find X(c) from 
a{c) in the system CO(.Cdi_rFe 204 (Fig. 3). 

As may be seen from Fig. 3, the agreement 



Fig. 2. Structural parameters for the system FerCdi-, 
FcjOi as a function of concentration (c)a(l). X(2), «(3) 
solid lines — Experiment, points — calculation. 


between the calculated and experimental X(c) 
is rather good. 

Analogous calculations of X(c) for solutions 
y 4 Fe 2 rCr 2 ,i_r) 04 , where A = Fe“\ Ni^^ were 
performed in paper [7] using both experimen¬ 
tal values of w(r) and X for one composition of 
these solutions and expressions of the type 
(17) and Oi being substituted for h(c) and 
can be utilized for calculation of U 4 and X(t'). 
For systems A,.Cd|-rFe 204 , where A ^ Fe^’^ 
Co^*^, W 4 = 0.411 (see Figs. 2 and 3). 

3. CONCENTRATION DEPENDENCE OF THE 
MAGNETIC MOMENT IN SPINEL SOLUTIONS 
The method CC can be also applied to the 
interpretation of the concentration dependence 
of the magnetic moment of solutions. Thus, in 
particular, according to ( 11 ) and ( 12 ), the 
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I 1)1 t Slnicliir;il lot Iho sysloiii < o,< J. r 

It'.O, its ,1 tuil(.tl(tll Ol ClltlCCIlltitllvtU (lU t ( I ). A(( ) ( 2 ), 
tile I (^1 sdIiU lull's cspcimicnl, ptiinls c.tliiihilioii 


magnetic moment lor a spinel solution of (he 
type ( 1 3/)) can be piesenlcd as A - c 

flic) (1 - A l/J 1 i ( yu., 

1 (A 

A ■ c 

(20) 

M(c) (1 - 2r 1 A)/a, 1 

Am-..2 2(< 

where 


Ml ■" 1 

M2 - M • 

(21) 

Mu ” M, 4 I/I,"' 1 (I, ’ 

Ml ~ M/I"'< 4 «'‘’in,, 

f-means concentration 

of the normal com- 


ponent with the magnetic moment fi... Since 
expression (20) contains both the unknown 
magnetic moments of the hypothetical com¬ 


ponents. fi,-i and /J. 4 , and an unknown function 
A{r), it is necessary, in order to find them, to 
have the property-composition relationship, 
particularly n(r). 

A self-consistent calculation of X(c). 

II, has been performed for the system 
NifCj,, ,.,Rh ,,.04 using the relation between 
«(r) and /a(c)[8|. As a result we obtained 
and w, = 8.379A and /x(c) pic¬ 
tured in Fig. 4 (curve 3). Unfortunately, the 
lack of experimental data prevents us from 
making comparison. 

DISCUSSION 

The examples cited in Sections 2 and 3 form 
a reasonable basis for a more detailed discus- 



meter, a (1); the irtagncuc moment, /a(2); and the degree 
of inversion. A( 3 ) forthe solution N/Fe^d -r)Rh2i.04. 
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sion of the cluster model of solutions itself, 
as well as the possibilities of its applications 
to the interpretation of the concentration 
dependence of various physical and physico¬ 
chemical properties of solutions and melts in 
a broad sense. 

The principle point of this model is choosing 
cluster components capable of describing the 
concentration dependence of the property x 
under examination. 

If the cluster components are properly 
chosen, the function of mixing[l] will be 
identically equal to zero and this may provide 
the criterion of the choice. With such a set of 
cluster components, the solution represents a 
gas composed of non-interacting particles, all 
the interactions being taken into account both 
in the choice of the set of components itself 
and in the expansion coefficients. 

For a more complete solution of the parti¬ 
cular problems, it seems desirable to have 
more data whose relation to concentration is 
defined by the same unknown composition 
functions which enter the coefficients of the 
solution matrix expansion into cluster com¬ 
pounds (the function \(c) may serve as 
analogue) and parameters characterising the 
respective property of the given cluster com¬ 
ponent. Then, an independent problem for a 
system of equations must be solved. 

A simple example of this problem has been 
examined in Section 2, where using the ex¬ 
perimental data (lie) and fi(c) for the system 
A(,Fe.,(i-(.) Rh-ipO^ a degree of inversion vs. 
concentration, the size of the lattice para¬ 
meter and the magnetic moment have been 
found d.c. Fe'*^(A'(^^Rh 3 +) 04 . 

It should be noted that in most cases, 
from the very form of CC it can be con¬ 
cluded what kind of solutions is to consid¬ 
ered in order to find, with fewer equations, 
all the necessary parameters and functions. 
Thus for example, for the solid solution 
Crf,-,.Fe. 304 , examined in Section 2, the lat¬ 
tice parameter CC of an inverted cadmium 


ferrite has been found in the system A s Fe 
and already used for A s Cr. It can also 
be used for any other systems containing 
among CC an inverted cadmium ferrite. 
The proposed method (MCC) permits one to 
both explain the physical and physico¬ 
chemical properties of solid solutions and to 
find the parameters of its components. 

CONCLUSIONS 

(1) A general scheme is proposed of choos¬ 
ing cluster components for complicated 
solid solutions containing defectiveness and 
non-equivalent sites. 

(2) Expansions of the solution matrix into 
a sum of matrices of cluster components are 
given for the case of the spinel solid solution 
with a common di- or trivalent cation, 
binary ordering alloy. 

(3) The concentration dependence of the 
degree of inversion in several spinel solu¬ 
tions as well as the following parameters have 
been determined: the crystalline lattice 
parameters, the oxygen parameter and the 
magnetic moment in hypothetical cluster 
components. 
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Abstract — The formation of trivalent titanium in g)a.<>.<.e.s and its dependence on chemical compo-sition. 
temperature, atmosphere and irradiation were studied by means of ESR. for comparison and assign¬ 
ment of the resonances several crystalline titanium-containing oxide compounds were also investigated 


alter slight reduction at 600“C in hydrogen. 

1. INTRODUCTION 

Many titanium-containing glasses exhibit a 
special crystallization behavior. Our investiga¬ 
tions [1,2] showed that the catalytic effect 
of titania on the crystallization of silicate 
glasses is due to phase separation and probably 
to formation of Ti'*^ which is incorporated 
in the primary crystalline phase. The formation 
of Ti^'^ also occurs in an oxidizing atmosphere 
if the melting temperature is high enough 
(above I450°C) and if the glass has a tendency 
to phase separation. Depending on the glass 
system a certain, minimum I'iO^-concentration 
IS necessary to promote phase separation and 
subsequent catalyzed bulk crystallization. For 
instance in the system Na 20 -Ti 02 -Si 0 ., this 
effective titania-concentration varies between 
10-50 mole %, depending on the SiO..,content. 
It generally is lowest for the high-silica glasses 
which require the highest melting temperatures 
(around I600°C). Such glasses are darkbrown 
to violet in color which points to the formation 
of oxygen vacancies and eventually of Ti^^. 
The optical absorption spectrum of such 
glasses shows indeed the characteristic Ti'**- 
absorption band around 500 mix. 

A much more sensitive method which can 
be used for Ti^+-concentrations in the order 
of I/I00wt% and less is the electron spin 
resonance spectroscopy. Results of such 
HSR studies on the formation of Ti^+ in 

21 


glasses and its dependence on atmosphere, 
temperature and on chemical composition 
will be reported in the present paper. It was 
expected that ESR-spectra would be useful 
not only for semiquantitative determinations 
of the Ti^'-concentration but also for allowing 
conclusions with respect to the oxygen 
coordination of titanium in glasses using 
Ti’*^ as an indicator or probe. 

Recent ESR studies on TiOj-containing 
glasses have been reported by Bishay and 
Gomaaf3] and by Sidorow and Tjulkin[4]. 
However, these authors investigated centers 
in such glasses which were generated by 
gamma irradiation, and they did not report 
any ESR-spectra of non-irradiated glasses. 
In departure from earlier ESR-spectra re¬ 
ported for titania-containing glasses[5.8] 
the above authors attributed the resonance 
line with .c = 201 to trivalent titanium. 
Karupelyan ei however, found the 

same resonance in TiOj-free glasses of the 
system NasO-AHOy-SiO, after gamma ir¬ 
radiation. Silsbee[7] suggested that this 
resonance which he found in irradiated quartz 
should be due to an unpaired electron in a 
non-bonding orbital on silicon. Yafaev and 
Yablokovl51 who investigated a number of 
titania-containing silicate glasses observed 
resonances in the ESR spectra with g varying 
from I'922-1 They assume that this 

5 
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resonance is due to Ti-" in octahedral co¬ 
ordination with varying degrees of distortion. 
The same resonance with = I -94 was 
found also by GanfyanovfSJ in a titanium- 
containing Mg-Al-silicate glass. 

Besides titanium other transition elements 
have been also incorporated into glasses 
and studied by HSR. The results of C’astner 
el r//.[91, Kurkjian and Sigely[l()| and ol 
Hirayama el u/.|11] who reported HSR- 
spcctra of be-containing glasses were of 
interest for the pieseni work. All of the 
sodiumtitanium silicate glasses used for the 
present study contained iron as impurity in 
the order of wt%. Kurkiian and .SigctyflOl 
suggested that the resonance with ,g = 4-.^ 
can result from t c'* either in distoited 
tetiiihedral or octtihcdial coordination, 
whereas the appearance of the .g = 2 reson¬ 
ance is (elated to the concentration of He-** 
and may he caused by He'‘'-He''* coupling 
in the glass at highei concentrations. 

2. KXPKRIMKNTAI, l>K()( KDl RF 
2.1 Suniplc preixiKiiion 

The glasses investigiited weie piepaied 
from analytical grade Na./O,,, liO.j and 
Dorentrupper c|uarl/, sand. Melting was 
carried out in Rt-Rh ciiicihles (lOOmI) under 
oxidi/ing conditions iit 14.‘'0- I 5,S(r'(' (Kanthal 
•Super electric furnace). Only the glass 
,^Na;,0.10 ri(),.S.sSiO^ (composition in mole 
per cent) had to he molten in a gas-lired fur¬ 
nace at around I6()()“('. Heat treatment of 
powdered gltisses ;ind of bulk samples was 
carried out in hydrogen, o.xygen ot vacuum, 
well below the crystalli/ation temperature of 
the glasses usually at around .'OO-.S.SOT' for 
40 hr. Some glasses were also exposed to 
neutron radi.ition in a rciictor (flux .S x 10'" 
neutrons/cm-). The glasses were checked for 
crystallization before and after heal treatment 
(X-ray, microscope). 

For comparison and for a better interpreta¬ 
tion of the ESR spectra of glasses several 
crystalline titanium oxide compounds with 
known coordination of titanium were also 


prepared, e.g. TiO. (rutile, anatase, brookite), 
MgTi/),, MgTib;,, Mg 2 Ti 04 , BaTiOj, 
Ba^TiO,, Ta^TiO,, ZrTi 04 , Na^Ti^Oj, 
Ga/riO,.. Y.,Tio 07 etc. These compounds 
were synthesized from analytical grade 
materials by solid state reactions (pressed 
and sintered pellets, about 20 mm in dia.) in 
oxidizing atmosphere. Depending on the 
compound to be synthesized the reaction 
temperature varied from I00()°C (for the alkali 
titanates) to I.^.SOT (Mg-Ti-oxides). The 
reaction products were checked for purity 
by X-rays (Gunier powder camera, CuK„- 
radiation, long exposure). In order to trans¬ 
form a small amount of titanium from the 4- 
valent to the 3-valent state, the samples were 
heat treated in hydrogen at 550 or f>50°C for 
20 hr. I he X-ray patterns did not change 
after such low-temperature heat treatment. 
Of course the X-ray method is not .sensitive 
enough to detect crystalline phases with a 
concentration of less than l-2wt%. It is 
reasonable however to assume that the 
oxygen coordination of titanium is not 
alfected at these low temperatures. 

2.2 HSR-nwuxurements 

Bulk samples and powdered samples 
(gnu'll size 12()-j(i0;u) were used. The EPR- 
mciisurements were carried out with a 
VARIAN .Spectrometer E .3 at room tem¬ 
perature and in most cases also at 77°K. The 
microwave frequency range was about 9-3 
CiHz (.Y-band). For field calibration, standards 
of Mn'-’^ in SrO, or Mn"*^ in ZnS, or a solution 
containing were recorded simulta¬ 

neously with the Tf‘+-rcsonance. 

RKSI I.TS AND DISCUSSION 

.3.1 EPR-spectra of untreated f^lasses of the 
.i.v.ot'w NaT^-TiO,-SiO, 

(Jlasses molten in air at 1500°C were yellow, 
brown or violet colored, depending on 
composition. The ESR-spectra of such 
glasses showed a number of resonances whose 
intensity and position also varied with the 
chemical composition. 
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In a previous investigation on the system 
Naj 0 -Ti 02 -Si 02 [l,2] three main regions 
were established where the corresponding 
glasses show quite different crystallization 
behavior (Fig. I). 

(1) Glasses in region A are obviously 
homogeneous and only show surface crystal¬ 
lization upon heat treatment. 

(2) Submicroscopic phase separation com¬ 


bined with a characteristic primary crystalliza¬ 
tion was observed for heat-treated glasses 
of region B. 

(3) Glasses of region C showed glass in 
glass .separation, however no primary crystal¬ 
lization upon heat treatment was observed. 
These three regions hold also for the ESR- 
spectra of the corresponding glasses. Figure 2 
shows the ESR-spectrum of a typical re- 


SiOa 



Fiy, I Gliiss regions with different crysiallizalion 
behavior in the system NajO- riO^-SiO.. 



Fig. 2. ESR spectra of glasses from regions (a), (b) and (c) (melted in 
oxidizing atmosphere at I450-I,S00'’C). Numbers refer to molar 
ratio TiOj/SiOj 
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presentative glass for each region. Glasses 
within the same region give the same re- 
sonance.s, only their intensity varies slightly 
with the chemical composition. A dis¬ 
continuous change is found, however, when 
going from one region to the other. 

All three spectra of Fig. 2 have one 
resonance in common with g = 4-27. Accord¬ 
ing to the litcratiirc[9-l 11 this resonance is 
charactervstic for fe'*^. Iron is present as 
impuiity in the starling miiternils. 

Samples of regions H and (' showed another 
resonance at g1-999 with a superimposed 
hypeiline striicliiie of foui lines (Fig. 2lb) and 
2(c)). This resonance could he due to defects 
le.g. oxygen defects) which arc created at 
phase boundaries, because it is found only in 
glasses which show phase sepaialKin. Accord¬ 
ing to Weeks and Bray|l2| such defects 
should give laise to lesonanccs with g-values 
around 2 (dasscs of region at showed a 
resonance with g 2 which was found also 
in othei ternaiy silicate gltisses. e.g of the 
system I i d)-('c().-SiO.. I he shape of this 
lesonance indicates a strong anisotropy of 
the g-Icnsoi. that means low symmetry t>f 
the Cl ystal Held (I ig. 2(:i)). 


Glasses of region B show an additional 
resonance with f>=l-93 which must be 
assigned to trivalent titanium. This resonance 
was strongest in glass samples of composition 
l.‘>Na. 20 . 3.‘'Ti02. .‘^OSiO^ (mole per cent). 
Glasses of region B show crystallization of 
a characteristic primary phase which contains 
Fi-'^. I herefore it is reasonable to assume that 
the untreated glass also contains very small 
legions which are rich in Ti'*+. This would be 
in agreement with previous results[l] obtained 
by electron microscopy on glasses of similar 
composition. 

.3.2 t.SR-spectni of glasses heat treated in 
oxidizing atmosphere 

Fhc glass samples discussed in the fore¬ 
going section were heated at 50()°C in oxygen 
for 24 hr. that is. below their crystallization 
temperature. As expected all samples showed 
a slight increase of the F'e'" resonance. The 
resonance with g = 2 which was found only 
in glasses of region A is now observed in all 
oxidized glasses (Fig. 3(a). (b)). The Ti’^- 
lesonance and the resonance with g= 1-999 
including the hyperfine structure have 
disappeared. It should be emphasized that 



big .■). ESR spectra ofglasses after heat treatment in oxygen. .SOO°C, 
24 t)r, Numbers refer to molar ratio I lOJS'iO,. 
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the resonance with g = 2 is found only in 
powdered glass samples (grain size 60-120 /i). 
Bulk samples are similarly decolorized upon 
oxidizing heat treatment, the Ti'*"^ also dis¬ 
appears but their ESR-spectrum is identical 
to that shown in Fig. 2(c) and not related to 
the ESR-spectra shown in Fig. 3(a) and 3(b). 
This points to surface effects, e.g. the 
powdered samples could bind oxygen atoms 
and thereby form paramagnetic centers on the 
surface. Iyengar el a/.113] observed a reson¬ 
ance with two satellites at g = 2 in rutile 
which they assigned to a O-^^-center. The 
resonance shown in Figs. 3(a) and 3(b) 
could perhaps be due to oxygen molecules 
which are bound to surface defects. The 
resonance with g = 2 was observed in all 
powdered glasses of the system including 
those of region C. These glasses retain the 
resonance at g = 1 -999 also after oxidi/.ing 
heat treatment, which is now superimposed 
on the new resonance with g = 2 0. (Fig. 3(b)). 

3.3 ESR-spectra of glasses heat treated in 
reducing atmosphere 

Originally yellow, brown or violet glasses 
became colorless after heat treatment in 
oxygen. Such glasses can be colored again 
by heating in hydrogen for 24 hr at 500°C. 
The ESR spectra of all these colored glasses 
now show a strong resonance with g between 
1 -925-1 -940 which is attributed to the presence 
of Ti^+ (Fig. 4). The Ti^^-resonance was 


250 G 



F ig 4. ESR spectrum of a glass tONajO . SOSiOj after 
heal treatment in hydrogen. 500°f'. 20 hr. 


observed in glasses all over the system after 
such reducing treatment, however its intensity 
is strongest within the region B (phase separa¬ 
tion and primary crystallization). The maxi¬ 
mum Ti^^-concentration was centered around 
a glass of composition l5Na20. 35Ti02. 
SOSiOj. The shape of the resonance of glasses 
within this region indicates a slight anisotropy, 
whereas the resonance of glasses outside 
region B points to a strongly isotropic g- 
tensor. Not only the shape but also the 
position of g changes discontinuously 
when crossing from one region into the other. 

Glasses of region A show a shift of the g- 
values from 1-930 to 1-935 with increasing 
SiOj-concentration. For glasses of region C 
and of region B the Ti^^-resonance was found 
in the order 1-925-1-930, and 1-933-1-941 
respectively. 

The center which is responsible for this 
resonance is generated by heat treatment in 
hydrogen and disappears after corresponding 
treatment in oxygen. Probably hydrogen 
diffuses into the glass and breaks up an oxygen 
bridge on the titanium. It is assumed that the 
center which causes the resonance with 
g-- 1-925-1-940 looks like Fig. 5. The other 
possibility for generation of a center would 
be the diffusion of oxygen leaving vacancies 
in the place of bridging oxygens. This is very 
unlikely to happen however at these low tem¬ 
peratures, as could be proved also by experi¬ 
ments in vacuum which are described in the 
following section. 

In addition to the Ti®''-resonance, all 
samples showed a very sharp resonance 
with g= 1-999 (width about 5 G.). Its inten- 

0 H 0 


0 — Ti — 0 — Si — 0 

I I 

0 0 

Fig. S. Tr’*-center generated by heat treatment in 
hydrogen. 
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sity is highest for glasses of region A. The j? 
value of this resonance corresponds exactly 
to that of the resonance shown in Fig. 2(b) and 
2(c), however it is not sure whether it belongs 
to the same center. I he exceptionally sharp 
resonance could be generated cither by reduc¬ 
tion of cations or by incorporation of // into 
the glass structure. 

3.4 Relations between ESR-ahsorption and 
optical absorption in the visible and I.R. 

The results derived from experiments in 
hydrogen suggest that the ('(“-center is 
generated by bonding of hydrogen to one 
of the coordinating oxygens, rhereforc it was 
of interest to investigate any relation between 
the HSR-absorption, the optical absorption 
at around .‘iOOm/a and the i.r. absorption in 
Ihe region of the Oil-hand. For such experi¬ 
ments small polished glass plates were used 
(glass composition l.^Na.jO . .^.S.SiO.,. 3()'ri02), 
which were heat treated before in hydrogen 
CiOOT , 72 hr). These ■reduced' samples were 
oxidized (decolorized) gradually by stepwise 
heat-treatment in oxygen, and the vaiious 
spectra were recorded after each step. 

A qualitative relationship between color of 
the sjimples and their HSR-spectra was 
obvious already from the cxpciimenis 
described in the foregoing section. Measure¬ 
ments of Ihe OH band (at around 2-8/a) 


showed that the OH-concentration decreases 
very little during the decolorization process. 
Most of the OH (approx. 98 per cent) cannot 
be removed by heat treatment in oxygen 
and probably is bound to silicon. Only a small 
concentration of the hydrogen atoms which 
arc bound to bridging oxygens of titanium can 
diffuse. Due to the high OH-background of 
(he glass it was necessary to carry out 
diflerence measurements, in which the 
samples were measured against a completely 
decolorized sample of Ihe same composition. 

The optical absorption was measured by 
means of a photometer with a suitable 
interference filter; the transmission of 
identical sample areas was recorded. 

H.SR-curves were integrated twice for 
evaluation, taking the integral as a measure 
for Ihe concentration of the centers. 

Fig. 6(a) corresponds to a plot of the 
H.SR-absorption vs. optical absorption. The 
measured values lie on a straight line through 
the origin. This is a strong indication that 
the (/-electron of the Ti’“-center (which is in 
a r.„ orbital) is responsible for the ESR-absorp- 
(lon and for the optical absorption. 

Ihe relationship between the OH-con- 
centralion and the F.SR-absorption is approxi¬ 
mately a linear one. the OH-concentration 
increases with increasing number of resonance 
centers (Fig. 6(b)). This result is another 


Absorption Absorption 




Fig. 6 Relation between F.SR-absoiption (I T"-resonance) and optical absorption in the visible 
(7 i ") and in Ihe infrared (OH') 
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indication that hydrogen is directly involved 
in the reduction of titanium as it is shown by 
Fig. 5. For the difference measurements the 
OH-concentration was assumed to be 0 for 
the completely oxidized sample and 100 for 
the completely reduced sample. 

3.5 Experiments in vacuum 

Powdered samples were strongly colored 
(brown to violet) after heat treatment in 
hydrogen. Heating such glasses at SOO-bOO^C 
for 20 hr in vacuum (about lO'^torr) caused 
complete decolorization and disappearance 
of the Ti'’+-resonance at a = 1 -93. This 
proved that the Ti"+-center is connected with 
the incorporation of OH into the glass. When 
heated in vacuum such glasses give off hydro¬ 
gen with simultaneous reoxidation of titanium 
from the 3-valent to the 4-valent state. The 
degree of bleaching depends on the grain 
size as one would expect it for a diffusion 
process. Bulk samples are decolorized very 
slowly and not completely under such 
conditions in contrast to powdered sample.s. 
On the other hand, when a completely 
oxidized. Ti''+-free bulk sample was heated 
up again in vacuum it became gradually 
brownish colored with simultaneous appear¬ 
ance and increase of the 'I'i’^-resonance. This 
elfect was not found for powdered samples. 
Probably the hydrogen which is present in 
all glasses as OH can diffuse more easily 
to a nearby titanium ion than to the surface 
in bulk samples, because of the long diffusion 
path and the low temperature. Such diffusion 
obviously only occurs in vacuum but not in 
oxygen. 

It was shown that oxidizing heat treatment 
generates a resonance with g = 2 0 in all 
glasses of the system (Fig. 3(a)). This reson¬ 
ance was not observed in any of the glasses 
after heating in vacuum. This i.s in agreement 
with the assumption that the resonance with 
g = 2 is due to surface effects, e.g. due to O-,*- 
centers which originate from 0 . 2 -molecules 
bound to the surface. 


3.6 ESR-spectra of samples after irradiation 
in a reactor 

Binary and ternary compositions of the 
system Na 20 -Ti 02 -Si 0.2 were irradiated in 
a reactor, that means exposed to radiation 
which consists mainly of slow neutrons (flux 
IC'/cm’*), but also of fast neutrons and 
y-rays. The aim of these investigations was 
to induce Ti^+-centers and other centers and 
to compare these to identical samples heat 
treated in hydrogen etc. None of the above 
bulk samples showed any resonances in the 
ESR spectra before neutron irradiation (TiOj- 
containing samples were oxidized before). 
After irradiation some characteristic reson¬ 
ances were found. One would expect that 
such irradiation should generate a number of 
defects in vitreous or crystalline oxides). 
O'-centers, etc. Resonances due to such 
defects and centers in oxide glasses have been 
observed by several authors and have been 
•nvestigated in detail by Weeks and Bray [12]. 
They conclude that the g-values of such 
centers should be close to the value of the 
free electron g;,, = 2'0023. The g-values 
which they measured for various oxide 
compounds and glasses after irradiation with 
neutrons or y-rays were between 2 03 and 
1-99. The samples listed in Table I also show 
resonances of this type, with g-values vary¬ 
ing in this range. The observed resonances 
obviously consist of several, superimposed 
resonances (Fig. 7). This indicates that 
probably several of the above-mentioned 
defects are present. The resonance around 
g = 2 found in the irradiated samples should 
also be identical to the one observed by 
Sidorow and Tjulkinf4] which they errone¬ 
ously assigned to the Ti^'*^-center. As Table 1 
shows, this resonance is present also in 
Na-disilicate glasses. The titania-containing 
samples showed another resonance with 
g~ 1-93-T94 which should be due to the 
presence of Ti^^. Irradiation of the samples 
probably induces an oxygen defect at the Ti^+ 
and at the same time one O' is shifted to an 
‘interstitial lattice position’ (Fig. 8). The 
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] cihic I. ESR-rcsonance lines of various compounds 
eifter irrudiuiion in u reactor 


( oniposilion 


(.«> 

2it .It Na.O 

5r. ft7Si(), IS 1,0, 

(glass) 

2 02 

1-942 

ib) 

1' N.i.O 

s.ssio, 10 no.,, 

(glass) 

1 007 

1*93^ 

KJ 


'C Sio. . K 1 lO, 

(glass) 

I 004 

I 92 

Ull 

11 Na.O 

f,(, h7SiO. 

(glass) 

2 1)4 


(c) 

; Na.O 

0 no. 

(ciysl.) 

I ‘WX 

I 92^5 


(o) 





t ii; 7 HSR spectra of nciKion irradiated samples. 
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0 0 



0 —— Ti — e- Si — 0 — Ti 


0 0 

Eij!. X. Ti“^-ccnler induced by neutron irradiation. 

latter then causes the resonance with f> ~ 2. 
The ri **-resonance observed after irradiation 
occurs practically at the same position as the 
one found in glasses heat treated in hydrogen 
(e.g. for glass h of Table I, 1-936 com¬ 
pared to g = 1-933). The shape of the reson¬ 
ance in the case of the O'-vacancy points to 
a stronger anisotropy of the g-tensor. whereas 
only slight anisotropy is found in the case of 
the OH-center formed by reduction in H., 
(see Figs. 7(b) and 7(c), Fig. 4). In the first 
case the bridging oxygen is missing (Fig. 8), 
in the second case it is compensated by a 
proton (Fig. 5). This results in a much 
stronger, axial distortion of the crystal field 
for the O'-vacancy, and leads to only slight 
deviation from cubic symmetry when an 
OH-center is formed. 


3.7 ESR-study of crystalline titanium oxide 
compounds 

ESR-spectra of various, crystalline com¬ 
pounds have been recorded for comparison. 
Oxide compounds with known coordination 
of titanium and if possible also with known 
Ti-O distances were prepared for these 
investigations. It was anticipated that com¬ 
parison between the position and the shape of 
the Ti-’+-resonance in glass to that in crystal¬ 
line samples would show some dependence 
of the resonance curve on the crystal field 
symmetry. 

Most samples were used in powdered form. 
In these cases the symmetry of the crystal field 
can be derived from the shape of the resonance 
by the method of Kneubuhl|14] and of Ibers 
and Swalen[15|. The TiO.>-modifica(ions 
rutile, anatase and brookite were available 
in form of small single crystals. All these 
modifications show octahedral oxygen 
coordination around titanium which is some¬ 
what distorted, especially in brookite. The 
average Ti-O distance is about the same, 
around 1-946-1-960 A. Figure 9 shows the 
F'SR spectrum of brookite and anatase after 
reduction at 600‘’C in Hi. The g-value of the 
Ti*'^-resonance is only slightly higher than 




Fig. 9. FSR specira of analase and brookile afler heal Ireatmenl in hydro¬ 
gen. «)0°C. 20 hr. 
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that found for glasses, e.g. around I'95. 
Polycrystallinc rutile showed a resonance 
at g = I -945. 

Most of the 1 i-ct)ntaining oxide samples 
used in this study also contain titanium in 
6-fold oxygen coordination, fhese are listed 
in Table 2 together with their Ti-O distances 
and the measured ^.'-values (value where 
df/»/d/y = 0). I he f-'SR-spcclra arc shown 
in f ig. 10. 

Compitrison of the various resonance 
curves indicates that the octahedral oxygen 
coordination of Ti'' is more or less distorted. 
The resonance in Ciaa'I'iO-, points to an 
isotropic g-lensor. fhcrcforc the point 
symmetry of If" should have only slight, 
axial distortion, l owering of syinmelry is 
caused already by bcindmg of hydi irgen to one 
of the oxygens. Axial symmetry is probably 
present in K^AI.. ri,,()|,„NarijAK,()| 2 . Mg/I if), 
and Mg'liO.-i as can be seen from the corre- 
spontling resonance curves. li-O distances 
are known for Na'I ijAld),.., the titanium is 
shifted out of the basal plane m the direction 
to one of the oxygens at the apex of the octa¬ 
hedron. The tetiagonal point symmetry how 
ever is still maintained, in accordance with 
the features characteristic for axial symmetry 
which aie ftnmd in the lesonance eiiive. l-oi 
the other compounds the point symmetry 
is probably orthoihombic oi lowei symmetiic. 

In Th l i-O,, titanium obviously has monoclinic 
point symmetry. I he resonance curve for 

ItihU' 2. rildiiiiini oxide 


Y./n .^07 shows the features of orthorhombic 
symmetry. A special case is MgTi^O;,. where 
titanium occupies two ditferent sites in a so- 
called pseudo-brookite structure. One 
titanium shows fairly octahedral oxygen 
coordination whereas the other titanium has 
a strongly distorted 6-fold oxygen coordina¬ 
tion with 2 oxygens farther away. The 
resonance spectrum can be interpreted in 
agreement with this as a superposition of 
two resonances with isotropic and with 
anisotropic g-lensor. 

When discussing the point symmetry of 
li" it is important to recall that the Ti’"- 
cenicr is generated by bonding of hydrogen to 
one of the oxygens of the coordination 
octahedron, fherefore there are several, 
non-equivalent positions available for OH 
depending on the kind of distortion of the 
li-oxygen octahedron. In the case of axial 
distortion, the axial point symmetry will be 
maintained after incorporation of H only if 
the OH-group is situaled on the apex of the 
octahedron and not in the basal plane. This 
seems to be true for the compound.s KjAlj- 
Ti,i()|„ and especially for NaTi-^Al-.O,,;. One 
could assume that the formation of (he OH 
gioup takes place preferably at that oxygen 
which has the weakest bond to titanium that 
means where the distance Ti-O is largest. 
Otherwise it would not be possible to explain 
the typical axial symmetry as it is found in 
(he KSK-spectrum. 

with 6-f'ald 
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ESR spectra of oxide compounds xsith 6-fold coordinated titanium (heat treated in hydrogen, 65(V-900“C. 20 hr). 
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Besides 6-thld oxygen coordinalion. also 
lower oxygen coordination is known for 
titanium. Two such compounds are listed in 
I able 3. and E.SR-spectra are shown in hig. 2. 

The point symmetry of titanium in these 
compounds is low in agieement with the shape 
of the resonance curves shown in lig. II. 
These examples also show ihat it is not 
possible to derive coordinalion mimbcrs 
liom the position and shape of the resonance. 

1 he point symnieliy of the center is the main 
Itictoi which determines the shape of the 
resonance whereas the intensity of the iiiler- 
aetion between the paramagnetic electron and 
the crystal field is responsible for the posiiion 
ol the lesonance. 

4. .St MMARS AM) CrtNt l.l'SIONS 
ESR-study on glasses of the system Na.O- 
f i().SiOj showed the following results 
(I) liivalent titanium is foi med under 
oxidizing rnelling conditions above M.'iO’C 
in g'ass compositions which are inside the 


region of immiscibility (area (b) in Fig. I). 
Glasses with the strongest tendency to 
phase separation have the highest Ti^^-con- 
centrutions. This is probably true also for 
other glasslbrming systems which contain 
ri(T. 

(2) Oxidizing heal treatment (500°C) 
below the crystallization temperature causes 
disappeaiance of the Ti''^ resonance at 

1^.3. 

(3) Heal treatment in hydrogen (at 5()()°C) 
leads to formation of Ti'" in all glasses, and 
to a strong increase of the Ti'*^ concentration 
in glasses of region (b). respectively. The 
shape and the position of the Ti'"^-resonance is 
somewhat dilferent for regions (a), (b) and 
(c) of the system. This points to differences 
in the oxygen siiiToiinding of titanium. The 
Fe‘'-resonance at g = 4-27 is no longer 
present. 

(4) Dilferent behaviour was found for 
glasses when heated in vacuum (.3()0-60()°C); 
oxidized bulk samples showed formation of 
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(Old 4 fold o.wgi'ii coordiiHUion 


I .itai.i'’ laid I'WpciuoiMdinalionl | XX| 

II <) I 7.(. I SI IV’ . j 01 A 

ll.clill.il lota t'W Ls-n (.ooulni.iiioni I-V?? 

liO I <0 I W I IS. I X7 \ ,, l os., 


iMlir k) 

(77'K) 

(loirki. 



g I 6BI 



LOjT lOj 

300‘^K 


BogTiO^ 

77*K 


(ncji ircalcd m ludioucn 9(M) (', :^()hi) 




ESR-SPECTRA OF SODIUM-TITANIUM-SILJCATE GLASSES 


2137 


trivalent titanium, whereas reduced powder 
samples became oxidized. 

(5) A linear relationship was found between 
(he oplical absorption of Ti'‘^ at 500 m/j. and 
the ESR-resonance at ^ — 1-93, and also 
between the OH'-absorption band at around 
2 - 8/4 and the Ti'*^-resonance at f> ~ 1-93. 
These results indicate that hydrogen is 
directly involved in the reduction of titanium. 

( 6 ) Experiments with neutron irradiation 
proved that under these conditions a ri'*+- 
center is formed in glasses and in crystalline 
compounds. The resonance is observed 
practically at the same position as in the 
case of samples reduced in hydrogen. How¬ 
ever, the shape of the resonance is different 
and points to a stronger anisotropy of the g- 
tensor for the irradiated samples. Another 
resonance at around g = 2 which was found 
m all samples after irradiation is probably 
due to several defects such as oxygen 
vacancies and O' centers. 

No attempts were made to determine the 
Ti'’^-concentration quantitatively by chemical 
analysis, because iron was present as impurity 
in all samples in about the same concentration. 
Suitable reference samples containing Ti^''^ 
for evaluation of ESR-spectra were not 
available. 

The E.SR-speclra of various oxide com¬ 
pounds which contain titanium in 4-, 5-, and 
h-fold oxygen coordination proved that it 
is not possible to derive coordination numbers 


for titanium directly from the position and 
from the shape of the Ti“^-resonance. 
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TECHNICAL NOTES 


Thermally stimulated currents in CusO 

{Received 2 June 1969; in revised form 11 March 1970) 

Cuprous oxide samples were prepared in the 
way described in the preceding note and 
annealed under vacuum. The platelets (4 x 
4 X 1 mm) were equipped with guard ring 
electrodes. They were mounted on a copper 
block at the end of a cold finger and illumin¬ 
ated with a high pressure mercury lamp. 
Temperature was detected with a thermo¬ 
couple directly attached to the guard ring. 

The speed of temperature rise ji was low 
enough (I0~- < /) < lO '^/sec) to insure good 
thermal linearity and homogeneity within the 
sample assembly. 


The thermally stimulated currents {TSC) 
were measured on a Keithley logarithmic 
picoammeter. The plot was directly recorded 
on an XY recorder as a function of lO'/r 
through a function generator adapter. TSC 
bumps appear clearly in the vicinity of I30°K. 
Figure 1 gives an example of such a record. 
Nevertheless it must be noticed that the 
maximum current was not large enough in 
comparison with ‘dark’ current /o, so that no 
information can be given by the slope of the 
low temperature side of the peak[l J. Then the 
TSC were analysed using the two independent 
methods of Haering-Adamsf2] and Booth [3] 
assuming E,lkT,„ 1, where £, is the trap 
depth and T„, the temperature corresponding 
to the maximum of the peak. 



hig 1. Thermally stimulated currents; /,. /j. /;, refer to the corresponding value 
of/3, = 8.6- 10 ^/3, = 3.4- 10 Kfi, = 1.17- 10 "“/sec A/,, A/^. A/j are the devia¬ 
tions of /.., I, with the dark currents /„. 


spi) 
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Haering-Adams calculation of TSC leads 
to an expression of the maximum conductiv¬ 
ity. 

t:, 

= <raexp--~. 

^ * ni 

Varying the speed /J gives the pairs of <r,„ 
and 7 plotted on Fig. 2 (corresponding 
values for the sample described in Fig. I). 
It is seen that the exponential dependence 
gives an activation energy E, ~ O-IS.S eV for 
the trap involved. 

Booth s method is similar but includes the 


parameter /3 and in this way is independent of 
the previous determination. This leads to the 
relation 


We plotted Log 1 vs. IO'‘/7’,„ (Fig. 2) and 
determined = 0'295eV in good agreement 
[4] with the preceding value and in accordance 
with the first condition E,/AT„, = 24 > 1. 

It must be also noted that the place and the 
shape of the TSC peak is unaffected by vary¬ 
ing the initial filling of the trap, for a constant 




TECHNICAL NOTES 


2141 


/ 3 , This may account for a well defined 
discrete level. 

On the other hand such a trap level can be 
ascribed to majority carriers (i.e. holes) 
because reversing the polarity (front elec¬ 
trode being negatively biased) makes the peak 
disappear. 

This observation seems in good accord¬ 
ance with previous work on cuprous oxide 
that emphasized a hole trap level at 0-3 eV 
above the valence band [5]. These authors 
ascribe this trap level to an oxygen vacancy. 

J. P. FILLARD 
J. GASIOT 

Centre d'Etudes d'Electromque des Sotides assocte au 
C.N.R.S., 

Faculty den Sciences de Montpellier, France 
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Electrical conductivity and space charge 
Cu^O 

{Received! June in revised form II March 1970) 

Conductivity and Hall measurements have 
been performed on high resistivity Cu^O 
samples(10~" < o-„ < 5-10“''ll'')[l]. 

Cuprous oxide was epitaxially grown from 
pure and oriented copper slices [2] and ground 
down to less than half thickness in order to 
remove the low defect concentration part of 
the sample. The conductivity and Hall effect 
were measured within the temperature range 
8()-450°K. It was noticed, for both the Hall 
mobility and the carrier density, a critical 


dependence on the thermal history of the 
sample. 

Two types of thermal treatments were 
selected (1) annealing during a few minutes at 
T = 1250°K under vacuum (2) heating two 
hours at T = 500°K under vacuum, the 
sample not being exposed to the air before the 
electrical measurements were performed. 

From the conductivity plot (Fig. 1) it may 
be noted that annealing enhances the slope 
and reduces strongly the ambient conductivity 
(Tu whereas the outgassing works only in the 
weak conductivity range. The p type character 
of the material has been checked with a hot 
probe test. The activation energy observed 
0-25-0-44 eV lies close to a trap level attri¬ 
buted to an oxygen vacancy (see the next 
paper). 

From the mobility plot it can be seen that 
annealing lowers the mobility and leads to a 
complex temperature dependance. whereas 
outgassing leads asymtotically to the previous 
results of Fortin and Weichmann[3] who 
show a decreasing dependence of pn with 
increasing T (Fig. 2). 

We next used CujO platelets mounted in 
sandwich cell configuration; the front elec¬ 
trode was a Nesa coated thin glass slide, the 
back one was painted with silver paste and 
equipped with a guard ring. 

Space charge injection was provided by a 
light flash creating a sink of electron-hole 
pairs in the immediate vicinity of the trans¬ 
parent electrode. A bias voltage swept the 
right polarity carriers and the pulse of SC 
current associated with the flash was measured 
on a scope. The operating conditions needed 
bias voltages such that the transit time 
{Tr < 10“'* sec) was not directly observable. 
Nevertheless Many's[4] theory on pulsed 
SCLC implies that initial current /„ is given 
by /,, = ep.y-ld'\ (Fig. 3) shows a plot of /„ 
vs. y for different light levels. By this way we 
determined the drift mobilities and pi, that 
lie close together and in good agreement with 
the Hall mobility at room temperature, within 
experimental errors. SCLC samples were 



Fig I C'ondiKlivjlv (.{cpcnd.Hicc wiih icinpcr.Kuic as a iLinciion of thermal 
history Sample .1. hefoie anv heal treaimenl ■— — ~+, Sample B. after 

annealing I2M)’K Bi ■ and out gassing - A; Sample C: 

before any heal treatment (’, ) (high O. pressure during oxidation). 

After annealing 12^0‘K - — ( ] and out gassing C’l-V; 

Sample I), before any heat treatment -/),— -A after out gassing 
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submitted to the same thermal treatment as 
previously described. The evolution of n,. 
and fj-i, follows strictly that noted for ^L„. 
These results shed more light on the discus¬ 
sion of the scattering process as first attempted 
by Fortin —first of all they confirm that 
measured mobility refers to bulk properties 
in such way that surface influence can be 
eliminated from the discussion; then they 


agree with a reproductible temperature 
dependence after thermal cycling under 
vacuum. I'his dependence of p, vs. T does not 
look so easy to explain unless it is done in the 
way suggested by Elliott [5] and Fortin 
involving a splitting of both conduction and 
valence band. So we tried to select either the 
injection of heavy or of light carriers by 
varying the impinging wavelength, but this 
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attempt was unsuccessful. Another interpre¬ 
tation has been carried out by Young and 
Schwartz [6] that emphasized a hopping 
model. The present agreement of drift and 
Hall mobilities added to the inverse depen¬ 
dence of IX vs. T leads to the opinion that 
such a hopping model is very unlikely. 

Departemem de Physique, J. P. CHARLES 

University de Sherbrooke, 

PQ. Canada 

J. P. FILLARD 

Centre d’Etudes d'ElecIronique des Solides, 

Associe au C.N.R.S., 
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Montpellier, 

France 

REFERENCES 

I CHARLES J. P., Thdse de .specialite, Montpellier 
(1967). 

2. BOUONOTJ . T/ioe. Lyon (1963). 

3. FORTIN E. and WEICHMAN F. l.,.Can.J. Phys. 
44. 1551(1966). 

4. MANY A. and RAKAVY O., Phys. Rev. 126, 1980 
(1962). 

5. ELLIOTT R.J.,P/iyi. Ret). 124,340(1961). 

6. YOUNG A. P. and SCHWARTZ C. M.. J. Phys. 
Chem. Solids 30. 249(1969). 


J Phy.i. Chem. Solids Vol. 31, pp. 2145-2 148. 

Transformations of red amorphous and mono¬ 
clinic selenium 

(Rec eived22September,m revi.sedform 16Ft’6rw<irv 1970) 
1. INTRODUCTION 

The STRUCTURE of red amorphous selenium 
and its transformations are not well known. 
Mondain-Monval[lJ and Richter et al.[2] 
assumed that red amorphous and vitreous 
selenium which has been subject to many 
investigations[3.4] differ from each other 
only by the state of their aggregation. Based 
upon combustion experiments Gattow[5], 
however, calculated different heats for the 
hypothetical transformations red amorphous- 
trigonal and vitreous-trigonal at IS^C. His 
results proved to be independent of the grain 


size, which means that the bulk properties of 
the two modifications are different. 

It is known that red amorphous selenium 
darkens in colour at temperatures above 30“C, 
finally becoming black. In this temperature 
range it is supposed to be subject to confi¬ 
gurational changes [6]. The present paper gives 
details on the transformations of red amor¬ 
phous selenium near 30“C. 

2. SAMPLE PREPARATION AND EXPERIMENTAL 
TECHNIQUES 

Red amorphous selenium is usually pre¬ 
pared by reduction of selenium acid. It is 
supposed, however, that impurity atoms like 
oxygen e.g. which might be incorporated in 
the selenium molecules during the chemical 
preparation will influence the physical proper- 
erties of the pure substance. Another prepara¬ 
tion method is the quenching of selenium 
vapour. At 1000°C selenium is known to con¬ 
sist almost completely of Se 2 molecules [7], 
In order to avoid memory effects [8] we passed 
vapour of 99-999% selenium (American 
Smelting and Refining Company) through a 
quartz labyrinth of 1000°C directly into the 
vapour of boiling nitrogen where it condenses 
to the red amorphous selenium. The nitrogen 
was kept extremely free from oxygen (less 
than 3 ppm), because selenium vapour is 
oxidized to SeOj at elevated temperatures. 
The oxygen content of the samples was deter¬ 
mined by a radiochemical method [9] and did 
not exceed 10 ppm. Any influence of nitrogen 
on the physical properties of selenium has 
never been observed. 

The specimens taken for analysis were 
either as prepared or kept at various tem¬ 
peratures around 30°C in the dark and in an 
atmosphere of pure argon (purity 99-999 per 
cent). The storage temperatures were 17-0. 
19-7, 23-2, 2.‘i-8, 28-4, 31-0, 34-8 and 40-0°C. 
The storage times extended to one year. 

The samples were investigated by differ¬ 
ential scanning calorimetry and X-ray analysis. 
In the differential scanning calorimeter 
(DSC-IB. Perkin-Elmer) the sample and an 
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inert reference probe are healed at a constant 
rate. Individual heat flow rates maintain the 
holders of both the sample and the reference 
at the same temperature which is prescribed 
by the program. Sample and reference are in 
good thermal contact with their holders. The 
heat flow difterences are recorded as a function 
of the average holder temperature. As to X-ray 
analysis, we applied Oehye-.Scherrcr and 
Bragg-Brentano techniques for structure 
investigation. 

.1. KESI I.IS 

The DSC thermogram of red amorphous 
selenium just prepared is shown in Fig. t(a). 
The endothermic peak starting at ?0°C is 
caused by the transition of red to black amor¬ 
phous selenium. The exothermic process at 
SITt represents the tiansl'ormalion into the 
liigonal moddicalitm and at 220C theciystal- 
line phase melts. 

Out experiments showed that the crystal- 
li/alion behaviour changes with time and 
depends very much on the storage tempera¬ 
ture ot the samples. A eomplete change of 
phenomena occtiis at ^trc 

After a stoiage period of abtitil ''() </ at 



Sample temperature 

Fig. I. DS(" thermograms of red amorphoirs sclemijm, 
exothermic iipward(a).)ii,si prepared: (b) Stored al 2S-8T • 
<c) Stored al .H OT. Sample mass l2 Smj;. scan speed 
4°C/min, storage periods mdicaicd 


25-8‘“C, an additional peak (11) with an onset 
at 106°C could be observed (Fig. 1(b)). The 
samples kept at 28-4, 23-2, 19-7 and 17-0°C 
showed this peak II if stored for nearly 5, 
60. 80 and 160 d. respectively. X-ray ana¬ 
lysis revealed that it represents the recrystal- 
li/ation of highly disordered monoclinic 
selenium into the trigonal modification. The 
area of peak I decreased in the course of 
storage time, whereas peak II increased and 
reached the saturation value after peak 1 had 
disappeared (after 200 d at 25.8°C) (Fig. 2). 
Peak 11 position was found to be independent 
of storage time and temperature as long as 
both peaks exist. With the first peak absent. 



1 ig 2. Lnuiipifs of the two tninsformalions (I and II, 
'-ic I ig Uhl) v^. Moiage time Storage temperature 
2.S-8'’('. 


however, the second peak is shifted to higher 
temperatures with increasing storage time 
indicating the formation of an improved mono¬ 
clinic ciystal structure. X-ray patterns due to 
the trigonal modification could never be 
detected on specimens stored below 30°C. 

I he thermograms of samples stored above 
30°C do not show two distinct peaks in the 
uystalli/ation region (Fig. 1(c)). The single 
peak which appears is merely broadened. The 
onset of the crystallization is shifted towards 
lower temperatures and the total peak area 
decreases in the course of storage time. X-ray 
investigations revealed that upon storage 
above 30°C part of the selenium was converted 
into the trigonal modification. The fraction 





TECHNICAL NOTES 


2147 


remaining amorphous is a function of the 
storage time (Fig. 3). The S-shaped curves 
are similar to those found for high poly¬ 
mers [ 10]. After 90-1 (X) rf the crystal growth 
becomes very slow. The value then reached 
is strongly dependent on the crystallization 
temperature. This behaviour suggests that 
the polymer consists of chains with high 
molecular weight [11]. 



l-ig .1 Amorphous fraction vs storage time. Stoiage 
temperatures indicated. 

4. DISCUSSION 

Monoclinic selenium is known to be a 
molecular crystal composed of SCb ring mole¬ 
cules. By means of CSj extraction measure¬ 
ments Briegleb[12] suggested that red amor¬ 
phous selenium also consists of Se„ rings (in 
his paper Se"). Thus the complete conversion 
of red amorphous selenium into the meta¬ 
stable monoclinic modification below ,30°^ 
appears understandable. 

The conversion into the stable trigonal 
modification above 3()°C, however, is more 
difficult to explain because the latter is known 
to consist of long helical chains. The crystal¬ 
lization behaviour found in this investigation 
corresponds to that of high polymers[l I]. 
The Se chains are thus thought to be formed 
by polymerization of Se^ rings. On the other 
hand. Das Gupta et al.[ 13] observed complete 
conversion of originally vitreous selenium into 
the monoclinic form at the surface of bulk 
material which had been stored for seven 


years at temperatures not higher than 28“C. 
This fact involves the formation of rings from 
chains which exist in the vitreous state[l4]. 

The mutual conversion of rings and chains 
is the essential feature of the theory of 
Eisenberg and Tobolsky[l5]. They predicted 
a well-defined transition temperature below 
which only Sch rings are assumed to be pre¬ 
sent and above which the concentration of 
these rings decreases due to the formation 
of polymer chains. In a previous paper[16], 
they applied their theory to sulfur describing 
its behaviour over the entire liquid range 
including the transition temperature of 159°C. 
They calculated the corresponding tempera¬ 
ture of selenium as 83°C. i.e. it lies below 
the melting point of the trigonal modification 
(220“C) and might be inobservable as they 
assume, probably because of crystallization 
effects. It is known, however, that liquid 
selenium is easily supercooled so that the 
transition should be detectable. In spite of 
this it has not yet been observed. 

We assume that the temperature of 30± 
1°C above and below which the crystal¬ 
lization behaviour was found to be funda¬ 
mentally different is the transition tempera¬ 
ture discussed. Regarding the uncertainty 
of the value calculated by Eisenberg and 
Tobolsky the temperature is not in contra¬ 
diction to the theory. Red amorphous selenium 
thus seems to be identical with the super¬ 
cooled liquid consisting almost exclusively 
of Sck rings. 

A relationship to the phenomenon of the 
glass transformation which is usually found 
at about T„ — 30°C does not exist. Dzhalilov 
and Rzaev[I7] showed that T„ is lowered to 
23 if the selenium is cooled with 0 00.3 
deg/min. In contrast to suirur[18J, however, 
their volume temperature curve which yields 
T„ = 23-5°C does not show any character¬ 
istic change at 30°C. On cooling, the ring- 
chain equilibrium (i.e. increasing Se^ ring 
concentration with decreasing temperature) 
is obviously reached more slowly than the 
metastable configurational arrangement of the 
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molecules in the supercooled liquid, the freez¬ 
ing of which causes the formation of the glass. 
Another indication for the slow Se# ring forma¬ 
tion on coding and for the existence of chains 
even at 7 b= 23-5°C is suggested by Eiscn- 
berg’s estimation of the glass transformation of 
the pure amorphous .Se„ which yielded — 50°C 
fl^>|. 
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Electrical conductivity of thin single crystals of 
the IVB-VIB dichalcogenides 

{Ri'icivi'ti 22 September 1969: 

in revised form January 1970) 

Previous measurements [1-8] of the con¬ 
ductivity of the transition metal (IVB-VIB) 
dichalcogenides were limited to thick samples 
or to compacts. Measurements on thin 
single crysttils 10 '’cm) are presented in 
this note. The results are consistent with 
the proposed energy-band model of Connell, 
Wilson and Yoffe[9] and suggest that the 
conductivities of synthetic M 0 S 2 and MoScj 
are intrinsic at room temperature. 

The IVB-VIB dichalcogenides are layer 
compounds which have trigonal prismatic or 
octahedral co-ordination [10]. The polytypes 
of interest are the two-layered hexagonal 
(2H) and three-layered rhombohedral 
(-1R) oncs[ll,I2J. Synthetic crystals of 
several compounds (Table 1) were grown 
by a halogen-vapor transport method and 
the structures identified by the electron- 
microscope or X-ray diffraction patterns: 
MoS;.(2H) and WS2(3R) were available as 
natural crystals. The purity of the elements 
was 5N for the chalcogens; 4N for molyb¬ 
denum, tungsten, and rhenium; 2N.‘i for 
niobium; and 3N for hafnium (apart from 
3 per cent zirconium). Thin samples were 
prepared by cleaving the larger crystallites 
with “Sellotape”, freeing the crystals from 
the tape in a trichloroethylene bath, and 
mounting them on sapphire substrates. 

F.vaporated gold contacts were found to 
be injecting for all the compounds of Table 1 
except WSe2(2H). The exception is surprising 
since Fivaz and Mooser[2] apparently had 
no problems with gold contacts on WScj 
crystals grown by the same bromine transport 
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method. Injecting contacts were obtained 
by doping WScj, with the group Vll metal 
rhenium (< 0-3 wt. % by analysis). 

Space-charge injection by the contacts 
was observed at low temperatures in MoSj, 
MoScz and MoTCj. The current-voltage 
relations could be accurately described by 
the equation 

/ = GK-I-)3T« 

where / is the current, G is the Ohm’s-law 
conductance of the crystal, V is the voltage, 
and /3 and S are empirically determined 
parameters (S varied between 2 0 and 3-6 
over the range 30-90°K). The values obtained 
for /3 and h did not support the existence of 
either a single level or an exponential distribu¬ 
tion of traps in the forbidden zone [13], 

Two experimental difficulties in measuring 
the conductivity of the layer compounds 
should be mentioned. Measurements of the 
conductivity normal to the c-axis are usually 
made with the contacts attached to the 
basal plane, as the other surfaces are marred 
by defects at the edges of the layers. Since 
the crystals are highly anisotropic, the contact 
gap must be much larger than the crystal 
thickness, in order to avoid errors in measure¬ 
ment. In MoS^, which is the only crystal 
whose anisotropy has been measured, 
o-i/a-|| '= 10^ to lO’tT, 14, 15], where o-j^ and an 
are the conductivities normal and parallel 
to the c-axis. All the thin crystals investigated 
had inter-contact areas which were about 
2X10“'^ cm wide and 5x10“-''cm long; 
hence the contact gap I was about I O’ 
times larger than the crystal thickness d 
(measured interferometrically to within ±50 
A). The Ijd ratio is usually much smaller for 
thick crystals. The other experimental 
difficulty is caused by structural defects 
within thick samples [4], However, thin 
crystals 10“®cm) are normally free from 
such defects; this is easily verified by examin¬ 
ing the crystals under a microscope. 

Table 1 gives the results of the condurtivity 


measurements. (In parentheses in the Table 
is given the range of conductivity vedues for 
the number of samples measured.) The 
values for M 0 S 2 (both 2H and 3R) are an 
order of magnitude larger than those reported 
by Fivaz and Mooser[2] and Evans and 
Young [7], and imply that the carrier con¬ 
centration at room temperature is about 
2X 10”cm~’ (the carrier mobility is assumed 
to be 10’ cm’/V sec[2,41). The WS2(3R) 
and WSe 2 :Re( 2 H) values are the first to be 
reported. It is clear from the Table that the 
thin-crystal conductivities of the group VIB 
compounds tend to be larger than those 
previously reported. These differences can 



Fig. 1. Variation of conductance with temperature for 
WSe,: Re(2H). Above 500°K crystal No. 5 began to 
decompose. 
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Table f. C’ry.\taf preparation and rooni-teniperaturv conductivities 
normal to the c-uxis. References are )>iven in brackets. The con- 
ductiviiv value of ReJ. [51 is for a sintered compact fj/NbSe^ 
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piohiihly he Inic'cd lo Iho sii uclura) (k')'t'cfs 
o( thifk erysi.ils and ihc laif'c electrical 
anisoii'iipy. 

I he iiiolyhdcniiiii dichalcoijcnidcs showed 
typical scniicondiicun hchavior below room 
lempeiatuie; ihe results were similar lo those 
obtained by otheis|2,4,7,«(. Ihe con¬ 
ductance ol W.Se« Ke(2H) vaiied nuich more 
strongly over the temperature range 90- 
5()0“K (Fig. I); the ()l4eV activation 
energy probably identifies the ihcnium donor 
level. By contrast NbSe,(2H) showed 
metallic behavior between room and liquid- 
nitrogen temperatures (big. 2) 

The conductivities of Table I (both thin- 
and thick-crystal) are consistent with the 
optical energy-band model proposed by 
Connell, Wilson, and Yolfe[9l. In this model 
the interaction between neighboring tran,sttion- 


mef.'il atoms is strong enough to form narrow 
d-like non-bonding hands which lie within the 
basic bonding gap. The extent to which these 
bands arc occupied determines the electrical 
properties of the compounds. Transport 
measurements on synthetic MoSJZ] have 
shown (hat the Hall activation energy and 
carrier mobility above 20()°K do not vary 
greatly from sample lo sample; thus the 
narrow thermal gap (« (1-3 eV) between the 
non-bonding bands, which the optical model 
proposes, suggests that the conductivity of 
MoS-i at room temperature is intrinsic, 
rather than extrinsic [2J. The basic equation 
for intrinsic conductivity can be satisfied by 
using a thermal gap of 0-32eV[2J, effective 
masses equal to the free electron mass (the 
d-bands are narrow), mobilities = WemI 
V sec(2), and the MoS^IBR) conductivity 
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Fig. 2. Variation of conductance with temperature for 
NbSc2(2H). 


value of Table 1. It is important to note that 
this (intrinsic) interpretation is valid only 
if the high- conductivity value obtained on 
thin single crystals is used. The transport 
data on MoSe^ can be similarly interpreted. 

I,epelit’s work [8] on MoTe.^ appears to be 
inconsistent with the optical model. His 
Hall and Seebeck data represent an impurity- 
controlled semiconductor that has an intrinsic 
gap of TOeV (the optical gap is also I eV[161). 
However, Revolinsky and Beerntsen[17J 
have observed that MoTe.. loses tellurium 
above 600'’K. Since Lepetit’s conductivity 
activation energy of lOeV occurs above 
75()°K, his results may have been affected 
by this loss. If the data are correct, however, 
the d-bands in MoTe^ may lie outside the 
bonding gap or be too narrow to support 
band conductivity. 

AtLnowledfiemenl — 'The author is grateful to Dr A. D. 
Yo(fe for many useful discussions 
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Conduction electron hyperfine interaction in 
semiconducting CdS* 


{Received I December 1969; 

in revised form li January 1970) 


Bloembergen [1] has calculated the nuclear 
spin-lattice relaxation time. T,. due to the 
contact hyperfine interaction with nondegen¬ 
erate conduction electrons: 


•Sponsored by the Aerospace Research l.aboratories. 
Office ol Aerospace Research. United States Air Force, 
Contract No. F336I5-67-C-1027. 
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(r, r' = 2aiT)--'‘Hr^NlUn,m.m:^)''HkT)'i^ 

y.Vi.,u^ <>> 

where A is Planck's constant divided by 2ir; N 
is the conduction electron density; I is the 
number of equivalent minima in the conduction 
band; m,. m-,. W;, are the anisotropic effective 
masses; k is Boltzmann's constant; T is the 
absolute temperature; V„! is the atomic volume 
tmolecular weight/density X Avogadro’s 
number); and u is the hyperfme constant given 
by (in ergs). 

11 -=^ (Sw/.f)y,y„A''<|</>,.(0)|“). (2) 

Here y, and y„ aie, respectively, (he electronic 
and nucleargyromagnctic ratios, and <1<^/ (0)|-) 
IS the averaged electronic probability density 
at the nucleus, with normalization to unity in 
l',„. f qiiation (I) contains a factor four 
correction given by Abragaml2|. The purpose 
of this ptiper IS to report, for the tirst lime, the 
value of (|<A, (())|‘) in //-type wurtzitc ('d.S; 
this can be compared with band-theoiy cal¬ 
culations of this quantity, when available. 

fhe ( d.S sample was <i cylindrical crystal. 
9 mm in dia and IH mm in length, grown from 
the melt. Both electrical and NMR measure¬ 
ments were cained out on the same sample, 
for the electrical measurements five indium 
leads were soldeied on and the crystal current, 
crystal voltage (parallel to current), and Hall 
voltage (perpendicular to current and magnetic 
field) were measured as a function of tempera¬ 
ture. Prom these quantities were calculated 
13| the resistivity (p) and Hall mobility 
The carrier concentration (A'), in cm ■*, was 
then found from the relationship /V ~ K 
(6-25 X ]()"')/(p/u„), where p is e.xpressed in 
ohm-cm, p.,, in cm^/(v)sec and A' is a factor 
between 1-2 which depends upon the degree 
of degeneracy of the electrons and also upon 
the relative amounts of lattice-vibration 
scattering and ionized-impurity scattering[41. 
The pff vs. T plot shows no significant impur¬ 
ity scattering and can be fitted quite well, as 
shown in Fig. 1, by assuming a combination of 



TCK) —- 

Im 1 The Hall mobility, n,, and (he carrier concentra- 
(loii. /V. as fuiK’tions of temperature in single-crystal 
t 'dS I he solid lines are theoretical fils: A is fitted ac- 
coiding to equation (4 4.S) of Ref. (3], fi is fitted according 
lo fi ‘ - n,„„ ’ + ’. whcie the polar optical-mode 

contribution. I7.S (e - I), and the piezoclec- 

Inc-poteniial coniribulion. = 2 (> x 10' 7 

polar optical-mode scattering and acoustical- 
mode piezoelectric scattering. Furthermore 
the temperature dependence of the product 
ppii clearly indicates nondegeneracy and thus 
we used K = 37r/8. The N vs. T curve was 
fitted with a formula|5) derived from a model 
in which the electrons are thermally excited 
from ;i shallow donor level. The best fit, shown 
in Fig. I. gave parameters Af„ = 7-8x10"* 
cm T A*, = 3 0X 10">cm T and £■„ = 0-016 
eV, where /V„ is the number of donors, is 
the number of acceptors, and E/, is the energy 
difference between the donor level and con¬ 
duction h;md. 

The 7Vs were measured by a direct method 
using a Varian V-4200fl wideline NMR 
spectrometer. First the spin system was satur¬ 
ated at resonance, then the magnetic field was 
moved off resonance for a time t, and finally 
the field was swept back through the reson¬ 
ance to measure the magnetization recovered 
in time /. This sequence of operations was 
accomplished manually although it could be 
done electronically also. The dispersion mode 
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was used with high r.f. field strengths since it 
was difficult to even observe the absorption 
mode. The amplitude of the signal as a func¬ 
tion of / obeyedM(/) = A/(oo)[l — e"''^‘],and 
the calculated was independent of r.f. field 
strength, modulation field strength, or sweep 
time, as long as the following conditions were 
observed; (1) the static field was held at 
resonance long enough to completely saturate 
the spin system (the time required was less 
than I sec); (2) the off-resonance field, at 
which the magnetization recovered, was 
chosen far enough from the resonance field 
to avoid saturation; (3) the sweep time, for 
observation of the resonance, was much less 
than T",. This method of measurement com¬ 
pared favorably when checked against the 
pulsed r.f. method on H' in HjiO and other 
samples. Similar techniques, using fast pas¬ 
sage, dispersion mode, and high r.f. and 
modulation field strengths, have been em¬ 
ployed [6] before. 

Temperature regulation for both the NMR 
and electrical measurements was accom¬ 
plished with a Varian T-42.‘'7 variable- 
temperature accessory. 

The data for T", and the product r,A( are 
plotted as a function of temperature in Fig. 2. 
It is seen that TjAtoc j'-ira jp region T = 
175-350°K. Also 7', is independent of fre¬ 
quency, V, in this region so that both the 
temperature and frequency dependence of T, 
satisfy equation (I). At 300°K T, vs. p was 
investigated from 2 to 1,5 MHz and less than 
10 per cent variation was found, random and 
within the experimental precision. The fall-off 
of T,N vs. T below 17.S°K is most likely due 
to another relaxation mechanism, paramag¬ 
netic impurities, becoming effective. Support¬ 
ing this is the fact that 7', shows a slight 
frequency dependence at 77°K. 

At 300°K the measured values of T, and N 
are T, = (46±2) sec, N = (4-4±0-2)x 10'* 
cm~''. Using known values for the other para¬ 
meters, /=1, and[7] (m,,W 2 ,m 3 ) = (0-18± 
0 02)wp, we calculate from equations (I) and 
(2), a = (0-34±0-03) cm"'. Also, y„ = 5-93 x 
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Fig 2. The nuclear spin-lattice relaxation lime T,. at 
8 MH/. and the product T,N as functions of temperature 
in single-crystal CdS 


10* and, using the measured [8] g-value of 
1-78, y,.= ^57xl0^ giving <|,^,.(0)|*) = 
(7-7 + 0-6) X 10**cm-*. 

The.se values can be compared with those 
for the atomic case. Considering the ionic-solid 
approximation the appropriate atomic con¬ 
figuration resembling a conduction electron on 
a Cd'** ion is 4<7"’5s*5i/.2. The proper term 
parameters, including relativistic corrections, 
yield, using the Goudsmit formula [9], 
(|d).4(0)|*> = 9-2 X 10*’cm"’. The ratio f = 
(jd>,(O)i*)/(|03(O)|*> = 0-84 is not untypical 
of metals and semiconductors. Non-contact 
interactions have been neglected in this ap¬ 
proximation due to the fact that they are 
expected to be small compared to the contact 
term; in fact, band calculations[10] indicate 
that the conduction electrons in CdS are quite 
like the atomic 5s electrons in Cd with less 
than 10 per cent p character. It remains for 
theorists to explicitly calculate (|d>f (0)|'“> in 
order to compare with the experimental value 
given in this paper. 

Research Insutude, D C. LOOK 

University of Duyion, 

Dayton. 

Ohio 45409, U.S.A. 
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The effect <tf rigidity and density on the 
temperature variation of Miissbauer effect 

{Hi t cn ( (/ .'J 

III It I i\fi( lonn S l>t< finhii 

f'Hi MODUl US oC ligiility and ihc density 
of solids arc two stionyly tcmpciature 
dependent pai'arneters. I hese two parameters 
have been shown to he involved in the le- 
eoilless resonance emission of y-rays. 
rhrotigh these parameters, the inlluence of 
temperature on / has been calculated for the 
14-4 keV. transition of ’’Fe in some host 
lattices in the region of low(/' ■'«/,) and 
high {T \0„) temperatures. It has been 
assumed that the forces between impurity 
and host atoms are Ihe same as those between 
host atoms. The temperature variation so 
obtained is in general agreement with the 
variation obtained by Maheshflj. Our 
calculated results for "'’Fe in Cu and Au 


hosts are in good agreement with the experi¬ 
mental values of Steyert and Taylor[2] and 
Housley cl al.[3\ (for Cu) except in the high 
temperature range. It is noticed that the 
decrease in/for the same temperature change 
is greater for lattices having large values of 
the temperature coefficient of modulus of 
rigidity. Although no definite relationship 
may be ascertained, there is a strong correla¬ 
tion between the temperature variation of / 
and the rigidity. 

The rccoilless fraction/is expressed as [4], 

/= exp [-A:-’(x^>] (1) 

where K = F/f/c. E being the y-ray energy 
and < V-) is Ihe component of the mean 
square vibrational amplitude of the emitting 
nucleus in the direction of the y-rays. 

In our case, the ■’'Fe source is embedded 
as an impurity in different host lattices, so 
th.il {\-) Is the mean square vibrational 
amplitude of impurity, Assuming the same 
binding forces as between host atoms, (x'‘) is 
given by [.^). 

(•'-)ho,i i'orr>0„ (2) 

(3^) - forT^O (.A) 

where A/ and M’ are the masses of host and 
impurity atoms respectively. 

With the help of equations (2) and (.A), 
equation (I) can be written for low (T 0„) 
and high i T {0,,) temperature ranges 
lespeclively as, 

exp [- K- (.v-)i,„„ {MIM')''-] (4) 

/-=exp [-F-(x-)h„si]- (5) 

Assuming the Debye model of the phonon 
spectrum, can be written as a function 

of temperature 7asl4]. 

<-A-)i,.,si -= ke,,} 

! + 4 jy' u dule "- 1 j. (6) 
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The integral in equation (6) can be exactly 
solved near absolute zero giving the value 
of (jfOhost as [4], 

<x^)ho,i = 0d}{\+ (7) 

With the help of equation (7), equation (4) 
in the limit T -* Q can be transformed as, 

/= exp [- -iEyWMM' k0„]. (8) 

Using the infinite series expansion of the 
integral [5] in equation (6) we obtain, 

<x^)ho,. == {3*V4/W ke„} 

{(4Tiei,) + U0nlT)+ .}. ( 9 ) 

In the range of high temperature (7 > 
{fin) equations (9) and (5) would yield an 
expression for the value off as, 

/= exp [- 3£-T/Mr-AiV-] ■ (10) 

In the above cases is the Debye tempera¬ 
ture of the host (near 0°K) defined by [6J, 

«„-•= (/iM) .M,.5 (II) 

where, 

M,= OpNplAnm)'''^ 

here p, m, p. /V and S are respectively, 
density (near 0°K). molecular wt., atomicity, 
Avogadro's number and mean value of 
sound velocity(near 0°K). C'ombining equa¬ 
tions (II) and (8), we get a relation for / 
near ()°K 

log /= - 3EV4VmW . . h . M, . S. 

( 12 ) 

Similarly combining equations (II) and (10), 
an expression for f at high temperatures 
(7 > {6,)) can be obtained 

log/= - 3£“. k . TIM . c-. . M:^ . SK 

(13) 


From equations (12) and (13), it is evident 
that the variation of / with 7 depends upon 
the change of S and p with temperature 7. 
As the sound velocity is the square root of 
the elastic modulus and density, the mean 
sound velocity S can be expressed as, 

5 = VO’o/p 

where 6’„ is the mean value of the elastic 
modulus near ()°K. If we assume that the 
variation of G,, with temperature is similar 
to that of the modulus of rigidity [7], then 

S, = \/(}„(\-A . 7)/p(l-/3.7). (14) 

Here (8 is the coefficient of volume expansion 
and A is the temperature coefficient in the 
expression G, = G„( l—A.T). where G, and 
Go are the moduli! of rigidity at temperature 7 
and absolute zero respectively. 

Substitution of equation (14) in equation 
(12) therefore yields an expression for the 
variation of,/'with 7 at very low temperatures 
(7 « 0;,)as, 

logy;^~ -3EHl + T/2(A-/i/3)}/ 

4VMM' . c- .h.M,.S (15) 

where higher order terms in 7 have been 
ignored. 

A similar relation at high temperatures 
(7 S> {On) can be derived by the combination 
of equations (14) and (13), which would 
then give the f— 7 variation as, 

log7,^~ - 3E‘ .k.r{\ + T{A-l3l?,)}l 

M .c~.lr.Mf.S^. (16) 

Here we have neglected terms involving the 
product of A . j3. since A and /3 are very small. 

Equations (15) and (16) give the /—7 
variation close to absolute zero (7 6,}) 

and at high temperatures (7 > {a,,} res¬ 
pectively. These variations have been 
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calculated for the 14-4 keV gamma transition 
ofin Cu, Au, Al and Ag at temperatures 
4, 293, and 773°K (Fig. 1) using the values 
of S, fi. /4 and p (Refs. [6,8,9]) for these 
host lattices. The calculated results for Cu 
and Au up to SOO^K are in agreement with the 
experimental values of Steyert and Taylor(2j 
and Flousicy et ul. (31 (for Cu). Our results 
are nhout 10 per cent lower than those of 
experiments{2, 3] at high temperatures. The 
reason for (his is not quite clear, but it may 
be due to the deviation from a linear variation 
of (he rigidity til high temperature, experi¬ 
mental data for Al and Ag have not been re¬ 
ported iis far as known to us. 


rigidity of the lattice with temperature 
plays a prominent part in /- T variation and 
that the density plays a secondary role. 

In Fig. 2. an overall decrease in A = 
[/(0 /=ok-/(0/-2.s3-k] in f of Pt, Pd, Au, 
Cu(from experimental dala[2]), Ag, Al (from 
theoretical calculations) and Sn (for 23'9kev. 
transition in "“SnllO] is plotted again.st the 
corresponding values of /). In general the de¬ 
crease is greater for the same temperature 
change as /I increases, but there is no definite 
relationship. This indicates that the tempera¬ 
ture coefficient of the modulus of rigidity 
plays an effective role in the temperature 
variation of /, such that the decrease in 



t'lL!. J V,iiiuifon ol / ,is a tunvtioa ol Kijx / ftir ’'t c (14.4KsV UunsUion) in Au. Cu, 

Al ami Ag hosls 


1 he magnitude of ,4 is ol the order ol 10 ' rigidity is respon.sible for /— 7' variation. A 
and that of (3 is ol the order ot 10 '', which i.s similar argument can be given for the increase 
much smaller than A used in equations (15) in/with pressure on the basis of the increase 
and (16). It shows that the variation of in the lattice rigidity [1IJ, 
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On the magnetic .structure of U■,P^ and UiA.s, 

{Ri‘f rn ft! 2 \ (46y( 

In r(,( fni years several siutiies oC magnetic 
properties of U|P, and UiAs, powders, 
including preliminary neutron dilfraclion 
investigations 111. have been undertaken by 
I r/ebiatowski and 7 roe and their collabora- 
lors|2..^|. It has been found that these com¬ 
pounds become ferromagnetic below /,. and 
t heir pai amagnetic and ferromagnetic moments 
per I / ion were established. 

Recently Biihrer|4| published the results 
of m.igneiic measurements made on mono- 
ciysialhne samples of Li|P, and U-.As,. It 
is evident from his data that these ciystals 
exhitiil high anisotropy and that the magneti¬ 
zation (tirection is along the |lll| axis. 
Hiihrer nuide also a suggestion, tiuit in this 
case we are dealing with a rathei uncommon 
type of teriomagnetisni. namely that there 
are three tei romagnetic subl.ittices with 
mimially perpendicular directions. 

Because we have not. at the momenl, any 
definitive determination of the magnetic 
structure ot these compounds, it may be 
worthwhile to say a few words about sym¬ 
metry applied to this pioblem. 

Prom X-rav analysis (and also from j 11) it 
is known that U,,P, and U.As, crystallize 
in the Th,P| chemical structure with U ions 
located at the six svmmetry equivalent 
positions: 

Pi- (^0 1), /».,-t^o ;), Pr.--(I h’O) 

p^=-(]i0). -(OIh'i. zr„-(o;i). 

The origin of the coordinate system is taken 
on the threefold axis, at the center of the 
twofold axes. 

The symmetry of the paramagnetic state 


is described by the grey Shubnikov group- 
743 t/r. 

Assuming that the transition to the ferro¬ 
magnetic state is of the second order in the 
Landau sense, we have applied the criteria 
of the Landau theory to predict the magnetic 
symmetry below T,. With the help of the 
table elaborated by Sirotin[5] we arrive at 
the conclusion that there are two possible 
ferromagnetic groups; 

easel;/42'c/'-/42f///4 or Sh?.?.?- 
case II:/? 3r' - R 3t //?3 or Shji, - 

Lhc Koptsik symbols are given[6] on the 
right. Using the standard procedure of 
Opcchowski and Ciuccione[7) we are able 
to determine the magnetic structures invariant 
under the symmetry operations of these 
groups: 

('(i.sf I. It may be demonstrated(81 that the 
ferromagnetic structure invariant with respect 
to (his group should be one with the magneti¬ 
zation directed iilong one of the four-fold 
axis. Hut. in view of Buhrer’s results(4]. the 
magnetization is directed along [III]. T/m.s 
the i^nmp 142'd' must he ruled out. 

Case II. fhe positions Pi,...,p,i, which 
are special ones in the Th:iPj structure, 
become general positions if the symmetry is 
chtmged to R3c '. The most general invariant 
structure may be described by the following 
assignment of the magnetic moment vectors 
to the lattice sites; 



Wc see that in this way the resulting magnetic 
moment is directed along [111 J. 

As special cases of this generalized struc- 
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ture we would like to single out the two 
following: 





r 

(a) 

u = V = w then 

Pi = . . 

.. Pit = \u 





(b) 

p = w’ = 0. M # 0 

then 
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7. OPECHOWSKI W,. and GUCCIONE R . Muf.- 
nettsm (Edited by G. T. Rado and H. Suhl). Vol. 2A. 
Academic Press. New York (1965). 

8. PRZYSTAWAJ . and STESLICKl J., Lrc ture.s o///ir 
6lh A. Winter School of Theoretical Phy-ius, Kurpac: 
(1969). 

9. HENKIE Z.. private communication. 



J. Phys. Chcm. Solids Vol. 31. pp, 2159-2161, 


Linear spin wave theory with single ion 
anisotropy* 


1 he last is the structure suggested by Buhrer. 

It is seen from the high anisotropy(4J. from 
recent dilatometric and resistivity measure¬ 
ments made at Wroclaw 19], and also from the 
above considerations that a distinct change 
of crystal structure should be expected at 7',- 
Of course, to establish the exact nature of 
the magnetic ordering a more definitive neu¬ 
tron diffraction study is necessary. Such 
investigations are now under way at the 
I nstitute of N uclear Research at Swierk. 

AtKnoH'ledpemenls -\ am grateful lo Dr. R, Troc. 
Dr Z, Hcnkie and Dr. W .Stiski for illuminating discuv 
sions. 

Institute ol I heorelK ill Pln sus. J PRZYSTAWA* 
Lhni crsity of Wrot hoc. 

Wroclaw. 

Cyhulskteno 36 , 

Poland 
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iReccit ed 24 September 1969) 

In A RECENT letter, the authors[1] proposed 
an explanation for the observed magnetiza¬ 
tion of a thin iron film in terms of a Heisen¬ 
berg model with a single ion anisotropy term. 
The purpose of the present note is to explain 
the method used to find the spin wave modes 
of that model and. more generally, to extend 
the usual prescription for determining spin 
wave energies to the case of a spin system 
with single ion anisotropy. The most careful 
discussion (2j know n to us of linear spin wave 
theory in the presence of single ion anisotropy 
is incorrect: its inadequacy is glaringly 
obvious when applied to our model, where it 
leads to unphysical lesulis. 

The Hamiltonian in which we are interested 
is: 

^ = -fiWiiH S 2 J. y ■ 2 

+A'Z{s/y^. (I) 

I 

The coelticicnt A is assumed to be positive, 
but small compared to the 7*. so that the .v 
axis is a ‘hard’ axis. i.e. the magnetization will 
lie in the v, z plane. The first term describes a 


* Present address: Laboratory for I'heorctical Phy%ics, 
Joint Institute for Nuclear Research: Head Po.st Office 
P.O. Box 79, Moscow, U.S.S R. 


‘Supported in part by the U S Air Force Office of 
Scientific Research, U S Air Force, Grant # AF- 
AFOSR-61()-67. and the National Science Foundation. 
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small magnetic field that stabilizes the spins 
along the +z direction. The question now 
arises: For H —» 0, does the anisotropy term 
produce a gap in the spin wave spectrum? 
On quite general grounds the answer must be 
that a gap cannot exist: i.e. the magnetization 
is free to rotate in the v.z plane, so that any 
restoring torque must go to zero as the wave 
vector goes to zero. We have found that the 
ordinary techniques of lineai spin wave 
theory 12-4) are easily capable of avoiding 
this necessary result, giving spurious gaps or 
other incorrect behavior. 

I he point is to wiile the equation of motion 
tor a spin deviation operator in the collect 
tbrnv 

/1 .V, • - I .s, •. ^ 1 - ’ - V./, ( 

a 

) ic.v,'- • n.v/ 


where A'^ 

(IS - l)A; 5,* = 1/VN ? '. Note that 

/i' = 0 for 5 = i. as required by the fact that 
(S,')'^ is then a constant. The solution of 
equations (3) with time dependence 
will then be a linear combination of and 
.S'-, with frequency: 

(u, = (e,+ zl ’). (4) 

This is the major result: it satisfies the require¬ 
ment that lim tn, = 0. 

a t •« 

To determine the low temperature thermo¬ 
dynamic properties of this model we can 
proceed in the usual way, defining the 
operator u, — l/'^ZS and treating u, as a 
boson operator; i.e. [«,. = 1. The opera¬ 

tors which satisfy the linearized equations 
of motion (3) are not the u,. but are new 
boson operators o,: 


TV, (2.V,---I)]. (2) 

In writing equation (2). ue have used the spin 
commutation lelalions as many limes as 
necessary to bring the laising operators .V,' 
all the way to the right and the lowering 
operalois .V, all the way to ihe left. If we now 
linearize equation (2) hy setting the .V,' 
operatois equal to the spin .V, all matrix 
elements between slates |.V,- ^ .V) and 
|.V,' — .V -|> arc still given eoireelly. The 
spurious results mentioned earlier can be 
traced to incorrect ordering of pioduets such 
iis .Vj'.V,' before linearizing. If we wish to 
go beyond a linear low temperature theory, 
questions of matrix elements to stales with 
two oi' more spin deviations arise, and the 
abt>ve remtu ks must be e,xpaiKledl5|. 

From here everything is fairly standard. 
The lineiirizcd. Courier transformed, equations 
of motion are: 


From equations (3); 

Ihe magnetization is calculated hy writing 
Ihe expression 


Sr -■■■= •!>-yw 2 


(7) 


f 

in terms of the a operators 

1 

-f- off diagonal terms (8) 

and averaging, using the Planck function; 

/e';\ - c I vs W),+ /4'/2 

2ca„ 


tS —, , -f-y 


(S,^-hSiJ 


l^ e^+A'/2 1 

N'Y ta, exp (^a>,/A:T) — T 


(3) 


(9) 
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Equation (9) shows that this model exhibits 
a zero point demagnetization. The analysis 
given above is valid only if this demagnetiza¬ 
tion. as well as the temperature dependent 
demagnetization, is small compared to 5. This 
condition places a limit on the allowed 
magnitude of/4'. 

Note added in proof: G. F. Reiter fniesis, Stanford 
University, 1968, Unpublished] has also given a correct 
method for treating single ion anisotropy terms. 

Department of Physics. D. R. FREDKIN 

University of Califonua, H. B. SHORE 

.San Diepo. 

Im Jolla. 

Calif <i2037. U.S.A. 
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The effect of localized surface changes on trans¬ 
port current distributions in plates of type I 
superconductors* 

tHeceived 18 September 1969) 

Etching and sanding localized regions of 
the surfaces of plates of type 1 superconduc¬ 
tors cause large differences in both the super¬ 
current distributions and the intermediate 
state currents when transport currents are 


‘This work was performed under the auspices of the 
U.S. Atomic Energy Commission. 


applied. The results are similar to the data 
obtained from magnetization measurements 
of hollow cylinders which show that the super- 
current distributions are affected by localized 
changes in surface properties. 

The London treatment of the transport 
current in a plate of a type I superconductor 
requires that the supercurrent distribution 
is uniform in the zero resistance region [1]. 
Magnetization measurements of hollow cylin¬ 
ders of type I superconductors show that the 
induced persistent current distribution is 
dependent on localized surface conditions and 
also depends upon wall thickness [2]. In this 
work we report similar effects in transport 
current measurements in plates of type I 
superconductors. 

Supercurrent distributions produced by 
transport currents were measured in the 
type of samples and apparatus illustrated in 
Eig. 1. The samples were plates of 99-999% 
Pb and Sn of uniform thickness cut in the 
symmetrical geometry shown in Fig. 1(a). The 
distribution of currents in the arms of the 
sample was determined by forming the 
geometry shown in Fig. 1(b) and measuring 
the fields generated in the loops when current 
flows. The arms were spaced sufficiently 
far apart so that no field interactions occurred. 
The results obtained were reproducible and 
independent of the width of the current leads 
when they exceed the arm width. The results 
are also independent of the spacing between 
the arms when the spacing is sufficiently 
large so that the field between the arms was 
zero. The type of probes used, and the preci¬ 
sion and reproducibility associated with the 
equipment and techniques was described else¬ 
where t2). Annealing procedures and the 
various methods for producing surface strains 
and removing surface strains through chemi¬ 
cal etching were also described [2]. Previous 
work on hollow cylinders [2] showed that 
surfaces in which the strains were minimal 
carried small currents. The largest super¬ 
currents flow in regions associated with sur¬ 
face strains. The transport current samples 
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ETCHED 

fr'r-T-t T- r ’-\n rTr/T^T^ 

r p— 



y 


(o) 



I 1 ^:. I Suniplc sti«ipc iiinl gcuinciiy used lo measure iransport current disiribu- 
Uons resulting rromelehcd and sPained surl'accs 


were iintl'nimly suii'aee stiuincd by '.antlinji 
mitiiilly. A poitiDii ()l one aim was ihcn 
etched lo remove the smi'ace strains as 
denoted in l ig. 1(a) lo make certain that 
no appreciable difl'erences in inductance or 
geometry existed between the two loops, 
after (he measiiremenls were completed, the 
etched arm w'as strained tmd the stiained arm 
was etched. The results obiainetl by alternat¬ 
ing (he stiained and siram-lice aims were the 
same to within experimental error. The sym¬ 
metry of the samples with respect lo induc¬ 
tance difference wiis also conlirmed from 
experiments which showed that both arms 
produced equal fields with cm rent in the 
normal state. The data obtained from measure¬ 
ments of a 1.^ mil thick plate of 99-999'';^ I'b 
at 4-2°K where the width of the arms was i .so 
mils ;tre shown in Mg. 2. It is only necessary 
to consider the lower curve. The upper curve 
can be obtained from the lower curve through 
considerations of conservation of current and 
field with the experimentally confirmed infor¬ 
mation that for both arms i;AW/A/ = con¬ 
stant. The effects described here have been 
observed in Pb and Sn at different tempera¬ 
tures and appear to be characteristic of type I 
materials. The data represent the limiting 


distributions after repeated etching and strain¬ 
ing for a constant final thickness. Almost 
identical curves were obtained from different 
samples which were etched and sanded till 
the thickness reached a given value. 

All portions of the curves between points 
I and 2 are reversible when 1 does not exceed 
the abscissa value of point 2. The portions of 
the curves between point 4 and the normal 
state are essentially reversible. Hysteresis 
first occurs when I is reduced after exceeding 
point 2. A typical hysteretic path associated 
with a point within the transition region is 
shown by 3 6. The sequence used to obtain 

the state was ) 2 —♦ 3 —» 6. At 1 applied = 
t) ;i persistent current of the magnitude shown 
is created. The maximum persistent current 
obtained for samples with this surface to 
volume ratio is shown by the path 5 —» 7. The 
value is less than the vertical height of the 
plateau. 1 igure 3 gives similar measurements 
in a 9 mil plate of otherwise identical geome¬ 
try. In this case the maximum persistent 
current achieved is equal to the plateau height. 
The plateau heights are in direct ratio with 
the surface to volume ratio in these and all 
other plates studied (4-30 mils). The reverse 
curve and subsequent curves obtained by 



15 mil 
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X 


tion in surface energy for a 15 mil thick plate of Sn at 2-6°K Hon m surface energy for a 15 mil 

Data given for the increasing and decreasing transport tures. 

currents between the superconducting and normal states. 
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increasing and decreasing the applied current 
show changes analogous to the hysteresis 
observed in magnetization measurements [2]. 
The assumption that a difference in transport 
current in the two arms is sufficient to create 
a persistent current when the applied current 
is removed is not supported by the reversibility 
observed for the curves between points I and 
2 in Pig. 2. The larger current may collapse 
into the arm carrying the smaller current and 
generate a persistent current in the plane of 
the sample when 1 applied is removed. This 
would create a field of opposite sense to the 
field observed with applied current in the 
etched arm in agreement with the data. 
Nevertheless such a current is not created 
by the difference associated with the region 
between points I and 2. The data show that 
the persistent currents are associated with 
the plateau region which is the only irrever¬ 
sible portion of the curve. Figure 4 shows 
the complete forward and reverse curves 
between the superconducting and normal 
state for a 15 mil plate of 99-999% Sn at 
2'6°K. Data showing that the critical currents 
and plateau heights have the same tempera¬ 
ture dependence as the critical fields are 
given in Fig. 5 for a 15 mil plate of Sn. 
Thinner plates of Sn show changes similar 
to those observed in the thinner plates of Pb. 
The sample shapes and equipment used for 
these measurements were not suitable for 
precise resistivity measurements. However, 
some qualitative conclusions can be inferred. 
The magnitude of the persistent currents 
obtained when the transport current is 
removed and the manner in which they are 
created indicate that the intermediate state 
first forms at currents greater than those 
associated with the plateau. In addition the 
data show that the resistivity in each arm is 
different and only becomes the same in the 
normal state. 

Although the effects reported here may be 
minimized in solenoids due to field inter¬ 
actions, the results imply that localized sur¬ 
face effects may contribute to non-uniform 


eddy currents and non-uniform dissipation 
in superconductors which carry an appre¬ 
ciable fraction of the current in the surface. 

Brookhaven National D, G. SCHWEITZER 

Laboratory, P. D. ADAMS 

Upton, 

N.Y.J1973, 

U.S.A. 
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Cation distributions in ferrimagnetic garnets 

{Received 12 September 1969) 

In RELATION with problems concerning crystal 
chemistry and magnetic properties of rare- 
earth iron garnets, Geller el «/. [l-.f], Tauber 
et al.[4 \and Bozorth el rt/.(5] have investigated 
the distribution of cations in a crystal belong¬ 
ing to the system Y 3 Fe 2 Fe 30 , 2 -Ca 3 Fe 2 M;, 0,2 
(M == Si, Ge. Sn). Their results have indicated 
that, among non-magnetic tetravalent ions, 
most of those with large ionic radius such as 
Sn^^ occupy the octahedral sites in garnet, 
while only a small portion of ions whose radius 
is fairly small such as Si"**^ or Ge'*’^ enters into 
the tetrahedral sites. During a study on poly¬ 
morphic form of YIG [6], we have worked on 
the distribution of Cie^*^ ion in a crystal belong¬ 
ing to the system of YIG and germanate 
andradite (Ca 3 Fe 2 Ge:, 0 , 2 ). 

In the preparation of starting materials 
with chemical composition of (Y;,-j.Caj.) 
(Fe.-, jGej.)0,2, where t = 0, 0-5. 10. 1-5, 2 0. 
2-5 and 3 0, the calculated amounts of 
standardized solutions of FelNO^fa and 
Ca(NO ;,)2 and powders of YjO;, and GeOj 
were mixed, dried, and fired until the nitrates 
were completely decomposed. They were then 
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heated at I200°C' in air for 24 hr in an electric 
furnace and quenched to room temperature. 
Then the samples were reground and rcfired 
under the same conditions. 

■fhc X-ray diffraction patterns of the baked 
samples were completely indexed as the 
garnet-type structure and this tact made it 
possible to calculate a change of lattice para¬ 
meter with the change of the mole fraction -v. 
As shown in 1 able I. the lattice parameters 
decrease almost linearly with the increase of 
. indicating that the complete solid solution 
IS foi med in the w hole range olThis system. 

/((/)/(' I. /icMills oj X-niy diuilv.'.is 
iUiJ iiuiyiu'lic iiu‘<isurt‘iii<‘iils 


{ (i„iXi /, I'Kl voi .iisn.noil loll K 
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i; MO 

' 


: s 

^ 0 
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I’.ii .iiri.ignels. s in leingci.iliiu.'laiiiis Jow n 
loSII K 


products were calculated by following the 
way introduced by Gilleo ct «/.[7]. and 
the results for r = 0. 0-5 and 1 0 are .shown 
in fable 2. 

Analyses of Mbssbauer spectra of the 
samples were undertaken to examine 
the above-proposed cation distributions. T he 
spectra were recorded at room temperature 
using the radiation from ^Co in Cii with a 400 
channel multichannel analyzer. The velocity 
was calibrated by the spectrum of o-FeaO^ 
and also by that of stainless steel. The analysis 
itself is principally based on the method by 
which Bowen et <7/.[8| obtained the ratio of 
fc-‘ to l e " in mica. The area of an absorption 
line which corresponds to a certain velocity 
is proportional to the number of the absorbing 
nuclei (”Fe) per unit area in the absorber. If 
the absorber contains more than one dis¬ 
tinguishable site for iron, the comparison of 
intensity of each peak in a spectrum gives us 
an information on the relative population of 
iron atoms in a sample. The cation distribu¬ 
tions calculated in this way are listed in Table 
2 1 he noticeable consistency with the results 
of magnetic measurements is seen in this table, 
for X - 10, the present result also shows a 


I (il)li’ 2. ('dtiDii tli.sliihiiliiin in ^niiu’l nnnh'Zinl from llic results of nuianelic 
mciiMiri-mrnl'i iiiiil Mii.sshiiiu r spci Irii. I he nitio/is parenthesized hy { }, [ ] 
and ( ) mdu ate that they on iipv the dodecahedral, octahedral and tetrahedral 

\ites. respectively 


Miisni'lic ini'iisDii-nu'iil 


Mossbaucr spectrum 


() 

OS 
I 0 


G ,}|lc,|(l |\ ,Hlc,l(lc.,)0,, 

I ^ ,1,, I [ t C|,1,111 c. -,|t ic„ ^; ',t .1,1.,I (I s*I ,,„Cje,) if^ 1 (re.; ..„,Cie,( ,„)11,2 

I S j( ‘0 I I C, >C„ I, ) ( t ' 12 I it IC,, )( 1,2 G .‘t .11 I ECj h«t J e„ 2(, J ( t'C.j 2 ,iGC|| „„ ) 0|2 


Dependencies of the magnetic moment on 
tempeniture and the vtdue of spontaneous 
magnetization were measured in ii mtignetic 
field up to SOOOte. They are also tabulated in 
Table 1. 

From these results of the magnetic measure¬ 
ments, the distribution of cations in the 


good agreement with that reported by Bozorth 
et u/.I.l). 

('tdlt'iit' at (it'flatal Ehucutian and 
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electrical conductivity are given by [2] 


a = (ai.(Ti,+aircri:)/<Ti. + ar 

(T = (Ti,+(ris 


where L and U refer to the lower and upper 
energy bands, respectively. However, for 
acoustics scattering and a,, are given 
by 12] 


a,, = ikle) 


(hie) 


[ 

[ 




2f,(Tr) - A) 
F„(t) — A) 


] 

— (t) -A) 




where Fr{'i))\ are Fermi integrals[3J defined 

J Pity.-. Chem. Solids Vol 3 I, pp 2167-2169. by 


Valence band of thallium selenide 



x’’ dr 

1 +exp(4: —t)) 


(Ret eived 29 April 1969) 


7} is the reduced Fermi energy 


In a previous publication!!] the results of 
measurement of electrical conductivity and 
thermoelectric power of lead-doped thallium 
selenide had been reported. It has been found 
that these results could be qualitatively 
explained on the basis of a two valence band 
semiconductor. In this note the results of the 
calculations made to obtain the separation 
between the two valence bands are presented. 

Figure 1 shows the experimental results 
(solid curve) obtained from the doping 
investigation with thermoelectric power 
(«) plotted as a function of electrical con¬ 
ductivity (O'), Here only that portion of the 
curve which corresponds to the appreciable 
contribution from both bands are presented. 

Before the equations can be written for the 
thermoelectric power (a) and electrical 
conductivity (or) for a two valence band 
semiconductor, it is assumed that both bands 
are spherical and that the carriers undergo 
acoustic scattering. For a semiconductor 
in which two valence bands are to be con¬ 
sidered, the thermoelectric power and the 


17 = {ef—e,,)lkT 

and A is the reduced energy difference between 
the two bands, 

^ = (ev-^,)|kT. 

The electrical conductivities cti, and (7,. 
are given by [2] 

<r,, = 2e(2irmi(77/i2)V2F„(T,)p,.(m,.*//«)■’'" 

(7,,= 2t'(2irw/t7'//F)’«Fo(7)-A)p, 

where m* is the effective mass of holes and 
p, is the mobility. In order to obtain a corres¬ 
pondence between the experimental and 
theoretical values, it is necessary to vary 
the parameters 

and A in such a way that suitable values are 
obtained. This is achieved as follows. The 
parameters p<'(m,*/m)'‘'“ and 

A were so chosen as to obtain two curves 
on either side of the experimental curve. 
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CONDUCTIVITY, O' (A- Cm) 


I ig, I I hi'imocloclric power as a fiintlum of etcdrical condutlivily. 
Solid luivc IS llic oxpcniucnlal icsiills and ihc dolled curves are the 
ihcoielical values calculaled according lo the Iwo valence band model. 


Two Mich curve's (I untl 2) lire shown in 
f ig. I. This procceliire determines the ranges 
ol' hn) "- and ix,itiii V/n)'*'* for a fi.xed 

value (tf A - S. finally a computer program 
was written and these parameters were 
accurately determined so that the theoretical 
a = J'Ur) curve lies on the experimental curve. 
Best correspondence between experimental 
and theoretical curves was obtained with the 
following parameters 

A = 7-9 

= 2-6S x 10 ■■^cm^tV Sec)-' 

— 8-95 x 10 ■'cm''(V Sec) ’. 


Since A is known the separation between the 
two valence bands was calculated and comes 
out to be 0197eV. This is about 1/3 of the 
energy band gap of thallium selenide(4] which 
is 0-574 eV. 

li IS a pleasure to thank Professor 
B. D. Nagehaudhun for his valuable suggestions, 7’he 
author is thankful to Dr. C. S. Shastry, presently Depart¬ 
ment of Physies. I oinsiana Slate University, U.S.A., 
for his help in writing a computer program. 
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DIRECTIONAL DISPERSION OF EXTRAORDINARY 
OPTICAL PHONONS IN a-QUARTZ IN THE 
FREQUENCY DOMAIN FROM 380 TO 64^cm-^ 

J. ONSTOTT 

Case-Western Reserve University, Cleveland. Ohio 44106, U.S.A. 

and 

G. LUCOVSKY 

Xerox Corporation, Rochester, N.Y. 14604, U.S.A. 

iReceivedlA November \969; in revised form li January 1970) 

Abstract— The room temperature i.r. reflectivity of o-quartz was measured in the spectral range 
from 380 to 640 cm~'. Reflectivity at normal incidence was studied as a function of the angle between 
the c'-axis and the crystal surface in a geometry in which the polarization vector of the incident light, 
the c-axis, and propagation vector were coplanar. This is the geometry in which coupling to extra¬ 
ordinary optical phonons occurs. Reflectivity spectra were analyzed using a Kramers-Kronig dis¬ 
persion analysis and a classical harmonic oscillator formalism. The directional dispersion of the i.r. 
extraordinary phonon modes in a-quartz was calculated using a coupled harmonic oscillator formalism. 

The experimental frequencies of the coupled modes were in excellent agreement with the results of 
this calculation. 

1. INTRODUCTION a directional dispersion in the i.r.-active 

The INFRARED spectrum of a-quartz has been phonon frequencies in the extraordinary ray 
studied extensively [1-3], Recently, the use of geometry[5]. Merton[6] has calculated this 
laser Raman spectroscopy [4] has helped to for a-quartz using a dielectric constant 
complete the assignment of the frequencies formalism [5], Lucovsky, Burstein, and 
and symmetry character of the fundamental Pinzcuk[7] have used a phenomenological 
optical phonon modes at the center of the equation-of-motion formalism to generate a 
Brillouin zone. In a-quartz, there are 9 atoms similar result. Their formalism, in addition to 
per unit cell, hence 27 degrees of freedom, providing a simpler procedure for generating 
Subtracting the three acoustical phonon the matrix from which the frequencies and 
branches, there are 24 optical phonon coordinates of the mixed modes are obtained 
branches. Their number, activity, degeneracy, also provides additional insight into the mode 
and symmetry character at the zone center are: coupling mechanism. Their phonomenological 
4 Raman-active, i.r-inactive, nondegenerate interpolation scheme is used by us. 
phonons of A i character There have been several experimental 

4 i.r.-active. Raman-inactive, nondegener- studies of mixed modes in a-quartz. Mathieu 
ate phonons of/42 character o/.[8] used Raman spectroscopy to study 

8 i.r.-active, Raman-active, doubly degener- the E{t) — E{\) branch near 400cm“‘, the 
ate phonons of £ character. £(f) — £(1) branch near 800 cm“' and /( 2 ( 1) — 

The i.r.-active modes are split by electro- £(I) branch near 1235cm~'. Their measure- 
static forces into transverse and longitudinal ments were restricted, however, to three 
components. directions of propagation; 0“, 45° and 90° to the 

Since a-quartz is a uniaxial crystal, there is c-axis. Coutre-Mathieu et a/.[9] used Raman 
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spectroscopy to study the E{t) — E(l) branch 
near 800 cm”' and i.r. spectroscopy to study 
the —/4j( 1) branch just below 800 cm"'. 

Scott and Porto [4], Loudon [10], and Scott 
[11] have also studied this effect in a-quartz 
using laser Raman spectroscopy. 

Here we report the first study by i.r. spectro¬ 
scopy of modes near 475 cm”' with Aiit} — 
E(t) and E{\)—A-i(\) character[12]. There 
are several motivations for this study. It 
represents a case where electrostatic splitting 
is dominant over anisotropy splitting. Previous 
studies using i.r.-spectroscopy have been 
restricted to anisotropy split bands [6]. Further, 
our i.r. studies show that fine structure ob¬ 
served by Spitzer and Kleinman[31 in the A 2 
mode of this pair results from mode coupling. 

In Section 2 we discuss the experimental 
procedures and in Section 3 the experimental 
results. Section 4 treats the analysis of the 
reflectivity spectra using Kramer-Kronig and 
harmonic oscillator formalisms. Section 5 
discusses the phenomenological theory of 
directional dispersion. Section 6 compares the 
experimental results with theoretical curves as 
computed in this paper. 

2. EXPF.RIMICNTAI. PRtK’EDllRES 
Ten synthetic crystals of a-quartz, obtained 
from Valpey Corporation, optically polished 
on one side only, and cut so that the r-axis 
made angles between 0-90° with the polished 
surface were used in the measurements. Re¬ 
flectance measurements were made at ambient 
temperatures, at near normal incidence (9°), 
using a Perkin-Elmer 301 Spectrometer. 
Measurements were made in the spectral 
region from 380 to 640 cm”' using a 40 line/ 
mm grating in first order. The mechanical slit 
width was 0-5 mm which gives a spectral slit 
width of about 4 cm”'. A AgBr wire grid 
polarizer was used; the direction of polariza¬ 
tion was perpendicular to the plane of inci¬ 
dence, and the samples were oriented so that 
the projection of the c-axis on the polished 
face was parallel to the polarization (see Fig. 1 
insert). The reflectance of the quartz samples 


was normalized by comparison with that of a 
front surface aluminum mirror. 

3 . EXPERIMENTAL RESULTS 
Figures I (a) and I (b) contain the measured 
reflectance of the ten samples of a-quartz. For 
the 0 and 90° samples, the reflectivity is essen¬ 
tially the same as- that measured by Spitzer 
and Kleinman[3]; however, we find no fine 
structure in the 0° data. At intermediate angles 
except for 80°. there is structure indicative of 
at least two modes. Note further that the 
effects of mode coupling are much more 
pronounced in the reflectivity for angles close 
to 0° as compared to angles close to 90°. The 
structure near 400 cm”' is due to an £(1) — 
E{t) mode and is not emphasized in this study. 
In the £|lt spectrum of Spitzer and Kleinman 
[3], there is a dip in the reflectivity at approxi¬ 
mately 500cm”'. Comparison of these data 
with our data for 10° suggests that the 
observed dip results from mode coupling 
caused either by a slight crystal misalignment 
(i.e. between the c-axis and surface) or by 
surface damage. Directional dispersion is 
favored in this orientation due to the parallel 
alignment of the polarization and the c-axis, 
or in the case of a slightly misaligned or 
damaged sample, its projection on the sample 
surface. The absence of this dip in our results 
rules out some other explanations for its 
possible occurrence in the other study, e.g. a 
forbidden mode being made active by a relaxa¬ 
tion of symmetry selection rules at an ideal 
surface. Scott and Porto [4] had come to a 
similar conclusion regarding this fine structure 
using Raman spectroscopy. 

4. ANALYTICAL ANALYSIS OF EXPERIMENTAL 
DATA 

A two step procedure was used to obtain 
the mode frequencies from the experimental 
reflectivity. Approximate frequencies of the 
phonon modes were obtained using a Kra- 
mers-Kronig iK-K) dispersion analysis. 
These, along with mode strength and damping 
parameters, were used in a harmonic oscillator 



DIRECTIONAL DISPERSION OF EXTRAORDINARY OPTICAL PHONONS 


2173 


formalism to synthesize the reflectivity. The 
parameters of the phonon harmonic oscillators 
were adjusted until an optimum fit between the 
synthesized and experimental reflectivity was 
obtained. 

The K-K analysis is an integral relationship 
between the real and imaginary parts of any 
one of the linear frequency dependent response 


functions used to characterize the medium. In 
our analysis these are the real and imaginary 
parts of the complex dielectric constant, Ci and 
respectively. In order to use this transform 
technique, it is necessary to know the value of 
the reflectivity in all of frequency space. In 
experiments this is not available and an 
analytical extrapolation procedure must be 
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Hg. I. The reflectivity of a-quurt?. in the extraordinary ray geometry 
as a function of 9, the angle between the <-axis and crystal surface. 
Ka) contains the spectra for 9 = 0, 10. 20, 30 and 40°, Kb) for 9 = 
50, 60, 70, 80 and OO", The insen shows the sample geometry for 
this expraiment. 


applied to the reflectivity to extend it to both 
low and high frequencies. This extrapolation 
limits the accuracy of the mode parameters 
obtained from this analysis, i.e. the resonant 


frequencies, cun- the mode strengths, 4-irpt, and 
the damping constants, -yj. 

Our measurements were restricted to the 
range from 380 to 640 cm~’. However, the 
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modes were sufficiently strong and sufficiently 
isolated in frequency that we were able to 
approximate the reflectivity at low and high 
frequencies by a constant value and obtain a 
good set of mode parameters. This follows 
because the largest contributions to complex 
dielectric constant come from regions where 
the reflectivity changes rapidly. Contributions 
from other modes are diminished as they 
become displaced from the domain of interest. 
In the analytical procedure we employ, the 
pair of response function variables are the 
magnitude of the reflectivity R and complex 
phase 0. The phase angle is calculated from 
the experimental reflectivity using the equation 


, 1 fdln/?, 


0 )' + (0 


0} —(O 


d<o'. (I) 


The complex dielectric constant is then ob¬ 
tained from the computed values of 0(w) and 
from the experimental reflectivity /?(w). 

Figure 2 contains the frequency dependence 
of the dispersion parameters and the 
energy loss term, —/m(l/€) as obtained from 
the K-K analysis for one of the samples. The 
structure in these parameters is sharp, and 
approximate mode parameters are readily 
obtained. The transverse frequencies, (Dn, are 


obtained from the positions of the maxima in 
Cj- The damping parameters, yt, are estimated 
from the half-widths the peaks. The oscil¬ 
lator strengths, 47rpi, are approximated from 
the maximum values of the peaks in Cj and 
their half widths, i.e. 


47rp( == (e2)"'“’‘y(. (2) 


The parameters from the K-K analysis are 
then used in a Lorentzian harmonic oscillator 
formalism to create a synthetic reflectivity 
spectrum. For an assembly of oscillators, 


and 




= «o + 2 


Airpioj^ (oifj — w^) 


<3) 


47rp,a)^y.a>a>n 

^ ^ (<o“, -a>“)* -F ’ 

where €o is the high frequency dielectric con¬ 
stant. Co is obtained from the results of Spitzer 
and Kleinman [3] and is equal to the sum of the 
dielectric constants due to electronic transi¬ 
tions and to those phonon modes with resonant 
frequencies higher than the modes being 
studied. The reflectivity is calculated in the 
usual way: 



3-0 


2 0 


-1» 


10 


0-0 


Fig. 2. The imaginary (tj) parts of the dielectric constant and the energy loss term 
(— Imd/e)) as a function of frequency for the 8 ='40° sample as obtained from the 

K-K analysis. 
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/f = 


iVe-l 

IVe+l 


2 


<5) 


Figure 3 contains a comparison of the experi¬ 
mental reflectivity and the synthesized spec¬ 
trum for one of the samples. The fit is excellent 
in the vicinity of the reststrahlen structure, but 
systematic deviations occur at both high and 
low frequencies due to the neglect of other 
phonon modes. 

Table 1 contains the oscillator parameters 
obtained from the above procedure, included 
also are the values of the longitudinal modes. 


The transverse mode frequencies show a 
strong directional dispersion, but the longi¬ 
tudinal mode frequencies are essentially the 
same at all angles. Figure 4 contains a plot of 
the transverse frequencies and to~ as a 
function of angle. This will be compared with 
the frequency dispersion obtained from the 
phenomenological interpolation scheme (see 
Section 6). 

5. THEORETICAL ANALYSIS 
Merten [6] has used a dielectric constant 
formalism [5] to calculate the directional 


T able I. H armonic (iscillaior parameters of the normal modes as obtained 
from the best fit procedures 


Angle of 

C'UXIS to (Off, oi/o- 

surfacc (cm *) (cm ') Anp 


(cm'') (cm“‘) 47^p^. 


1) 

.MS 

4X9 

10 

.303 

4X6 

20 

.30.3 

47X 

30 

.30.3 

471 

40 

.30.3 

464 

,30 

.30f. 

43X 

60 

30,3 

4.3.3 

70 

.303 

44X 

KO 

303 

443 

90 

.30,3 

444 


0X2 

0012 

t 

0-74 

O'OI 1 

548 

0-77 

0014 

349 

0-7.3 

00)11 

349 

0 79 

0 012 

.348 

0 82 

0 012 

548 

0X3 

0013 

549 

0X4 

0013 

549 

0-7X 

0 014 

* 

0 7X 

0014 

t 


507 

008 

0'0I5 

315 

010 

0 009 

522 

on 

0010 

528 

0 088 

0010 

534 

0066 

0012 

539 

0 048 

0014 

543 

0031 

0-022 

* 

* 

>K 

t 

t 

t 


*Not observed 

lOnly one mode present at thcbe angles. 



Fig. 3, Comparison of the experimental and synthesized reflectivity spectra for 
the 6 = 40° sample. 
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Fig. 4. Plot of the normal mode frequencies <i>* and <u' as a function of the angle 
between the c-axis and the surface. 


dispersion of extraordinary phonons in «- 
quartz. We present an alternative calculation 
using a phenomenological approach based on 
a coupled harmonic oscillator formalism (7, 
13]. The development of this procedure 
resulted, in part, from difficulties experienced 
by us in using the dielectric constant formalism 
with input frequencies different from Merten’s 
[6J. Specifically, our values for the transverse 
E and A 2 phonons near 475 cm~‘ are slightly 
lower than those used by Merten[6]; however, 
the discrepancy (about 1 per cent) is within 
our experimental resolution. 

In addition to computational conveniences, 
other advantages realized in this alternative 
approach are: 

(1) the coupling mechanism that generates 
the new normal modes is clearly identified; 

(2) the matrix from which frequencies and 
coordinate vectors are derived is simply ob¬ 
tained from the equations of motion; and 

(3) the formalism is readily applied to other 
types of coupled mode behavior in anisotropic 
media, for example, coupled cyclotron reson¬ 


ance-plasmon-phonon modes in polar semi¬ 
conductors [7, 14], 

We take advantage of the fact that phonons, 
in the absence of anharmonic forces, are inde¬ 
pendent of each other and have the properties 
of harmonic oscillators. We first consider a 
case of the coupling between two anisotropy- 
split phonon modes in a uniaxial crystal [13]. 
Referring to Fig. 5, we assume a single i.r.- 
active phonon branch for which the threefold 
degeneracy is split by the crystal anisotropy. 
We choose the Z-direction as that of the optic 
axis or c-axis, so that for propagation vectors 
parallel to Z we have no Tf? phonon frequency 
^TY and one EO phonon fre¬ 
quency wi, = w/j;. For propagation parallel to 
either A’ or F we have two TO phonon fre¬ 
quencies “ ^Tx “ oiYY nnd and 

one LO phonon frequency = &>/.*• = o>ly- 
Y and Z are the principal axes of the crystal. 
For propagation parallel to X or F, the TO 
phonon frequencies differ depending on 
whether the mode displacement coordinate is 
directed along or perpendicular to the c-axis. 
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J ig. .V Geomelry for the calculation of directional dispersion in 
a simplified uniaxial crystal geometry. 


We consider propagation in the (A'Z) plane 
and define d as the angle between the surface 
and the c-axis (see Fig. 5). In the harmonic 
approximation, the classical, equation of 
motion for a phonon mode is given by 


field E. In an infinite medium, this field is in 
the propagation direction and results from 
displacements in both phonon modes, i.e. 

E = —4TrNiefux cos 0 — efug sin B). (8) 


ii,ji + u)/ = ^ E (6) 

Mi 

where u,^ is the normal mode coordinate with 
wave vector Cj and in the jth optical phonon 
branch, Mj is the mode mass, Mjtu/, iq) in¬ 
cludes all forces, e,g. the elastic restoring 
forces, except those originating in the macro¬ 
scopic field E. and ef is the dynamic etfective 
charge associated with the mode. We neglect 
screening of the macro.scopic field by the high 
frequency dielectric constant arising from the 
electronic polarizability. The equations of 
motion for displacements in the XZ plane are 

tig -I- (o\^g = ~^Ez and 
M 

(7) 

M 

Ex and Ex are components of the macroscopic 


Taking the Z and X components of (8), and 
substituting into (7) generates the coupled 
equations of motion: 


lix -I- (tol + sin^ 0) ux 


P. 

~ ~ sin 0 cos 0 Ux> and 


iix + cos^ 0) Ux 


(9) 


= — Oj'® ^ sin 0 cos 0 ug. 


where li, and are the mode plasma fre¬ 
quencies given by 


Q = (p* S! 


( 10 ) 


After assuming sinusoidal solutions for ux^nd 
Ug, the frequencies and coordinate vectors for 
the coupled modes are determined by diagon- 
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alization of the coefficient matrix of equation 
(9). In terms of the plasma frequencies, the 
longitudinal frequencies are given by 

<»\^^ — + fi,*, and 

( 11 ) 


We introduce two new frequency designations. 
(wj)’' = fi>|^ + fl,^sin^ 6 , 

( 12 ) 

(fo^* = flj* cos* d. 


and show that there are two types of normal 
mode solutions. The character of the normal 
modes is determined by the relative magni¬ 
tudes of the respective LO-TO phonon 
frequency splittings and the anisotropy 
splittings. 

Case (1). For the case of a large anisotropy 
splitting defined by 

[(a.;)*-(a);)*]* S> 4n, W sin* 0 cos*fl, (13) 

the new normal mode frequencies o)+ and a>- 
are given by 



Fig. 6. (a) Calculated dispersion curves for the case of a large anisotropy split¬ 
ting. (b) Calculated dispersion curves for the case of a small anisotropy splitting. 
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to+^ = toj cos^ S + tuJ sin“ 6, and 

(14) 

(uJ = sin^ H + cos“. 

We have arbitrarily set <oit > The eigen¬ 
vectors are Ux and u,, and are neither trans¬ 
verse nor longitudinal. The mode character of 
cu, is (r — 1), and &j- is (1 —/). The mode dis¬ 
persion is pictured in Fig. 6(a). Note that the 
frequencies for the tij+ branch are contained 
within the LO-TO phonon frequency regime 
of mode 1, whereas the frequencies of w 
branch are contained within the corresponding 
frequency regime of mode 2. 

Cn.ve (2). For the case of small anisotropy 
splittings, or equivalently large electrostatic 
LO-TO phonon frequency splittings, we have 

0) cos^ H -(- sin'* t), 

(15) 

oj '■* = cos’'* H -t- cu‘j. sin* tt. 

The eigenvectors of these modes are quasi¬ 
longitudinal and quasitransverse, respectively, 
with respect to the direction of propagation. 
Figure 6(b) displays the normal mode disper¬ 
sion for this case. The mode designations, 
(1-1) and (/-r), are con.sisient with those de¬ 
fined for case (I), the (o+ branch being con¬ 
tained between the principal mode LO phonon 
frequencies and the u >. branch between the 
principal mode TO phonon frequencies. 

When more than two modes are involved, 
the algebra is more complicated and no dis¬ 
tinctions between large and small anisotropy 
splitting can be defined simply. We now apply 
our formalism to a-quartz to calculate the 
directional dispersion of that crystal. The 
geometry for this calculation is the same as 
that shown in Fig. 5; however, we have used 
a subscript notation which is appropriate to 
the symmetric character of the i.r.-active 
modes in a-quartz. 

Phonon coordinates for which mode motion 
is along the c-axis are denoted by Ua,(J) 
where y = 1,. . ., 4, and coordinates for which 
mode motion is perpendicular to the c-axis are 


denoted by ug(i) where / = 1,..., 8. Trans¬ 
verse resonant frequencies, plasma frequen¬ 
cies, and effective charges are also defined 
using the notat on given above. 

The coupled equations of motion are given 
by 

Mug(i) + McogHi)ug(n = e*(i)Ex,(E), 

/= 1 ,... 8 , 

and ^ ^ 

M/uJJ ) + Mco^JJ)u^Jj ) = e*^(j)E„(A2) , 
2= 1,...4, 

where E^iE) and EmiAi) are components of 
the macroscopic polarization field. 

We have assumed equal mode masses. This 
assumption does not affect the calculations of 
normal mode frequencies and coordinates. 
The macroscopic field in the direction of 
phonon propagation is given by 

E»(q) = AtrN X e* (j)uA,(J) sin d 

- X (')«*,(/) cos fll; (17) 
1=1 J 

the components Em(E) and E^iA^ are 
Em{E) = E„{q) cos 0 and 

(18) 

ExiiAi) — — Exiiq) sin 9. 

Substituting (17) and (18) into (16) and 
assuming sinusoidal solutions yields the equa¬ 
tions of motion for the coupled system: 

l<Oe*(<) -f n^;*(/) cos* ^ — «*•(/) 

cos*0 

(19a) 

47r/V ■* 

^ '> ^ cos ^ = 0, 

/ = 1 ,..., 8 , 

and 

)+il\^U) sin* 0-(»^]uA,ij ) 
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I’AS 

- ^A, U)'^ e^(i)uE(i) sin 0 cos (9 = 0, 

i^l 

y=l,...,4. (19b) 

Diagonalization of the coefficient matrix of 
equations (19a) and (19b) yields the normal 
mode frequencies and coordinates. Equations 
(19a) and (19b) are expressed in terms of the 
TO mode frequencies and their oscillator 
strengths (or plasma frequencies) analogous to 
equation (9). For the two mode case, one A 2 
mode and one E mode, it was convenient to 
introduce the LO frequencies of the modes 
and to express the resultant dispersion in terms 
of the TO and LO frequencies of the two 
principal modes, i.e. equations (14) and (15). 
For the multimode case in a-quartz, the same 
procedure is not easily realized since the true 
longitudinal mode frequencies, as determined 
by the positions of the peaks in — /m( 1/e), are 
determined by the TO phonon frequencies and 
oscillator strengths of all of the modes of the 
system having the same symmetry character. 
However for computational purposes, a set of 


‘longitudinal’ frequencies can be defined such 
that each of these frequencies is solely depen¬ 
dent on the TO frequency and oscillator 
strength of only one of the modes. If we desig¬ 
nate these frequencies as a>' , (L, /), then 

= ( 20 ) 

These frequencies and the TO frequencies are 
then used as input for the computer diagonal¬ 
ization and are given in Table 2. Figure 7 
indicates the directional dispersion of i.r. 
extraordinary phonons in a-quartz. This result 
is essentially the same as that derived by 
Merten [6], but differs only in the magnitudes 
of the frequencies near 475 cm“*. There are 
8 (t-1) or (1-r) branches, 2 it-t) branches and 
2 (1-1) branches. A comparison of the direc¬ 
tional dispersion in the (1-1) and (/-t) branches 
near 475 cm~’ calculated using the complete 
set of phonon frequencies and calculated 
using an approximation which neglects all 
modes other than those involved in the coup¬ 
ling indicates almost identical results. Specifi¬ 
cally, the calculated frequencies differ by at 
most 2 cm"' (less than i per cent); this is a 
manifestation of the isolated nature of the 
phonon modes being studied. 


Table 2. Measured values of the LO and TO phonon 
frequencies of a-quartz and the input frequencies used 
in the harmonic oscillator formalism calculation 


Mode 

character 

Measured frequencies 
(cm’) 

T 0 phonon LO phonon 

Computer input 
frequencies 
(cm'’) 

TO phonon LO phonon 


128 

128 

128 

128 


265 

265 

265 

265 


394 

40) 

394 

417 

E 

444 (450)* 

505 (509)t 

444 

520 


697 

697 

697 

697 


795 

807 

795 

813 


1072 

1235 

1072 

1220 


1162 

1162 

1162 

1162 


364 

386 

364 

412 


489(495)* 

547 (548)t 

489 

560 


778 

790 

778 

794 


1080 

1240 

1080 

1223 


*Ref. [4], Scott and Porto. 
tRef.[6], Merten, 
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6. DISCUSSION OF EXPERIMENTAL RESULTS 
Figure 8 contains a comparison of the mea¬ 
sured and calculated directional dispersion 
curves. The agreement is well within experi¬ 
mental error. Also included are points as 
calculated by Merten; they are displaced in 
frequency due to the different input frequen¬ 
cies used in his calculation [6]. In our calcula¬ 
tion we have neglected mode damping in the 
coupled equations of motion. The neglect of 
this term does not iniluence the calculation of 


normal mode frequencies if the damping is 
small. This is the case in a-quartz. Damping 
can be included phenomenologically after 
matrix diagonalization to generate a synthesiz¬ 
ed reflectivity spectrum. Alternatively, the 
reflectivity can be calculated directly using the 
dielectric constant formalism[15]. 

7. SUMMARY 

We have measured the room temperature 
i.r. reflectivity in a-quartz as a function of the 



directional dispersion of extraordinary optical phonons 





Fig. 8. Comparison of the calculated and measured frequencies of the/4j(/) — £(/) 
mode and the £( I) —A 2 ( I) mode as a function of the angle between the surface 

and the c-axis. 


angle between the c-axis and the crystal sur¬ 
face. Analysis of the reflectivity data by K-fC 
and harmonic oscillator formalisms has en¬ 
abled us to extract the frequencies of the 
coupled phonon modes. The results of our 
experiments are in excellent agreement with 
calculations of the directional dispersion 
based on a coupled harmonic oscillator 
formalism. 

The observation that a dip in the £||c-axis 
reststrahlen peak near 500 cm"', as observed 
by Spitzer and Kleinman [3 ], results from mode 
coupling opens up other questions regarding 
the observation by other workers of forbidden 
modes in other uniaxial crystals. As in the case 
of MgFj and ZnF 2 [ 16 ], forbidden modes are 
observed most frequently in the CUc geometry 
and occur very close to the LO phonon fre¬ 
quencies of modes for the other principal 
polarization. We suggest that in some cases 
one cannot dismiss a slight miseilignment of 
the crystal or surface damage, and the resul¬ 
tant directional dispersion as being the source 
of the additional structure. There are probably 


other cases where the occurrence of forbidden 
modes has a different origin, e.g. those observ¬ 
ed in the E 1 c-axis spectrum of a-Al 203 [ 17 ] 
may be due to relaxation of symmetry restric¬ 
tions at an otherwise perfect crystal surface. 
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STRUCTURES AND MAGNETIC PROPERTIES OF THE 
PSEUDO-BINARY SYSTEMS CeNiz-CeCuj 
AND GdNij-GdCua* 

W. E. WALLACE, T. V. VOLKMANN and R. S. CRAIG 
Department of Chemistry, University of Pittsburgh, Pittsburgh, Pa. 15213, U.S.A. 
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Abstract-The C15 (cubic Laves phase) structure exists over the range j: = 0 to 0-35 in the ternary 
system GdNi:_,Cu^ and the orthorhombic GdCu^ phase extends from x = 1-1 to 2-0. In contrast the 
solubility of CeCu^ in CeNi^ is below the limit of detectability. The magnetic behavior of the Gd- 
containing ternaries based on GdNii closely resembles that of GdNij. The susceptibility of CeNi, 
is very low compared to that expected for an assemblage of free Ce^’ ions. The ratio of expected to 
measured susceptibility is 3-5 at 300°K but rises to approximately 100 at 4-2°K. The susceptibility 
deficiency is too great to be ascribed solely to the effect of the crystal field although this may be a 
contributing factor. Partial ionization into Ce^* and spin compensation (Kondo effect) by the conduc¬ 
tion electrons may also be involved. Below 30°K I/x varies as T“ “ in keeping with the behavior 
expected if spin compensation were the dominant effect. 


1. INTRODUCTION 

A NUMBER of ternary systems containing the 
lanthanide elements (Ln) have recently been 
studied in this laboratory [1-6], In the Laves 
phase systems LnCoj-LnAlj and LnFej- 
LnAlj the results indicated[l] that the limit 
of the Cl5 terminal phase is reached at an 
electron concentration of about 1 - lb electrons/ 
atom. Similar results have been obtained more 
recently on the LnNij-LnAlj systems!?]. 
The phase boundary in these ternaries has 
been associated with the filling of the Brillouin 
Zone formed by the 220 planes. The present 
study was undertaken to ascertain whether 
similar behavior is exhibited when the elec¬ 
tron concentration is increased by the use of 
Cu instead of A1 as a replacement for Ni in 
the LnNij Laves phase systems. 

Work in the present study has been con¬ 
fined to two ternaries, Ln = Ce and Gd. CeNij 
and Ce-containing systems have recently 
become subjects of intense concern for a 
number of investigators for a variety of reasons. 
First, in regard to Ce-containing systems in 

’This work was assisted by the U.S. Atomic Energy 
Commission. 


general they have been observed to exhibit 
the Kondo[8-10] phenomenon, and more 
importantly the behavior has been observed 
in systems in which the magnetic species 
giving rise to the Kondo effect is present in 
large concentration. Second, as regards CeNij 
it has been found to possess a number of 
peculiarities when contrasted with other 
members of the LnNiz series. Its lattice para¬ 
meter is anomalously low, which has been 
interpreted!11] to indicate a quadrivalent 
state for Ce in CeNij. This conclusion was 
supported! 12] by early susceptibility work on 
CeNij which seemed to indicate it to be a 
Pauli paramagnet. More recently heat capa¬ 
city studies! 13] on CeNi, have revealed 
two anomalies; (1) a rising heat capacity for 
temperatures below 2-5°K, which resembles 
a hyperfine contribution but which cannot 
originate in this way since Ce lacks a nuclear 
magnetic moment and (2) a substantial excess 
heat capacity (of unexplained origin) over the 
Dulong-Petit limit at temperatures in excess 
of ZOO^K. Finally as regards the aberrant 
behavior of CeNi^ it was found in the studies 
of LnNiz-LnAlj systems referred to above!?] 
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that CcNi 2 alone among the LnNij compounds 
showed no solubility of LnAla in the LnNir 
based phase. 

The atypical behavior of CeNi,, just 
described was responsible for choosing it as 
the principal sub.stance of concern in the 
present study. The Gd ternaries were included 
as a ‘normal’ counterpart of the Ce-Ni-Cu 
ternaries. It was hoped that study of the 
former system would be useful in the inter¬ 
pretation of results obtained for the latter. 

2. EXPERIMENTAI- DETAILS 
The techniques employed are standard in 
this laboratory. Samples were prepared by 
levitation melting using the purest metals 
obtainable commercially-99-99 per cent Ni 
and 99-9 per cent Ln, exclusive of gaseous 
impurities. The samples were all sealed off in 
evacuated Vycor tubes and annealed for three 
weeks. The Ce samples were annealed at 
b.SOT. the Gd samples at 750°C. These tem¬ 
peratures were determined by experiment, 
the criterion being maximal improvement in 
the diftraction pattern. Structural information 
was obtained using a GeXRD-.^ diffracto¬ 
meter. Magnetic results were obtained by the 
f-araday method using equipment that has 
been described! 14). 

3. RESULTS AND DISCUSSION 
CeNij and GdNij have the cubic Laves 
pha.se structure. Cl.L The lattice spacings 
observed were 7-197 and 7-207 A, respec¬ 
tively, at room temperature. In view of the 
strange low temperature behavior of CeNi.^ 
its a parameter was also determined at 
it was found to be 7-164 A. CeCuj and GdCuj 
have the orthorhombic structures found by 
Storm and Benson [LS]. The parameters (in A) 
obtained are a = 4-33, b = 6-87 and c = 7-34 
for GdCuj. CeCuj parameters were not estab¬ 
lished in this study. 

The C15 phase extends from GdNi^ to 
GdNi 1 .gj 5 Cuu. 35 ; the unit cell size is the same 
over the range of stability of the Cl5 phase. 

The terminal phase based on GdCu 2 extends 


to GdNiVi^, Cuj.^ where jTc =M0±0-15. 
There is no detectable solubility of CeCuj in 
CeNij. Ternaries with nominal Cu concentra¬ 
tions as low as CeNi,.MCuo.o 2 were examined 
and found to consist of two phases. This 
finding is consistent with other related work 
which showed that CeAlj does not dissolve 
to any significant extent [7] in CeNij. 

The magnetic properties of the orthorhom¬ 
bic phase in the Gd-Ni-Cu ternaries were 
not determined. The Cl 5 alloys in this system 
were examined. Results obtained were rather 
straightforward* and resembled closely the 
data obtained [ 12 ] for GdNij. Comparison of 
results for GdNij and the ternary at the phase 
boundary are given in Table 1. 

The magnetic results obuined for CeNij 
are largely summarized in Figs. 1-3. Results 
were obtained for a number of CeNij samples. 
Data for only 4 samples are shown. Sample I 



Fig. I. Reciprocal susceptibility-temperature data (mea¬ 
sured in an applied field of 20 kOe) for three CeNi, 
samplcsll. 111 and IV) and one CeNi, sample deliberately 
contaminaled with 2 wt. per cent excess Ni (11), 


*The authors would like to express their appreciation 
to Dr. Burke Leon for assistance in connection with these 
measurements. 
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Table 1. Magnetic characteristics o/GdNii a/i(/GdNii^Cuo. 3 g 


GdNij; 

GdNi|.MCug.u 


Ferromagnetic moment 

IT 

6-80 ±005 

gy-7-0 

Paramagnetic moment 

7-82 

7-94 ±0-05 

gVyfy+l) =7-95 

(iiB per formula unit) 
Curie temperature (°K) 

85 

103 ±1 

Weiss constant (°K) 

78 

92±2 



* From data of Farrell and Wallace [ 1 2]. 


was prepared earlier in the study without 
undue care before the smallness of x the 
complexity of the nature of CeNij was fully 
appreciated. Sample il was deliberately con¬ 
taminated with nickel at the level of detect¬ 
ability in such systems [16]. The effect of the 
added nickel is clearly evident in the x values 
in Fig. 1 and in the field dependence of the 
apparent x (Figs. 2 and 3). Samples III and IV 
were the last of the preparations. They were 
prepared and annealed with exceptional 
care; their X-ray diffraction patterns were 
excellent both as regards line shape and doub¬ 
let resolution. Despite the care with which 
III and IV were prepared significant devia¬ 
tions between their susceptibilities were 
observed. Data for sample Ill are regarded 


as most nearly representative of the behavior 
of pure CeNij. 

The possibility must be considered that 
the samples are contaminated with one or 
more extraneous phase(s) and these give rise 
to the variable magnetic behavior. These 
phases must be present as rather minor com¬ 
ponents since the present and previous work 
[16] has shown that extra phases can be 
detected at the level of 2 per cent by diffrac¬ 
tion techniques, which has proved to be the 
most sensitive method available for these 
systems. Hence if the variable x is due to the 
presence of extraneous phases, they must 
have substantially different susceptibility 
behavior than CeNij. The magnetic proper¬ 
ties of CeNi[l7] and CeNijilS], the two 



Fig. 2. Room temperature field dependency of the susceptibility 
of the CeNi, samples and a sample ofCeNi, containing 2 wt. per 
cent excess nickel. The variation of x with field for the two 
'good' samples (HI and IV) is almost within the limit of error of 
the measurement. 
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1 ig 3. Lteld dependency of the susceptibility at 4-2‘’K for the four 
samples of higs. I and 2- 


Stable phases bracketting CeNij, closely 
resemble those of CeNi^ indicating only 
slight likelihood that the non-reproducible 
susceptibility is due to the presence of extra 
phases. Rather it seems to be due to traces of 
unreacted nickel, to nickel clusters at lattice 
imperfections or some such effect. 

The most striking features of the CeNi^ 
results are (a) the nonconformity with C’urie- 
Weiss behavior and more significantly (b) the 
smallness of the susceptibility as compared 
with the values expected from Curie's law. 
The ratio of the ideal (i.e. Curie Law) sus¬ 
ceptibility to that measured is .3 5 at 300'’K 
and approximately 100 at 4-2°K. It is instruc¬ 
tive to contrast the results shown in Fig. I 
with similar data for dilute CeAlj dissolved in 
LaAlj obtained by White et a/.[19|. They 
found susceptibilities which approached the 
values computed from Curie’s Law at higher 
temperatures; deviation between measured 
and calculated values were 10 per cent or less 
for T > 200°K. For lower temperatures the 
susceptibility became lower than the ideal 
value, the deviation gradually increasing from 
about 10 per cent at 200°K to about 75 per 
cent at lO^K. The deviations were ascribed by 
White et al. to the influence of the crystal 


field. The cubic field in these materials results 
in a partial lifting of the 6-fold degeneracy of 
tripo.sitive cerium ion [20]. EitheraF; (doublet) 
or I'h (quartet) ground state is produced 
depending on the sign of the crystal field inter¬ 
action. White el ul. interpreted their result to 
indicate that the Fj state was lowest lying; in 
this case x is reduced by 5/21 as compared 
with the ideal value. If, however, the F^ state 
is lowest this factor is 13/21 in the low 
temperature limit. 

Since Xmms is less than Xideai by ^ factor of 
100, it is clear that the reduced susceptibility 
at low temperatures cannot be solely due to 
the crystal field interaction; this could at most 
reduce x by a factor of 4-2 as compared to 
the ideal value. Formally the susceptibility 
deficiency could be accounted for by assuming 
that 96 per cent of the cerium ions are quadri¬ 
valent, It seems unlikely, however, that the 
situation is this simple. It appears that the 
heat capacity anomalies must be related to 
the population of magnetic ions and it seemed 
unlikely, but perhaps not impossible, that 4 
per cent of the cerium ions could give rise to 
the observed heat capacity effects. There is 
yet another factor which argues against such a 
large content of quadrivalent cerium; studies 
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[ 1 , 2 ,21] of a large number of ternary Laves 
phases between the lanthanides and the d- 
transition metals make it quite clear that the 
C15 phase is unstable of electron concentra¬ 
tions (e.c.) in excess of about M 6 . CeNij 
containing 96 per cent Ce*^ would have an 
e.c. of 1 ‘32 and while this is not impossible, 
it does seem on the basis of earlier experi¬ 
ence to be rather unlikely. Elsewhere from 
the study of CeNij.^Alj ternaries [7] it has 
been concluded that the fraction of Ce which 
is quadrivalent in CeNi 2 is ^0-3. The anom¬ 
alously low lattice parameter[l 1 ] of CeNU 
suggests that a portion of Ce is in the -1-4 state 
but the extent of ionization of Ce^* cannot 
be estimated from this source alone. These 
observations do provide suggestive evidence 
indicating the/level to lie close to or probably 
slightly above the Fermi energy. Detailed 
information about the band structure in CeNi 2 
is lacking; it is sorely needed for a full 
interpretation of the behavior of CeNij. 

The reduced susceptibility of CeNij is 
probably due to spin-compensation of the 
Ce^“ moment (Kondo effect) or possibly this 
in conjunction with the reduction by the 
crystal field alluded to above. Anderson[22] 
has indicated that if spin compensation is the 
dominant effect in determining the low tem¬ 
perature magnetic behavior of an assemblage 
of magnetic ions, x varies as in the low 
temperature limit. The data plotted[23] in 
Fig. 4 indicate that l/x is linear with T" where 


a is very close to 0-5 (actually 0-48) for T < 
20°K. This supports the notion that spin com¬ 
pensation is occurring in CeNi* although con¬ 
ductivity measurements on CeNij have so far 
failed to reveal the expected minimum in 
resistance [24]. There are two possible reasons 
why experiments to date have failed to reveal 
a resistance minimum; (I) it may occur at a 
temperature in excess of 300°K, above the 
range of temperature covered in studies to date; 
(Nakamura e/ a/.[25] have observed Kondo 
minima in magnetically concentrated systems 
in the temperature range 500-700‘’K); (2) the 
minima may be obscured by other effects 
which influence the conductivity —the crystal 
field effect and/or the change in valence. Each 
of these significantly affects the spin disorder 
scattering contribution to the resistance and. 
moreover, they are temperature dependent. 
The lack of a resistance minimum is not 
altogether unexpected if the Kondo tempera¬ 
ture is high, for then the phonon scattering is 
large and the influence of spin compensation 
is minor and easily obscured by the other 
effects. 
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Abstract - The decrease in the contribution of valence electrons to the stopping power under channel¬ 
ing conditions has been evaluated by taking into account the Fourier components with G 0 of the 
response function: explicit calculations were earned out in the weak-binding limit. The particular case 
of 100 keV protons travelling at the center of [001 ] channel in gold has been calculated in detail. The 
decrease in the valence electron contribution to the stopping power in channeling, turns out to be much 
smaller than the decrease of local electron density at midchannel axis. These results > e in reasonable 
agreement with the experimental ones obtained in this laboratory. 


1. INTRODLCTION 

The aim of this paper is to calculate how much 
the valence electrons contribution to the 
stopping power of a fast charged particle 
decreases under channeling conditions. 

The first treatment of the problem, due to 
Lindhard[l], relies upon the partition between 
close and distant collisions. In the limit of high 
incident particle velocity, even though not 
relativistic, both contribute equally to the 
energy loss for an unchanneled beam (equi- 
partition rule). In this model close collisions 
are assumed to be proportional to the local 
electron density and distant collisions to the 
average one. Under channeling conditions the 
incident particle experiences a local electron, 
density less than the average, the contribution 
of the close collisions to the stopping power 
being reduced accordingly. As a consequence 
the largest reduction of the stopping power 
amounts to a factor of two, which happens 
when the local electron density becomes 
negligible. While the first experimental results 
were in agreement with this model, further 


•Work carried out under the U.S.-Italy Cooperative 
Program in Science (CNR grant 69.00027). 

tNow at Strasbourg, Laboratoire de Physique des 
Solides, Institut de Physique. 


experiments [2] showed that the agreement 
was partly fortuitous and the relative decrease 
of the stopping power is more frequently less 
than 50 per cent and is dependent upon the 
particle energy and the target element. 

Erginsoy worked out a different model 
analyzing separately the contribution of core 
and valence electrons to the stopping power 
[3,4]. The former are treated semiclassically 
expressing the usual Bethe-Bloch formula in 
terms of impact parameters. When the maxi¬ 
mum impact parameter for a certain shell 
is less than the minimum distance of approach 
of a channeled particle to an atom bcn, the 
contribution of such a shell to the energy loss 
turns out to be zero. Otherwise such a contri¬ 
bution scales by a factor depending on 
In 

As for the valence electrons, Erginsoy 
regards their contribution quite insensitive to 
the channeling conditions and describes them 
as a free electron gas. The energy loss to 
valence electrons is still separated, as in Lind- 
hard's mode), in a contribution due to close 


ibma% determined by the so-called adiabatic conditiegi 
bmm% = fivISE, where u is the panicle velocity and AE tli, 
excitation energy of the shell*, t>,jt for wellchanneled par^ 
cles can be as hi^ as the half-width of the channel[3,4], 


2191 



2192 


F. BONSIGNORI and A. DESALVO 


collisions, proportional to the local electron 
density, and in a contribution due to distant 
collisions, proportional to the average one. 
The two terms correspond to collisions with 
momentum transfer greater and lower than 
k,- ~ ujvi. respectively, and this takes into 
account automatically departures from equi- 
partition. The local valence electron density 
determined in this case turns out to be very 
close to the average one [4], 

A completely different model, based on the 
excitation of collective modes (distant colli¬ 
sions) under channeling conditions, has been 
developed by Brice[5]. He does not make a 
separation between core and valence electrons, 
but simply introduces an effective number of 
electrons participating to the collective excita¬ 
tion. This number is taken as a parameter to be 
determined from the experimental results; the 
latter show that it is lower the more open the 
channel is. 

Comparing with the experiments both 
Erginsoy and Brice’s theory it is apparent that a 
large part of the stopping power decrease in 
channeling is due to a smaller excitation proba¬ 
bility of inner shell electrons. All these theories 
leave still open the problem of the decrease in 
the valence electron contribution to the 
stopping power in channeling. 

f urthermore the analysis of such a decrease 
is of particular interest in order to use chan¬ 
neling experiments to get informations on 
electron density [4, 6, 7J. 

We have treated the problem in terms of 
dielectric constant, without making recourse 
to the simplifications used by Lindhard[l] and 
Erginsoy [.2J. An outline of our method has 
been already published elsewhere [8]. Essen¬ 
tially we take into account that the electron 
gas is not spatially uniform but has the lattice 
periodicity. 

Under channeling conditions the incident 
particle explores only a certain region of the 
cell; therefore the local effects due to the 
Fourier components with G different from 
zero of the response function [9] will also be 
important. As is well known the imaginary 


part of this function determines the energy 
loss. 

Our first main approximation is to limit 
ourselves to the weak-binding case. Under this 
assumption the explicit expression for the 
response function, neglecting exchange, has 
been calculated by Falk[10] and is given by: 


.r(q,G,a>) «ci,oi + a(qO,w) 

U °<;.oM-l-a(q,0,a)) 

where 


( 1 ) 


«(q, G. 6>) = ~ n|q + G|^ ^ (/3|exp [/q • r]\j} 
X(y|exp [-/(q-l-G) -rjl/S) (2) 

x[_!_!_1 

l^oi— (Efi — Ej) +17) hci>+ {Eg~Ej) +17)} 


(G = volume; j, /3 initial and final states; here 
and in the following, the limit tj 0 is to be 
understood.) 

We notice that the real and imaginary part of 
a can be easily written down, when the 
matrix elements are real, as e.g. occurs in a 
centrosymmetrical lattice. 

When 6o,i and tn.j are different from zero, 
i.e. in the region of single particle excitation, 
the imaginary part of the ‘local’ response 
function, is given by [8] 

Im^ (q. oj, r) = /m 2) (q. G, w) e'*^ ^ 

1-2 a(q,G,a>)e'‘^'' 

= I,n -- 

l + a(q,0,co) 


_£o,2 




(3) 


where 
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€c.i + **gj~ e(q, G,w) = 6c,) + a(q,G,<i)). 

(4) 


On the contrary, when eo.i = coi = 0. along 
the undamped plasmon line*, we obtain, pro¬ 
ceeding as for the uniform electron gas [11]; 


//« (q, w, r) = //w 5; (q, G, w) e* ^ 


= Im- 


1 — 2 “(q- G, to) e''"’' 
c+o_ 

H-a(q,0,<u) 
1-2 


= Im lim 


®o.i 


7r( 1 — 2 «r. I cos G ■ r) 
_ \ r.*o _/ 


(^*0.l/3to)a,=(u 


8(to — tOp). (5) 


By averaging over a region large compared 
with the unit cell all the terms but — (eaj 
«o.i + «o, 2 ) *0 (3) and - [7T8(a)-(ijp)]/(a€o.i/ 
'5«)«=<up in 15) cancel out; these terms are just 
the ones employed to calculate the stopping 
power in a uniform electron gas or when the 
crystal structure is not important. 


We consider an f.c.c. lattice, because the 
experiments in this laboratory are carried out 
on gold [13]. The first Brillouin zone has been 
approximated by a sphere divided in 14 equi¬ 
valent sectors, one for each first and second 
neighbour of the reciprocal lattice. The sphere 
radius, in the following denoted kg, was ob¬ 
tained as usually for the Debye sphere. The 
second Brillouin zone was obtained by trans¬ 
lating each sector of the first zone by a vector 
—IkiM, where k is a unit vector in the direction 
of the reciprocal lattice vector which lies in 
the sector. 

In each sector the wave function was 
approximated as follows 


where 


% 


1 

Vn Vi+ci 


(6) 


Q = - 


1 £p 

2 E —P' 

^ ‘'k ^k+C 



(7) 


E, = HEl+El^,± V{El-El^r + E,^} 


2. DESCRIPTION OF THE MODEL 
As already mentioned we restricted for 
simplicity to the nearly free electrons case and 
introduce essentially a two-band model. How¬ 
ever in order to take into account the crystal 
orientation, the simple spherical Penn’s model 
112] is not sufficient. On the other hand a 
detailed treatment of the Brillouin zones makes 
the calculations unmanageable. Therefore we 
built an intermediate model, which makes the 
calculations tractable but at the same time 
includes the essential features to calculate 
energy loss under channeling conditions, i.e. 
non uniform space distribution of the electron 
gas and enough lattice symmetry to single out 
crystallographic directions. 


*Out$ide the single particle excitation spectrum, not 
only = 0, but also <(. 2 == 0 (at least as long as the matrix 
elements are real). 


(E„ energy gap, G = — 2knk and the minus sign 
is for the lower and plus for the upper band 
respectively). 

The energy gap was taken 6eV, on the 
ground of the values determined for copper 
[14]. With this value the decrease of electron 
density at midchannel axis, averaged along the 
tool] axis, turns out to be 16 per cent of the 
mean density. 

We point out that the possibility of compari¬ 
son of the results obtained by this model with 
experiments is limited by having neglected 
<f-electrons. The evaluation of this contribu¬ 
tion requires a more elaborate treatment and 
further investigations in this direction are 
envisaged. 

We notice that in our case, since we are 
dealing with a metal, the lower band is only 
half full, contrary to the more usually con- 
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sidered intrinsic semiconductor! 12,15]. The 
perturbation of the free electron values re¬ 
mains reasonably small up to k = kf(CiCf.== 
0-38, so it is reasonable to consider < 1). 

The eigen-functions ( 6 ) must be introduced 
in (2) to calculate the matrix elements. The 
summation which appears there, can be divided 
as usual in terms corresponding to G 0 and 
G 0 so giving rise to a ‘Normal* and an 
‘Umklapp’ term. 

We obtain 


a(q, 0 , w) = — 


477 e^ 


( 1 


2 n^(l-n^ 

Ik.kHi ^ 


r I 

'(I +C,^){ 1 + ) [h<o-{E^,^-E,)+ir, 


(l+CV){l-fn,,«; 


( 8 ) 


Ck8ii.t+q+ Ck+jtcfi ll+<|,-G 

(i + c,^)(i + q^) 


where Sk.,-. restricts the summation to values of 
k lying in the ‘sector’ G. 

We point out that further terms in (9) are of 
third order in Ck and therefore were dropped 
out. Moreover in the explicit evaluation, also 
the term £^ 8 ^ 1 +, was neglected, since it is 
important only to remove the divergence in 
the limit q -» 0 , which does not appear here. 
In principle, as it appears only when k and 
k -I- q lie simultaneously in the ‘sector’ G, it 
turns out to be smaller of a factor 14 than the 
term rk+,+u. 

The ‘local’ stopping power is given by [ 8 ]: 


flOl - (£kKtl<,~fi'k) +'V 


where 6 ^ n, means that k and k -F q lie in the 
same sector, instead of the usual definition 
k = k -F q. We notice that these terms are 
important only in the limit q -> 0 ; we kept 
them explicitly in order to obtain the exact 
shape of the plasmon excitation spectrum. For 
the calculation of f'k, we use the simpler 
Penn’s model, i.e. we put G parallel to k. 

In the same way one obtains, taking only 
the linear terms in C^, 

o(q,G,a>) ““n|q-FG|^{^S^”k(^“"k*<i ) 

y £k 8 k.(; + Ck+q 8 k+,ii-t; r_I_ 

(1+ Ck^)(l-FCk'^) (£^k+,~^k)‘'‘''9 


— ~ (r) = const f ^wdo) 
dx J q^ 

X/w .yT (q, o). r) 6 (a) —q • v) ( 10 ) 

where v is the particle velocity. 

By integrating along all the particle path all 
the terms but those for which G is normal to 
the channel axis (see equations (3) and (5)) 
cancel out. In fact just these terms do not 
contain a component of r parallel to the chan¬ 
nel axis and therefore do not disappear by 
integrating over a lattice distance along the 
direction of propagation of the incident 
particle. 

The energy loss was calculated for [001] 
axial channeling, with the particle path at mid¬ 
channel axis. Taking into account that Gjoo = 
Zn/a (2,0,0) and r = (a/4, a/4, z), where a is 
the lattice constant*, one obtains for single 

*ln this case the exact value of G, instead of the average 
value 2A/t used for the eigenfunction, has been employed, 
since here we compare with the exact value of particle 
position. 
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particle excitation (see equation (3)): 

/mX(q,a>.r)=- . 

*0.1 *0.2 



where X' is limited to the G's normal to [001] 
axis. 

We consider now the contribution of 
plasmon excitation to the stopping power. In 
the usual case of a free electron gas, the condi¬ 
tion for plasmon existence is given by: 

Co ., =€,,2 = 0 . ( 12 ) 

We notice that also in our weak-binding case 
the undamped plasmon dispersion relation is 
still simply given by (12). This arises from the 
form of the response function (I), whose 
denominator contains only 60.1 + 1 * 0.2 as for 
free electrons. 

However, in the more complex case of a 
crystal, pl^lsmons can be damped due to 
interband transitions [ 11]. For simplicity we 
made the assumption of small damping, i.e. 
*oa I, even though in our case this condi¬ 
tion is not completely fulfilled: therefore our 


evaluation can be considered as an upper limit 
for plasmon contribution. 

Under these assumptions the dispersion 
relation of the real part of plasma frequency, 
for the Fourier component with G = 0 of the 
response function, is given by e®.! = 0 [ 16}. 

This condition remains valid in our case of 
weak-binding also for the other Fourier com¬ 
ponents of the response function, for the same 
reasons mentioned above for the no-damping 
case. 

Computer calculations show that plasmon 
excitation spectrum is strongly modified com¬ 
pared to the free electron case (Fig. 1). The 
plasma line is split in two branches. * 

Two main reasons justify this fact: the first 
is the appreciable value of the energy gap; the 
second is the fact that the lower band is only 
half full and Normal and Umkiapp transitions, 
both intra and interband, must be taken into 
account, giving rise to a complicated q depen¬ 
dence. A more detailed account on this subject 
is planned. 


•We notice that the appearance of these two branches 
is different from that found by other authors! 17], We 
point out also that only the upper branch is damped by 
Umkiapp processes. 



Fig. 1. Excitation spectrum for our model. Contribution from 
Normal and Umkiapp processes are shown with different 
hatching. The two branches of the plasma line, along which 
Co .1 = 0, are also shown, m and q are in the non-dimensional units 
quoted in the text. 
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Under the assumption of small damping and 
€oa (and a fortiori <S I we can use equa¬ 
tion (5); under our channeling conditions we 
obtain; 


Im ./T(q, a>, r) = — 


\ G»0 / g 

(d€o.i/a<o) 

aj=(tip 


(6J — 0>^). 


(13) 


equation (13)) is very small, the error made 
in its numerical evaluation can be very large. 

Table 1 shows the results of the numerical 
computation. The first column gives the con¬ 
tribution from close collisions to the stopping 
power in a random orientation, i.e. the term 
originating from - (eoa/c?., + cJ^j) in (11). 


3. NUMERICAL CALCULATION AND DISCUSSION 
Throughout our calculations we used non- 
dimensional units homogeneous with the 
model, i.e. 2kn as unil for wavevectors and 
4(h^k,i^l2m) = 4£„ for energy. 

The electronic and lattice parameters were 
fixed as follows 




2ir 

a 



1-52 A-' 


(gold) 


= -4?= = 0-4 (half full band) 

2k„ 2^ 


£„/4E„ = 0'17. 

The energy of the incident particles was 
assumed to be lOOkeV as in the experiments 
carried out in this laboratory [13^. A suitable 
non-dimensional parameter for this type of 
calculations is mvlhk/, = vlv„ which turns out 
to be vli’n = 2-.3I. 

In the numerical computation of the contri¬ 
bution to stopping power due to close col¬ 
lisions, points lying on (he upper plasmon 
branch were not taken into account; more 
precisely, a band of width Aw = ±0 05 around 
the plasma line, which is more realistic be¬ 
cause of damping, was not taken into account. 

In the numerical computation of plasmon 
contribution to the energy loss, the small 
region with a negative slope of the upper 
branch (see Fig. I, around q ~ 01) was ne¬ 
glected; in fact the calculations show that e„_, 
varies very strongly in this region; therefore, 
while the exact value of lae„,,/dw|“’ (see 


*In this energy range only valence electrons (6^ and 5d) 
contribute appreciably to the energy loss. 


Table 1. 


Calculated contributions to stopping power in 1 
MeV/cm 


Single particle excitation 

Random 

Plasmon excitation 

Random 

Stopping 

Channeling 

stopping 

Channeling 

power 

effect 

power 

effect 

318 

-004 

1-36 

-002 


The major contribution to the stopping 
power arises, as usual, from the region around 
q = Wp(^c) (kc =‘ 0-3 and WpCA^) =* 0-4 

in our case, see Fig. 1)[ 15, 18]. 

The calculations show also that the contri¬ 
bution from the region of Fig. I, in which only 
Umklapp processes occur, is 0-84 x 10* meV/ 
cm, i.e. about i of the total value. 

The second column is the correction to this 
term, i.e. it stems from the term 

1 ' 


in (11), and gives the variation of close collision 
contribution to the stopping power due to 
channeling. 

The third column gives the contribution 
from distant collisions (plasmon excitation) to 
the stopping power in a random orientation, 
while the fourth one gives the effect of chan¬ 
neling upon it, i.e. it corresponds to the term 



in(13). 
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The first important fact shown by this table 
is that there is no equipartition between close 
and distant collisions. In fact the ratio 
-(d£/<Lr)di,t/—(d£'/(ir)ci„,e is equal to 0-4. This 
value can be compared with the ones computed 
by Erginsoyt3], by interpolating his results 
according to our values of the various param¬ 
eters: one obtains in this case a value of ~ 0-5. 
We must remark, however, that Erginsoy’s 
computations are made for a free electron gas 
{E„ = 0). Our result is thus in agrement with 
Brandt and Reinheimer’s conclusion that in an 
electron gas close collisions contribute more 
and more than plasmons excitation to the 
stopping power with increasing energy gap 
[19]. 

The effect of channeling on single particle 
excitation probability turns out to be very small 
— 1-25 per cent, i.e. much smaller than the 
variation in the electron density, which is 16 
per cent less than the average at midchannel 
axis in our model. 

The detailed analysis of the partial compu¬ 
tations shows that two factors can contribute 
to this strong reduction of the effect. First of all 
the decrease in electron density and in stopping 
power arise from different averages over the 
C,,’s. The former is a simple average over the 
Fermi sphere while the latter is weighted 
through the factor between square brackets in 
(9). 

Secondly, as can be seen from (9), to the 
channeling term contribute both the Ck’s of 
the initial states, which lie in the lower band, 
and the Ck+, and Ck+,^’s of the final stales, 
which lie mostly in the upper band. The former 
and the latter have therefore opposite sign 
which tends to produce a certain amount of 
cancellation. 

As a matter of fact, the detailed calculations 
show that the two contributions of opposite 
sign arise from different regions of the excita¬ 
tion spectrum of Fig. 1, roughly separated by 
the value q = 0-8. The probability for excita¬ 
tion with q ^ 0-8 decreases under channeling 
conditions: with increasing q in fact Cii+, and 
Ck 4 <i+<i go to zero, giving a vanishing contri¬ 


bution. This situation is in agreement with the 
usual classical interpretation in terms of small 
impact parameter collisions, sensitive to the 
local electron density. What is not expected 
on the basis of a classical theory is the oppo¬ 
site sign of the contribution from the other 
region, which roughly corresponds to inter¬ 
band excitations with q < 0-8. An intuitive 
picture of this fact may be given, taking into 
account the well known fact that lower band 
states are associated with a minimum electron 
density between atom rows and planes, while 
upper band states are associated with a maxi¬ 
mum electron density at the same positions. 

The result that the relative decrease in 
stopping power is much lower than the one in 
electron density, can also be understood on 
the basis of the semiclassical model of 
Erginsoy. Close collisions correspond to 
impact parameters varying from - 6/2mv 
to = Vf/otpM]: therefore in this 

model the ‘local’ electron density sampled by 
the proton should be averaged over this space 
region around the channel axis. Taking into 
account that /cc = 0-3 (see Fig. 1), we obtain in 
our case that the average electron density of 
this region is only 3 per cent less than the 
average one. In conclusion we can say that 
close collisions are actually not so ‘close’, 
because ke~' is of the same order of the 
channel radius. 

Another thing to remark is that the effect of 
channeling on plasmons excitations is of the 
same order of that due to close collisions, 
contrary to usual expectations. The total effect 
remains therefore ~ 1 -3 per cent. 

Our theoretical value for the energy loss in 
a random orientation is much lower than the 
experimental data, of about a factor 4-5, even 
if one takes into account the discrepancies 
among different experiments [20,21]. This 
difference can be ascribed to the fact that we 
took into account only s-electrons, as we 
pointed out since the beginning. 

However we can compare the relative de¬ 
crease in stopping power due to channeling 
with experiments carried out in this laboratory 
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[22]. In these experiments the stopping power 
was measured as a function of the emergence 
angle. Each stopping power was correlated to 
a particular particle path along the channel 
and to the local electron density obtained by 
applying Poisson’s equation to the interatomic 
potential. 

The best fit with the experimental data was 
given by the following approximate relation¬ 
ship (see equation (7), Ref. [22]): 

dt' - - - 

-~ = 2-6xiO“Z-6-3xlOMZ-Z„^) (14) 

where — (d£/dr) is in eV cm"', Z and Z|,k: are 
the average and the local electron density 
respectively, in electron per atom*, lor 
(Z — Z^„.)IZ = 0-16 a relative decrease in stop¬ 
ping power of 4 percent is obtained from (14), 
which is not very different from the value 
found in this paper. 

On the contrary we notice that in these 
experiments a decrease in electron density of 
- 55 per cent is associated with the best 
channeled particles. Such a variation cannot 
obviously be a.scribed to j-electrons and 
treated by a nearly free electron model. 

These are good reasons for extending our 
model to the tight-binding case. In fact both 
the results of the present calculations and the 
analysis of the experiments[22] show that to 
obtain detailed informations on valence elec- 


“jf is obtained from the value of the stopping power in a 
random orientation and is equal to H-25 electrons per 
atom. 


Iron density by channeling, more refinements, 
both in theory and experiments, are necessary. 
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Abstract—An evaluation of energy band calculations on group V and IV-VI semiconductors has 
been carried out with regard to the- optical spectra which experimentally possess a striking structural 
similarity for this series of compounds. The interband transitions related to the optical reflectivity 
structure are assigned in a consistenS manner from material to material. In this way, the general fea¬ 
tures of the energy bands along (lOO) and (110) directions may be determined in terms of four para¬ 
meters, each of which is related to a reflectivity peak. 


1. INTRODUCTION 

Experience with group V and IV-VI mater¬ 
ials has shown that the fitting of optical spectra 
provides good criteria for the validity of band 
calculations. Other methods, namely, evalua¬ 
tion by means of the fitting of g factors and 
effective masses are restricted to small regions 
of the Brillouin zone and depend critically 
upon the possession of very accurate wave 
functions. In contrast, evaluation by means 
of the fitting of the optical spectra has validity 
throughout the Brillouin zone and has two 
levels of applicability. On the one hand, the 
positions of the optical structure depend 
upon the assignment of transition type and 
critical points obtained from the knowledge 
of the energy band structure. On the other 
hand, a knowledge of the wave functions 
allows an estimation of the intensities occurr¬ 
ing in the optical spectra. 

In recent years a considerable number of 
calculations (mostly by the pseudopotential 
method) of the electronic band structures 
of IV-VI compounds and group V elements 
have been carried out. These include the band 
structures of PbTe, PbSe, PbS, SnTe, As, 
Sb and Bi[l-11] the Fermi surface topologies 
of As and Sb[12,5] and the electronic spectra 


of SnTe and Sb[4,13]. It seems worthwhile 
at this stage to evaluate these calculations 
with regard to the optical spectra which 
experimentally possess a striking structural 
similarity for this series of compounds. In 
order to do this in an orderly manner, we re¬ 
view the electronic properties of these 
crystallographically similar materials with 
particular emphasis on chemical shifts. Since 
the calculations of the electronic spectra of 
SnTe and Sb have already been analyzed with 
some care, we shall extrapolate from their 
structure to the other respective materials. 
Assisted further by bond and band arguments, 
we are able to determine the main features of 
the band structures along the (100) and (110) 
directions of these materials. We express 
these general features in terms of four 
parameters, each of which is related to a re¬ 
flectivity peak in the electronic spectra. The 
common gross structure obtained for all these 
materials should be helpful in future calcula¬ 
tions aimed at more detailed properties. 

We begin, in the following section, with 
the general description of the structural 
and optical regularities among these sub¬ 
stances. Subsequent sections will be devoted 
to the discussion of band structures and tran- 
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sition assignments to the optical spectra. Our 
proposed band model will be presented in 
Sections. 

2. THE STRUCTURAL AND OPTICAL 
REGULARITIES 

As we have indicated previously, the group 
V and IV-VI semiconductors show a strong 
resemblance in their optical spectra and 
crystallographic structure. Simple cubic and 
closely related rhombohedral structures are 
favored by these materials which have average 
valency of five, just as the diamond and 
closely related hexagonal structures are 
favored by substances of average valence 
four. As a matter of fact, the chemical 
difference between the IV and VI atoms 
stabilizes the simple cubic structure; PbTe, 
PbSe and PbS are such examples. For smaller 
chemical difference between the two atoms in 
a unit cell, the simple cubic structure is un¬ 
stable with regard to a small structural change. 
This change results in a small relative dis¬ 
placement of the two atoms in aface-centered- 
cubic unit cell along a body diagonal and a 
slight decrease of the rhombohedral angle 
from 60°. Thus, GeTe, As, Sb and Bi crystal¬ 
lize in rhombohedral structures. 1 urther 
evidence of the instability of the simple cubic 
structure is provided by the phase transition 
from NaCI structure to rhombohedrally 
distorted structure for the alloys SnTe with 
GeSe or PbTe with GeTe| 14]. 

The structure distortion is, indeed, small 
te.g. the rhombohedral angles of arsenic 
and antimony are 54° and 57° compared with 
60° in the cubic structure). It will, therefore, 
have very little influence on the overall band 
structures along the (100) and (110) directions. 
In a similar manner, most of the structure- 
dependent properties are expected to remain 
unaltered for such small structural changes. 

We turn now to the optical properties. 
There has been a systematic survey of the 
optical reflectivity and absorption in the funda¬ 
mental region of these materials at room 
temperature and at 77°K by Cardona and 


Greenaway [15], Each spectrum consists of 
six peaks [16], An examination of the shapes 
of the reflectivity curves shows the striking 
resemblance among them. It is reasonable 
therefore to conclude that the corresponding 
peaks are caused by the same transition mech¬ 
anism in each material. 

The corresponding peak energies, in the 
case of the group V elements, decrease 
with increasing lattice parameter and atomic 
number. In the case of IV-VI compounds, 
they increase when the anion is replaced by 
lighter elements: a reverse trend is found 
when the cation is replaced by lighter ele¬ 
ments. These facts confirm the conjecture 
that the shifts in peak energies are attributed 
not only to changes in the lattice parameter 
but also to core effects. The latter is even 
more pronounced in the high energy region 
of the spectra. 

Previously, because of the lack of theore¬ 
tical calculations on the spectra of these 
materials, these peaks were assigned in¬ 
tuitively to certain interband transitions. 
Detailed analysis in this paper leads to alter¬ 
native assignments for all these transitions 
as will be discussed below. 

Our assignments are such that correspond¬ 
ing peaks are caused by the same mechanism 
in each material. 

The structural and optical similarities are 
particularly useful in obtaining an under¬ 
standing of the band structures along the 
(100) and (110) directions for the following 
reasons. Firstly, a small rhombohedral 
distortion on the NaCl structure will lift the 
equivalency of the L and T points in the re¬ 
ciprocal space. The L and T points are the 
centers of the hexagons of the Brillouin zone 
faces perpendicular to the (111) and (111) 
directions, respectively. As a consequence, 
the band structure in the regions near L 
and T will be slightly altered whereas those 
along the (100) and (110) directions remain 
essentially unchanged for a small structural 
difference. It thus makes a comparison of the 
band structures of these materials along these 
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directions more meaningful. Secondly, the 
main reflectivity peaks (e.g. Sb and SnTe 
in Figs. 1 and 2) happen to be associated 
with the interband transitions along these two 
directions so that we do not lose much by 
confining our attention to these directions and 
their attendant optical spectra. 



Kig. I. The energy band structure of SnTe along the (100) 
and (110) directions (Ref,(41). 



Fig. 2. The energy band structure of Sb along the FA’ and 
TKX directions. The lowest band in this figure is the 
second valence band (Rer.[5]). 


3. BAND STRUCTURJE CONSIDERATION 
Consideration of the symmetry of the lattice 
alone has been of great help in interpreting 
the optical spectra. This is especially true in 
the determination of the interband transition 
selection rules and the critical points in the 
joint density of electronic states. 

The joint density of states for interband 
transitions is defined by 

// ' f d5 

Stt’J |V 

The critical point occurs at when |V|, (Ej — 
C()lv-*o = 0- A critical point is said to be of 
type Ma if Ej — Ef is a minimum at kg', of 
type Ma if Ej — Ei is a maximum. If Ej — Et 
is a saddle point at it is said to be of type 
Ml when the effective mass at ko takes a posi¬ 
tive value along one principal direction only 
and of type M^ when the effective mass at k® 
takes positive values along two principal 
directions. The effective mass tensor at ko 
has components defined by A~'8^EI6kidk}. 

Symmetry alone requires the occurrence 
of critical points at symmetry points, along 
symmetry lines, or on symmetry planes; 
topological considerations related to con¬ 
nectivity, on the other hand, may force the 
existence of still more. 

Indeed, for all crystals, the number of 
critical points is far greater than the number 
of reflectivity peaks observed. Consequently, 
group theoretical arguments alone are not 
selective enough and may sometimes lead to 
quite erroneous assignments of the reflectivity 
peaks. A knowledge of the optical properties 
thus requires a detailed knowledge of the 
electronic energy stages E{k) and the wave 
function 'F(^) throughout the Brillouin zone. 
The computation of the electronic states 
throughout the Brillouin zone is a formidatfle 
self-consistent problem. Fortunately, a great 
deal of progress has been made in recent years 
through utilization of the seoai-ca^flliGal. 
pseudopotential method. In this section, th« 
calculations of the band structures and optical 
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spectra of SnTe and Sb obtained in Refs. 
[4-6] using the local pseudopotential scheme 
[17] will be briefly summarized and an attempt 
will be nuide to extrapolate these results to 
the other materials. 

In the pseudopotential scheme, the one 
electron energy eigenvalues can be obtained 
by solving the secular determinant. 

dct|K(|k-k'l) + (^-£) 6 ,J =0 ( 1 ) 


where P'(|k —k'|) represents the Fourier 
transform of the local pseudopotential. It 
can be expressed in terms of atomic pseudo¬ 
potential form factors when there are two 
atoms per unit cell as follows. 

y(g> = + F'''(g) cos (g. {), { 



for IV-VI compounds 
( 2 ) 


F(g) = F''(g)cos {2iTu(h + k +1)} for group 

V materials. 


The F(g)’s on the right-hand side of equation 
( 2 ) are the atomic pseudopotential form 
factors for the group IV, VI, V elements, 
respectively, u is the internal displacement 
parameter in the rhombohedral structure and 
h, k, I are the components of g in the trigonal 
coordinate system[18]. The energy bands 
shown in Figs. I and 2 are the results of solv¬ 
ing equation (I). 

The optical spectra are determined from an 
evaluation of the imaginary part tjtw) of 
the complex dielectric function which is 
customarily calculated using a random phase 
approximation [19]. It then takes the follow¬ 
ing form. 





2\Mjm 

W 




— a>)dft. (3) 


Here \M^{k)\ refers to the momentum matrix 


element between states n and s and deter¬ 
mines the oscillator strength of the transition, 
n designates the states with energies less than 
£jr, and s the states with energies greater 
than Ef- Also ftti>„(k) = £:,(k) — £„(k). 

In the computation of * 2 “, the energy 
levels are sampled at a sufficiently large num¬ 
ber of points ia the primitive units of the 
Brillouin zone. (The primitive unit is th of 
the zone for the rhombohedral structure and 
ith of the zone for the NaCI structure.) The 
spectral histograms with good statistics were 
then obtained and led to Figs. 3 and 4 [4,13]. 

It should be noted that the semi-empirical 
pseudopotential used in these calculations 
employed the local approximation in the 
determination of the form factors and neglect¬ 
ed spin-orbit interaction and other relativistic 
effects. This has led to considerable confusion 
and criticism in the literature concerning the 
validity and applicability of such a simple 
method in calculating electronic structures of 
heavier compounds. However, one may note 
from Figs. 3 and 4 that the calculated results 
are in reasonable agreement with experiment. 
We may understand this agreement in the 
following way. For one thing, it is clear that 
p-like states essentially derived from the anion 
do not have appreciable spin-orbit splitting. 
Further, states derived from the cation posses¬ 
sing some s-like character (possibly by mixing 
in the crystal) have reduced spin-orbit splitting 
relative to the free atom. Since it will turn out 
that it is just these states that are involved in 
the relevant interband transitions, it is reason¬ 
able to neglect spin-orbit effects. Moreover, 
relativistic effects are not important for most 
of the interband transitions under considera¬ 
tion. The £« transition, which involves a low 
lying 5 state, is the only exception. Thus, we 
reach the conclusion that this simple scheme 
is adequate for our present purpose of elucidat¬ 
ing the chemical shifts among these materials. 

In general, there are many transitions 
associated with each structural feature in 
the spectrum and hence each such feature is, 
in general, related to more than one critical 
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Fig. 3. The electronic spectrum of SnTe obtained theoretically (Ref.[4]) 
and experimentally (deduced from Ref.l 15]). 



Fig. 4. The electronic spectrum of Sb. (Ref.(13)-Tbe 
vertical scale of this figure in Ref.(13| is off by a factor of 
two, because of a drafting error.) The experimental data 
are from Ref.[15]. 

point in the band structure. The nature of 
these critical points can only be determined 
by an analysis of the interband energy con¬ 
tour diagram in /c-space. This analysis has 
been carried out for SnTe in 1. The results 


are indicated in Fig. 1. On account of geo¬ 
metrical structural complications, a detailed 
analysis of the critical point types involved 
in the relevant transitions for antimony is a 
formidable task. Thus a comprehensive and 
exhaustive analysis of the spectrum to the 
degree that was achieved in the work on SnTe 
is not available. The transitions shown in Fig. 

2 are therefore assigned primarily according 
to the oscillator strengths and energy gaps 
obtained in II, We will discuss their assign¬ 
ment more thoroughly in the next section. 
Also, we list the critical points in the first 
column of Tables 1 and 2 and discuss them 
more thoroughly in Section 4. The data 
listed in Table 1 arc the experimental ones 
measured by Cardona and Greenaway [15]. 

4. TRANSITION ASSIGNMENTS 
It follows from chemical bond arguments 
that for a structure with two atoms per unit 
cell possessing an inversion center at each 
atom, the wave functions can be classified 
as bonding and antibonding types. The 
former has no node along a nearest neighbor 
line whereas the latter has. As one moves 
away from the high symmetry points of the ' 
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Table Ua)- Proposed band parameters for IV-VI compounds. 
All entries are obtained experimentally in Ref. [15] C Energy units 


are in eV) 

Transitions 

PbS 

PbSe 

PbTe 

SnTe 

4-»6W, 

E, 5 -► 6 At, A, -♦ A, 

5 —7 At, X,-. I, 

3-3‘ 
3-67 2-3* 

3-12 3-0* 2-45 2'2* 
205* 

2-07 

4 —6At„ 1 
£, 5 — 6At,j 

4 —► 6 Af, between XK and FA* 

g-l 

71 

6-3 

61 

5 10 At, T,i, —> Fi, 

£, 

5 —• 9 At, along IttF on mirror 
plane near If 

9-8 

91 

7-8 

7-4 

2— 6At,X, X, 

£» 

2-» 6 At, A, A, 

13-9 

12-5 

11-2 

91 


‘See Ref.|201. 


Table 1(h). Proposed hand parameters for GeTe and 
group V materials. All entries are obtained experi¬ 
mentally in Ref. [ 151 ( Energy units are in eV ) 


Transitions 

GeTe 

As 

Sb 

Bi 

4 -* 6 At, along rx 
f , 5 -• 6 At, along FX 

1-98 

3’5 

2-5 

1'7 

5 -* 7 At, along FX 

4-.6 At„A',-X, 

E, .1-6 At, X, -«• X, 

5-4 

6-9 

5-7 

50 

4 -» 6 At, between FX and XX 

5 — 10At,| , . 

^ 9 j “long * £ close to I 

6-2 

10-6 

7-6 

7 0 

2 —» 6 At, along FX 

7-8 

13-6 

9-4 

8-6 

2 -* 6 At, along FX 






Brillouin zone, one can see that the bonding 
characters as well as the atomic characters 
of the wave functions change gradually. In 
Fig. 1 the two lowest valence bands, which are 
completely occupied, are of 5-bonding and s- 
antibonding natures, respectively. The r ,5 
valence band is of p-bonding type, as are the 
X[, X'^ valence bands. However, the lowest 
conduction level at X, the A' 3 , is predominant¬ 
ly ^/-bonding. The lowest conduction level at 
r, r 15(2), on the other hand, is ap-antibonding 


state. As for the lower symmetry points, the 
atomic character for the wave functions may 
be a mixed one. For example, consider the 
upper Li (or L 3 ) valence band. It is s-partially 
bonding (d partially bonding) about the 
group IV atom and p-partially bonding 
(p-partially bonding) about the group VI atom. 
One would therefore expect that, along the 
r L line, the atomic character of the wave 
functions should be a hybridized one. 

As regards the arsenic type crystal, not 
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Table 2(a). Interband transitions obtainedfrom previous theoretical 
calculations (All entries are in cV ) 


Transitions 

PbS* 

PbS" PbSe* 

PbSe" PbTe* 

PbTe" PbTe‘ 

SnTe" SnTe" 

4-6 S 4 -S. 

4-76 

3-5 


3-2 

2-31 

2 0 

2 04 

I-95 

2-5 

5 — 6, A, — 4, 

3-54 

3-4 

2-99 

2-8 

2 04 

2-2 

403 

2-2 

2-2 

5-7 2.-S, 

2-72 

3-7 


3-2 

2-31 

2-3 

2-45 

2-0 

1-7 

4 — 6 


7-8 


7-4 


6-5 



6-2 

5^6Xt'-*X^ 

7-07 

7-5 

6-94 

70 

5-98 

5-9 

5-73 

6-81 

5-8 

5 - 10 r,. - r 4 . 

8-70 

9-4 

8-57 

8-56 

7-21 

6-88 

7-34 

7-5 

6-67 

5 — 9 on mirror plane 








7-13 


near W 










2 —6i, — X, 

8-7 




6-8 

8-3 

8-32 

8-70 

7-3 

2 —♦ 6 Aj —♦ Aj 

7-75 


7-48 


6-12 

8-4 

8-81 

90 



-See Ref.d). 

"See Ref.I4]. 

‘See Ref.[2] single group relativistic calculation. 
"See Ref.(3]. 


Table 2(b). Interband transitions obtained 
from previous theoretical calculations (All 
entries are in eV) 


Transitions 

GeTe" 

As' 

Sb” 

Bi' 

Bi‘ 

4 — 6 

along r K 

1-6 

1-99 



2-50 

5 “♦ 6 

along rx 

1-4 

1-99 

2-0 


0-49 

5 — 7 

along VK 

1-5 

2-75 

2-4 



4 — 6 

X,->Xy 

6-3 

4-24 

5-1 

4-42 

3-54 

5 — 6 

x,-*x, 

5-9 

4-68 

5-8 

5-66 

5-17 

5 — 10 
5 — 9 

1 along FT 

6-8 


6-8 

6-71 

5-03 

2 — 6 

along FA' 

7-8 

6 69 

8 16 


8 97 

2—6 

along F K 


7-48 

8-16 


8-97 


"See Ref.[9). 

“See Ref.[l3]. 

'See Ref. [10], 

‘SeeRef.[ll]. 

"See Ref.[3]. 

only the atomic character but also the bonding 
character has been mixed slightly due to the 
.small structural distortion. 

Accordingly, the optical spectra can be 
analyzed into three groups. The £2 peak 
belongs to the first group which is associated 
with transitions between p-bonding and p- 
antibonding states. These states are less 


affected by hybridization of s-like states and 
have predominantly p characters. The second 
group is comprised of £< and £5 peaks, which 
are associated with transitions between p- 
bonding and d-bonding states. In group IV 
elements. Si and Ge, the d-bonding states lie 
way above the conduction band edge. Hence 
their oscillator strength should be smaller due 
to loosely bonding behavior of d states. The 
absence of the £4 and £5 peaks in the spectra 
of group IV elements may therefore be thought 
of as a direct consequence of this smaller 
oscillator strength. The third group consists 
only of the Eg peak. The related transitions 
connect the low-lying s-like cation levels in 
the valence band and the antibonding p levels 
in the conduction band just above Ef. We ex¬ 
clude the discussion of the £, and £3 peaks in 
this paper mainly for the reason that the £, 
transitions do hot happen in the two directions 
under consideration and the identification of 
the £3 transition has not yet been soundly 
established. 

In the following we shall describe in turn 
the critical points relating to the optical 
absorption peaks. (1) E^. The 4 -* 6 , 5 —" 6 , 
5^7 transitions (4 6 means the transition 
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between 4th and 6 th bands) in SnTe and Sb 
all contribute to the peaks. In SnTe it has 
been shown that they are of Mi, M^, and Mi 
type edges at points along PX and PK 
directions, respectively [4]. Our analysis 
about the is further evidenced by recent 
electroreflectance measurements [ 20 ] which 
prove that the structure at 2-05 eV (2-3 eV) in 
the spectrum of PbSe (PbS) belongs to M, 
transition whereas the structure at 2-2 eV 
in PbTc and the structure above 3 eV in PbSe 
and PbS are caused by M-^ transitions. As 
mentioned in 11, the E-i peak in Sb arises from 
points near (0-59, -0-43, 0-08) which is near 
the PK direction. Therefore we tentatively 
assigned E-i to be due to the transitions near 
or at the directions of F/C and F.Y as listed in 
Table 2. We assume the same situation applies 
for the other IV-VI and group V materials. 
(2) Although in the joint density of states 
curve of SnTe there is a small peak at the 
energy E = this peak does not show up 
in both Figs. 3 and 4. The exceedingly small 
oscillator strengths are believed to be respon¬ 
sible for this. It is known that the oscillator 
strengths, calculated from pseudowavefunc- 
tions inherent some uncertainties from the 
pseudopotential method, we prefer not to 
choose this peak as a parameter in the deter¬ 
mination of our proposed band structures. We 
only want to point out that E 3 structure is 
believed to be of Af, type transition[20j. (3) 
£4 and £5 peaks: These peaks belong to the 
interband transitions 4, 5 —» 6 and 5 ^ 10 
at X and F, respectively. For the NaCI 
structure, the lowest X'^ and X,, levels have 
the same energy in the free electron case, as 
do the lowest F,., and F'j levels. Thus, inter¬ 
actions between each of these levels and other 
levels having the same irreducible represen¬ 
tations may be ignored when we estimate the 
splittings of A'j, Xj and F,,, F'j due to the 
presence of weak pseudopotentials. As these 
splittings characterize the £4, £,, transitions, 
we have 

£4 = £(^^3) - EiXii ) = 2 ( V330 - Vjoo) ( 4 ) 


£5 — £(F25) £(Fi5) — 2(V222 V20o)- (5) 

Here represents the Fourier transform of 
the pseudopotentials. Examining the pseudo¬ 
potential form factors deduced in ref.[l] for 
the lead salts, we see that the £4 and £, 
transitions, given by equations (4) and (5), 
increase as one goes from PbTe to PbS, 
which is consistent with the experimental 
results shown in Table 1. From this estima¬ 
tion it follows that these two peaks should 
indeed be assigned as due to two different 
transitions between p-bonding and d-anti- 
bonding states instead of a spin-orbit doublet 
[15]. 

Two other critical points have been found 
to contribute to the £4, £5 peaks in SnTe. 
They are points between XK and PX direc¬ 
tions and along AW on the mirror plane near 
W. 

For As-type crystals the £5 critical point 
moves to a point along the FT direction close 
to F, due to the structural distortion. (4) £# 
peak: the £# peak in SnTe was analyzed as 
composed of two critical points along the 
FA and FA directions. These are the transi¬ 
tions between the low-lying core levels and 
the conduction level just above Fermi level 
i.e., the 2 -» 6 transition. It is known that the 
oscillator strength obtained from the plane 
wave part of the valence wave functions 
underestimates the core effect which is par¬ 
ticularly important for low-lying levels. The 
disappearance of the £« peak in the calculated 
Sb spectrum may be attributed to the under¬ 
estimation of the oscillator strength. Flow- 
ever, we note that in Sb, along the FA and 
fa directions, we'can still find two critical 
points of the 2 -♦ 6 transition which have 
energy approximately equal to 816eV[13] 
compared with the observed value 9-4 eV. 

5 . PROPOSED BAND STRUCTURES 

We list the interband transitions in the 
existing calculations in Table 2. The values 
for Sb and SnTe shown in Table 1 are in 
very good agreement with those in Table 2. 
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The values for PbTe, PbSe, PbS in Table 2 
give the chemical shifts predicted by experi¬ 
ment. Apart from the Eg, all values deviate 
from experiment by a few tenths of an eV. 
The Eg peak depends strongly on the rela¬ 
tivistic effect and is difficult to obtain accur¬ 
ately. Note that the Eg, listed in Table 2 for 
the lead salts, appear to be too small. This 
indicates that the ;-shift effect on the second 
band might be overestimated in previous 
calculations. The second band is essentially 
an anion s orbital and was deliberately placed 
relative to the conduction band F,, in Ref.[l] 
such that the gap rj(2)-» r, 5 ( 2 ) equals £< 
of Table 1. As we now recognize that the 
r,(2) -» r, 5 ( 2 ) transition is not responsible 
for the E 4 peak, previous calculations may be 
modified to yield larger Eg values. Subsequent 
relativistic OPW calculations by Herman ef a/. 
[3] also give a small value of Eg for PbTe. 
Furthermore, in their calculation, no critical 
points appear in the I'K or FX directions for 
the 2 -» 6 transition in PbSe and PbS. Unless 
a future first principle calculation on the 
optical spectra of the lead salts proves the 
assignment of the critical points related to the 
Eg peak to be different from that for SnTe, it 
is likely that the position of the second band 
at r in a more realistic energy band picture 
should be higher than the ones appearing in 
previous works. A reduction of the relativistic 
j-shift effect on the anion s orbital may 
accomplish this. 

The OPW calculation of As(9], as shown in 
Table 2, has also turned out relatively smaller 
values for the £ 2 , £ 4 , and Eg peaks. 

The relativistic pseudopotential calculation 
[11] and the relativistic APW calculation[lOJ 
on Bi seem to produce quite good agreement 
with experiment, except that the 5 -»6 
transition at the critical point along FJf and 
the transition 5 10 along FT appear to be 

too small. 

Based on the above analysis, we propose 
a general feature of the energy bands along 
the (100) and (110) directions. As displayed 
in Figs. 5 and 6, they may be characterized 



Hig. 5. A qualitative sketch of the proposed energy band 
structures of IV-VI compounds. 



Fig. 6. A qualitative sketch of the proposed energy band 
structures of group V materials and GeTe. 


by four parameters; £ 2 , £4, £s, Eg. Our 
proposed band model is strongly suggested 
by simultaneous examination of the direct 
band gap in isoelectronic sequences of IV-VI 
and V materials as well as by the bond and 
band arguments. The four parameters deter¬ 
mine the common gross structure of the 
optical spectra derived from the calculated 
bands. Use of the parameters listed in Table 
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1 therefore insures that the calculated optical 
spectra will be coincident with the experi¬ 
mental observations and provides a foundation 
for future calculations on these materials 
designed to obtain more detailed results. 
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Abstract—A possibility has been investigated that an octahedral complex, having sufficiently isolated 
triply degenerate electronic state, undergoes an orthorhombic distortion through Jahn-Teller effect 
linear and t/uadratic in vibrational T, mode. Effects of vibrational E mode are assumed to be small 
compared with those of mode and are neglected. The inclusion of the quadratic effects leads to the 
stable potential minima which stabilize the orthorhombic distortion for suitable conditions. 


1. INTRODUCTION 

Since in 1937 Jahn and Teller[l] proved the 
theorem concerning to the intrinsic instability 
of any nonlinear complex, the electronic state 
of which was orbitrally degenerate, many 
authors [2] have investigated stable con¬ 
figuration of nonlinear complexes. Taking 
account of linear vibronic interaction, Opik 
and Pryce[3] have shown that an octahedral 
complex having a triply degenerate ground 
state may distort to a pure tetragonal or trigo¬ 
nal configuration. In their investigation, the 
linear interaction contains both E and 
vibrational modes. When only mode is 
taken into account, the stable configuration 
turns out to be a pure trigonal distortion; 
the extremal energy value associated with the 
orthorhombic point is always higher 

than that with the trigonal point 
Recently Wysling and Muller(4] have shown 
the same result in more detail. In these studies, 
however, detailed discussions have not been 
given to effects of quadratic terms of the 
vibronic interaction. 

In our present work, the quadratic effects 
are investigated in more detail for a particular 
case where Tj vibronic interactions are larger 
than E vibronic interactions which are 
assumed to be small and ignored. The effects 


*The notation A corresponds to B in the paper of Opik 
and Pryce. 


quadratic in normal coordinates arise from the 
quadratic coupling, treated to first order 
perturbation theory, and the linear coupling 
to a distant electronic level, treated to second 
order. If the spacing of the electronic levels is 
not large compared with the vibronic inter¬ 
actions, the above treatment is not applic^le 
Such a situation has recently been investigated 
by Stoneham and Lannoo[5]. They have dis¬ 
cussed the effects of the linear coupling for 
two nearly degenerate levels. 

In Section 2, we calculate energy values at 
extremal points with respect to nuclear co¬ 
ordinates by Opik and Pryce’s procedure [3]. 
In Section 3, we discuss the conditions for 
occurrence of the orthorhombic Jahn-Teller 
distortion. We will show that introduction of 
the quadratic terms makes it possible that the 
octahedral complex having a triply degenerate 
ground state distorts to the orthorhombic 
configuration. 

In the study of electron paramagnetic 
resonance attributed to S~ ion in some alkali- 
halides, Vannotti and Morton observed aniso¬ 
tropic g tensor which was orthorhombic [6]. 
They suggested a few mechanisms to explain 
the origin of the anisotropy, one being Jahn- 
Teller distortion. A direct comparison, how¬ 
ever, is not established in this paper between 
our suggestion and their experiment; it will be 
put forward by more detailed analysis experi¬ 
mentally and theoretically. 
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2 . EVALUATION OF EXTREMAL ENERGY 
In this section, we calculate energy values 
with respect to the extremal points in nuclear 
coordinate space. The Hamiltonian of a given 
system is 

+ ( 2 . 1 ) 

The first term contains two types of energy: 
the kinetic energy of electrons and all Coulomb 
interactions between electrons and nuclei. In 
the parentheses, r represents the coordinates 
of electrons r,, Fj, ... r„; Q stands for a set of 
normal coordinates of nuclei. The second term 
is the kinetic energy of nuclei. 

In the adiabatic approximation, a vibronic 
eigenfunction of the Hamiltonian (2,1) usually 
may be written in a form 

<i>{r.Q)=^(T,Q)UQ). (2,2) 

An electronic wavefunction if(T,Q) depends 
parametrically on Q and satisfies the 
Schrddinger equation 

HAr,Q)<pjT,Q)=ta(Q)>fa{r.Q), (2,3) 

where « denotes the electronic quantum 
number. The wavefunction f„(r,Q) is nor¬ 
malized under integration over r alone: 

/ |ss„(r,(?)|“dr-I. (2,4) 

A vibrational wavefunction ?((?) satisfies the 
vibrational Schrddinger equation 

[T^ + €„((2)]«„r(G) = (2.5) 

where v labels a vibrational state. In this equa¬ 
tion €„{Q) acts as a potential for the nuclear 
motion. 

We assume that Hf(r,Q) can be expanded 
in a Taylor series of Q about a symmetrical 
configuration, (2 = 0. Ignoring anharmonic 
terms higher than second order in Q, we obtain 

H,(r,(2)=//*(r,0)-f//e<”(r,e) 

+ //«>(r,0). 


where 

///"(r,(2) = 2 fyak(r)Qak 

ak 

and 

O = i 2 2 Uak£tij)QakQ»l- 

ak 01 

a and /3 denote irreducible representations 
according to which the normal coordinates 
are characterized; k and / their components. 

We regard //«"’ and as perturbations 
to the pure electronic part //^(r, 0). The 
effects of vibronic interactions are taken into 
account to quadratic in nuclear coordinates; 
the effects of ///” and treated to the 

accuracy of first order perturbation theory, 
and the ones arising from linear coupling 
//r"* to a distant level, treated to second order. 
The effective interaction Hamiltonian can be 
written as 

/ff=2 + i 2 2 ^okSlQakQoi 

ak ak $l 


where 6 is the energy separation between a 
ground level and a lowest excited level which 
can couple with the ground level through the 
linear interaction //e”’; the sum over m is 
taken in the manifold of the excited level. In 
this expression, we take into account of the 
lowest excited level, assuming that other 
excited levels are lying in much higher energy. 

The above treatment is available to the 
case where the spacing of the electronic levels 
is sufficiently large compared with the vibronic 
interactions. If such a condition is violated, 
we must treat the problem by other method 
such as Stoneham and Lannoo[5] have 
recently discussed. 

In the following, we assume that the 
Hamiltonian //,(r, 0) possesses octahedral 
symmetry and gives an orbital triplet ground 
state; in the vibronic interaction Hamil¬ 
tonians, only Tj mode is to be dominant and 
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the effects of the other modes are so small as 
to be neglected. An orbital triplet state in 
octahedral symmetry belongs to the three- 
dimensional irreducible representation T, or 
Tj. The three components of the electronic 
state transform as x, y, z, respectively, if the 
irreducible representation under considera¬ 
tion is Ti, and as yz, zx, xy, respectively, if it 
is Tz- (or A,), E, T, and Ts levels can couple 
with the ground level T, (or Tj) through the 
linear vibronic interaction A/**” since has 
the symmetry of Tz- We, therefore, take into 
account of the four cases such as (T,,A 2 ), 
(T„E), (T„T,) and (T,,T 2 ),* where the 
first letter in parentheses indicates the sym¬ 
metry of the ground level and the second the 
symmetry of the lowest excited level. 

For these four cases, the effects of vibronic 
interactions can be found by solving the 
secular equation of the effective Hamiltonian 
Hg within the manifold of orbital triplet T i: 

AQ,+ iB' + K,)QfQ^ 

[aQ^+(B' + K,)Q,Q, 


AQ,+{B'+ K,)QtQ^ 

K (2B - 3AJ - (B + 3A.) ((2/ + ] 

AQt+(B'+ Kz)Q,Qr, 


AQr,+ {B'+ Ks)QiQc 
'4Qf+(B'+K3)QiQr, 

i[(2B - 3Kz)Qi’‘ - (B + 3A:,)«2r,^ + Q/)] 


Ol 

flz 

.03. 


ratic coupling coefficients. The detailed ex¬ 
pressions of Ki, Ki and are given for the 
four cases in Table 1, where C( (/ = 1,2, 3,4) 
are appropriate linear coupling coefficients. 

Table 1. The detailed expressions of 
K], Kj and Ka for four cases (T,, Aj), 
(T,,E), (T,.T,) and (T,,Tj). Q is an 
appropriate linear coupling coefficient; 

6i an energy separation between the 
ground level and a lowest excited level 




(T,.E) 

(T,.r,) 

IT,. T,) 

K, 

0 

0 


C.V8. 

K, 

c,vs, 

QVS, 

0 

0 

If, 

0 

C,V262 


02/8, 


The expression (M2)B(Q/ + Qf>‘ + Qi‘) is 
usually referred to a quasi-elastic potential. 
The eigenfunction (po(r, Q) of equation (2,3) 
can be expressed as a linear combination of 
unperturbed eigenfunctions in this approxima¬ 
tion. The normalization condition for if\r, Q) 
yields 


a,^ +02^ + af — (2,8) 

where a, (/=1, 2, 3) are assumed to be 
real[3-4J. 

For simplicity, we express equation (2,7) 
symbolically as 


+mQ/ + Q^^ + Qc^)-l- 

■fli" 

«2 

= €((2)/- 

02 


.« 3 . 


O 3 . 


(2,7) 


where / is a three dimensional unit matrix; A 
a linear coupling coefficient after integration 
with respect to electron coordinates; Qf, Q„, 
Qi are normal coordinates of T^; B, B' quad- 

*When the ground level has the symmetry of Tz, four 
cases (Tj, 7",) and (Tj, Tj) should be 

discussed. In what follows, we take up only the case 
where the ground level has the symmetry of T,. 


lTa-fKa = ea, (2,7') 

where Wa stands for the first term on the left 
hand side of equation (2,7) and Fa for the 
second. 

It is difficult to find energy, €{Q), itself. 
Instead, we attempt to find, in the normal co¬ 
ordinate space (Q-space), those points at 
which the energy e(Q) takes extremal values 
and then to find the extremal energy values 
themselves. The relations of Q and a to be 
satisfied at the extremal points in Q-space 
are 
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We now discuss these solutions for three 
cases, (1), (2) and (3). 


where fi is a transpose of a. Rewriting equa¬ 
tion (2,9) in full expression, we obtain 

-t- (B' Aw,)0,020,1-(- (fl' -f K:i)aja,Q[ 

= —Aa,a:t, 

(B' + K.,)a,a.,Qt + [(B+ K,- 

-it{B + 3K,)+l3]Qr,+ {B' + K:,)a,a,Q, 

= —/40:i0,, 

iB' + K:,)a^a,Qc+ {B‘ +K 3 )a;, 

(B' ■+ + (B' -f- AC;,)O:lO20,) 

+ [ (B + AC, - a :2 ) o,, “ - iK B + 3 a: ,) +/3 ] 0( 


Case (1 )• fl] 5^ 0 ,02 0, Og ^ 0 

Substituting the expressions Qf, Qr,, Q( 
given in equation (2,11) in the corresponding 
coordinates of the eigenvalue equation (2,7), 
respectively, we can easily obtain the relation 
a,'^ = a/ = Og^ From this relation and the 
normalization condition (2,8), the eigen¬ 
vectors a at extremal points in Q-space are 
found to be fourfold; 


(fl„n2,flg)= (3)-'«(l,l,l); 

(2,12a) 

= (3)-'«(-i,l,i): 

(2,12b) 

= (3)-''^(l,-l,l); 

(2,12c) 

= (3)->'^(l,l,-l). 

(2,l2d) 


= -/40i02. (2.10) 

These equations can be regarded as a system 
of linear inhomogeneous equations in 0*(4I. 
The solutions, which we denote Q^, are the 
coordinates of extremal points of the energy 
surface in 0-space. The solutions of the simul¬ 
taneous equations (2,10) are expressed as 
follows: 


0,-- 


X 


3/4 flgUg 

(B-t-3A',)A 

(B -2B'+ A', - ACg - 2AC:,)«,^]A- 


From equation (2,12) and the expressions of 
0/,, we obtain the coordinates of extremal 
points in 0-space as 


Q,= (Qf.Qv^Qi) = (-q,-q.-q); (2,13a) 

= {—q,q,+(i)\ (2,13b) 

== (q.—q,+q)\ (2,13c) 

= {q,q,-q), (2,13d) 

where q= 2/4/[3/3 + 4B'-2(2A,-(-A2-2A3)]. 
These four sets of coordinates in 0-space 
correspond to trigonal distortion of octahedral 
complex. The eigenvalue e(0i) at these ex¬ 
tremal points are easily found to be 


9(B'-B-A,-bA.2-t-Ag) 
(B + 3K,y 

X [(B' + Ag) (<Ji“«2^-t- 


€(&)=- 


_2^f_ 

3/3 4B' - 2 (2A, + Aa - 2Ag) ‘ 

(2,14) 


-(B-f A,-A2)a2“flg^]j, (2,11) 

where X= [3/3/2(fl + 3A,)] — 1 and A is the 
coefficient determinant of equation (2-10). 
The expressions of 0„ and 0; are given by 
cyclic permutations of subscripts 1,2,3. 


If quadratic terms become negligible small 
compared with the quasielastic constant /3, 
i.e. BIB -> 0 and A,//8 -» 0 (/ = 1,2,3), then 
the value of q tends to 2/4/3/3 and extremal 
energy e(0,) to Opik and Pryce find 

the coordinates of extremal points and ex¬ 
tremal energy values only with the linear terms 
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of 7*2 and E modes included[3]. If E mode is 
excluded their results agree with our limiting 
values obtained above. 

Case (2). o, 5^ 0, Oj 0, Oa = 0 
In this case, we have three equivalent cases, 
one of which is being discussed. In a manner 
similar to case (1), we obtain the relation 
Oi = <* 2 “. From this relation and the normaliza¬ 
tion condition (2,9), the eigenvectors a at the 
extremal point in 0-space are found as 
follows: 

(a„fl 2 ,U 3 )= (2)-''“(l,l,0); (2.15a) 

= (2)-''’*(l,-l,0). (2,15b) 

The coordinates of the extremal points cor¬ 
responding to the above eigenvectors can be 
obtained from equation (2,11) as 


where the upper and lower signs correspond 
to (2,15a) and (2,15b), respectively. The two 
sets of coordinates in 0-space lead to ortho¬ 
rhombic distv,. tion of an octahedral complex. 

The secular equation (2,7) generally has 
three eigenvalues at a point in 0-space, which 
are lying on three sheets of energy surface. 
Let us concern only with one of the two 
extremal points (2,16), e.g. the one with plus 
sign. We will later find it necessary to have 
two excited states at the extremal point as 
well as the extremal energy itself. The secular 
equation (2,7) is to be solved at the point 
0n = (0, 0, 3/4/[3/3-2(B4-3A',)]). The energy 
eigenvalues and corresponding eigenvectors 
at this point are given as follows; 


a^ - ( 2 ) 





9AV2 

3)8-2(B-t-3/C,)’ 

(2,17a) 




O' 

0 

1 




(3AV2)(4B~6Ki-h30) 
3/3-2(B + 3K,y ’ 

(2,17b) 


( 2 )-'« 


r 

-1 

0 


> «o(01l) — 


3AV2 

3/3-2(B-t-3A',)’ 

(2,17c) 


If the quadratic effects can be ignored com¬ 
pared with the quasielastic constant >•€■ 
B/B —* 0 and K,l^ -* 0, then the coordinate 
of the extremal point becomes ( 0 , 0 , Al^) and 
the extremal energy €o(0ii) to —A^I2p. This 
limiting case corresponds to the one discussed 
by Opik and Pryce[3]. who take into account 
only the linear terms. 


Case (3). a, 0 ,a 2 = 03 — 0 

In this case, we have two more equivalent 
cases that are given by cyclic permutations of 
subscripts 1, 2, 3. This case is physically 
uninteresting since the extremal point is 
0{ = 0T, = 0{ = 0 and from the secular equa¬ 
tion (2,7) we have e(0in) = 0. 

Before leaving this section, we note that 
case (1) and case (2) lead to trigonal and ortho¬ 
rhombic distortion at their extremal points, 
respectively, while case (3) keeps the octa¬ 
hedral complex to remain totally symmetric at 
its own extremal point. We will, therefore, 
discard case (3) in the following section. 

3. CONDITIONS FOR ORTHORHOMBIC 
DISTORTION 

In this section, we will discuss the con¬ 
ditions for the occurrence of orthorhombic 
Jahn~Teller distortion. It becomes possible 
to expect orthorhonbic Jahn-Teller distortion, 
if the following conditions are satisfied: _ 

(a) the extremal energy value €o(0n) is 
low^er than another one e(0i), i.e. €o(0ii) < 
€(Q.). 

(b) the energy surface is stable at the point 
0II in 0-space. 

Using equations (2,14) and (2,17) and can- 
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celling common factors, we can replace the 
condition (a) simply by 

5'(3,i) 

provided that the denominators in equations 
(2,14) and (2,17c) are positive, i.e. 

B' (3,2a) 

and 


l/(x) = [i;8 + i(B-3A:,-3/C3) 

1 m-2B-3B'-6K,-3K^)n 

6 3P + B-3Ki-3K2 J 

X + V) + [ij9 -iB-Kt W 

(3/3-2fl-3^'-6A:.-3/(3)n 
3{3fi + B~3K^-3K2) 


B<ifi-3K,. (3,2b) 

If either of the conditions (3,2a), (3,2b) is 
violated, it is easy to show that the system is 
unstable to an infinite distortion. It is to be 
noted that the inequality (3,2a) is auto¬ 
matically satisfied in the region determined 
by the inequalities (3,1) and (3,2b). A further 
condition bounding unstable region is obtained 
from the instability associated with the state 
(2,17b), being 


where we omit terms linear in x since these 
terms must be vanishing at the extremal point 
Qi,. The conditions for the energy increment 
L/{x) to be positive for arbitrary increment x 
are 

B' <iB + l3-Ki-K2-K3, (3,4a) 

jS-t-AB- (Ki + Ki) 

2 (3B-2B-3B’-6K,~3K3y 

3 B + 3ip-Ki-K2) 


B>-lB + iK2. (3,3) 


+ B' + K 3 > 0, 


(3,4b) 


If increment in energy ««(^ii-f x)-€„(^n) 
associated with an arbitrary increment x = 
(Xf, .Vt,, X{) from the extremal point Qn is 
positive, then the extremal point Qu is stable 
on the energy surface. According to Opik and 
Pryce’s procedurel3). the energy increment 
can be calculated to second order in x by 
applying the ordinary perturbation theory as 
follows: 


U(x) =eo(0,i-(-x)-€o(Gii) 


2 

= U -I- BoWHo - ^ 

/-I 


jaiwa,y _ 


where v is (^/ 2 )(x{*-f-x„*-l-xt*); w the matrix 
that is difference between the matrix W. with 
Qk = Qk + and the one, with C* = Q^. The 
summation of the last term is taken over two 
excited states (2,17a, b). A straightforward 
calculation leads to 


and B((3/3/2)— 3/wi, which is identical with 
(3.2b). 

We now plot the region where these in¬ 
equalities are satisfied on a graph with the 
X and y axes labeled by B//3 and B’IP, respec¬ 
tively. The graph is shown in Fig. 1, where the 
region of orthorhombic stability is illustrated 
by the shaded area. The four straight lines (i), 
(ii). (iii) and (iv) represent (3,1), (3,2b), (3,3) 
and (3,4a). respectively. It is easily shown that 
the region determined by these inequalities 
also satisfies the inequality (3,4b). 

We will discuss in detail the effects of the 
quadratic terms in four cases (Tj.^a), 
(7,, £), (T,, T,) and (T,, T 2 ). One can obtain 
a graph characteristic to each of the four cases, 
substituting into A,, Kj and £3 the explicit 
expressions given in Table 1. It is, however, to 
be noted that the four lines have characteristic 
features common for the four cases. The line 
(i) has negative inclination; the line (iv) 



A POSSIBILITY OF ORTHORHOMBIC JAHN-TELLER DISTORTION 


2215 





(ii), (iii) and (iv) represent the inequalities (3.1), (3,2b). (3,3) and 
(3.4a), respectively. 


positive one. Two lines, (ii) and (iii), are 
parallel to the y axis. 

In the cases (Ti,A 2 ) and (T"!, E), the straight 
line (i) intersects the y axis at a point of positive 
value; and the straight line (ii) the x axis at the 
point X = 3/2. If the straight line (iii) comes to 
on the right side of the line (ii) beyond x = 3/2, 
we have no longer the shaded region. This fact 
restricts the values of Cj“/S( (i = 1 or 2) which 
are compatible with the orthorhombic dis¬ 
tortion; the values are found to be between 
zero and 3)3/2 for the cases where B 0 and 
0 or 5 0 and 5' = 0. If B = 0 and 

B' 0, the region, /8/2 < < 3)3/2. is 

excluded from the region, 0 < (CiVS, ) < 3)3/2, 
since the line (iii) is on the left side of the y 
axis in this case. Furthermore, if the quadratic 
interaction is completely neglected, i.e., 
B = B' = 0, the orthorhombic distortion can 
never be stable. 


In the case (Ti.T,), a straight line (iii) 
intersects the x axis at the point x = —3/4; the 
line (iv) the y axis at the point y = 1; and the 
line (i) the x axis at the point x = 3/8 and the y 
axis at the point y = 1/4. Only the straight line 
(ii) varies with a veilue of The ortho¬ 

rhombic distortion can be stable when the line 
(ii) intersects the x axis at a point of value 
Im-ger than x = —3/4. Then the values of 
stabilizing orthorhombic distortion are 
lying in the region 0 < € 3^/83 < 3^/4. This is 
valid for B ^ 0 and B' ¥^0. If B = 0 and 
B' ¥ 0, the region, )9/2 < Cs'/Sj < 3/8/4, is 
excluded from the above region; if B ¥ 0 and 
B' = 0, the region 3)3/8 < € 3^183 < 3)3/4, is 
excluded. The condition for this exclusion is 
determined by the position of the straight line 
(ii). 

In the case (Tj, T^), the straight lines (ii) 
and (iii) reduce to jt = (3/2) — and 
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x = —3l4, respectively; the lines (i) and (iv) 
intersect the y axis at the points of values y = 
ill4)-(2CtVP&*) and y = 1 -(IQVfiSJ, 
respectively. The values of € 4^/64 stabilizing 
the orthorhombic distortion are restricted in 
the region 0 < € 4^/84 < 3^14. This stabiliza¬ 
tion always occurs if B 9 ^ 0 and B' 9 ^ 0. To 
examine the possibility of orthorhombic dis¬ 
tortion for three cases, (a) B = B'=0, (b) 
B = 0, B' 9 ^ 0, (c) B 9 ^ 0, B' = 0, let us divide 
the region 0 < € 4^/84 < 3/3/4 into three re¬ 
gions, (0, 0/8). (0/8, 0/2) and (0/2, 30/4). 
In the first region, 0 < € 4^/84 < 0/8, the 
shaded region does not contain the origin. 

B = B’ — 0, but finite parts of x and y axes 
This observation leads us to that orthorhombic 
distortion does not occur for case (a), but for 
cases (b) and (c). In the second region, 0/8 < 
^’ 4^/54 < /3/2. the shaded region contains the 
origin, and finite parts of the x and ,v axes. We 
note that orthorhombic distortion can occur 
not only for cases (b) and (c) but even for 
case (a). The orthorhombic distortion for 
case (a). H = 0' = 0, is caused by the inter- 
level interaction between T, and T.^ levels 
through the linear interaction This result 
is completely different from the 
(7’|, E) and (Ti. Tj) cases. In the third region. 
0/2 < € 4^/84 < 30/4, the shaded region does 
not contain the origin and both the x and v 
axes. Orthorhombic distortion therefore can 
not occur for cases (a), (b) and (c). 

4. CONCLUSION 

We have investigated the effects of the 


quadratic terms of vibronic interactions in 
some detail for a particular case where linear 
and quadratic effects associated only with 7^ 
mode are considered. It is assumed that the 
spacing of the electronic levels is so lat^e 
compared with the vibronic interactions that 
we may use the ordinary perturbation theory 
rather than the procedure proposed by 
Stoneham and Lannoo[5J. We have found 
that introducing the quadratic terms can lead 
to the orthorhombic Jahn-Teller distortion of 
an octahedral complex. 

It may be possible that the low symmetry 
distortion discussed above interprets the 
electron paramagnetic resonance data for S~ 
ion in some alksili halides [6]. 


y4(AnoH’/i’dgeme/i/ — The authors express their hearty 
thanks to Professor H. Watanabe for his encouragement 
and many useful discussions. 
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Abstract—Electro-reflectance of GaSe single crystal has been investigated in the spectral region 
from 1-97 to 2-13 eV. By analyzing the electro-reflectance signals with Kramers-Kronig relation, the 
energies of the exciton levels and the fundamental edge are assigned both at 300 and 90°K. An addi¬ 
tional new structure is observed below the ground state exciton. Electric field and temperature depen¬ 
dences of the structure have been explored and a possibility of the existence of some local states 
(defect or impurity state) is postulated and discussed. 


1. INTRODUCTION 

In the recent few years, the investigations 
on layer structure semiconductors have been 
successfully developed in both theoretical 
[1-3] and experimental[4-7] point of views, 
because two dimensional crystals have many 
interesting properties based upon their 
special electronic band structures, such as 
anisotropic conduction and anisotropy of 
optical constants. Among this type of semi¬ 
conductors, GaSe has been intensively 
investigated from measurements of the 
electrical and optical properties, and also on 
an aspect of the band structure calculations. 

Electro-optical studies combined with 
modulation techniques [8-10] have recently 
become a useful tool for the investigation 
of band structure of solids. The electro- 
optical measurement has many advantages 
like better resolution for resolving the band 
edge energy than present available method. 
However, there has been no experimental 
work on the electro-optical effects in the 
layer semiconductors. This paper presents 
an experimental result on the electro-reflect¬ 
ance effects near the fundamental edge of 
GaSe. The measurements were performed in 
the temperature region from 300 to 90°K. 
The energies of the exciton states and the 


fundamental edge are assigned at each temper¬ 
ature measured. An anormalous structure 
having extraordinarily field sensitive in 
amplitude is observed and a possible explana¬ 
tion is made by assuming the presence of 
a local state in the forbidden band. 


2. MEASUREMENT TECHNIQUE 

Electro-reflectance measurement was 
carried out by modulating a field in the 
interface barrier potentied of the GaSe-SnOj 
hetero-junction. The flat band modulation 
technique [11] were employed by using 
square wave pulses having a repetation rate 
of 200 c/s. The incident light was also modul¬ 
ated sinusoidaly by the piezo-Bimorph in 
90 c/s. The electronic and optical systems 
for the simultaneous detection of AR{E) and 
K(0) used in this study were similar to those 
of our previous work [12, 13], The resolution 
of the optical system was about 1 meV. 
Impurity undoped GaSe single crystal was 
grown by a Bridgman method [15], Most of 
the crystals used as the samples were p-type 
having the resistivity of about lOft-cm. An 
ohmic contact to GaSe was obtained by paint¬ 
ing In-Hg amalgam on the cleaved c-plane 
of GaSe and successive heat treatment in 
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N, gas atmosphere. Growth of the transparent 
tin oxide on the GaSe and making a hetero¬ 
junction were performed by evaporation 
of pure tin on a cleaved c-plane of GaSe 
sin^e crystal and subsequent thermal oxid¬ 
ization. The SnOj layers grown by this 
technique were almost transparent for photon 
energies up to 3-] eV and they have no special 
absorption sturctures in this spectral region. 

3. EXPERIMENTAL RESULTS 
Figure 1 shows the electro-reflectance 
spectra near the fundamental edge measured 
with three different electric fields at 300°K. 
The results of similar measurements at 90“K 



l ig. 1. Electro-reflectance spectra near the fundamental 
edge of GaSe measured at 3(H)°K with three different 
electric fields. 


also shown in Fig. 2. As can be seen in these 
figures, a significant variations of the line 
structure with electric field are observed 
particularly at low temperatures, that is; the 
amplitude of these structures increase with 
increasing applied voltage, and at low temper¬ 
ature the magnitudes are much larger than 


s ot 00 °t 



photon onirgji (iV) 

hig. 2. A variation of electro-reflectance spectra with 
electric held near the fundamental edge measured 
at 90°K. 

those at room temperature with same bias 
voltages. Moreover, in the higher applied 
voltage at low temperature it is seen that new 
structure c appears. To clarify the source of 
these complicated variations of the line shape, 
these AN/R spectra are transformed into the 
field induced change in the imaginary part of 
dielectric constant, Acj, through Kramers- 
Kronig relation. In the process of the K-K 
transformation, it is assumed that the extinc¬ 
tion coefficient k is neglected as compared 
with the refractive index n and that n has no 
spectral variations near the fundamental edge 
of GaSe similary to the most of semiconduc¬ 
tors. A typical calculated result of A €2 spec¬ 
trum is shown in Fig. 3. In the figure, the 
dashed line is ARiR measured at 90°K with 
the applied voltage 25 V and the solid line 
shows the Acj spectrum transformed from the 
ARIR. 

From the detailed observations on the line 
shapes and their variations with electric 
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t CJ ( IV. 1 

Fig. 3. An imaginary part of the dielectric constant 
spectrum at 90°K transformed from AR/R through 
Kramers-Kronig relation (solid line) and electroreflectance 
spectrum AR/R measured at 90°K (dashed line). 

field, at least three structures related to the 
transition level or edge; whose energy posi¬ 
tions are relatively insensitive to the electric 
field; are found as denoted by a, b, c, in Fig. 2. 
It is noticed that the structure a in Fig. 1 and 
Fig. 2 has greater field dependence in the 
amplitude than those of other structures, while 
the faint structure c observed at 90'’K could 
not be observed at 300°K. As shown in Fig. 4, 
the structure a and a ', b and b' have respec¬ 
tively the nearly same voltage dependence 
in the amplitude. The structures notified 
as a' and b' in the Acj spectrum are those 


having same sources correspondingly with 
a and b in the ARIR. 

4. DISCUSSION 

As described in the last section, the energy 
position of the structure a and b are almost 
independent of the applied voltage. However 
the applied voltage dependence on the amplit¬ 
ude of the structure a is much greater than 
that of the structure b in both temperatures. 
At 90°K, the amplitude of b is relatively 
large as compared with that at SOO^K, but 
this relationship is inverted on the structure 
a. These systematic variations of the amplitude 
against temperatures and electric fields imply 
that the sources of the structure a and b 
should be different kind of transition levels 
(or edge). 

Kamimura and Nakao [ 1 ] have demonstrated 
from the band structure calculation that 
the fundamental edge has three dimensional 
Afo type band edge and the optical transition 
is allowed one, when the electric field vector 
of the incident light is perpendicular to c-axis. 
The samples and optical system employed 
in the present experiment are arranged in 
this alignment. Since the exciton ground 
state has been already observed around 
energy of 2-lOeV at 77°K and also from the 
fact that the fundamental edge in GaSe is 
determined to be 212eV at 77°K[I5], it is 
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Fig. 4. The applied voltage dependence on the amplitude of the 
structure a' and b' in Ac, (a), a and b in AR/R (b) at 90°K. 
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thought that the structure a' or b' must be 
corefated to the exciton. The largest differ¬ 
ence between a' and b' exists in their temper¬ 
ature dependence, that is, the amplitude of 
b' decreases with increasing temperature, 
while that of a' behaves inversely. Hamakawa 
et n/.[l6] have experimentally shown the 
thermal broadening of exciton on the electro¬ 
absorption. Recently Snabely et n/. [17] and 
Gutche and his co-workers [ 18] have inde¬ 
pendently observed a strong temperature 
dependence of the differential absorption 
coefficient; Aa in the exciton lines of CdS. 
A theoretical treatment on the excitonic 
effect in the electro-optical studies has been 
given by Duke, Alferieff[l9] and quite 
recently by Enderlein[20]. According to 
their results, the exciton absorption tine is 
broadened by an electric field and its peak 
shifts to the higher energy side. Figure 5 
shows a schematic representation of the 




tig. 5. (a) Schematic representation of the effect of 
electric held on the excitonic absorption; the solid line 
expresses the line with zero field and the dashed line 
with held, fb) The held induced change in the excitonic 
absorptionAa(£). 

effect of electric field on the excitonic absorp¬ 
tion line. Considering Lorentzian type thermal 
broadening, the exciton line without field 
is drawn by solid line in the Fig. (a) and the 
line with field is shown by dashed line. Thus 


an apparent change in the differential absorp¬ 
tion coefficient Aa might have a structure as 
shown in the Fig. (b). As seen in this figure, 
the negative peak in Ae 2 corresponds to the 
exciton level. These evidences indicate that 
the structure b' observed might be associated 
with the exciton ground state of GaSe whose 
energy level is estimated to be 2102eV at 
90°K and 2 003 eV at SOO^K. 

Regarding the structure c, there is no clear 
identification at the present stage of experi¬ 
ment. However, from the energy location 
relative to the exciton ground state assigned 
here, the structure might be associated with 
either the fundamental edge or the exciton 
second state. It will be generally expected, in 
the wide gap semiconductors having relativily 
small exciton binding energy, that no clear 
fundamental absorption edge isolated from 
the exciton has been observed both in static 
absorption and electro-optical experiment, 
because of an overlapping of broadened 
signals due to the thermal broadening. The 
energy separation between b' and c' is estim¬ 
ated to be 17 meV at 90“K. According to 
Mooser et a/.[5,15] the exciton binding 
energy of GaSe has been already reported 
to be 20 meV. Using this value and assuming 
the Wannier type exciton, the energy separa¬ 
tion between the exciton ground and second 
state is calculated to be 15 meV. This value 
nearly coincides with the observed energy 
separation between b' and c' in Fig. 3. 
Following this argument, location of the 
fundamental edge can be calculated as 
2 030 eV at 300‘'K and 2124eV at 90“K. 
These values are consistent with those 
obtained by other experiments[5,15,23]. 
Furtherexperimental evidence on the structure 
c' at low temperature (Liq. He. temperature) 
and more clear identification will be given 
in the future. 

The temperature and applied voltage de¬ 
pendence of the structure a behaves quite 
different from those of the electroreflectance 
signals of the exciton discussed above. This 
large dependence on the electric fields 
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resembles to that of the structure originated 
from an impurity level as already reported 
in GaAs*’. Since SnOj-GaSe hetero-junction 
are prepared by oxidization of Sn-GaSe, it 
is possible to contain some defects or impur¬ 
ities at the interface of SnOj-GaSe hetero¬ 
junction. Thus, it is proposed that the structure 
a' might be due to an impurity or defect state. 
The tendency of the temperature dependence 
of the amplitude in the structure a also 


even in taking into account the temperature 
dependence of the energy gap. We have tried 
to calculate the temperature coefficient of 
energy gap; figg and that of the localized 
level; from our data, and obtained the 
values of ^eb == 4-52 x 10”^ and/3( = 5-09 x 10“'* 
(eV/^K). Seraphin have also found relatively 
large in GaAs and reported the value of 
6xlO-"eV/“K. 

In conclusion, the values of energy levels 


T able 1. A comparison of the structure energies assigned by previous works 
and present measurement 


Source 

(Authors) 

Temperature 




Binding 
energy of 
exciton B 

Optical absorption 
(Bassani et al.[22\) 

(“K) 

300 

(eV) 

2 003 

(eV) 

(eV) 

(meV) 

Electro-reflectance 
Present work 

300 

2 007 


2-030 

23 

Optical absorption 
(Bassani et ti/.l22]) 

78 

2102 

2-130 

2-139 

37 

Optical absorption 
(Moosere/a/.(l5]) 

77 



2-120 

20 

Electro-reflectance 
Present work 

90 

2101 

2-118 

2-124 

23 

Magneto-optical effect 
(Aoyagie/«/.(61) 

4-2 



2-132 

10 

Magneto-absorption 
(Halpem[23)) 

4-2 

2-109 


2-130 

20 

Optical absorption 
(Mooser et a/. 15J) 

4-2 

2 1095 

2-1244 



Theoretical 
(Kamimura, N akao [ 1 ]) 





27 


supports this argument. The energy of this 
state is estimated to be l'986eV at SOO^K 
and 2-093 eV at 90°K. Therefore, the activia- 
tion energies at both temperatures ^u■e 44 meV 
and 31 meV, respectively. The discrepancy of 
these two values seems to be a little large. 


and states assigned by the present work are 
summarized together with the values obtained 
by other workers in Table 1. Figure 6(a) 
shows the spectrum transformed from the 
electro-reflectance spectrum measured at 
90'’K, and (b) is a possible structures analyzed 
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1 ig. 6. ii«j speclrum (a) and possible analyzed signals 
(b) expected from an impurity state (£,), the ground state 
exciton (E„i) and the fundamental edge with the second 

state exciton. 

from (a). In the figure, the location of each of 
overlapped structure £e„, Eexz and E^are 
denoted by their symbols. 
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ASYMMETRIC NUCLEAR MAGNETIC RESONANCE 
LINE SHAPES DUE TO NUCLEAR QUADRUPOLE 
AND ANISOTROPIC SHIFT INTERACTIONS* 
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Abstract —The symmetry of the central component of a polycrystallinc NMR line shape caused by 
nuclear quadrupole and anisotropic magnetic interactions has been examined theoretically. The 
asymmetry of the line shape is measured as the difference in the distances from the peaks of the first 
derivative to the center of the line. This asymmetry is found to vary as the square of the quadrupole 
coupling constant and inversely as the NMR frequency for the quadrupole interaction. For the aniso¬ 
tropic magnetic interaction the asymmetry varies as the cube of the frequency. The results of the 
calculations are discussed with respect to conditions and applications. 


I. INTRODUCTION 

The EXTRACTION of the nuclear quadrupole 
coupling constant, asymmetry parameter t), 
and ani.sotropic magnetic shift /C,|from nuclear 
magnetic resonance (NMR) spectra is of 
particular importance in determining the 
internal electric and magnetic fields and the 
atomic bonding in a given material. If single 
crystals of a material are not available or are 
not experimentally feasible as in the case of 
metallic conductors and amorphous materials, 
all values of interest must be obtained using 
a poly crystalline sample. Then the NMR line 
shape is the sum of the contributions from 
each nucleus randomly oriented in the sample. 
The calculation of the NMR line shape from 
polycrystalline samples due to first-order 
quadrupole splitting with any asymmetry is 
given in a review article by Cohen and Reif 
[1]. The second order shape is also given but 
only for the case of axial symmetry. For 
non-axial symmetry several authors have 
obtained results[2, 3] with the most complete 
examination given by Marita, Umeda, and 
Kusumoto[4]. 

‘Work supported in part by U.S. Atomic Energy 
Commission. 

tPresent address; Department of Physics, University 
of Louisville, Louisville, Kentucky 40208, U.S.A. 


The line shape due to anisotropic magnetic 
shifts of any asymmetry have been treated by 
Bloembergen and Rowland[5]. Consideration 
of both of the above interactions on the line 
shape is dealt with by Jones. Graham, and 
Barnes [ 6 ]. 

In most of the previous work, because of the 
prohibitive complexity involved, the method 
employed is that of computing the line shape 
assuming no line broadening and adding small 
broadening as a smoothing process later. 
A few authors [2, 4] have used computerized 
methods for adding distinct values of broaden¬ 
ing. This work, however, is concerned with 
the opposite case in which the line broadening 
is assumed large so that the line shape is that 
of one large asymmetric line (Fig. 1). The 
purpose is then to relate the asymmetry of the 
resonance line to the quadrupole coupling 
constant. 17 , and /fn. 

(a) Quadrupole effect 

If a nucleus of spin / which has a quadrupole 
moment is placed in a magnetic field, its 
energy level is split into 2/-FI levels. For a 
nonzero electric field gradient the magnetic 
resonance line is split into 21 components. 
A half integer nuclear spin spectrum has a 
central component corresponding to the 
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Fig. I. First derivative of an asymmetric line shape. 


w = i /n = — J transition which is undeviated 
by a quadrupole interaction in first order 
perturbation theory. Expressed in a coordin¬ 
ate system in which the electric field gradient 
is diagonal, second order perturbation shifts 
this line by the amount [4] 

= (0 

where 

fjL = cos B, 

cos2<f) —^|^i 7 '‘cos* 2 <f(, 
B(^) + cos2(t) 

+ Qvcos^ 2 d), 

Cftf.) =-| + (|)v^ + (4) cos 2d. 

- (!)•»?'■' cos* 2d>, 

»'« = 3e*q(2/2/(2/-l)/i, 

^’l, = sISHIh, 
a = /(/+!), 

1 / — 1 / 

T, = 0 < T, < I 


The Eulerian angles 6, d>, and i/i are as defined 
in Ref. [4], where they specify the orientation 
between the frame in which the 2^eman 
energy is diagonal and the frame in which the 
electric field gradient is diagonal. 

The line shape g(x) from a polycrystalline 
sample then will be the sum of the lines from 
each crystal orientation given in equation 

(1) . Hence 

g(-r) = “ Jo S dd>, (2) 

where x = v— integration is over the whole 
solid angle H, and a is a constant. The 
quantity S is a function of x—Df(ix<}>) and is 
merely the average line shape of each indivi¬ 
dual line. The x expresses a shift of the zero 
point of the line from vi- Use has been made 
of the fact that there is a random angular 
distribution of nuclei. It will be assumed that 
the individual lines are of the form 

5 = exp [-2X {x - Df) */(t*] . (3) 

Here (t is readily identified as the peak-to- 
peak width of the first derivative. The para¬ 
meter X is used for expanding the exponential 
and is numerically equal to one. 

For a symmetric line the peaks of the first 
derivative will lie an equal distance on both 
sides from the center at p/,. One of the ways 
the asymmetry manifests itself is that these 
distances become unequal and. as shall be 
shown, the center of the line shifts. The 
procedure shall then be to take the first and 
second derivatives of g(x), set them equal to 
zero, and solve for jr. This will give the center 
of the line, as defined by a zero crossing point 
and the position of the first derivative peaks. 

Substitution of equation (3) into equation 

(2) and differentiating gives 

g'(jt) =-(4X/o-*){xg(x)-aD 

X J / exp [-2X(jc—D/)*/o-*] dft}, (4) 


eq = 


g"{x)=-{Akl<r*){cr^g(x) -Ax^Xgix) 
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4- SaKDx J /exp [-2X(jf- Z)/)*/cr*] 
xdn- 4 aXD* f P 
X exp [-2X {x - DP */<r*] dft}. (5) 

Setting g'{x) = 0 and expanding'" the remain¬ 
ing exponentials in a series in powers of X 
gives after integration 


being non-physical, but notice in equation (7) 
that the coefficients of the x^ and P terms 
are much smaller than the coefficients of the 
X term by the condition that DIcr < 1. 
Terminating equation (7) after that power of 
X which has the largest coefficient gives a 
linear equation which when solved for x 
gives the center of the line at 


x[47r-f- {4xDai — 2D^a2)Kl(T^+ (Ibjc’D^flj 

— -t- 4D*ai)P/(r* -I- (64j4D^a3 

— %x^D*ai + 4SxD^a^ — ftD^aa)PI<T*+. . .] 
-D [a, -H i4xDai - 2D‘^a^)kl(T^ + ( \6xm^a^ 

— ixD^a^ + 4D*ai)PI(r*+ (64x^0^04 
-96x^D*a^ + 4ixD^as-iD<^ar)PI(r^+. . .] 


Xo=D£i,/47r. ( 8 ) 

Using the same procedure for g"{x), 
simplifying the integrals, expanding the 
remaining exponentials, integrating, setting 
X equal to one, using the condition Djar < 1 
and finally collecting terms of the same power 
of X gives for g"{x) = 0 the equation 


= 0 
( 6 ) 

where 

a„{ri) - JPitK^) dfl. 

This work is concerned with the case in 
which the external broadening is large, so 
that the line shape is that of one large asym¬ 
metric line (Fig. 1). This corresponds to the 
condition that £>*/cr* 1. If terms of the same 
power of x are collected together and X set 
equal to one, then equation (6) can be reduced 
to equation (7) using the condition D*/cr* I. 

—DaI la -f- 4trxl<T -t- 4DaiX^lcr^ 


4iT+\2Da,xl(T^— l6iTX^Ia-^— l6Da,x^la* 

+ ... = 0. (9) 


Since there are only two points of zero slope in 
the first derivative curve of Fig. 1, equation 
(9) must be terminated so that it is at least 
quadratic in x. Since the x^ and the higher 
order terms are negligible, the solutions to 
equation (9) are 


x,= a'72 -(-SDoj/Stt, 
Xi = —a-'12 -t- SDojIStt, 

where 


( 10 ) 


it' = cr[l-l-9Z>*ai7167r*(r*]*^* = cr 


.. = 0. (7) 


for£)Vcr* <S 1. 


Now the point of zero slope of an absorption 
curve, the first derivative of which is illus¬ 
trated in Fig. 1, must be expressed by an 
equation which is at least linear in x. Quad¬ 
ratic and higher order equations in x can be 
used with the extraneous roots ignored as 


*The absolute value of the nth term in each expansion 
in equations (4) and (5) can be shown to be less than 
X|4x£> —2£)’|"*V(n“ 1)! whose sum from n=I to 
n = “ is hexp |4xD —2D‘|, and where b > An. Then by 
the comparison test each expansion is convergent. 


It can be seen from Fig. 1 that the new peak- 
to-peak width of the derivative curve is just 

X, — X2 = tr'. 

Now if the difference Al = 4 —/> (Fig. 1) is 
taken as our measure of asymmetry then 

Al = -Da,/47r = (V/SO.;,,) (a - f) (1 -f 7)73). 

( 11 ) 

To determine equation (11) data from Table 1 
were employed. From equation (11) it is 
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Table 1. Interaction coefficients 


at* 

Quadrupole 

interaction 

Anisotropic 

magnetic 

interaction 

Ox 

(47r/.^)(l-l-r,V3) 

0 


72ir/l05 

4itI5 

".1 

0-3027r 

HnlS 


0 - 2077 r 

0-343jr 

Os 

OIISti- 

0-208fl- 

Oh 


0'2l2ff 

«7 


0 OI7jr 


*Only has been caJculaied for 
17 0 


apparent that the amount of asymmetry is 
proportional to the square of the quadrupole 
coupling constant and inversely proportional 
to vi, as might be expected from purely 
physical reasoning. 

The terms that are neglected have been 
assumed small in comparison with those that 
are kept. This will of course depend on the 
value of which has been assumed *^1. 

If DV<t^ becomes too large then the absorp¬ 
tion curve will take a shape simiUtr to those 
considered elsewhere! I-4,6|. The above 
terminations would then not be adequate 
since cubic, biquadratic and higher order 
equations in x would be needed to account 
for the increasing number of points of zero 
slope. 

A computer evaluation for the same condi¬ 
tions for the peak-to-peak line width has 
been published by t'asabellaf2J. This allows 
a comparison to be made for those values 
where D!<t < I. It should be mentioned to 
eliminate confusion that Casabella's definition 
of (T is equal to i of our definition of <t. His 
results have been changed to fit our definition. 
&!’■, is defined as the peak-to-peak width of the 
polycrystalline line which in this paper has 
been denoted by cr', and o- is the peak-to-peak 
width of the Gaussian single crystal line. From 
equation (10) Sr’j/cr = a'la- = 1 for D^/cr^ 1. 
From Casabella’s work for D“/o^ equal to 
1/56, 1/36 and 1/3.5, di^Ja- is equal to 1005, 
1 010 and 1095 respectively which agrees 
very well with our result that cr'la = 1. 


(b) Anisotropic magnetic shift effect 
It has been shown that the second-order 
contribution of the anisotropic magnetic shift 
is negligibly small [6]. Therefore, it is only 
necessary to calculate the first order contri¬ 
bution. Following the discussion of Abragam 
[7], the Zeeman frequency in the principal 
axis system of the anisotropic shift tensor for 
axial symmetry is 

v(iJi,i>) = vd\+K)+Dfiti) ( 12 ) 

where 

D = 

/(m) = (3m"-1)/2. p=cosO, 

and K and X, are the isotropic and anistropic 
shifts respectively. If x = t' —r',,!!-I-X) then 
the line shape function will take on the same 
form as equation (2) and equation (3) using 
the above D and /. Thus g'(x) and g'’(x) will 
be equations (4) and (5) respectively. How¬ 
ever, as can be seen from Table 1, a, is now 
zero. This means that equations (7) and (9) 
will have different coefficients from those for 
the quadrupole interaction, when the condi¬ 
tion 1 is applied. If the equations for 

g'{x) and g"(x) are set equal to zero, then the 
center of the absorption curve, x,,. and the 
two solutions corresponding to points of zero 
slope of the derivative curve are found to be 

X,) = , (13) 

X =—5D'^a3l4na^±a’12 (14) 

where 

a' = (r[l -1-250*03^471^0-®]''^ » a 

(15) 

forD*/a-* 1. 

It can be seen from equation (14) that a' is 
again the peak-to-peak width of the first 
derivative curve. 

The line asymmetry using equations (13) 
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and (14) now becomes 

A/ = li — li = (16) 

Thus the line asymmetry in terms of the aniso¬ 
tropic constants is 

M=mv^Knyii5<T^ (17) 

andcr' = cr. 

2. DISCUSSION 

It has already been mentioned that the 
individual lines are assumed to be gaussian 
in shape and of an average width or. It should 
also be noted that a may be due to any inter¬ 
action and that tr has been considered in¬ 
dependent of angular orientation. It may well 
be that for very large broadening a may 
depend on u,, which will alter the dependence 
of A/ on v, in the anisotropic magnetic inter¬ 
action case. It should also be pointed out that 
for the quadrupole interaction (equation 10) 
the asymmetry of the resonance line A/ is 
independent of cr and is only affected by a 
non-axiai symmetric electric field gradient in 
rjV3. Thus, for an asymmetry parameter of 
Tj < 0-5 the percentage error in the quadrupole 
coupling constant as determined from a 
measure of A/ assuming axial symmetry 
(t) = 0) is (50/3 )t}^. The value of using the 
measure of A/ in equation (11) to determine 
the quadrupole coupling constant lies in the 
fact that NMR lines which are only slightly 
asymmetric due to a small second order 
quadrupole perturbation can be analyzed 
readily from the usually observed derivative 
curves. With such lines it is not usually 
possible to determine the quadrupole coupling 
constant employing the fact that the two 
infinite peaks in the usual theoretical line 
shape of the absorption curve are separated! 1] 
by (25I9)A (where A = [va^l\6u,,]ia — i)). 
It should be noted that equation (10) can be 
used to determine an approximate value for 
the separation of these two peaks if the 
restriction on Dja- is not restricted to Dl<r 1. 


The quadrupole coupling constant obtained 
in this manner for the case of a large quad¬ 
rupole interaction is about 25 per cent larger 
than the value determined using (25I9)A as 
the separation between the derivative peaks. 
The latter being an approximation which in 
general yields an experimental coupling 
constant which is too small since the deriva¬ 
tive peaks do not correspond to the infinities 
in the theoretical powder pattern. This 
comparison gives some indication that our 
restrictions on Dja are conservative and that 
the analysis presented in this paper may be 
applied in practice to larger values oiDjcr. 

The method outlined here is also very 
useful when more than one interaction is 
responsible for the boradening and asymmetry 
of the NMR line. For example if both an 
anisotropic magnetic interaction and a 
quadrupole interaction are present and do 
produce a measureable A/ than the total 
asymmetry will be characterized by the sum 
of the A/’s from each of the interactions. 
These two interactions can be treated separ¬ 
ately, since it has been shown[6] that the 
second order contribution resulting from the 
interference terms between the anisotropic 
magnetic shift and quadrupole interactions 
vanish. In this event a fitted plot of A/ against 
frequency will provide for a determination of 
the desired constants. However, care should 
be taken to replace v,, by Va = viX\ + K) in 
the quadrupole expression where K is the iso¬ 
tropic shift and r-tXi, by (»'oA^ii)/(l -L/f) in the 
anisotropic magnetic expression if K is not 
sufficiently smaller than one. 

The results of this analysis have been 
applied to determine the strength of both the 
quadrupole interaction and the anisotropic 
magnetic interaction in several glassy materi- 
als[8] where broad asymmetric NMR lines 
have been observed. In the case of the 
amorphous materials the NMR lines do not 
contain any of the first order satallite transi¬ 
tions presumably due to random variations in 
quadrupole interaction which produces a 
broadening of the first order satellite lines. 
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It should be noted, however, that the presence 
of first order satellites within the central 
transition does not alter the asymmetry of the 
resonance lines. The presence of first order 
satellites which are symmetric with respect to 
the I'/, has been examined in connection with 
the analysis described here and no change in 
the asymmetry or alterations in the results 
reported here occur. 

The method of analysis reported here has 
been employed to examine the resonance 
lines from some powdered crystalline materi- 
als[9-l I], for example V^Oj and NbN. This 
analysis allows one to separate readily the 
quadrupole and anisotropic magnetic inter¬ 
actions in V 2 O 5 . In addition it appears that 
this analysis would be of use in extracting 
information from the asymmetric NMR lines 
observed in several borides and intermelallic 
materials[ 12 , 13], 
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EFFECT OF UNIAXIAL STRESS ON F-CENTER 
HYPERFINE INTERACTIONS^ 

C. EDWARD BAILEYt 

Physics Department, Dartmouth College, Hanover. New Hampshire 03755, U.S.A. 

(Received 15 December 1969) 

Abstract — The EN DOR technique is used to measure the effect of uniaxial stress on the hfi of the first 
shell LiF, KCI and KBr ions, second shell KCI ions and fourth shell KBr ions. It is found that motion 
of the neighboring ions or an admixture of an envelope wave function of the symmetry of the distortion 
are not enough to explain the results. The discrepancy can be explained by taking into account ionic 
core distortions. The use of Seidel's Rule to determine the local compressibility gives results that are 
about equal to those for the bulk crystal. The local motion around the F-center is in the same direc¬ 
tion as that in the bulk material although of different magnitude. 


1. INTRODUCTION 

Many different studies have been made of the 
f-center in the alkali halides [1]. The under¬ 
standing of the interaction of the F-center 
with the surrounding lattice can be enhanced 
by performing stress experiments. While the 
interpretation of the studies of the shift of 
the optical absorption band with both hydro¬ 
static [2] and uniaxial pressure [3,4] must con¬ 
sider both the ground state and the excited 
state, the ground state can be singled out for 
study by electron paramagnetic resonance 
(EPR) and electron-nuclear double resonance 
(ENDOR). The ENDOR technique allows 
detailed studies of the hyperfine interaction 
(hfi) to be made. We report here an ENDOR 
study of the effect of uniaxial stress on the hfi 
of the F-center. 

2, THEORY 

2.1 Unstressed crystals 
Neglecting second order terms and quadru- 
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pole interactions ENDOR transitions for a 
given nucleus occur at the frequencies, 
yENDOB, where 

^/endor ~ SnPnfJ 

±i(fl + BxxV+^yvV^«/l.') (1) 

where g„ is the nuclear g-value, /3„ is the 
nuclear magneton, a is the isotropic hfi con¬ 
stant, are the components of the 

anisotropic hfi tensor and h^, hy, h^ are the 
direction cosines between the principal axes 
of the hfi and the external magnetic held. 
When there is axial symmetry (1) can be sim¬ 
plified to 

A/enDOR = 

^ [io + if>(3 cos*0—1)] (2) 

where b = B„/2 and 0 is the angle between 
the interaction axis (defined as the zz aniso¬ 
tropic hfi tensor axis) and the external mag¬ 
netic held. The isotropic and anisotropic hfi 
constants a and Buc are given [S] by 

a = (8/3)7rg,^„ge)3,|'PA0)|* (3) 

Bu, = gnP«gePej [ (3/r®)x*Xk “ (l/r®)fii*] 

x|'P^(r)|*dp (4) 
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where i, k = x,y,x and is the F-center 

wave function evaluated at the nucleus under 
study. 

Following Gourary and Adrian [6,7] an 
approximate wave function may be ob¬ 
tained by starting with an envelope function, 
for the F-center electron and then orthog- 
onalizing <i>f to the nuclear core wave function 
Thus 








X |(I.,.r'‘=A|<t),|^ (5) 


each of these classes by an angle subscript 
which is the angle between the stress axis and 
the interaction direction of the class of atoms 
under consideration. 

It is convenient to express the stress de¬ 
pendence of the nearest neighbor hfi constants 
as a sum of terms proportional to the local 
strain symmetries. Since the stress one can 
apply within the elastic limit of an alkali 
halide is quite small, we may assume Hooke’s 
Law. This means that the local elastic com¬ 
pliance constants, 5^, can be related to those 
for the bulk crystal, S^, by the relation 


where /V is a normalization factor and A is 
the amplification factor which depends upon 
the orthogonalization of the envelope function 
to the nuclear core functions. A convenient 
set of wave functions to use for the envelope 
wave functions are the hydrogen type 

(Z/F)''''(exp(-Zr/F))/(rr)''- (6) 
u,,„ = r^(Z'IRy'Hexp{-Z'rl3R)) 

X t.lcos-(-)-I)/(8l)(67r)"-’ (7) 

where the Z and Z' are scaling parameters 
that determine the extent of the wave func¬ 
tion. 

2.2 Sirc.\.\ed crystals 

Uniaxial stress divides the atoms at 
different angles to the stress field into several 
classes having different a- and B-shifts. Each 
of these classes must be considered separ¬ 
ately. We will denote the a- and fl-shifts of 


= ( 8 ) 

The linear combinations of these elastic com¬ 
pliance constants that reflect the various 
symmetries of the distortion caused by the 
stresses applied in this experiment are shown 
in Table 1 [8,9]. 1', is the spherically symmet¬ 
ric or cubic distortion (volume change), l’.^ 
is the tetragonal distortion along the z-axis, 
(two opposite sides of a cube move two units 
while the remaining four sides move in the 
opposite direction by one unit), and Fj is the 
rhombic distortion (a change in the angle 
between the crystalline axes) [10]. From this 
one can show [8] that the a-shifts that we 
expect to measure for the different classes 
of first shell ions and the different stress axes 
used can be written as 
Stress along [ 100] 

Sui, = 6fl|-)-26«,) (9) 

= 8ai — 8a^—A.i. ( 10 ) 


Table 1. Relative amounts of distortion for the different 
stress cases 


|100| 

Symmetry Stress 

1110] 

Stress 

nil] 

Stress 

Hydrostatic 

pressure 

11 *V| 1 26',2 

6ii + 26'i2 

5|( + 2S12 

3(5„ + 25,n 

1 .1 2(6|| 

-(5„-S,j) 



I's 

3S«/2 





UNIAXIAL STRESS ON F-CENTER 


2231 


Stress along [110] 

Sdj^ — Sai—6a3 + i>4s (11) 

5(245 = 5a,(12) 

Stress along [111] 

Sosi — Sa,+Ai/3 (13) 

where 

6 a. = ^(S;, + 2S;,)|^ (14) 

~ (•^ (15) 

N is the nearest neighbor distance, P the 
pressure, the Slj are the local elastic compli¬ 
ance constants, So, is the a-shift caused by 
distortions of F, symmetry and 5^3 is caused 
by distortions of Fa symmetry. Alghough Fj 
type distortion is present for stress along the 
[110] and [111] axes this should have no first 
order effect on the a-shift of the first shell 
ions. This follows from the symmetry of the 
site which demands that a rotation by Sff 
produce an a-shift equal that of a rotation of 
—60 or that the ion is at an extremum with 
respect to the angle of the axes. The terms 
involving and As are due to core distortions 
which will be explained in Section 5. If these 
core distortions are not present Aj and As 
become equal to zero. 

3. THE EXPERIMENT 

The goal of this study was to measure the 
change in the hfi constants of the F-center 
resulting from uniaxial stress. An accurate 
measurement of the hfi constants requires the 
use of ENDOR. As the ENDOR technique 
has not been previously used to study stressed 
crystals, new techniques and equipment had 
to be developed. 

The ENDOR method, introduced by Feher 
[11], consists of saturating an EPR transi¬ 
tion of an inhomogeneously broadened line 
and simultaneously irradiating with a fre¬ 


quency capable of causing transitions between 
the hyperfine sublevels. The EPR resonance 
is monitored and an indication is observed 
when ENDOR transitions occur due to tem¬ 
porary partial desaturation of the EPR 
signal. 

The actual equipment used to detect the 
power absorption at resonance has been de¬ 
scribed elsewhere [12]. In the magnetic fields 
at which we work {H »= 3000 G) the frequen¬ 
cy. /endob. is typically between 0-5-50 MHz. 
The actual experimental techniques have been 
described elsewhere [13]. 

At A'-band the EPR techniques require that 
the samples be placed in microwave cavities. 
This poses the problem that besides the micro- 
wave field, an r.f. field and a method of putting 
stress on the crystal all must be introduced 
into the cavity at low temperature without 
destroying the cavity Q. Moreover both the 
microwave and r.f. fields have to be perpen¬ 
dicular to the external field H. 

As the observed frequency shifts are small, 
it was necessary to take our data at points 
where any rotation of the crystal under stress 
will cause a minimum of frequency shift. 
Thus all data was taken at points where the 
change in /kndob as a function of crystal orien¬ 
tation is zero or at points at where two lines 
cross so that rotation will only cause a line 
broadening. 

When stress is applied to a crystal the 
symmetry of the F-center site is changed. For 
example, the first shell hfi has cylindrical 
symmetry before stress but generally after 
stress this is removed. In addition, atoms at 
different angles with respect to the stress 
axis will see different local changes in the 
fields and thus must be investigated separ¬ 
ately. This means that for each class of ions 
about the stress axis we must usually measure 
the line shift of at least three different lines 
in order to determine the 5a and two of the 
SB's. Only two of the SB's are needed as the 
sum 6R„-l-6R„„-(-5R„ equals zero. Only in 
the case of those first shell ions lying in the 
direction parallel to stress applied along a 



2232 


C. E. BAILEY 


[100] axis is the cylindrical symmetry re¬ 
tained. Furthermore stress along the [100], 
fllOJ and [111] crystal axes gives different 
combinations of cubic, f,, tetragonal, I’s, 
and rhombic, Fg, distortion. Thus stress along 
these three directions is needed to determine 
how each of these three distortions effects the 
observed results. 

All these conditions made it necessary to 
build two different cavities in order to be 
able to apply stress at enough different angles 
to the magnetic field. These two cavities are 
shown in Fig. I. 

The cylindrical cavity is filled with teflon 
to reduce its dimensions to a size that will fit 
into a liquid /V.^ dewar. As this cavity operates 
in the TEou mode the sample is placed along 
the cavity axis. The ENDOR power is intro¬ 
duced by means of rectangular coils placed in 
a square configuration on either side of the 
sample. Pressure is applied to the sample by 
weights hanging on a lever arm through a 
stainless steel rod and teflon plunger to the 


inside of the cavity. Teflon is pliable enough 
to give a uniform pressure distribution over 
the top of the sample provided care is taken to 
cut the ends of the samples squarely and to 
align the sample properly in the cavity. 

In the rectangular cavity the pressure is 
applied to the sample by similar methods with 
the addition of an L-shaped arm to change the 
direction of pressure inside the dewar system. 
In this case the teflon plunger passes through 
a brass tube extending out from the center of 
the broad side of the cavity. This tube acts 
both as a guide for the plunger and as a wave¬ 
guide beyond cut-off. The center section of the 
cavity is slit vertically through the center of 
the broad side containing the tube and insu¬ 
lated from the two end sections. This allows 
the center wall section itself to be used as the 
first turn of a four turn EN DOR coil wrapped 
around the outside of the cavity. 

The mechanical advantages of the lever 
systems were determined by precise measure¬ 
ment of the dimensions involved. These agreed 



Fig. I. Microwave cavities u.sed to apply stress to the samples. 
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with those obtained from micrometer measure¬ 
ments of displacements of the weights versus 
that of the teflon plungers. 

As the observed frequency shifts were 
quite small sp>ecial procedures were developed 
to measure these shifts. The frequency of the 
center of the ENDOR line cannot be de¬ 
termined to the accuracy required in this 
experiment. This is because line widths and 
noise make it impossible to measure the center 
of the line to 1 part in 10^ as required. We can 
however put accurate frequency markers on 
the recorder charts by marking the beats be¬ 
tween the ENDOR oscillator and a reference 
oscillator (BC-221) calibrated against ITITT. 
In analysing the data a fiducial mark is put on 
each ENDOR line in an unstressed run. Then 
all further runs are compared with this run as 
follows: The position of each line is deter¬ 
mined by a ‘best’ fit between the line in the run 
under consideration and that of the unstressed 
run by a comparison of the two curves on a 
lighted tracing box. When this position is de¬ 
termined a mark is placed on the stressed line 
graph coinciding with that on the unstressed 
graph. The two charts are then lined up to give 
a best fit with the standard frequency markers. 
The distance between the two marks on the 
stressed and unstressed lines is then measured 
and the frequency shift determined from a 
linear interpolation of the distance between 
two known frequency markers. This method 
thus performs two averages; (1) over peak 
position due to random noise fluctuations and 
(2) over standard frequency markers which 
have a little scatter because of different reac¬ 
tion times between hearing of the zero beat 
and the pressing of the button to put a mark on 
the chart recorder. 

All frequency shifts were then determined 
by a least squares fit of the data points to a 
straight line. All errors given are the standard 
deviations in slope obtained in this fitting 
procedure. 

Samples of KCl, KBr and LiF were ob¬ 
tained from Harshaw Chemical Co. F -centers 
were produced in LiF by X-raying the seunples 


for about 100 hr. In KCl both additive colora¬ 
tion and X-raying were used to produce the 
F-centers in the initial studies. As both 
methods gave the same stress data to well 
within experimental error all later data was 
taken on additively colored crystals where 
large densities of F-centers are easily ob¬ 
tained. Additive coloration also was used in 
the case of KBr. 

4. RESULTS 

In Tables 2-4 we give the actual frequency 
shifts per unit stress (in kHz/kg/nun^) for 
each of the various lines measured. To iden¬ 
tify these lines we also give there the stress 
angle (defined as the angle between the stress 
axis and the z-axis of the unstressed aniso¬ 
tropic hfi tensor) and the direction cosines 
between the external magnetic field and the 
anisotropic hfi tensor (h^, hy, and A,). The 
principal axes of the anisotropic interaction 
are hard to depict but in every case the z-axis 
is chosen to be the axis between the center of 
the vacancy and the ion under investigation. 
The Jt-axis is chosen to be the axis perpen¬ 
dicular to this that points as nearly as possible 
in the direction of stress. The y-axis is the 
remaining perpendicular axis. The shift in 
hfi (combination of ba and 6B’s) also listed in 
these tables is calculated assuming there is no 
rotation of the hfi axes, i.c. A,, A„, A* remain 
constant under stress. 

The values of frequency shift given are in 
many cases the average of many separate 
runs on different samples. In all cases the 
different runs gave results that agree well 
within the standard deviation quoted. A plot 
of a typical run for the ions parallel to stress 
along the [100] axis is shown in Fig. 2. 

The o- and F-shifts per unit stress calcu¬ 
lated from the measured data using the equa¬ 
tions for the change in the hfi given in Tables 
2-4 are shown in Tables 5-9. Also given in 
these Tables are values of the average a- 
shift, (6a), defined as 

<6a> = (S (J6) 
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Table 2. Measured frequency shifts per unit stress (kHzlkglmm‘)forfirst shell ions 


Stress 

angle 

Ax 

A. 

Ag 

HJi 

LiF 

KCI 

KBr 

Stress along [100) 







O’ 



9 = 90” 

han-hbn 

10-9 ±0-9 

15-0 ±1-0 

15-5±l-7 

0“ 



9 = 0° 

Sal2 + Rh 

19-2-1-1-7 

16-5 ±2-6 

25-3 ±3-0 

90” 

0 

0 

1 

Sn/2 + 8fl„/2 

-7-5 ±9 

-7-3 + 1-2 

-4-0±l-3 

90” 

0 

Vi 

Vi 

6al2-SB^J4 

-3-7±l-0 



90” 

1 

0 

0 

8r//2+Sflxx/2 

-0-4 ±4-0 

-I2-0±2-0 

-13-6+2-0 

90” 

Vi 

Vi 

0 

8a/2-8B„M 

0-2± 12-0 

0-6 ±1-5 

-0-4±3-5 

Stress along () 10] 







4.'5” 

0 

1 

0 

f,al2 + t,BJ2 


4-6 ±1-0 

3-5 ±1-3 

45” 

Vi 

0 

Vi 

hal2~hBJ4 


3-2 ±0-7 

3-6±l-7 

45” 

0 

0 

1 

ba!2 + hBJ2 


7-l±l-5 


90“ 

0 

0 

1 

8«/2 + SB„/2 


-4-4 ±0-8 

-2-5±l-0 

90” 

0 

1 

0 

f,itn + f,BJ2 


-3-6±0-8 

-l-9±l-6 

90” 

1 

0 

0 

8o/2 + 8fl„/2 


-5-0±l-2 


Stress along [III] 







55" 

1 

i 

Vi 

8n/2 + Sfl„/8 


l-5±0-5 


.55” 

0 

1 

0 

Sa!2 + RBJ2 


1-4 ±0-3 


55” 

1/V3 

0 

2/V6 

8«/2 + 8B„/3 + 8Bxx/6 


1-4 ±0-4 


55” 

Vl/2 3/VI2 

I/V6 

hal2 + hBJ24 + hBJi 


2-2±0-3 


55" 

2/V6 

0 

I/V3 

8a/24 8Bxx/3 + fiBx,/6 


2-0±l-7 



where 8«a is the o-shift for the class of nuclei 
at an angle « to the stress direction and /V„ is 
the number of nuclei in this class. 

S. DISCUSSION 
5.1 First shell Ka 

When comparing the a-shifts (8«’s) with the 
motion of the bulk crystal predicted by 
the elastic constants we see that whenever the 
elastic constants indicate an inward motion (a 
decrease in distance between nearest neigh¬ 
bors) we find a positive 8a and wherever an 
increase in nearest neighbor distance is indi¬ 
cated a negative 8a is found. In the section on 
theory it was stated that the a-value is propor¬ 
tional to the square of the wave function 
evaluated at the nucleus under study. This 
means that a positive 8a can be explained as 
an increase in the F-center electron wave 
function at the nucleus caused principally by 
a decrease in the nearest neighbor distance. 
Similar reasoning leads to the conclusion that 


a negative 8a means an increase in the nearest 
neighbor distance. We thus conclude that the 
motion of the nuclei around the F-center 
vacancy is in the same direction as the motion 
of the nuclei in the bulk crystal. This is in 
conflict with the conclusion reached by 
Gebhardt and Maier[3] that the local is 
of opposite sign from that in the bulk crystal. 
Schnatterly [4] has questioned the assumptions 
needed for their conclusions. Furthermore, it 
can be shown [8] that a spherical hole in an 
isotropic medium moves in the same direction 
and with twice the magnitude of the motion 
of the bulk medium. To be sure the alkali 
halides are not isotropic, but even so a motion 
in the opposite direction would mean that the 
potential of the F-center would have to be 
rather unique. 

For the bulk crystal, the three stress cases 
[100], [110] and [111] have the same cubic 
distortion. The assumption of a linear shift of 
a with stress is verified from the experimental 
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T able 3. Measured frequency shifts per unit stress (kHz/kg/min*)/or second 

shell ions 


Stress 

angle 

A. 

A. 

A, 

Hfi 

KCI 

KBr 

Stress along [100] 






45° 

0 

1 

0 

han + hBJ2 



45° 

1 

Vi 

Vi 

6^/2 + SiSyif/S 

-1-4+05 

-2^2±l-2 

45° 

Vi 

0 

Vi 

8a/2-8B^4 

09+10 


90° 

0 

0 

1 

8a 12 +SB J2 

-30+04 

-100 ±14 

90° 

0 

1 

0 

Sa/2 + SBj2 

-15±02 

-5-9±lI 

90° 

1 

0 

0 

8a/2 + 8B„/2 

-07±I1 


Stress along [110] 






0° 

1 

0 

0 

8a/2 + 8B„/2 

45+ 0-4 


0° 

■98 

■19 

0 

8a/2 + 0- 108B„, -h 0 486B„ 

60+ 03 


0° 

•57 

■82 

0 

8a/2 + 0-33SB,, -1- ©■ 168B„ 

40+ 03 


0° 

■42 

■91 

0 

Sa/2 + 042SB,, + 0088Bxi 

34 + 0-4 


0° 

0 

0 

1 

Sal2 + SBJ2 

96 ±09 


60° 

0 

Vi 

Vi 

Sa/2-8Bxx/4 

-I0±02 


60° 

Vl/6 

Vl/12 

3/Vl2 

Sal2-SB,J24 + SBJi 

-06±03 


60° 

1 

0 

0 

8al2 + SB„l2 

-06±0-7 


60° 

Vl 

i 

i 

Sa/2 + 8Bxx/8 

-06±03 


90° 

0 

0 

1 

Sa/2 + SB„l2 

-7-9±08 


90° 

1 

0 

0 

8al2 + 8B„l2 

-84 ±09 


90° 

■98 

•17 

0 

Sail + 0 498Bxx + 0 028B.X 

-105 ±0-7 


90° 

•57 

■82 

0 

6fl/2 + 8Bxx/6-f8B,^/3 

-85+06 


Stress along [111] 






35° 

0 

1 

0 

8al2 + 8B,J2 

26±02 


35° 

Vl/6 

3/Vl2 

Vl/12 Sail + 8B„/24 + 8R.,/3 

2^4 ±02 


35° 

2/V6 

0 

2/Vl2 Sa/2 + SB„/3 + 8F„/6 

25±02 


35° 

Vl/3 

0 

2/V6 

Sal2 + SB„I6 + 5BJ3 

52 ±08 


90° 

0 

0 

1 

8a/2 + 8B„/2 

-3^1-l-03 


90° 

Vl/12 

Vl/6 

3/Vl2 8a/2 + 8fl„,/8 + 36R„/8 

-30±03 


90° 

2/Vl2 

2/V6 

0 

6a/2 + 6B„/3 + 6Bx,/6 

-33±03 


90° 

2/V6 

Vl/3 

0 

8a/2 + 8B„/3 + 8B„,/6 

-57±04 



Table 4. Frequency shift per unit stress for the fourth 
shell lines when stress is along [110] 


Stress 

angle 

Ax 

K 

A. 

Hfi 

KBr 

45 

0 

1 

0 

Sajl + SBJl 

-01 ±1-6 

45 

Vi 

0 

Vi 

8a/2 + 6B„/4 

05 ±15 

90 

0 

0 

1 

Sal2 + SBJ2 

-16±14 

90 

0 

1 

0 

6a/2 + 8B„/2 

-0-7 ±15 
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Lig. 2. Plot of the frequency shift vs. stress for the two first shell 
lines of KCI when stress is applied along a 1100] axis. 


Table 5. a- and B-shifts per unit stress (kHz/kg/mm’') for first shell ions in 
l^iF when stress is along [100] 


Sa,JhliP 

SuJhSP 

baihSP 

RbJhRP 

8B„ //i8P 

6B„JhBP 

SB„JhSP 

27-4 + 1-6 

-5-2 + 30 

5-7 

.3-4+1-3 

4-4±7-2 

5-4 

-9-8±3-6 


data. The average a-shift due to tetragonal 
distortion due to linear motional effects is 
zero (the total inward motion equals the total 
outward motion). Any rhombic distortion 
(rotation of the crystal axes) should produce 
zero-fl-shift to first order. Thus only cubic 
distortion should have any effect on the aver¬ 


age a-shifts, 6al{hSPys as defined in (16). This 
means that the average a-shifts should be the 
same for all three stress cases [100], [110] and 
[111] as the magnitude of the cubic distortion 
is the same in all cases. From Table 6 this is 
seen not to be the case, but rather they are 
7-6, 2-0 and 3-4kHz/kg/mm^ respectively. 
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Table 6. a- and E^shifts per unit stress (kHz/kg/ 
inm*)/or the first shell ions o/KCl 



Stress [100] 

Stress (110] 

Suvss[lll] 

SotiUhSP) 

6aJ(hSP) 

6a„-Hh8P) 

Sa^-Kh&P) 

30-9 ±21 
-4I±21 

-8-7±ll 

7-3±ll 

3-4 ±0-9 

6al(h6P) 

7-6 

20 

3-4 

BbtJ(hSP) 

1-0+I-9 



6B„J{haP) 

&B„J(h8P) 

6B.,J{h6P) 

-22-6±4-6 

331 

-10-5 ±31 

-l-4±2 8 
l-4±2-5 
00 ±2-5 


fiB.w/OiSF) 

8B„«./(fc8P) 


-8-7 
l-9±l-6 
6-8 ±2-9 


SB,^.l(h&P) 

8B,«,./(/.8P) 

8B„„./(/i8P) 



1-0 

-0-6 ±10 
-0-4±10 


Table 7. a- and B-shifis per unit stress 
(kHz/kg/mm^) for the first shell ions 
ofKBr 



Stress [lOO] 

Stress [110] 

8a,/(/i6P) 

37-5 ±3-1 


RaJ{hdP) 

-3-2±3-5 

-4-4±I-9 

6a«.(/i8P) 


3-2 

SaKhSP) 

10-5 

3-2 

SbJihaP) 

6-5 ±2-3 


&B„J(h6P) 

-24 0 ±10-4 

~0 

bB^^J{hSP) 

28-8 

~ 0 

bB^,J(h8P) 

-4-8±4-8 

~ 0 

bB„„.l{h6P) 

6B,^,.l{h8P) 

8B,,„.l(hSP) 


00 


These differences cannot be explained by 
experimental error. Another example of the 
difficulty of motional effects alone to explain 
the uniaxial stress data is for those ions per¬ 
pendicular to stress along the [100] and [110] 
axes. Elasticity theory indicates the measured 


values should be the same. The measured 
values of —4-1 ± 2-1 and -8-7 ±1-1 cannot be 
equated to within experimental error. TTiese 
internal inconsistencies point to the presence 
of an additional effect. The corresponding 
measurements of the anisotropic interaction 
constant suggest the resolution of the difficulty. 

The large fi-shifts seen for those ions per¬ 
pendicular to [100] stress and also for those at 
45° to [110] stress indicate that a change in the 
anisotropy of the ion core functions is taking 
place. This means that the applied stress 
causes a distortion of the ion cores. Such a 
distortion will cause a change in the ortho- 
gonalization of the F-center envelope wave 
function to the core. Using (5) we find that 

d(|'l'^p) = |<D^|M^-l-/fd(|4>^n. (17) 

This means that an a-shift can arise either 
from a change in the envelope function or a 
change in the amplification factor. Thus we 
must allow for the effect of a possible change 
of the amplification factor in (9-13). The only 
cases where tetragonal ion core distortion 



2238 


C. E. BAILEY 


Table 8. a- and B-shifts per unit stress (kHz/kg/iiun‘) 
for the second shell ions ofKCl 



Stress (100] 

Stress [110] 

Stress[111] 

6a,l{hSP) 

SatrKhdP) 

BaJ(h6P) 

8a*>-/(/i6/’) 

6a„./(/i8/>) 

-3-5+0-8 

11-7 ±0-8 
-1-5 ±0-6 
-16-8 + 0-8 

-81 ±0-6 
6-8 ±0-8 

SulihSP) 

-20 

-1-8 

-0-7 

&B,J{h&P) 

f,B,J{h(,P) 

&B,J(ht,P) 


-2-6± 1-2 
-4-8±l-2 
7-6 ±20 


hB,,J(MP) 

f>B,J(hSP) 

f,B,.J(hf,P) 

2-2±2-2 
-04d:l-2 
-2-4+ 1-6 

-0-2+1-6 
-0-6 

0-8 ± 1-5 

-80±50 

4-6-2 
l-8± 1-2 

m^^iihhP) 

SB^^I(hfiP) 

SB.^I(hSP) 


1-2 ±40 
-1-5 

0-3 ±1-8 


6B^^^.nhSP) 

SB„srl{hSP) 



-76 

-1-6±1'2 

9-2 ±7-0 

««„„./(/iSP) 
f>By^,t.tmP) 
liB.u,-nhSP) 

— 6*0±4'4 




Table 9. a- and B- shifts per unit 
stress along (110] for fourth shell 
KBr ions (kHz/kg/min“) 


6«„//i8P 


SalhtiP 

0-4 

-2-3 

- 0-5 


can have much effect is for those ions perpen¬ 
dicular to stress along [100] and those at 45° 
to stress along [110]. In these two cases the 
ion feels tetragonal effects due to the 
motion of neighboring Cl~ ions. This motion is 
one-half the magnitude and of opposite sign 
for those atoms at 45° as compared to those 
perpendicular to stress. For the stress along 
the [110] axis those atoms perpendicular to 
stress will have Fg type core distortion due to 
the rotation of the four neighboring Cl~ ions. 
This last effect will also be present for all 


the atoms when stress is applied along the 
[111] axis. We thus add the terms in As and 
As to equations (9-13) where As and As are 
the fl-shifts caused by core distortions of Fg 
and Fg symmetry respectively. There is one 
more equation than is necessary to solve for 
the quantities listed so we have an internal 
check on the consistency of the data when 
done. We solve these by using the fact that 

3^6a[iooj) + 6(6a|iioj) =96ai-f.45 (18) 

combining this with (13), (9) and (10) gives 
8 a, = 4-1, As = 2-1, 603 = 13-4 and A 3 = 5*2. 
If on the other hand we use the above values 
of 8a, and As and use (II) to solve for 8as 
we find 803 = -I- 11 - 8 . These two values of 
803 should be equal and the near equality 
provides an internal consistency check. The 
fact that the two values are not quite equal 
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gives an indication of the error in our data. For 
future calculations we will use the average of 
these two (12-6 kHz/kg/mm®). 

Our value for SotUhdp) = 4-1 kHz/kg/mm’' 
agrees quite favorably with that of Liu {14] 
who obtained a value of 4-2 kHz/kg/mm* (a 
temperature correction has been made) from 
hydrostatic pressure data which gives pure 
cubic distortion. The small effect of F., dis¬ 
tortion required is expected from the results 
of Hetrick and Compton [15] who observed 
the luminescence of the excited F-center under 
uniaxial stress. They interpret their results 
as shifts in the ground state energy level of 
the F-center and find that they see no effect 
due to rhombic distortions. 

5.2 Comparison of first shell data 

In Table 10 we compare the calculated 
values of du,, Sui, and /f, for KCI with 
those found for LiF and KBr. As we have only 
[100] stress data for LiF, the 8 ail{hSp) found 


Table 10. Contributions to 8amea-i. 
per unit stress. (kHz/kg/mm^) 



UK 

KCI 

KBr 

Sa,/(/iSP) 


41 

3-6 

8a,/(/i8P) (Liu[35|) 

1-2 

4-2 

3-5 

8a.,/(/i8P) 

131 

12-6 

16-9 

AJ(hhP) 

-bl 

-5-2 

-lOI 

A„l(hSP) 


-21 

17-8 


by Liu [14] is used to separate the various 
terms in Table 10. In the case of KBr only 
stress data for the [100] and (110} axes has 
been taken. This is just enough to separate 
the various terms listed. Although we do not 
have an internal consistency check of the 
data, an external check remains and the 
agreement between our value of Sa, and that 
of Liu gives us confidence in the results. 

It is useful to present these results in a form 
independent of the properties of the host 
crystal. To eliminate the effects of the differ¬ 
ent amplification factors for the Li+ and 
ions we can express the quantities of Table 10 


as relative a-shifts, i.e. divide by the un¬ 
stressed a-value. The different elastic prop¬ 
erties of the various samples can be eliminated 
by dividing the above quantities by the appro¬ 
priate components of bulk crystal strain ob¬ 
taining relative frequency shifts per unit of 
relative (SF/F) straia That is, we have divided 
effects due to cubic distortion by (s,i + 25^)13, 
effects due to tetragonal distortions by 
{s,, —$ 12 ) 13 , and effects due to rhombic dis¬ 
tortions by S 44 . The results of this reduction 
procedure are shown in Table 11. 


Table 11. Sensitivity of various terms 
given by relative frequency shifts 
per unit of relative strain 



LiF 

KCI 

KBr 

Cubic motion 

1-96 

3-55 

3-12 

Tetragonal mot. 

8-38 

7-9 

9-83 

Tet. core dist. 

-4-28 

-3-20 

-5-95 

Trig, core dist. 


-O’14 

103 


It should be noted from the results in this 
reduced form that the relative sensitivity per 
unit strain for motion of tetragonal symmetry 
is nearly constant for all three alkali halides 
studied. This same regularity is seen in the 
core distortion caused by tetragonal strain. 
In both KCI and KBr the sensitivity to rhom¬ 
bic strain is quite small. The sensitivity to 
cubic motion for LiF seems to be quite differ¬ 
ent from that in KCI and KBr. In addition 
a negative a-shift with hydrostatic pressure 
has been seen for the first shell in LiCl[16]. 
However Li salts are peculiar in several ways. 
Two possible explanations can be presented. 

The possibility that cubic distortions can 
cause changes in the amplification factors 
should be considered. Liu’s data indicates 
that the ratio of F-shift to a-shift is biggest 
for LiF and smallest for KCI. We have said 
in our previous analysis that a large F-shift 
indicates a change in the amplification factor. 
If the amplification does change with cubic 
distortion the indicated cubic sensitivity in 
T^Ie 11 does not reflect a true estimate of 
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the effect of motion. Indeed the sensitivity 
due to tetragonal motion may be a much 
better indication of the true vaiue as the 
change in amplification factor due to tetragonal 
distortion has been eliminated from this num¬ 
ber. An argument against this explanation is 
that although the ratio of a- to A-shift changes 
considerably among the samples studied, the 
relative B-shift (8b/b) is not that different for 
any of the crystals. 

The second explanation is based on the 
assumption that the neighboring ions relax 
into the negative ion vacancy. Feuchtwang 
[{7J on the basis of displacements required to 
expltiin the observed quadrupole splittings 
estimates that this relaxation may be as much 
as 10 per cent of the lattice spacing. The in¬ 
ward relaxation in the Li salts may well be 
large enough to allow displacement of the 
second shell ions with stress without moving 
the first shell ions very much. This would 
explain the small u-shift seen for the I i salts. 

If these differences between host crystals 
are ignored the observed u-shifts can be anal¬ 
ysed in terms of two distinct simple models. 
The first model interprets the whole «-shift as 
resulting completely from the motion of the 
neighboring ions while the second using an 
admixture of wave function argument pre¬ 
tends there is no motion of the ions and all 
of the u-shift arises because of an admixture of 
wave functions of the correct symmetry. 
These are two extreme cases and the actual 
state of affairs is probably a combination of 
both. By ignoring one or the other we can get 
limiting values for the two cases. 

53 Ionic motion 

Seidel has shown that the a-value for the 
first shell in going from one crystal to the next 
obeys the rule 

a = constant (I//i-') (19) 

where R is the nearest neighbor distance. We 
now make the assumption that this law is 
valid for stress induced changes in the nearest 


neighbor distance. This means that the rela¬ 
tive a-shift with pressure equals the relative 
local volume change or 


Sa, dV 3 dr 

U f^Local ^Locai 


( 20 ) 


Using (20) the ratio between the local volume 
change and that of the bulk crystal (equal to 
-F2fi2) can determined. They are shown 
in Table 12. In a similar manner the ratio of 
local tetragonal motion to that in the bulk is 



d (Tet. Mot.)Loc,i 
d (Tet. Mot.)Bulk' 


( 21 ) 


These are given in Table 12. 

Table 12. Analysis of data using Seidel’s 
Rule 




Lih 

KCl 

KBr 


Our 

065 

1-18 

106 

ay,..,, 

Hwlh 

S&M23) 


1-26 

M6 


Our 

2-79 

2-75 

3-28 

dTET,„.„, 

dTET„„,« 

B&M23] 


F45 

1-26 



2-4 

2-2 

2-6 

ki2 


4-2 

S-9 

80 


The local elastic constants si,, slj can be 
related to those of the bulk material s,,, .s ,2 
by equation (8). These relations combined 
with (20) give the values of k,, and k ,2 shown 
in Table 12. 

From Table 12 it is seen that the local vol¬ 
ume change is about equal to that in the bulk 
sample in the case of KCl and KBr. This is in 
disagreement with the results predicted by the 
optical studies of Jacobs [2] on the F-center 
under hydrostatic pressure. His results indi¬ 
cate that locally it is about twice as compres¬ 
sible as for the bulk material. This factor of 
two is predicted by a spherical hole in an iso- 
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tropic medium. The calculation of Davitash¬ 
vili and PoIitov[18] indicates that local 
compressibility of all crystals with a rock salt 
lattice should be 1 -946 times that of the bulk 
crystal. The optical work obtains this value 
of about 2 by the use of the empirical Ivey 
Law[19]. Buchenauer and Fitchen[20] have 
had to modify this equation to take in ion- 
size effects. (CsF data would have indicated 
an expansion with increasing pressure.) In 
any case the optical work presents a different 
problem as the effects of pressure on both the 
ground and excited states have to be con¬ 
sidered. Using the change with hydrostatic 
pressure of the resolved hf splittings of the 
EPR line in LiF Blum [21] finds that in this 
sample the local compressibility is 1-5 times 
that of the bulk crystal. However, in LiF 
these splittings are caused primarily by the 
second shell hfi, and Liu[14] has found the 
second shell in LiF has a negative a-shift. 
Because of the differences in sign of the 
pressure effect on the first two shells in LiF 
it will make Blum’s results difficult to inter¬ 
pret. 

Benedek and Nardelli[22,23] have anal¬ 
yzed the Raman spectra of f-centers in KCl 
and KBr. In their second paper[23], they find 
expressions for the local elastic sonstants c\). 
From these we calculate the ratio of local to 
bulk volume change shown in Table 12 (they 
are listed as B&N). There is excellent agree¬ 
ment between our results and theirs. The 
fact that their ratio of local to bulk tetragonal 
motion, Table 12, is much smaller than ours is 
probably an indication of how much wave 
function of tetragonal symmetry is being ad¬ 
mixed in by the uniaxial stress. 

That our data indicates the F-center is not 
much more compressible than the bulk crystal 
(and in the case of LiF and LiCl even less 
compressible) ia a little surprising. This may 
well be experimental indication that the near¬ 
est neighbors have moved into the vacancy as 
previously predicted [17]. The overlap forces 
due to the Pauli exclusion principle between 
the core electrons would then make the near¬ 


est neighbors less compressible than a simple 
spherical cavity. 

Both k„ and are found to be positive. 
This is just another way of saying that the 
local motion is proportional to and in the same 
direction as that in the bulk crystal. Kn — 2-5 
means that the motion along the stress axis is 
up to 2-5 times larger than that in the bulk 
sample. A = 6-0 means that the motion 
perpendicular to stress is up to 6 times that in 
the bulk crystal. Although the inward motion 
along the stress axis seems reasonable the 
outward motion at first thought seems quite 
large. Remembering that Feuchtwang[17] 
finds an inward relaxation of the ions around 
the vacancy of up to 10 per cent of the lattice 
spacing, a computation of our maximum out¬ 
ward displacement is useful. This shows a 
maximum displacement outward of about 
0-03 per cent of the lattice spacing. Thus the 
k,i — 6 need not imply that the whole crystal 
is strained by this amount but rather only 
the nearest ions that have relaxed into the 
vacancy and thus are probably much more 
loosely coupled to the rest of the lattice. 

5.4 The admixture ofD-state wave functions 

As stated previously a distortion of the 
lattice will admix into the envelope function 
a function with the symmetry of the distortion. 
Let <1>, represent the spherically symmetric 
F-center envelope wave function before 
stress. Letting <Pp represent a wave function 
with the seune symmetry as the distortion, the 
F-center envelope function becomes 

d>;„= (l-a2)""<h,-Fa<J>„ (22) 

where a is linear in stress (a = 0 when the 
stress is zero). Using (3), (5) and (22) and only 
keeping terms linear in a one finds 

a + da = Svgf/3fg,^„A [|d),|* + 2a<t>,‘I>«]/3. 

(23) 

Using (23) the admixture coefficient for tet- 
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ragonal motion is found to be 

< 24 ) 

As stated previously we take the envelope 
wave functions to be of the hydrogen type. 
Thus we let <P, = u,oo and <Po == u^io- See 
equations (6) and (7). For the ground state 
wave functions we will use the scaling para¬ 
meters computed by Gourary and Adrian [7]. 
They are listed as Z in Table 13. The scaling 
parameter, Z', for the D-function is unknown. 
We compute the admixture coefficient for 
three cases Z = Z', Z' = 6 0 (the maximum 
of the £)-function is placed at the nearest 
neighbors), and Z' = 10.5 (the maximum 
amount of wave function is placed at the 
nearest neighbors). The admixture coefficients 
computed using the values of Z' are shown in 
Table 13. 

Table 13. Admixture coeffi¬ 
cients for the d-state wave 
functions 


/ /: 


1-71 

1-71 

3-6 X (0 ‘ 

1 il 

ftO 

l •9x 10 " 


lOS 

l-nx 10 ■■ 

IW 

1-99 

41 X 10 ' 

KCl 

60 

.t-4 X 10 ' 


lO-.l 

22 X 10 ^ 

2 02 

202 

.CSX 10 ' 

KBr 

60 

4-9 X 10 < 


lO-.l 

31 X 10 ‘ 


In the case of KCl and Z' = 1-99 gives an 
admixture coefficient that agrees quite well 
with that determined by Hetrick and Compton 
[15] (4-6xl0"'') for the effect of uniaxial 
stress on the luminescence of the F-center. 
This would indicate a very diffuse O-state. 
Our measured values of a-shift in the fourth 
shell of KBr are smaller than would be ex¬ 
pected from this value of scaling parameter. 
Gourary and Adrian calculate that the Tp- 
state should have a scaling parameter of 5'0, 


which means that this wave function has been 
pulled in over the nearest neighbors. This 
would indicate that the scaling parameter 
might be at least this great (5-0) for the still 
higher energy ‘id-state. In any case we can 
quote the value of a for Z' = lO-S as the 
minimum amount of d-state wave function 
needed to account for the total observed 
effect of tetragonal motion (ba^). 

5.5 Second shell ions 

If we try to apply equations that do not take 
into account core distortion to the analysis 
of the second shell data we And inconsisten¬ 
cies much larger than the experimental error. 
These discrepancies can be eliminated by use 
of additional terms that arise from core dis¬ 
tortions (amplification factor changes) as was 
done for the first shell. When this is done the 
equations become 
Stress 1100] 




bOi — bas +A3 

(25) 



Sfl] -(- iSfls —A 3. 

( 26 ) 

Stress [110] 



^^[‘inoaR. 

= 6o 1 - 1 - ifia.) -h iSos -t- i A s “ i A 3 

(27) 


= 80 1 + - 


(28) 


metis. 

8(21 — i^(2^ -f- X. 

(29) 


Stress [111] 

= Sui - Saji -AJi —A'Ji (30) 
S«55”mea8. = SOi + baji -i-AJi -i-A'Ji. (31) 


The several different correction terms, A^, 
Ah, As, As, A', arise because of the quite differ¬ 
ent symmetry of the sites in the different stress 
cases. 

Since we have seven unknowns and seven 
equations there can be no check for internal 
consistency among the equations. The results 
of solving these equations with the data of 
Table 8 are shown in Table 14. Because As 
always enters the equations with the same 
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Table 14. Results of computa¬ 
tions for second shell KCI 
(kHz/kg/mm*) 


SaJihSP) 

-0-6 

SaJ{MP)(Uu) 

-0-62 

SaJlhSP) 

-0-5 

(6a>+A,)l(hSP) 

28 5 

AUihSP) 

-6-3 

AJ(hSP) 

3-4 

AUihSP) 

-0-5 

XKhbP) 

I-O 


sign as 80 ^ the two quite different effects can 
not be separated. It should be noted that our 
value of So, = — 0-6 is in excellent agreement 
with that of Liu [14] who found 8 a, = —0-62 
by hydrostatic pressure techniques. The quan¬ 
tities of Table 14 are expressed as relative 
frequency shifts per unit of relative bulk 
strain in Table 15. 

Table 15. Relative frequency 
shifts per unit of relative bulk 
strain for second shell KCI 


Cubic motion 

-1-6 

Tetragonal mot. 

-0-9 

Trig. mot. &dist. 

3'2 

Tet. dist. (.4;,) 

6'3 

Tet. dist. (/1i) 

-0-9 

Trig. dist. (/1i) 

-01 


The negative a-shift for 6a, is the most 
unexpected result in this part of the experi¬ 
ment. Seidel’s Rule (equation (19)) is not good 
for the second shell. In fact there is no good 
rule for expressing the a-value in terms of the 
distance from the center of the vacancy for 
this shell. From a plot of a-value vs. nn dis¬ 
tance for the second shell ions one might 
expect an approximate rule would be a = 
KjR^. This rule would indicate that the a- 
shift in the second shell should be 1-7 times 
more sensitive to cubic distortion than the 
first shell. The experiment shows that it is 
about 0-5 times as sensitive and what is still 
worse the second shell shift has the opposite 
sign from that of the first shell. This means 
that one should not think of the a-shift as 
arising from motion of the ions alone. Stress 


must have a very large effect on the F-center 
wave function. 

The larger a-shifts seen for certain classes 
of second shell ions can be explained in terms 
of admixture of rhombic wave functions. In 
fact all of the rhombic type wave functions 
admixed in by the applied stresses have their 
lobes pointing toward second shell ions. This 
explains the low sensitivity of the first shell 
ion to rhombic, Fj, distortion while the 
second shell shows a fairly large sensitivity 
to this distortion. Stress along the [110] axis 
mixes in a wave function with negative lobes 
perpendicular to stress and positive lobes 
along the stress axis. Thus the large position 
6a|i and negative Sa^ found in this case. Stress 
along the [Ill] axis admixes in a F.,, wave 
function which has positive lobes pointing at 
those ions at 35° to the stress and negative 
lobes pointing at those ions at 90° to the 
stress. Again large a-shifts are seen with the 
correct sign. For those atoms at 35° to stress 
along [100] and at 60° to stress along [110] 
there are no admixed wave functions that 
have lobes pointing in their direction. This 
explains the very small shift seen for these 
ions. The D-function, mjjo, has a negative ring 
that extends out towards those ions at 90° to 
stress along [100]. Thus the fairly small 
negative a-shift seen in this case is expected. 

5.6 Fourth shell KBr 

This shell has the same symmetry as the 
first but is composed of negative ions. As 
data has only been taken along the [110] 
stress axis, the separation of effects due to 
different types of distortion is impossible. It 
should be noted that the average a-shift, 
8a = —0-5 agrees quite well with the value 
8a, = —0-43 found by Liu[14]. This indicates 
that the other effects (the core distortion 
corrections as in the first shell data) are quite 
small in this case. 

6. CONCLUSIONS 

The observed a-shifts have been explained 
by using a perturbation Hamiltonian depend- 
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ing only on the motion of the neighboring 
nuclei plus a change in the amplification factor 
due to core distortions of the nuclei. This 
separation of the two effects gives excellent 
agreement between our values for the a- 
shift caused by pure cubic distortion with 
those found by Liu [14] for pure cubic dis¬ 
tortion obtained by means of hydrostatic 
pressure. 

Our upper estimate of the value of the local 
to bulk compressibility ratio of about one is in 
disagreement with that obtained from optical 
work. The interpretation of the optical studies 
is more complex than the ENDOR results 
as it depends upon stress effects on two differ¬ 
ent states. Moreover, the optical transitions 
will reveal only the average effects depending 
on all the ions together. There is, however, 
excellent agreement between our results and 
those obtained from Raman scattering. 

The agreement between our data and that 
from Raman scattering indicates that Seidel’s 
Rule holds with fair accuracy for the volume 
changes of the first shell under pressure in 
KCl and KBr. This rule seems to break down 
in the case of the Li salts where the smaller 
upper limit in the local compressibility as 
obtained from Seidel’s Rule is attributed to 
local lattice relaxation into the vacancy. 

Further theoretical work is needed to take 
full advantage of the detailed experimental 
stress results and in particular to see if this 
relaxation of the nearest neighbors can account 
for the observed hfi in the outer shells. Ex¬ 
periments on crystals with different halogen 
to alkali ratio size are needed to confirm the 
above predictions. For example it would be 
useful to see if KF (ratio of ion size = 1) 
does not show a larger sensitivity to cubic 


distortions than any of the samples studied 
here. 
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Abstract-The theory of Rondo exchange scattering has been extended to the case in which the 
scattering system consists of a periodic spin structure. 


1. INTRODUCTION 

The following pages contain a variation of 
(Condo’s original calculation [1] of the resis¬ 
tivity of dilute magnetic alloys. The present 
calculation applies rather to systems in which 
the magnetic ions make up a large percentage 
of the total number of atoms present in the 
system. Moreover the magnetic ions are 
arranged periodically so that the results to be 
obtained are not to be applied to alloys con¬ 
taining large concentrations of magnetic im¬ 
purities. One should rather compare the 
present results to the experimental evidence 
available on the intermetallic compound 
CeAU[2J. 

The experimental situation in the case of 
CeAl 2 is briefly summarized as follows: the 
resistivity vs. temperature curve has a maxi¬ 
mum approximately at the ordering tempera¬ 
ture (as determined by magnetic susceptibility 
measurements), then it decreases for in¬ 
creasing temperatures, it has a clear minimum, 
and it increases further. The minimum has 
been thought to be indicative of the presence 
of the Kondo effect [2]. Further, the partial 
substitution of Th for Ce influences the 
resistivity curve: with increasing Th per¬ 
centages the maximum and the minimum 
become vaguer, and they finally disappear. 
For this Th concentration the resistivity 
versus temperature curve rises rapidly up to 
the transition temperature, it shows a plateau, 
and then starts rising again. 

The effects of the Th substitution have been 


interpreted [2] by suggesting that the density 
of States of the system’s conduction band is 
diminished by the addition of Th. The results 
obtained on systems containing Th in place of 
Ce have been put forward as further support 
of the presence of Kondo anomalies, in view 
of the relevance of the density of states in the 
formulae applying to the Kondo effect in dilute 
alloys. 

The formula to be derived at present re¬ 
produces rather nicely the experimental 
evidence; this is not really surprising, if one 
recalls that the essential features to be ob¬ 
tained (a dcnsity-of-states dependent minimum 
in the resistivity vs. temperature curve), are 
already present in the dilute alloy calculation. 
It is on the other hand pleasant that a Kondo- 
like formula can be constructed for a system 
containing many magnetic ions, so that the 
possibility of the presence of the Kondo effect 
in a concentrated system gains further credi¬ 
bility. There exist in fact theoretical studies on 
concentrated magnetic alloys [3] which predict 
that when the concentration of the magnetic 
ions is larger approximately than 1 per cent 
and there exists no long-range magnetic order, 
the minimum disappears. The {joint of the 
present calculation is that this is not true when 
the magnetic ion system consists of a periodic 
spin lattice, in which long-range order exists. 
Abrikosov [4] has considered the case of a 
concentrated alloy in which long-range order 
exists. The results of this author apply to a 
model which differs essentially from the 
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present one. Abrikosov places in fact the 
magnetic ions on a number of randomly 
selected lattice sites. 

The present calculation is imitated step by 
step from Kondo'sfl]. It will consequently be 
described very briefly. 

2. DESCRIPTION OF THE MODEL AND OF 
THE CALCULATION 

N magnetic ions are arranged on a simple 
cubic lattice in a crystal of volume V. The 
spins of the ions interact with one another 
through a Heisenberg interaction. The Heisen¬ 
berg interaction is taken into account in the 
following by means of a molecular fleld: each 
spin is supposed to move in the presence of 
this temperature dependent fleld, and it moves 
otherwise independently of the other spins. 
Conventional molecular fleld theory is 
adopted, so that, for instance, the average 
length of each spin is determined by the usual 
implicit equation containing on the right-hand 
side a Brillouin function whose argument is 
again a function of the average length of the 
spin. 

The conduction of the system is accounted 
for by a Fermi sea of electrons residing in a 
band extending from — £, to with a constant 
density of states >i(£f). The Fermi level is 
taken as the zero of energy so that E, = 0. The 
interaction of the ‘conduction system’ and the 
‘magnetic system' amounts to the usual s-f 
interaction: 

^'1 gilk-k'IB. 

kk n 


on the basis of the fact that they probably con¬ 
tribute terms of the same order of magnitude 
.'nd temperature dependence as the terms 
1 .stained, and these can therefore be con¬ 
sidered representative of the general behav¬ 
iour. (Notice that the procedure followed does 
not exclude, in second order, processes of the 
type kt k''J, -» k't and the typical Kondo- 
like processes). The transition probability 
terms proportional to and 7“ are given by 
the formulae: 


Ifria'.a) =^6(£„-£„-)Ka'|^'|a>P (2) 




a* •- 




£„—£<^+/t) 


+ C.C.]}. 


(3) 


The ket |a) represents a state which is labelled 
by the k vectors and the spins cr of all con¬ 
duction electrons, and by the magnetic 
quantum numbers of all magnetic ions. Sub¬ 
stitution of (1) into (2) gives: 

Wdk'UkV=^WAk'i.kl) 

= ^5(£,-£*-) 

^ nil' 


X + 

+ ( 1 ) 

(Strictly speaking, one should derive the 
RKKY part of the Heisenberg interaction 
from the i-/interaction.) The calculation runs 
along the following lines: the transition 
probability up to third order in J is calculated. 
Only elastic scattering is considered, so that 
processes of the type kf —» k'i are neglected. 


Xexp [Hk-k'){R„-R„,)]. 

(4) 

The transition probability term proportional to 
y® is different for the two orientations of the 
spin of the electron being scattered from k to 
k'. Moreover for either spin direction four 
different intermediate states are possible in¬ 
volving the scattering of either one or two 
electrons in typical Kondo-like processes. 
Substitution of (1) into (3) gives: 
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' * imnjfc' 

xexp [i{(k-k')R,+ {k"-k)R„ 

^ ' bn.kf 

xexp [i{(,k-k')Ri+ (k'-k)R„}] 

(5) 

X exp [/{(^ -k')R, + (k" -k)R„ + (k'- k")R„} ] 


These factors are averaged by Kondo on 
the assumption that no internal held is present: 
the magnetic impurities are so dilute that they 
‘do not see one another’. In the case under 
consideration the process of averaging pro- 
ceeds as follows: in the case of 

2 m,m,exp {i[(k-k')R,+(k'-k)R,]} (8) 

In 

for example, 

( 2 /n,m,exp{/t(k-k')R, 

' tn 

+ (k'-k)R„]}) = 2; 

In 

Xexp{/[(k-k')R,+ (k'-k)R„]} 

Xcxp{/[(k-k')R,+ (k'-k)R,]} 

= A/<m*) + <m>* 


ur 


^ m,[S(5+l)-m„(m„-*-!)] 

lm,k^ 


Xexp [/{(/:-*')£,+ (*'-/:)£„}] 

X f —- ■ + C.C.1. 

\_—Ek + £** + iri J 


The upper sign applies to the scattering of an 
electron with spin up, the lower sign applies 
to the scattering of an electron with spin 
down. The transition probability contains fact¬ 
ors ot the type 

2 m,nirm„exp {([(k —k')R( 

Irn 

-(-(k"-k)R,+ (k'-k")Rj} (6) 

2 1 )] 

In 

Xexp{/[(k-k')R,-f (k'-k)R„]} (7) 

where nii is the azimuthal quantum number of 
the /-th spin, (S(5 -t-1))''* is the length of the 
spins. 


X {—A/ -h terms containing S(k — k')} 

= N{(m~(m)y) 4- terms containing 6. 

In this calculation the periodicity of the 
magnetic system plays an essential role, 
because it allows one to split the term of 
equation (4) into a A:-independenl term and a 
contribution of the electron’s self-energy 
which is of no interest for the scattering. It is 
interesting to consider the effects of two types 
of deviation from periodicity, namely the case 
of a concentrated alloy in which the magnetic 
ions are placed at random in the matrix, and 
the case of a periodic spin structure in which 
some of the magnetic ions are replaced by 
non-magnetic ones. 

In the case of the concentrated alloy (treated 
in ref. [4] by a different technique) the 
positions R„ of the magnetic ions are dis¬ 
tributed at random. This has as a consequence 
that S exp [(kR„] is equal to a delta function 
plus other terms dependent upon k. The form 
of these terms depends upon the distribution 
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of the magnetic ions and it is extremely 
difficult to compute in practice. In the case of 
the replacement of a small fraction of magnetic 
ions by non-magnetic ones, the results 
obtained above are not significantly modified. 
yN terms appear besides N( (m —<m))*) but 
they do not contain N, and can be neglected 
as long as y 1. When the above described 
averages are performed on If, and one 
obtains: 


x(^) N{{m-{m)V) 




x(l±2<w)) 






The relaxation time is obtained in the con¬ 
ventional way by summing over k': A spin 
independent relaxation time is obtained by 
summing the relaxation times proper to elec¬ 
trons with spin up and down. This relaxation 
time is introduced in the well-known formula 
for the conductivity and the result for the 
resistivity is finally obtained; 


_3it 1 T P,. , 


he^Nv^:- 


-2 In 


Ex 

kT\ 


)] 


(9) 


3. DISCUSSION 

Inspection of equation (9) shows the 
following; the factor outside the square 
bracket corresponds to usual spin-disorder 
scattering in the elastic approximation. Its 
temperature dependence is such that the resis¬ 
tivity increases rapidly up to the transition 
temperature and thenceforth remains constant. 
In the case under consideration this factor is 
corrected by the square bracket. This bracket 
contains a temperature-independent correc¬ 
tion and the Kondo logarithmic term. The 
former correction is temperature independent 
owing to the rough way in which the sums 
over k and k' have been performed to obtain 
the relaxation time and the conductivity. This 
correction is anyway some four times smaller 
than the second one, because £, is presumably 
of the same order of magnitude as £2 while kT 
is approximately 10^ times smaller. The 
sign of the former correction depends upon 
the relative magnitude of £] and £j. The 
latter correction is positive if 7 is negative and 
it represents the essential part of the correc¬ 
tion to spin-disorder scattering. Below the 
transition temperature the temperature de¬ 
pendence of this correction is overridden by 
the T dependence of spin-disorder resistivity, 
but it appears on the contrary above the 
transition temperature; in this temperature 
region the total resistivity then decreases 
with increasing temperature. The maximum 
at the transition temperature shown by the 
experimental resistivity is thus reproduced. 
The minimum above the transition tempera¬ 
ture is obtained, as usual, by adding to this 
resistivity an increasing term due to phonon 
scattering. It is also evident from equation (9) 
that the density of states «(£(.) plays a decisive 
role in producing the extrema in the resistivity 
curve. The extrema are washed out if the 
density of states decreases. Then normal spin- 
disorder scattering remains. 

In essence equation (9) describes the follow 
ing state of affairs: below the transition tem¬ 
perature an internal field acts on each magnetic 
ion’s spin and it prevents it from flipping. If 


where Vf^ is the Fermi velocity. 
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spin flip is forbidden the Kondo scattering 
processes do not take place and the In T term 
is quenched. At the transition temperature 
however the internal field drops to zero. Then 
above this temperature each magnetic ion is 
free to flip its spin under the influence of the 
s-f interaction and this gives rise to the In T 
term. 

Figure I shows a plot of resistivity vs. 
temperature as derived numerically from equa¬ 
tion (9). The calculation of <(« — (/«>)*) has 
been performed by assuming that the magnetic 
ions have total angular momentum equal to 
I, like cerium ions. Each ion has six energy 
levels labelled by the value of the azimuthal 
quantum number m. The levels are degenerate 
in the absence of fields. In the present case 



Fig. 1. Resistivity vs. temperature curve obtained from 
equation (9) in the text. Each curve is labelled by the 
corresponding value of the parameter 2J,(Ef)IN. 


however the ions are under the influence of a 
cubic crystal field and the internal molecular 
field proportional to zgP, where z is the number 
of nearest neighbouring magnetic ions, g is 
the Lande factor, and P is the Heisenberg 
coupling constant. If the internal field is 
absent, as in the paramagnetic region, the 
crystal field splits the sextet into a doublet 
and a quartet (5). It has been assumed for the 
calculation that the doublet is the ground 
state, the quartet being separated from the 
doublet by a distance of SO^K. 

This assumption seems to be contradicted 
by preliminary experimental indications (6) 
that suggest that the quartet is the ground state. 
However, the reversal of the sign of the crystal 
field would not change the general behaviour 
of spin-disorder resistivity. Also, these con¬ 
siderations on the internal structure of the 
magnetic ions have minor relevance with 
respect to the influence of the Kondo terms. 
The presence of the internal field splits the 
doublet and the quartet further. The magnetic 
transition temperature is such (=* 10“K) that 
the internal field can be looked upon as a small 
correction to the crystal field. 

Within this model the relevant quantity 

= (10) 

is obtained through the equation 

(m") = Spur n=l,2 (11) 

where // is the sum of the internal field 
zgP(m) plus crystal field hamiltonions m* is 
the z component of the spin operator S of one 
of the magnetic ions. The following parameters 
have been used in the numerical calculations; 
In = 1.; £, = 5eV; zgP = 7“K: the 

curves of Fig. I give the behaviour of the 
resistivity vs. temperature. The variable on 
the ordinate axis is p divided by the numerical 
factors appearing on the right-hand side of 
equation (9). The different curves have been 
obtained by attributing to the parameter 
2Jn{Ei>)IN the values reported in the figure. 




2250 


F. E. MARANZANA 


A comparison of Fig. 1 with the experi¬ 
mental curves (2) shows that the agreement is 
quite satisfactory. In this respect however a 
word of caution is in order. The theory 
assumes that the density of states can be 
changed without modifying the magnetic ion 
system. In practice the substitution of 
thorium for cerium breaks up the trans¬ 
lational symmetry of the magnetic ion system, 
making the application of the theory doubtful 
at least at large Th concentrations. Also, the 
fact that the number of Ce ions decreases 
changes the transition temperature experi¬ 
mentally. The theory does not take this effect 
into account. Finally of course one should be 
suspicious of a calculation based on perturba¬ 
tion theory and the molecular field theory. 
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R6suni6 —On d^veloppe une theorie de champ inol6cu)aire afin de determiner les configurations de 
moments magnetiques energ6tiquement stables en presence d’anisotropie dans les spinelles cubiques 
et quadratiques. 

Les hypotheses de base sont: dans un spinelle normal contenant des ions magnetiques dans les 
sous-reseaux A et B, les interactions A-B sont predominantes et anisotropes. Les moments A sont 
ordonnes ferromagnetiquement et n'ont pas d’anisotropie, seuls les moments B possedent une aniso¬ 
tropic locale. La maille magnetique reste soit cubique faces centrees soil quadratique centree. Le 

^ = - 2 [G*]S,, -i- J - 

oil est le champ cree par I'ensemble des spins S^, le champ exterieur, [g*] el [C*] sont les 
tenseurs representant les anisotropies locale et d’echange relatives & I'ion Bt> 'll t>nt meme symetrie 
que I'octaedre d'oxygene. En minimisant Penergie la plus basse, on trouve h 0°K et champ exterieur 
nul une solution g6n6rale correspondant h une configuration non rdguli6re des moments B. Les 
moments resultants des sous-reseaux .4 et fi ne sont en general pas colineaires. On decrit quelques 
cas particuliers de structures magnetiques possibles suivant des directions cristallographiques simples. 

L'evolution de quelques unes de ces configurations en presence d’un champ magnetique exterieur 
est decrite et, fait apparaitre des proprietes specifiques aux structures anisotropes. Ces proprietes ont 
ete trouvees experimentalement sur quelques manganites spinelles. 

Abstract-A molecular field theory is developed to find the magnetic moment configurations which 
are energetically stable when anisotropy is present in cubic and tetragonally distorted spinels. 

The starting assumptions are; in a normal spinel having magnetic ions in both A and B sublattices, 
A-B interactions are predominant and anisotropic. A moments are ferromagnetically ordered and 
have no anisotropy, only B moments have a local anisotropy. The magnetic cells remain either fc 
for the cubic or be for the tetragonal spinels. The general Hamiltonian for the whole system of magnet- 
sublatices is; 


^ - 2 . S„ 

where H., is the field created by S., spins, H, the external field, [C*] and [g*] are the tensors represent¬ 
ing exchange and local anisotropy for the Bt ion, they have the same symmetry as the surrounding 
oxygen octahedron. By minimizing the lowest energy we find at 0°K and zero external field a general 
solution corresponding to a non regular configuration of B moments. The resulting moments of A and 
B sublattices are generally not collinear. Some particular cases of possible magnetic structures along 
simple crystallographic directions are described. 

The evolution of some of these configurations when an external magnetic field is applied, is 
described and this shows the specific behaviour of anisotropic structures. These properties have been 
found experimentally in some spinel manganites. 


*Cet article recouvre une partie de la thise de Doctorat 
d’etat de R. Buhl soutenue le 2 Juin 1969 h Paris 
<N°CNRS; A03314). 

tLaboratoire de Magn6tisme, Dfipartement de Recher- 
ches Physiques Faculte des Sciences, 11, Quai St 
Bernard, 75 Paris(5e) France. 


1. INTRODUCTION 

II est remarquable de constater que toutes 
les th^ries classiques permettant de definir 
les stnictures magnetiques possibles soient 
basees uniquement sur des considerations 
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d’^change isotrope (ferrimagn^tisme de Neel 

[1], de Yafet et Kittel[2], structure en 'etoile' 
[3] ou h6limagndtisine[4]). L’anisotropie ne 
joue alors que le role d’une perturbation 
venant soit determiner la direction de facile 
aimantation dans le cristal soit faire devier 
leg^rement les moments par rapport i un 
antiferromagnetisme rigoureux comme dans 
le cas de NiFj traite par Moriya[5]. La 
plupart des composes de la serie des man- 
ganites spinelles de formule MeMn 204 
poss^dent une tr^s forte anisotropic (par 
example Me = Co[ 6 ], Cr[7], Pe[ 8 ] ou Mn 
[9]). Leurs structures magnetiques ne sont 
pas simples et certaines de leurs proprietes 
obligent a penser que I'anisotropie a un role 
determinant dans la stabilite et la configura¬ 
tion des motifs magnetiques dans le cristal. 
Nous developpons done ici une theorie de 
champ moleculaire faisant intervenir les 
anisotropies locale et d’echange comme 
facteurs de base pour la determination des 
structures magnetiques possibles dans les 
spinelles cubiques et quadratiques. 

2. GENERALITES ET HYPOTHESES DE BASE 

Nous ne considererons ici que les spinelles 
dont la maille magnetique reste a 0 °K cubique 
faces centrees ou quadratique centree. II 
n’existe done que deux sous-reseaux magne¬ 
tiques A: Ml et M-^ (sites tetraedriques) et 
quatre B: M 3 , M^, M^ et M„ (sites octo- 
edriques). 

Dans un spinelle cubique on quadratique 
contenant des ions magnetiques dans chaque 
sous-reseau, on fait les hypotheses suivantes; 

(1) Les sites tetraedriques A sont occupes 
par une sorte d’ion dont les moments sont 
ordonnes ferromagnetiquement et ne posse- 
dent pas d'anisotropie locale. 

(2) Les sites octaedriques B sont occupes 
par une autre sorte d’ion dont les moments 
possedent une anisotropoe locale. 

(3) Les interactions d’echange predomin- 
antes sont les interactions A-B, elles sont 
anisotropes. (II faut noter que I’introduction 
d’interactions B-B isotropes ne modifie pas 


quaJitativement les r^sultats et pour simplifier 
les calculs, elles seront done negligees). 

Dans ces conditions, I’energie d’interaction 
entre un moment magnetique B^ (de spin Sbj^) 
et la champ cree par I’ensemble des spins 
du sous-reseau A est: 

—( 1 ) 

est proportionnel a et [G*] est le 
tenseur representant I’anisotropie d’echange 
A-B et relatif a I’ion B*. 

En presence d’un champ exterieur Ho, le 
Hamiltonien de I’ensemble des sous-rdseaux 
magnetiques s’ecrit: 

MbHo • (2) 

[g*] etant le tenseur d’anisotropie locale 
d’un ion B*. 

L’energie minimum par rapport aux spins 
Sh et exprimee en fonction des composantes 
sur les trois axes est; 

£ = 2 Sb V2 [2 (H,>G!i + HM)Y 

k \ ^ i J 

(3) 

j 

Soit lorsque le champ exterieur est nul: 

E = -i^bSb 2 V 2 [2 //VGJi]^ (4) 

En minimisant cette energie par rapport 
a Hji il est done possible de determiner a 
O^K et a champ nu! les solutions possibles 
pour H 4 puis de calculer les moments M^ et 
ainsi de dehnir completement les configura¬ 
tions magnetiques possibles. 

Dans le cas des spinelles, I’octaedre 
d’oxygene entourant un ion B n’a pas la 
symetrie ideale 0),(4/m(3)2/m) mais il est 
deforme et ne possede plus qu’une symetrie 
trigonale D 3 d( 3 m) dans le groupe d’espace 
cubique 0/,^(Fd3m), ou monoclinique 
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Cti,(2/m) dans le groupe quadratique 
£)]*(14,/2m</). Connaissant la symetrie du 
site, il est possible de determiner la forme 
des tenseurs G et g qui ont memes axes. La 
forme la plus generale correspond 6 videmment 
a la symetrie la plus faible, c’est-a-dire ici a 
CjA dans le cas du spinelle quadratique. 

Spinelle quadratique 

En prenant pour axes de reference de 
I’octa^dre: I’axe binaire; Ox correspondant 
d’ailleurs a la direction[ 100 ] de la maille, les 
deux autres axes sont contenus dans le miroir 
m et sont pris de la mani^re suivante: Oy 
paralleie a la direction [010] et Oz parallele 
a la direction [ 001 ], 

En appliquant au tenseur le plus general 
(9 composantes non nulles) les operations de 
symetrie de I'octaedre, il apparait des simpli¬ 
fications qui conduisent au tenseur represen- 
tant Tanisotropie dans un octaedre de 
symetrie 2 /m; 

pii 0 O' 

[^] = 0 g22 823 

_ 0 832 833. 

[G] a la meme forme. 

Spinelle cuhique 

L’oct^dre ayant une symetrie plus 
elevee: 3m, la forme du tenseur d’anisotropie 
doit etre plus simple. Prenons en effet comme 
axes de reference: 

Ox: I’axe binaire perpendiculaire au miroir 
contenant I’axe 3 

Oy. I’axe 3 

etOz:raxe perpendiculaire aux deux 
premiers. 

En appliquant les operations de symetrie 
on est conduit au tenseur representant 
Tanisotropie dans un octaedre de symetrie 
3m: 

>11 0 0 ■ 

[«] == 0 0 
. 0 0 


[g] a done une forme extremement simple 
dans ce systfeme d'axes propres a I’octaedre. 
Les operations de symftrie de la maille 
cubique faisant passer d’un octaedre a I’autre 
ne sont malheureusement pas decrites dans 
ce systeme de reference. Il est done neces- 
saire d’effectuer un changement d’axes de 
I’octaedre afin de decrire son anisotropie 
dans un systeme commun a celui de la maille. 
Au lieu de prendre comme axes de reference 
trois directions de la forme [ 100 ], il est plus 
avantageux de prendre les axes; Ox paralieie 
a la direction [ 110 ], Oy//[ 110 ] et Gz//[ 001 ]. 
(Ces axes dans le systeme cubique faces 
centrees correspondent a ceux que nous 
avons pris pour le systeme quadratique 
centre). 

Dans ce systeme de reference le tenseur 
[g] devient: 

0 0 

U] = 0 |(2g2j-l-g„) '^{ 822 -gu) 

0 "^(822-811) \(8z2 + 2gti) 

ce tenseur a exactement la meme forme que 
celui determine pour les spinelles quadrat- 
iques, seules des relations entre les compos- 
antes en reduisent la generalite. 

En conclusion, il suffira de trailer en detail 
le cas des spinelles quadratiques puis de voir 
si les particuliarites du systeme cubique 
entrainent des modifications aux resultats. 

3. STRUCTURES MAGNETIQUES ANISOTROPES 
POSSIBLES A O^K ET A CHAMP NUL 

(3.1) Cas general 

(3.1,1) Spinelles quadratiques. Les ions 
porteurs des moments A/ 3 , A /4 etc... sont 
definis par leur position ^ans la maille du 
groupe (origine ^ 4 m2) B 3 ( 0 ,i,f); 
B4(0,il);B3(i,0.|) etBea0,t). 

En tenant compte de la symetrie quadratique 
da la maille et en I’absence de champ magne- 
tique exterieur, I’^nergie s’ecrit: 
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E = —/xgS 


+ Vg!,///+ (G„//,-g„//.)*+ (-G 3 *//„+G 33 //.)* 

+ VG!,//,«+ (Gj,//,-G„//,)*+ {-GnH^+G^H^y 
+ VG?.//,»+ {G«A/,+ G* 3 //J»+ (G3*//,+ G 33 //J* 


(5) 


Pour determiner la direction stable de A/. 4 , 
il sufiit done de minimiser cette energie. En 

tenant compte du fait que = 2 on 

/ 

obtient; 


correspondante des moments des ions B afin 
de decrire complkement la structure magn 6 - 
tique. 

On peut determiner les composantes des 
moments Mg en 6 crivant; 


dE 


= [(Gf.-G|3-GL)(i + i) 

+ (Gi, + G^, - GL - Gi,) (:J; + 1 )] //x 

/I I\f/x//« 

— (GJ2G23 +GajGaa) -jj 

+ ( G 22 G J3 + G 32 G 33 ) 



( 6 ) 


(ce qui oblige k calculer les composantes des 
spins) ou bien, ce qui revient au meme, en 
derivant directement I'expression de I’energie 
d’un ion B par rapport au champ ext6rieur. 
L’energie d’un ion B est: 

E, = -imbSb V? [5 {HYG% + HM)Y (7) 
Les compostantes d’un moment A/^ sont: 


dEldHy a exactement la meme forme, il suffit 
de permuter //, et //„ .a,^,y et 8 sont 
respectivement les quatre racines carrees 
contenues dans I’expression de I’energie 
(equation (5)). 

l.es conditions necessaires dEldHy et 
dEldHy = 0 ne sont pas des relations simples 
et il existe a priori, une solution generale ou 
Hj., Hy et Ht sont tous diffdrents de zero. 
On voit done que pour un systeme de Gy et 
donne, il existe une configuration magn^- 
tique dont I’energie est donnee par I’equation 
(5) en rempla^ant A/,, Hy et H, par les valeurs 
qui annulent dEldHy (equation ( 6 )). 

Supposons done stable une telle solution 
generale debnie par les composantes H^* et, 
cherchons ^ determiner la configuration 


, -a£* 

dHo^ 

= - - .. . ( 8 ) 
■ [? (H,>GJ, + H>g^.)} 

Soit lorsque le champ exterieur est nul: 






fiaSg. 


(9) 


Nous pouvons done ecrire par example les 
composantes du moment de I’atome B 3 a 
champ exterieur nul et dans le cas d’une 
solution generale: 




_ ^iiGnAfx _ 

\/GhHY+{GuHy+G33H.y+ {GgtHy+G^gH^Y 




(10) 
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( 11 ) 

( 12 ) 


La structure magnetique correspondant au 
cas general est done caracterisee par une 
configuration pyramidale des ions des sites 
B. 

La base dc cette pyramide est de forme 
trapezoidale irreguliere et les longueurs des 
moments des ions B ne sont pas identiques. 
On verifie ais^ment que la resultante Rg des 
moments B n’est pas colineaire a S^. 

La forme de la pyramide, tes longueurs des 
moments B et Tangle de Rb avec S 4 sont des 
fonctions de la direction de dans Tespace 
cristallin. 

On voit done que dans le cas general il peut 
exister dans les spinelles quadratiques des 
structures magnetiques non colineaires tr^s 
complexes lorsque Ton tient compte des 
anisotropies locale et d'echange. 

(3.1.2) Spinelles cubiques. Un calcul 
analogue a celui effectue dans le cas du 
spinelle quadratique mais en considerant 
cette fois les tenseurs d’ansisotropie relatifs 
aux spinelles cubiques conduit aux conditions 
d’equilibre; 


dE 


= 0 = ^( 0 ?,+ 


(13) 


Ces equations sont une forme simplifiee de 
Tequation (6) et il existe done a priori une 
solution generate ou H,., et sont tous 
differents de zero. On obtient les composantes 
des moments de la meme fa$on que pour les 
spinelles quadratiques et la structure magne¬ 


tique aussi d 6 finie est tout a fait semblable 
acelle d 6 jk decrite dans le quadratique. 

(3.1.3) Remarques. Les configurations 
magnetiques possibles dans le cas general 
sont tres complexes et il est difficile de suivre 
leur comportement en presence d’un champ 
magnetique exterieur. II est done plus avanta- 
geux de decrire quelques cas particuliers plus 
simples se rapprochant de resultats experi- 
mentaux. 

II faut remarquer egalement que les 
equations BEIdHj. = dEIdH^ = 0 conduisent 
a des relations de la forme : 

/(//,, =0 

=0 

et ceci pour un quart de Tespace du cristal. 

A un systfeme Hx, H, minimisant 
Tenergie, correspondent done dans le cas 
general; 16 directions equivalentes de 
a chacune desquelles est associee une struc¬ 
ture magnetique semblable et d’energie egale 
mais les dispositions relatives des moments 
des ions B ne sont pas les mimes quand on 
passe d’une direction de H* d une autre. Ceci 
est tres facile a verifier en calculant les 
composantes des moments des sites B pour 
les differentes directions possibles de H^. 

Les domaines magnetiques existanl a 
champ exterieur nul dans un monocristal ne 
sont pas uniquement caracterises par une 
direction de facile aimantation mais aussi par 
une configuration propre des moments des 
ions B. 

(3.2) Solutions particulieres: Hy = 0 

Nous allons decrire ici quelques solutions 
particulieres proches de resultats experi- 
mentaux. 
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(3.2.1) Spinelles quadratiques. Supposons 
que les v^eurs des parametres Gu soient 
telles qu'une structure magnetique ait son 
energie minimale pour Hy = 0. Les equations 
(4) et (5) n’entrament aucune solution 
psuticuliire pour ct H,. 

La direction de //a done de Sa est contenue 
dans ie plan (010). Cherchons pour une 
direction donn^e de //a quelle configuration 
adoptent les moments B. II suffit de calculer 
les composantes de chacun des moments B: 
(cf. equations 10-11 et 12). On obtient les 
relations: 

[ W:/ = 



• M;," = -Ma‘' et Af," = = 0 

M/ = A// 


Fig. I. Configuration magnetique en forme de pyramide 
distordue coirespondant i la solution 0, A/, et 
ditferents de z^ro. 


A/./, A/s*, Af„-' et A/fl' ont des valeurs toutes 
distinctes et different aussi de celles des 
composantes de A/., et M^. 

L.a structure magnetique correspondante 
est done caracterisee par la configuration des 
moments fl suivante: - l.es moments A/j et 
Afa sont de longueur egale ct sont disposes 
symetriquement par rapport au plan ( 010 ). 
- Les moments M, et ne sont pas de 
longueur egale entre eux et n’ont pas non 
plus celle de Mj et A/^; ils sont contenus dans 
le plan ( 010 ). —Les r^sultantes: M 3 + M., et 
Ms + M« contenues dans le plan (010) ne sont 
pas colineaires entre elles et aucune ne I’est 
non plus avec Sa- Le resultante generate 
Rfl = Ma-f M 4 + Ms + Mg n’est pas non plus 
colin 6 aire ^ 5.^. 

La configuration magnetique correspondant 
kHy=0, representee Fig. 1, est done de type 
pyramidal distordu et elle n’admet comme 
element de symetrie qu’un plan ( 010 ). Cette 
structure extremement complexe a ete trouvee 
experimentalement dans le cas de FeMn 204 
18] bien que la diffraction des neutrons sur 
poudre n’ait pas permis de raffiner les para¬ 
metres. 

(3.2.2) Spinelles cubiques. Si == 0 corres¬ 


pond ^ un minimum de I’energie, I'equation 
( 11 ) qui represente la condition de stabilite 
devient: 



II n’y a pas de relation simple entre et 
Ht et il pent done exister une solution dans 
le plan Hy = 0 , e’est-a-dire en revenant au 
systeme d’axes naturels du cube, dans les 
plans de la forme ( 110 ). 

En calculant de la meme maniere que 
precedemment les composantes des moments 
des ions B pour une direction donn 6 e de Ha 
dans le plan Hy = 0 , on trouve exactement les 
memes relations que dans le cas des spinelles 
quadratiques (cf. 3.2.1). 

La configuration des moments magnetiques 
est done tout a fait semblable a celle trouvee 
dans le cas precedent et la Fig. 1 qui la 
represente dans le cas general quadratique 
est egalement vaiable pour le cubique a 
condition de remplacer les axes cristallo- 
graphiques [ 100 ] et [ 010 ] du systeme quadra- 
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tique par [ 110 ] et [ 110 ] respectivement, pour 
le syst^me cubique. 

(3.2.3) Remarques. II est interessant de voir 
que dans le cas ou = 0 est une solution 
stable, les spinelles cubiques et quadratiques 
se comportent de la mSme mani^re. II existe 
des solutions encore plus particulieres dans 
ce plan: ceiles qui correspondent a des 
directions cristallographiques simples: [ 100 ] 
et [ 001 ] dans le quadratique et [ 110 ], [ 111 ] et 
[ 001 ] dans les spinelles cubiques. 

(3.2.4) La direction [100] du quadratique 

(ou [ 110 ] du cubique) est caracterisee par la 
relation supplementaire: = 0. En annulant 

done H, dans I’expression des composantes 
des moments B, on est conduit aux relations 
suivantes: 

= M./ = = A/.,* = 0 

et 

' = 

Ws" = A/a" = 0. 

. A/s* = -A/a* 

La structure magnetique correspondante 
est beaucoup plus simple que dans le cas 
general, en elfet: —les moments A/j et 
(de longueur egale) sont colineaires a 
suivant I’axe Ox (direction [100] du quadra¬ 
tique ou [ 110 ] de cubique) —les moments 
A/s et A/g sont dans le plan xOz et symetriques 
par rapport a I’axe Ox. Cette configuration 
magnetique est representee Fig. 2. 

(3.2.5) La direction [001] (cubique et 
quadratique) est caracterisee par (a relation 
supplementaire //^ = 0 qui entrame pour les 
composantes des moments B les relations 
suivantes: 

A/ 3 *= A/,*= A/," = A/ 8 " = 0 
■ A/s" =-A/4" =-A/s*^ = A/g' 

A/s* = A/ 4 * = A/s* = A/g*. 



Fig. 2. Configuration magnetique correspondant ^ la 
solution particuliere //„ = W, = 0 et //, = Ht. 

La Structure particuliere correspondante est 
done caracterisee par un arrangement pyram¬ 
idal regulier des moments B (de longueur 
identique) d’axe de symetrie [001]. La resul- 
tante des moments B est colineaire a S 4 . 
Cette configuration magnetique est represen¬ 
tee Fig. 3. 



Fig. 3. Configuration magnetique correspondant ^ 

= W, = 0,//. = A/4. 

(3.2.6) La direction [111] dans le systeme 
cubique est une direction tr^s particuli^re qui 
n’a pas d’equivalent dans le systeme qua¬ 
dratique. Elle est caracterisee par la relation 
{V2lV3)H^. 

II est interessant dans ce cas d’expliciter les 
composantes des moments A/*: 
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3 vTjf„G„ 

V3V8GU + Gh 

Af3. = _Af,v = 

V8G!, + Gi, 

Af*= if.- * 2g,iG„ + g33G33 

VT V8G?, + Gi; 

^^2^11^11+^22^22 r' 

~^"V8G?,Tg|3' * 

M,o-=Q 

.. I ^gilt'll "^.’22^22 

■’ ~V3 V8G?, + Gi2 " 


et 


V 2 

M»‘' = 0 

^h’ ~ #i'22Mw5«' 


On constate immediatement que Af« est 
colineaire a 5,^ et si I’on calcule la resultante 
generaJe des moments B: Rh = M,., + + M., 

+ Mb on la trouve egalement colineaire a S^. 

Cette structure magnetique est done 
extremement curieuse car bien que les 
moments B soient de longueur inegale et 
occupem des positions non particulieres ni 
dans I’espace cristallin ni par rapport a 
(sauf leur resultante R,i est alignee avec 
Sa- Cette configuration est representee Fig. 4. 


(3.3) Solutions particulieres H,, = 0 
II est interessant de voir quelles solutions 
peuvent exister lorsque I’energie du systeme 
est minimum pour 7/^ = 0 e’est-a-dire Sa dans 
un plan de base. 

(3.3.1) Spinelles quadratiques. La condition 
d'equilibre dEldHj. = 0 s’ecrit dans ces 
conditions: 

(Gf,-Ci2-G^2)//.(^-^) = 0 



rig. 4. Configuration magnetique comespondant ^ la 
solution tris particuliere oil est paralieie a la direction 
[III] dans un spinelle cubique. 

en supposant (G^, — G^j —G 32 ) 0 deux 

solutions sont evidentes: 

( 1 ) Hj. — 0 qui, joint a 7/^ = 0 , conduit a 
une solution tout a fait semblable a celle 
decrite pour 7/„ = 77* = 0 (voir 3.2.4) 

(2) 1/a — 1//3 = 0 ceci entraine 7/j, = 7/„ = 

//./Vl 

l.es moments Sa sont done diriges suivant 
une direction [ 110 ] du spinelle quadratique. 

Les composantes des moments B corres- 
pondant a cette solution obeissent aux rela¬ 
tions; 


Ma^= 

■ A7/= 475' = Mg* 

M3* = —Ma — —Mg* = Mg*. 

La structure magnetique a done les carac- 
terisdques suivantes; 

(a) les moments des sites A sont paralleles 
a la direction [ 110 ] 

{b) les moments des sites B -de longueur 
identique- sont divises en 4 sous-reseaux 
formant une pyramide d’axe [ 110 ] et com- 
portant comme plans de symetrie les plans 
(001) et (110). Cette configuration est 
represent 6 e Fig. 5. 

(3.3.2) Spinelles cubiques. L’equation 
d’equilibre dEfdHx = 0 se reduit ici ^i: 
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Fig. 5. Configuration magn^tique coirespondant a la 
solution H, = 0 et Wx = W, = HjVl. 

Les deux solutions trouvees dans le cas du 
systfeme quadratique se retrouvent ici, les 
configurations magnetiques correspondantes 
sont les memes et il suffit de changer les 
directions (100] et [110] du quadratique en 
[110] et [100] respectivement pour etre dans 
le syst^me d’axes cristallographiques naturels 
du spinelle cubique. 

(3.4) Solutions particulieres H, = Hy 
(3.4.1) Spinelles quadratiques. La condition 
d’equilibre dEIdH^ = 0 s’ecrit dans ce cas: 


M,* = M." 

M 3 ‘' = Afe* et 
Ms" = 


W/ = Ws" 
A// = Ms*. 


Les moments B forment done une pyram^e 
de base trapezoi'dale admettant le plan (110) 
comme plan de sym^trie. La forme de la 
pyramide est d’ailleurs fonction de sa direc¬ 
tion dans I'espace (Fig. 6). 

Les solutions limites correspondent d’une 
part a S^||[001] et celle-ci a deja cte decrite en 
(3.2.5) et d’autre part a 5J[110] egalement 
dej^ decrite en (3.3.1). 



Fig. 6. Configuration magnetique coirespondant k 
= * 0 . 


(3.4.2) Spinelles cubiques. La condition 
d’equilibre se reduit a: 


(G?, + Ci,+ GSj-2Gi3-2G§,)(^-Fi)//, 

+ (G22(J23 (^32(^33) ~ ^ ~ ^ 

' (15) 

qui meme en appliquant la relation H/ = 
+ ne conduit pas h des solutions 
particulieres en ou II existe done une 
solution generate coirespondant i une direc¬ 
tion quelconque de S^ dans le plein (110). 

La configuration des moments des ions des 
sites B coirespondant 4 une direction donnee 
de 5^ est caracterisee par les relations 
suivantes: 


( 2//A/1 1\ 

(GL-C5.)(//2-^)(--^) = 0 

ce qui conduit a deux solutions seulement; 

(1) 1 / 0 —l//3 = 0 qui entraine H^ = 0. Ce 
cas a deja ete decrit en (3.3.1) et (3.3.^. 

(2) H,-2H/IH, = OsoitH,=‘V2Hi. 
Dans ce cas S^ est dirige suivant une direction 
[101] de cube. Cette solution est evidente car 
elle est tout a fait semblable a celle trouvee 
pour une direction cristallographique equi- 
valente: [110] en(3.3.1) ct(3.3.2). 

4 . REMARQUES 

L’etude des structures magnetiques pos¬ 
sibles engendrees par I’anisotropie dans les 
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spinelles quadratiques et cubiques et dans le 
cadre des hypotheses formuiees au debut du 
chapitre II, montre qu’il existe des configura¬ 
tions de spins non colin6aires et meme parfois 
tres complexes. L’intdret de ce developpe- 
ment est qu’il ddmontre qu’il n’est pas besoin 
de considerer des interactions BB du meme 
ordre de grandeur que les interactions AB 
pour qu’existe une structure non-lineaire et 
en particulier une structure de type Yafet- 
Kittel (cas particulier d’une structure pyra- 
midale). 

II est tr^s important de remarquer qu'a une 
structure magnetique anisotrope donnee dans 
une direction donnee et determinee par son 
energie, correspondent d’autres structures 
d’energie egale dans des directions cristallo- 
graphiques equivalentes. Mais les dispositions 
relatives des moments des quatre sous- 
reseaux B sont differentes (cf. 3.1.3). II n’est 
pas possible de retrouver ce resultat par un 
calcul de champ moleculaire sans tenir 
compte de I’anisotropie. Or des etudes experi- 
mentales par diffraction de neutrons [6-8] ont 
montre indiscutablement que les configura¬ 
tions des moments B dependaient de leur 
direction dans le cristal. 

La determination de structures par le calcul 
expose ici entraine automatiquement I'exist- 
ence d’anisotropie. Ceci peut sembler evident 
mais montre bien la difference d’origine de 
structures non-lineaires et partant de leurs 
proprietes. Celles ayant pour origine I’aniso- 
tropie, en comportent obligatoirement alors 
que celles ayant pour origine de fortes 
interactions BB ne peuvent avoir qu’une 
anisotropic faible, sinon on retombe auto¬ 
matiquement dans le traitement precedent. 

Le comportement de ces deux types de 
structure est trds different lorsqu’un champ 
exterieur est applique comme nous allons le 
voir au chapitre suivant et ceci est un critere 
de distinction. 


5. COMPORTEMENT D’UNE CONFIGURATION 
MAGNETIQUE ANISOTROPE EN PRESENCE IPUN 
CHAMP EXTERIEUR 

Les configurations magn6tiques anisotropes 
que nous venons de ddhnir sont 6troitement 
li6es a leurs directions dans I’espace cristallin, 
il est done tr^s interessant de suivre leurs 
comportements lorsqu’un champ magnetique 
exterieur est applique et les force 4 changer 
leur orientation. 

(5.1) Cas general 

Nous avons deja ecrit I’energie minimale 
par rapport aux spins en presence d’un 
champ exterieur; equation (3). 11 est possible 
de determiner la direction stable de S ,4 en 
presence de champ exterieur, en minimisant 
cette energie par rapport a S,, (ou H^) et en 
procedant de la meme faqon e’est-a-dire en 
d6rivant par rapport aux composantes sur les 
axes, on aboutit en tenant compte de la 
2 (5^')^ = S/ a deux equations: dEldS/ = 0 

et dEldS/ = 0 par exemple, qui donnent 
directement la relation entre (ou H,^) et H«, 
par I’intermediaire de leurs composantes. 

Dans le cas general ces relations sont 
extremement compliquees mais permettent 
theoriquement de resoudre completement le 
systeme en fonction de la valeur de Hq. U 
devient en effet possible de calculer ensuite 
toutes les composantes des divers moments 
Af« qui s’ecrivent; 

Pb 2 

2 Hvl (H/Gu + Ho'g^) 

i i ^ 

~ Ph I - f - 

V2 [2 (16) 

Pour donner une idee de la complexite des 
expressions ecrivons par exemple la compo- 
sante du moment M 3 sur Oz dans le cas d’un 
spinelle quadratique: 


M:,’ = 

gi'A G32BCj 23 Hg + g2‘2 H o’’ G32HC33H2 + -t" ^ 

\'{G„Hr-^f!uH„n^ + (G2-2Hy+C23H2 + S' 2-2 Wo" + S 2.-1 «o' Y+i 0^2 //„ + G 33 //. 4- g32 ««“ + S'oO Ho‘ 
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Toutes les autres composantes sont aussi 
compliquees et il n’est pas interessant de 
vouloir discuter dans le cas general. II est par 
compte beaucoup plus facile de voir ce qu’ii 
se passe lorsque le champ magn6tique est 
applique suivant des directions cristallo- 
graphiques simples et dans des cas de con¬ 
figurations magnetiques correspondant k des 
solutions particulieres a champ nul. 

Les cas que nous allons etudier sont pris 
dans le systeme quadratique et proches de 
r^sultats expeiimentaux qui seront publics 
prochainement; 

(a) cas de la structure pyramidale distordue 
de plan de symetrie (010), Ho etant applique 
suivant la direction [010] 

(b) cas de la structure pyramidele d’axe 
[110], le champ Ho etant applique successive- 
ment suivant les directions [001] et [100], 

(5,2) Structure pyramidale distordue de plan 
de symetrie (0\0) 

Cette structure definie au section (3.2.1) et 
representee Fig. 1 est caracterisee par la seule 
condition particuli^re a champ nul: 

«o = 0 . 

i5.2.\)lAoparalldle d la direction [010]. Les 
composantes //o* et Hn’’ du champ Ho sont 
nulles. Enappliquant les conditions d’equilibre 
= 0, on ne trouve pas de relations 
simples entre les composantes de H,, et cedes 
de Ho mais il est tout de meme possible de 
decrire le type d’^volution de la structure 
magnetique en etudiant les variations avec 
et Ho des diverses composantes des 
moments magnetiques B. Sans entrer dans 
les calculs compliques, la Fig. 7 donne 
quelques phases de revolution de la configura¬ 
tion des moments B lorsque H„ croit. On peut 
voir que la pyramide qui existait ^ champ nul 
se transforme compl^tement au fur et a 
mesure du changement de son orientation 
pour aboutir finalement quand Hg devient 
grand par rapport a I’anisotropie It une 
configuration limite analogue a cede deja 
trouvde en (3.2.4) (Fig. 2). 


(5.3.) Structure pyramidele d'axe [110] 

Cette structure a definie au paragraphe 
(3.3.1) et est caracterisee h champ nul par 
= 0 et //, = //„ = HjVl. 

(5.3.1) Ho parallile d la direction [001]. On 
a evidemment dans ce has = Hd' = 0 

En rempla^ant dans I’equation 3 les compo¬ 
santes sur Oy de (et Sa), en fonction de 
cedes sur Ox et Oz et en appliquant les 
conditions d’6quilibre, on voit immediatement 
que Hx = Hu rend identiquement nude 
I’equation dEldHx et qu’alors I’equation 
dEJdH, = 0 donne une relation entre et 
Ho. L’on voit done bien que partant d'une 
structure dirigee k champ nul suivant la 
direction [110], I’application d’un champ 
magnetique suivant la direction [001] fait 
deplacer dans le plan (TlO) (e’est-a-dire 
Hx - Hu quel que soit Hd) puisque cette 
solution correspond au minimum de I'energie. 

Sans ecrire ici les expressions detaidees des 
composantes des moments B on a toujours 
entre elles les relations suivantes; 


W3* = Md' 

et 

M3* = Me* 


M/ = Ms*' 
Md' = Ms*. 
. M4* = Ms* 


La configuration magnetique reste done 
toujours symetrique par rapport au plan 
(110). La Fig. 8 presente quelques etats inter- 
mediaires de la configuration des moments B 
en fonction de I’intensite croissante de Ho. 
Lorsque Ho est devenu suffisamment grand 
par rapport a I’anisotropie les relations entre 
composantes des moments deviennent a la 
limite: 


M3*=M6''= M4*= M 5 '' = 0 

Ms* = Ms* = -Md' = -Ms' 
M 3 *=M«*= M4*= Ms* 

e’est une pyramide de base carree et ayant 
pour axe de symetrie la direction [001]. La 




lamp exteneur applique suivant la direction [OiO] d’un spinelle quadralique. 
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Fig. 8. Evolution de la configuration des moments fi—d'une solution H, = 
0 et = Hy k champ nul—en fonction de I’intensiU croissante du champ 
exterieur Ho applique suivant la direction [001 ] d'un spinelle quadratique. 


disposition des moments est tout a fait 
analogue a celle de la structure decrite en 
(3.2.5)(Fig. 3). 

L’ 6 volution de la structure entre les deux 
limites correspondant k Ho = 0 et Ho grand 
est interessante suivre. En effet, on peut 
tout d’abord remarquer que Mt’ et A/s* 
s’annulent pour une certaine valeur de champ, 
ceci est naturel car les moments et A/s 
etaient au-dessous du plan de base ^ champ 
nul. 

Pour une autre valeur du champ applique, 
A/ 4 *' et A/s* s’annulent, les moments et A/s 
sent contenus alors les plans ( 010 ) et ( 100 ) 
respectivement; les moments A /3 et A/g sont 
toujours symetriques par rapport au plan 
( 110 ) mais n’occupent pas de positions 
particulieres. Ho continuant a croitre les 
quatre moments deviennent coplanaires apr^s 
que deux d’entre eux (Mg et A/g) soient 
devenus paralldles et dans le plan ( 110 ). 

(5.3.2) Hj parallile & la direction [100]. 
Les composantes H^'’ et H„* sont done 
nulles. On veriiie aisement comme dans le cas 
precedent que partant a champ nul d’une 
structure ou //, = 0 , en appliquant la champ 


Ho suivant la direction [100] la composante 
Hy restant nulle correspond bien au minimum 
de I’energie puisque dE/dHt est identiquement 
nul quel que soil Ho et dE/dH, = 0 donne la 
relation entre et H©. Lorsque I’on fait 
croitre le champ exterieur depuis une valeur 
nulle, les moments des sites A restent done 
dans le plan ( 001 ). 

Sans expliciter ici les valeurs des compo¬ 
santes des moments B en fonction du champ 
exterieur, les relations suivantes sont toujours 
verifiees: 


A/3*= A/g* 

A/3*'= A/g" et 
A/j* = -A/g* 


A/5*= A/g* 
A/5‘'= A/g** 
A/g* = -A/g*. 


La configuration magnetique admet done 
toujours le plan ( 001 ) comme plan de sym^trie 
quelle que soit la valeur de Hg. 

En supposant Ho sufiisamment grand par 
rapport a I’anisotropie, les composantes des 
moments B deviennent h la limite: 
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A/a* — A/4^ — 11 ^B'^a 

• ^3"= A/4‘' = 0 et 

A/3‘=A/4' = 0 


A/s'= A/g' 
Ms‘'= M»‘' = 0 

A/*' = -A/fl* 


et A/j^ sent des fonctions de ^o- Les 
moments M, et A /4 tendent a devenir tons 
deux parall^les a la direction [ 100 ] alors que 
les moments A/j et A/g viennent se placer 
symetriquement par rapport k la direction 
[100] dans le plan (010). L'angle entre A/* et 
la direction [100] est fonction de I’intensite 
de //„. 

La Fig. 9 schematise le comportement de 
cette configuration tel qu’il vient d’etre decrit. 


structures de meme energie dirig^es suivant 
des directions ^quivalentes de I'espace 
cristallin. Ces structures sont globalement 
identiques, la seule difSirence 6 tant que pour 
chaque direction existe un arrangement differ¬ 
ent des moments B. II est evident et tris 
facile de verifier par le calcul, que les deforma¬ 
tions des structures equivalentes sous Taction 
d’un champ exterieur dirige de la meme 
maniere relative par rapport k chacune d’elles, 
sont les memes. II suffit dans chaque cas de 
considerer la configuration de moments B 
correspondante. 

Si maintenant au lieu d’examiner Taction 
d'un champ dirige de la meme maniere relative 
par rapport k des structures equivalentes, 



H, — 0 et //, = //„ i champ nul —en fonction de I'intensit^ croissante 
du champ exterieur Ho applique suivant la direction [100] d’un spinelle 
quadratique. 


(5.4) Remarques 

L’evolution des configurations magnetiques 
en presence d’un champ exterieur n’a ete 
d^crite ici que dans quelques cas particuliers 
et il faut bien noter que les figures qui les 
representent, ne sont que des modules. En 
effet, les valeurs relatives des parametres 
Hu et Gii conditionnent les deformations de la 
structure et peuvent evidemment modifier 
Tordre de la succession des phases inter- 
m^diaires comme par example celles de la 
Fig. 8 . 

D'autre part, nous avons toujours examine 
des structures contenues dans un seui octant 
de Tespace cristallin. Or comme nous Tavons 
deja fait remarquer, i) existe naturellement des 


envisageons Taction d’un champ sur un mono- 
cristal. Pour plus de simplicite prenons un 
spinelle quadratique ayant la structure magn 6 - 
tique definie au (3.3.1) e’est-a-dire une pyra- 
mide d'axe [110]. Dans un monocrista d'un tel 
spinelle, existent done quatre domaines 
magnetiques coirespondant aux quatre 
directions equivalentes a la [ 110 ], chacun de 
ces domaines est caract 6 rise par une con¬ 
figuration de moments B (Fig. 10). Appliquons 
le champ exterieur Hg suivant la direction 
[100]. La structure dirigde suivant la [110] va 
se comporter comme cela a et€ decrit Fig. 9. 
La structure dirigee suivant la direction [110] 
(qui n’a pas le meme groupement de moments: 
M 3 et Mi sont permut 6 s) subit les mSmes 
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OopoatUon* rcUlrvM d«s nwrmrts 8 
au(M3nt l«s 4 drectons 


Kig. 10. Disposition des moments dans les quatre 
configurations d'dnergie igale mais dont les axes de 
sym^trie i champ exterieur nul sont les quatre directions 
cristallographique.s Equivalences de la forme [IIOJ dans 
un spinelle quadratique. 

deformations globales mais par rapport a la 
precedente: M 3 et M^ sont constamment 
symetriques de leurs homologues par rapport 
a I’axe [100], Mj et Mg eux, sont toujours 
symetriques de leurs homologues par rapport 
au plan (010). Lorsque Hg est devenu suffi- 
samment grand, les deux structures sont 
confondues dans le plan (010) (cf. Fig. 9). 

De la meme mani^re, il est aise de voir et 
de calculer que les deux autres structures 
dirigees suivant les directions [110] et [110] 
se rapprochent progressivement des plans 
(100) et (OlO^respecdvement, passent par les 
directions [110] et [110] respectivement oii 
elles retrouvent des groupements de moments 
analogues a ceux des structures qui y existaient 
a champ nul et eniin viennent se confondre 
avec les deux autres dans le plan (010) pour 
ne plus former qu’un monodomaine de struc¬ 
ture magnetique unique. 


II > a done une solution de continuite dans 
I'espace entre les structures ^quivalentes qui 
se transforment Tune en I’autre si le champ 
magnetique exterieur les oblige ^ changer de 
direction. 

6 . CONCLUSION 

Dans le cadre d’hypotheses simples, il a 
ete developpe un calcul de champ moleculaire 
qui fait intervenir I’anisotropie comme 
element principal dans les spinelles cubiques 
et quadratiques. Parmi toutes les solutions 
generales ou particulieres decrites ici, une 
seule peut naturellement exister dans un cas 
donne; e’est celle ayant I'energie minimale. 
II eut dte possible de faire une discussion 
suivant les valeurs relatives des Gy et go sur 
les domaines de stabilite des differentes 
structures, mais les expressions sont si 
compliquees qu'il eOt ete sans interet de 
formuler des inegalites trop complexes. 

L’interet de ce developpement est qu’il 
permet a partir de structures-solutions des 
equations d’equilibre-d’analyser leur com- 
portement en presence d’un champ exterieur, 
ce que ne permet pas la theorie des groupes. 
L’etude de revolution des configurations 
magnetiques quand un champ est applique 
montre bien la difference entre des structures 
dehnies sans tenir compte de I'anisotropie et 
celles ou I’anisotropie est un facteur de base. 
Une structure telle que celle dehnie par Yafet 
et Kittel par exemple ne peut avoir ces 
proprietes et nous verrons que dans le cas 
des manganites spinelles [10], I’experience 
confirme I’existence d’un tel comportement. 
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Abstract —The method of double-time Green Functions is used to investigate a system of two magnetic 
impurities. It is found that the quasibound state at the Fermi surface of the isolated impurities splits 
into two, symmetrically spaced either .side of the Fermi surface, when the separation becomes hnite. 

Tc IS shown to be independent of the impurity separation and the two impurity contributions to the 
resistivity is calculated for 7 - G within the approximation that the separation is not small. The 
resistivity of the interacting system is found to be less than for two isolated impurities. This result is 
extended to a real alloy by summing over impurity sites in pairs. 

INTRODUCTION among other things, that his Tc was indepen- 

SiNCE Kondo’s paper[l] was published in dent of the concentration, and this result is 
1964, great interest has been shown in the reproduced here. However, he took an average 
problems posed by dilute magnetic alloys, over the impurity sites before solving the 
The s — d exchange model has been the most equations of motion, thereby removing the 
prominent starting point for authors in this effect of correlations between impurities, 
field. In particular, Nagaoka[2] used the Here, we use a Takano and Ogawa’s pro¬ 
method of double-time Green Functions to cedure[3] to investigate in detail a system of 
obtain Kondo’s result and show that the two impurities below the critical temperature 
singular Log T behaviour disappears at low Tc. It is found that, for a finite separation, two 
temperatures. Takano and Ogawa[3] sim- quasibound states exist below Tc, as opposed 
plified the solution of the equations of motion to one in the single impurity system, and that 
for the Green Function by second quantising Tc is independent of impurity separation. The 
the impurity spin operator and using an alter- relaxation time and the 2-impurity contribu- 
native decoupling scheme. In the main, con- tion to the resistivity are calculated as a func- 
centrations have been assumed to be small tion of the distance between the impurities for 
enough for interactions between impurities to large separations and temperatures close to 
be neglected, so that each impurity could be zero. It is found that the correction due to the 
treated individually. Notable exceptions have finite separation causes the resistivity to be 
been Breseman and Bailyn[4], who used reduced. 

Nagaoka’s procedure on the two impurity In the last section resistivity of a real alloy 
system to extract the RKKY interaction, and is estimated by summing over impurity sites in 
M.f. Beal-Monod[5] who has calculated the pairs, 
two impurity resistivity in the region of the 

Kondo minimum. *• Hamiltonian 

Nagaoka extended his original paper to take Using the j — </exchange model, the Hamil- 

into account moderate concentrations [6] by tonian for a system of two localised spins 
using a multi-impurity Hamiltonian. He found, situated in Ri and R 2 interacting with the 
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conduction electrons is 

tfr fi-l ir 

+ cf_c,^S/) (I.I) 

where N is the total number of atoms in the 
crystal and J is the strength of the exchange 
interaction and is negative for an antiferro¬ 
magnetic coupling, which is the case we 
consider. 

The impurity spin operators are second 
quantised as follows 



(1.2a) 

S + Of, f-Of,. 

((.2b) 

S"-= a*. a„, 

(1.2c) 


where we have taken S = i for simplicity. 

The commutation rules are now given 

(C k,r. C * =fi|(k'S(rrr'" 

[n. t ] f 0. (1.3) 

2. (JREEN FUNCTION AND EQUATION.S OF 
MOTION 

We consider the Green Function [7] 

Gir-(2.1) 

which satisfies the equation 


Green Function on the right hand side. Obtain¬ 
ing the equation of motion for this G.F. would 
bring in higher order G.F.'s still. So, we must 
simplify the equation by making a decoupling 
approximation. In this we follow Takano and 
Ogawa's[3] procedure, remembering that the 
average of an operator which does not con¬ 
serve total spin vanishes, Nagaoka[2]. This 
was shown to be true for antiferromagnetic 
coupling by Takano and Ogawa[3]. 

The decoupling procedure gives:- 

( iff UncU/i/jj ) ) 

( (C|(7 |C|+) ) 

+ <t„Xa>«fl„fl|CG>>6„„. (2.3) 

Therefore 

(6>-€k.)G,,,(a.)±^ ^ e-'‘ «.[<.S?)G„k 
n^y 

+ (2.4) 


where we have made the abbreviations 


a,k = 2 e'”*" ("J+fn) 

I 

a,r = s e'"‘“ {at-c, } 
) 

G„k = 2 c'^-Gki 

I 

F„k = ((«„7|c^+>>. 

If we remember that 

(r lir ^hltr) 


(2.5) 


( 2 . 6 ) 


(6> ~ Sk ± is )Gkk ((a±i8) = 


2tt 




+ c,_5'llcG)) (2.2) 


where the ±(6 refer to the retarded and ad¬ 
vanced forms. Henceforth, we suppress the 
±(6 except where significant. 

Equation (2.2) introduces a higher order 


then the equation of motion for F„k and the 
equation for a,„ which will complete the set of 
self-consistent equations, are: 

wF„k-l-^((r2F„k — (i«,/ -l-a„^))G„k = 0 

(2.7) 

and 

a„ =/ J d(w)/(co) 2, (F,u(«o + /S) 

-F„, (a>-i6))e"«- 


( 2 . 8 ) 
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where 

^ 1 

The bar refers to the complex conjugate and 
the additional abbreviation 

<ri='2e <f,++C|+-c,lC|._> (2.9) 


a„= 1 I d(of{(o) 

J —« 

X 2 (F «1 (cu + (6) - F,„ (to- /S) je-" *-. (2.13) 

I 

3. SOLUTION OF DECOUPLED EQUATIONS 
By dividing (2.11) by (a» —Ck-±/5), multi¬ 
plying throughout by e'" '' and summing 
over k' we obtain 


has been made. 

In calculating (2.7) we have used the follow¬ 
ing decoupling procedure 

(^^aalrkf)) { Ci'o-| t k-4-) ) 

( 2 . 10 ) 


^Ik ^ "I" d2^2~ ^2k) 


2'ir{(o — e^±iS) ' ' 

And a similar equation may be obtained for 
f»2k. 

Here, we have made the approximation 


A consequence of the fact that there is no 
external magnetic field is that the electron 
spins and the impurity spins have no preferred 
direction. This means 




1 

to — Ck ± iS 


— ■+■ pni 


and taken 


(1) <5?)=0 

(2) (t'i^^.c,.+) = (r,_c,..) 

which implies 

orj = 0 



^ik (R.-Rj) 

to — Ck ± iS 


where p (to) is the density of states and 


p(to) = p(0) = p 


(3.2) 


(3.3) 


(3) (tij+c,+) = (ti^_C|_) />± may be calculated using a free electron 

model. If is the momentum corresponding 

which implies energy to, then, for large separations, R 


a,/= a„~ = a„. 

So, the self con.sistent equations for the Green 
Function for the system with no magnetic 
field are;- 

(to — Ck') Gkk “ ^ e '*' *■ a„F„^ = 2^ 

( 2 . 11 ) 

3/- 

^^0!,|G;ik (2.12) 


and from (2.8) 


~ 


0 ^ikuR 


(3.4) 


Details of this calculation are included in 
the Appendix, where it is also shown that 
Pfz = Pfi. This quantity is henceforth referred 
to as F-, the (o dependence being understood. 

The solution at (3.1), together with (2.11)- 
(2.13), involve the introduction of quantities 
A„, rt = 1,2 which are defined as follows: 




9J^pn 

16N2 


«„a„, n= 1,2. 


(3.5) 
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It may be seen from an examination of a 
system of an isolated impurity situated away 
from the origin and the symmetry of this 
problem that 

Ai=A3 = A. (3.6) 


4 . THE INTEGRAL EQUATION FOR A 
To this end we must use equation (3.7), 
which gives together with equation (2,13) 
fortt„. 

The subsequent manipulation requires the 
summation of the series 


The results one obtains are 


FM = 


370, 1 


(e'*"*' ((ti±iA) 


2] e **■ F,i (<i)±iS) =|^p[-t-((<o±L42) 

+ A(Pn^]. (4.1) 


+ e‘'^^AP^) 


(3.7) 


As a results is determined by 


and a similar equation for F 21 , and 


(«^) = 


Skk' 


I 


27r(w —tk) p7rA-(oj —€k)((<)“ek') 
X [A((.ii:iA){e'<>^ ^+e'"‘ ''■"‘>) 

(3.8) 


where 


A"^ = (oi±(A )'^~AHPn^. 


Primarily, wc are interested in the relaxation 
time Tk which leads to the conductivity. So we 
require the Green function O’ kk which is given 
by 


27T(tU "€k)Gkk 


I + — r - ^ —T 

PTT(o) - €k) 


(3.9) 


where 


^ =^r(ajrt(/l)+/(p-COsk.R] (3.10) 


where R = Rj — R, 

each term in 2" is of the order 


Here, we assume 


p or higher. 
P ^ I, and, therefore. 


Gkk(t<>±i8) 

2it 


o> —ek — 



(3.11) 


The problem now remaining is to find A. 


1=^ 

(4.2) 

where 

X + iY={P-y. (4.3) 

This equation goes over to the form for a 
single impurity [3] when the impurity separa¬ 
tion R, becomes very large. 

Equations (3.11) and (4.2) are true for all 
temperatures and separations. Apart from the 
usual pole at w = tk- the retarded Green Func¬ 
tion (3.11) has two additional poles when 
u> — Ai±AP^{(o). 

A is essentially a separation dependent form 
of Nagaoka’s A and we see that in the region 
where P- is independent of w[8], the quasi¬ 
bound state of the single impurity system 
splits into two, symmetrically spaced either 
side of the Fermi surface. I'he energies of the 
two resonances are ±AH with corresponding 
widths/I (1 ±K) where P- = (H^K). 

The exact separation dependence we obtain 
for A is not required for the main conclusion 
of this paper, but it is interesting to notice 
that when A = 0 the additional poles of the 
Green Function are removed. This condition, 
therefore, defines T^. the temperature at which 
the quasibound states disappear. So. T(. is 
determined by 

, = (4.4) 

4A J 0) 
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which is the same result as in the isolated 
impurity system. Therefore, is independent 
of /{. In a real system of impurities in a metal, 
this will be reflected in an independence at 
concentration. This is in agreement with 
Nagaoka’s result [6]. 

5. THE CONTRIBUTION TO THE CONDUCTIVITY 
In working out the effect that two impurities 
separated by a distance R has on the elec¬ 
trical conductivity, we must make approxi¬ 
mations in the Green function. When working 
out the conductivity from the relaxation time 
Tk, we have to integrate over the directions 
of k. This means that any terms of the form 
P*cosk.R will result in a factor l/(/c,.J?)*. 
Bearing this in mind, we shall expand the 
Green Function in powers of ll{kfR)^. The 
Green Function will give us the relaxation 
time and hence the conductivity. We expand 
which is essentially the self-energy of 
the retarded Green Function, to first order in 
;fandy 


X +_ o)+Ai+AL .. 

where 


X (AoX{Ao^ - 3a>*) - uYio)^ - 3/4„*)) J. 

(5.3) 


The two impurity relaxation time Tk is 
obtained from the imaginary part of the self¬ 
energy of the retarded Green Function 
Ckk (w) 


Guiito) 2A 

—=-= to —ek-> 

2ir PIT " 


(5.4) 


So we have 


X (U-Ao^)-'L4,K^L^) 

-Ck>'(«w*-3/fo*))]. (5.5) 


Inverting both sides 


L = cos R k = L^ + L,. 

We now write A =Ao + SA where SA contains 
all the R and / dependence of A. Retaining 
only terms of order SA, (5.1) becomes 


_ pTT 




_ 1 ApL-iSA A,^{P*V 

oi + iAo (w + iAoV (to-l-i/4{,)®’ 

Rationalising this expression we obtain 




v = — 

to' 


_ qy — iAp 


+ 


1 


-f/fo® l(oy^+A,^y 


{AoL/iiw^ Aq^) 


-f IAo^cjLi — 2ojAo8A) + 

X (Jftu(to®-3^0®)-(-^oy(^o*-3to®))j 

‘‘‘{(to®-1-/40®)®^'^®^'^"'“'^“*^ 


We now calculate the change in the conduc¬ 
tivity due to two impurities, Atr. The formula 
we use is 

For terms involving R, we may essentially 
take—d//aCk to be a 8-function. 
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Using this, together with the integrals 



we obtain 


With the more severe condition kpR > I we 
may write 

Pres = P2[\~j[^J-pt,(R)) ( 5 . 10 ) 

where 




Pl2 = 


cos^ kpR 




I 


{k,.Ry 2(krR) 


( 5 . 11 ) 


where //„ = //„„ (see Appendix) etc. 

This result is true for (/.,. /?) '''^ I. 

Hence 

Pr,.s = P2(l - yQ' - ~ i/f,/) (5.9) 

2 /;/ ^ 

where n., = — 5 — which is the zero ternpera- 
' ne^f)TT ^ 

ture resistivity for two isolated impurities, 
and n is the total number of conduction * 
electrons, and m* is the effective mass of the 
conduction electrons( 2 ]. 

We see that the effect of including the inter¬ 
action between the impurities due to a finite 
separation is a reduction in their composite 
resistivity. 

The way //„ depends on R is shown in 
I'ig. 1 . 



{kfR .tithisplol represents part of the reduction in the 
resistivity due to the interaction between the two im¬ 
purities divided by the interaction free zero temperature 
value. 


6. APPLICATION OF THIS RESULT 

Apart from the last term, (5.1 I) is the same 
as Nagaoka’s result for two isolated impurities. 
Therefore, pipniR) is the reduction in the 
resistivity due to the co-operative effect 
between the impurities. To apply this result 
to the real physical system we must multiply 
the first part of (5.10) by nc 12 to obtain the 
resistivity of all the impurities as though 
they were isolated. Then we must subtract 
from this the co-operative effects of all 
possible pairings. The latter quantity we callp,. 

Let us start by supposing that pi may be 
calculated by summing the two impurity 
reduction in pairs directly. Suppose the 
impurities are uniformly distributed and take 
the origin to be at an impurity site. The 
number of impurities in a spherical shell of 
radius R centred on the origin with thickness 

d/? is — R^ dR . p, is then given by 

P. = V z J (cos^ kf R +l)dR. (6.1) 

The multiplying factor of Neil must be 
included to account for other possible pairings. 
This integral diverges and shows that there 
must be other important factors involved apart 
from the two impurity interaction. In the cal¬ 
culation of the resistivity it was assumed that 
the crystal lattice was perfect. This means that 
the conduction electrons travel freely and are 
only scattered by the two magnetic impurities. 
However, the electrons are also scattered by 
phonons, displaced ions and other impurities, 
magnetic or not. To take this into account we 
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use the concept of the mean free path of the 
conduction electrons. The integrand of (6.1) 
must be multiplied by the probability that the 
electrons can travel undisturbed between 
impurities separated by a distance /?. 

If K is the overall mean free path then the 
probability of a path length between x and 
x+ cLc is 


Q-Xlk 

X 


dx. 


( 6 . 2 ) 


Therefore, the probability, p(/?), that the 
electrons travel, undisturbed, at least the 
distance from the origin to shell of radius 
R is given by. 


P{R) = (6.3) 

g-ii/k essentially the probability that the 
conditions of the calculation are fulfilled and 
(6.1) now becomes 

P, I e-«'Mcos'^ d/?. (6.4) 


Since k^K > I the calculation at the integral 
gives 


. 37r(Nc)VA 


(6.5^ 


and the final result is 


Pres Po^l j (6.6) 


where 


Po~ 2 


(6.7) 


and the expression for \ is 


K = 


ne‘ 


( 6 . 8 ) 


a being the conductivity. 

The coefficient of is the expansions of 


the resistivity depends only on two particle 
scattering. In the low temperature region, 
where the scattering is predominantly mag¬ 
netic, the resistivity is obtained by adding 
Pres to the non-magnetic scattering term 
which also is proportional to c[l]. This means 
that X is proportional to l/c and the result is a 
reduction in the resistivity proportional to r. 

At higher temperatures, above the Kondo. 
minimum, the scattering is largely due to 
phonons and hence X would be independent 
at c. However, this is outside the scope of the 
present work as (5.9) is not valid in this 
region. 
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APPENDIX 


Here, we evaluate by first converting it into an 
energy integral. 

The angular integrations are relatively straightforward, 
and we find 


' pirT„w- 


/i{Q sin Rki 


{±(6 Rkf 


dt 


(Al) 


Pt^=^{H + iK) 


where d is the energy of an electron of wave vector k^ and 
piQ the density of states. We assume a band width of 
ID centred at the Fermi energy. 

By replacing R by —R. we see immediately that 
Pfx = Pi,. Then, quite simply 


pstKIo)) = p(w)7r 


sin kji 
kji 


and 


(A2) 


p,rH(<a) = pJ (A3) 


provided that—D < at < D. 
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To evaluate H, we take a free electron model with 


i.= {kr-2mD)'». 



The limits of integration on the first integral span zero 
and on the second both are positive. So for large separa- 


tions (lc„R 1) 



where {a is measured from the Fermi surface. 

Making this substitution in (A3) and converting the 
integral into a more convenient form 



(A5) 

7rKk„\J y 

and 


(A6) 

+ r . (A4, 

w.ifl y / 

It follows that 


where 


.. cos k,R 

(A7) 

U = (kr + lmD)'"' 


° kf-R ■ 
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Abstract - Intensity enhancements in the Raman spectrum of quartz have been found to occur when 
crystals are subjected to ultrasonic stress. Negative enhancements having magnitudes up to fifteen 
per cent of the total band intensity, have been studied in the 466 cm"'Mi) and 207 cm~'(,4i) modes. 
Enhancements appear above a threshold in ultrasonic strain amplitude and follow approximately the 
pattern of strain gradient in the ultrasonic standing wave. These effects are attributed to motion of 
silver impurities trapped in cylindrical channels of the lattice parallel to the quartz optic axis. 

INTRODUCTION 

An investigation of the effect of large 
amplitude ultrasonic stress on the Raman 
spectrum of quartz has been undertaken in 
this laboratory. The original object of this 
study was to determine whether achievable 
lattice strains are large enough to produce a 
detectable violation of symmetry selection 
rules or a measurable broadening of Raman 
bands due to anharmonic interaction. Neither 
of these predicted phenomena was of detect¬ 
able magnitude, although previously recorded 
spectral 1,2] in the presence of static stress 
indicated that broadening, at least, might 
be present. A number of spectral changes 
involving primarily intensity enhancements 
have been observed. 

EXPERIMENTAL 

The quartz resonators were obtained several laser passes inside the crystal. For 
commerically as rectangular A’-cut prisms efficient internal reflection three edges (a) of 
of optical quality, natural quartz. Specimens each sample were coated with vapor deposited 
supplied were optically polished and free of silver. Ultrasonic electrodes (b) were also 
optical and electrical twinning, only right vapor deposited silver. A small window, 
handed samples being used. The prism dimen- in., remained uncoated to allow entrance 

sions and the orientation of crystal axes are of the laser beam. 38 gage copper lead wires 
shown in Fig. 1. The thickness vibration (c), which joined the transducer electrodes 
along A, a compressional mode, was excited to the ultrasonic generating circuit, were 
at fundamental (445 kHz) and third harmonic connected by conducting epoxy cement. 
(1335 kHz) frequencies. Raman spectra of Quartz samples were held in a Teflon holder, 
the required intensity were dependent upon which was designed to grip the crystals by 
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their four short edges without causing 
excessive ultrasonic damping or blocking of 
the optical paths into or out of the crystal. 
The Teflon holder was mounted firmly to a 
mechanical stage that was situated on an 
optical track. 

Exciting radiation for the Raman spectro¬ 
meter was obtained from a Perkin-Elmer 
Model 5300He-Ne laser, which provided 
12 mW of radiant energy at 6328/4. Scattered 
light was collected by a condensing achromat, 
9-5 cm in dia. by 33 cm focal length, and was 
focused on the entrance slit of the mono¬ 
chromator. Since the quartz specimens were 
quite small compared to dimensions of the 
light collecting system, the efficiency of light 
collection was approximately maximized by 
imaging the center of the crystal on the slit. 
By choosing a suitable magnification it was 
pos.sible to restrict the region of .sample 
being observed to a narrow slice of crystal 
approximately .3()0/x thick, lying parallel to 
the crystal YZ plane. Localization of the 
region of sample observed to a plane of almost 
constant ultrasonic phase was crucial for the 
experimental measurements. Planes of sample 
under observation were perpendicular to 
the X axis and could be specified by their 
displacement in inches, or horizontal travel, 
along the X axis between the two broad 
crystal faces. 

The incident laser beam entered the sample 
at an inclination of 3-7° from the Z axis. 
The optical activity of quartz caused the 
electric vector, which was incident along the 
X axis in experiments described below, to 
rotate through 360° several times in the 
course of being internally reflected in the 
crystal. Scattered intensity from the totally 
symmetric bands were found to be uniform 
along the Z axis demonstrating that the 
polarization vector had been effectively 
averaged along this direction. 

Scattered light was analyzed by a Spex 
No. 1700-11 grating monochromator, which 
consisted of a 0-75 m focal length Czerny- 
Turner mount in a light-tight housing. The 


Raman signal was detected by a photo¬ 
multiplier and synchronously amplified by a 
Brower Model 130 amplifier. A beam chopper 
was placed immediately after the scattering 
source and provided a reference signal for 
phase sensitive amplification. Amplified 
signals were integrated and displayed on a 
chart recorder. The ultrasonic generating 
circuit consisted of a Marconi Instruments 
Model TF 1447/ Standard Signal Generator 
followed by a General Radio type 1233-A 
Power Amplifier. Ultrasonic current passed 
by the crystal was monitored by the voltage 
drop across a lOfl resistance to ground. 
.Strain amplitude. S,,**. at the node of the ultra¬ 
sonic standing wave is directly proportional 
to the crystal current, /. in m A: 

(I-3)(I0-*)/. 

The strain amplitude S" at values of horizontal 
travel, d. other than 0-125 in. is given by 

5“ = S„“ sin (7rt//0-250). 

EXPERIMENTAL RESULTS 

Ultrasonically induced alterations of the 
Raman spectrum of optical quality quartz 
were not large enough to permit positive 
identification. In these measurements crystals 
were excited to straing amplitudes of 5'(” = 
4x 10 in the fundamental ultrasonic mode. 
Intense Raman bands at 127cm"'(£)> 
207cm''C4,). and 466cm~'(/li) were care¬ 
fully examined for evidence of broadening 
or intensity enhancements. A small (2 per 
cent) positive intensity enhancement in the 
466 cm’'’ band appeared to be present but 
this enhancement was of the order of the 
experimental uncertainty. Spectral regions 
near 364 cm”’ and 495 cm'' were searched 
using large slit widths and maximum sensi¬ 
tivity but did not reveal the presence of 
symmetry forbidden bands. 

One quartz sample, which had been heated 
to the neighborhood of 250°C in order to cure 
cemented joints between the electrodes and 
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ultrasonic lead wires, exhibited a remarkably 
intensified and otherwise altered scattering 
spectrum. This sample assumed a faint yellow- 
brown hue and both the Rayleigh and Raman 
spectra were intensified by a factor approxi¬ 
mately of five. The Raman spectrum contained 
in addition to the intensified spectrum of 
lattice fundamentals an intense, rather broad 
band near 200 cm”'. This band was roughly 
half as intense as the 207 cm”' mode, with 
which it overlapped. 

Band intensities in the heat treated sample 
(crystal 1) were found to vary remarkably in 
the presence of an ultrasonic stress. Detailed 
Measurements of these perturbations were 
obtained only on the 466 cm”' band. As was 
mentioned above, the spectrometer light 
collecting system permitted the region of 
sample from which scattered light was 
collected efficiently to be localized to a flat 
slab, approximately 300wide, oriented in a 
plane of constant ultrasonic phase. Vertical 
regions of this slab could be masked as 
desired at the entrance slit. The position of 
the slab in the ultrasonic standing wave was 
varied by displacing the sample on its mechani¬ 
cal stage parallel to the crystal A" axis. The 
displacement, d, from one crystal face, given 
in inches, is termed horizontal travel. Scattered 
intensity, as well as ultrasonically induced 
intensity enhancements, were uniform along 
the crystal Z axis except within 1 -5 mm of the 
upper and lower surfaces. The slit was masked 
to these regions during measurements. 

Induced intensity enhancements were 
measured as a function of strain amplitude 
and horizontal travel. Typical measurements 
consisted of sitting on the band center and 
switching on ultrasonic power in three bursts 
of approximately two minutes duration. Data 
points are thus averaged over at least six 
readings, the average deviation being ±0-3 
per cent of the total band intensity. Enhance¬ 
ments under these conditions were always 
negative (positive enhancements were 
observed under somewhat different conditions 
[3]). In the fundamental ultrasonic mode. 


enhancements vary with horizontal travel in 
the unexpected manner exhibited in Fig. 2. 
Enhancements are roughly proportional to 
strain gradient (rather than strain) except 
near the crystal faces where they fall abruptly 
to zero. A sharp negative peak is seen near 
d = 0 214 in. The width of this feature is a 
good measure of the spectrometer's ability 
to resolve neighboring regions of sample. 

The variation of enhancement with strain 
amplitude is reproduced in Figs. 3 and 4 



Fig. 2. Variation of Raman negative enhancement with 
horizontal travel. 



Fig. 3. Variation of Raman negative enhancement with 
transducer current. Fundamental ultrasonic mode. 
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Fig. 4. Variation of Raman negative enhancement with 
transducer current. Fundamental ullra.sonic mode. 


for several values of horizontal travel. 
Measureable enhancements usually occur 
only above a clearly defined threshold of 
strain amplitude. This threshold is not 
constant for different values of the hori¬ 
zontal travel d and does not seem to vary 
in a simple manner with the ultrasonic 
standing wave. For example, the threshold 
strain amplitude is maximized near d = 
O'188 in. yet virtually disappears at d = 
0-089 in. although both these positions are 
at similar locations in the standing wave. 
Near the crystal center (<f = 0-125 in.) and 
the KZ faces (<f=0 000in. and 0-250in.) 
enhancements are zero for all measured strain 
amplitudes. When rf = 0-027 in., 0 035 in. 
and 0-053 in., enhancements rise linearly with 
5" when S" is above the threshold value. 
Between 0-089 in. and 0-107 in., the linear 
region is followed by a 'saturation’ value of 
S“. beyond which value enhancements remain 
roughly constant, or even decrease slightly, 
with increasing The maximum obtainable 
enhancement (i.e. the value at saturation) 
decreases progressively as d approaches 
0-125 in. Thus the linear region dominates 
near the crystal faces but is masked by 
saturation near the center. Between 0-143 in. 
and 0-179 in. enhancements follow approxi¬ 
mately the pattern described for the region 
between 0-107 in. and 0-089 in. Near the 


‘anomalous’ peak at </ = 0-214 in. however, 
enhancements are not linear and do not reach 
a saturation value. In this region, enhance¬ 
ments exhibit a threshold strain amplitude, 
above which they vary as the nth power of 
strain amplitude where n progressively 
increases with d from about one ( at 0-179 in.) 
to just over two (at 0-214 in.). 

A few measurements of enhancement as a 
function of horizontal travel and strain 
cimplitude were taken at the third harmonic 
ultrasonic frequency (Fig. 5). The pattern of 



Fig. 5. Variation of Raman negative enhancement with 
horizontal travel. Third harmonic. Crystal current = 
2 mA. 


enhancement clearly follows the pattern of 
strain gradient except near the crystal faces 
where once again enhancements are zero. 
Enhancements were approximately a linear 
function of strain amplitude although scatter 
in these data was relatively large. Thresholds 
in strain amplitude were not observed at 
1335 kHz. 

The patterns of enhancement in this sample 
were reproducible from day to day and after 
realignment of the optical system. A few 
observations that were made on the 207 cm~' 
band showed identical results to measure¬ 
ments on the 466 cm"' band. Polarization 
studies on the enhanced bands showed that 
the totally polarized 466cm~'(/4,) band 
remained totally polarized when enhanced. 
A second sample, which had previously 
shown a normal and nonenhanceable Raman 
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spectrum, was heated to the neighborhood of 
IfO^C in an attempt to reproduce the effects 
described above. The heat treatment did 
produce intensified Raman and Rayleigh 
scattering as well as a yellow-brown hue 
similar to that observed in crystal /. Negative 
enhancements, clearly associated with 
thresholds, were likewise induced in crystal 
II, although the detailed pattern of enhance¬ 
ment with changing strain and horizontal 
travel differed significantly in the two samples. 
Further details of these measurements are 
given in Ref. [3]. 

DISCUSSION 

The foregoing experimental observations 
clearly indicate that Raman enhancements are 
not a property of the intrinsic quartz lattice, 
but rather result from lattice defects that are 
created when quartz is heated in contact with 
surface coatings of metallic silver. The intro¬ 
duction of impurity ions into single crystals 
of quartz at elevated temperature was first 
discovered and interpreted by Curie [4] and 
has since been well characterized in conduct¬ 
ance and ultrasonic decrement experiments 
[5,6,7]. Metallic migration occurs preferen¬ 
tially along the quartz optic axis as a result 
of open channels in the lattice structure. A 
faint brown hue accompanies the introduction 
of these ions into the lattice [6]. The very 
strikingly intensified Rayleigh scattering 
observed in defect containing samples is quite 
probably due to the large polarizabilities of 
heavy impurity atoms. The marked intensifi¬ 
cation of lattice fundamentals in the Raman 


spectrum is rather surprising, however, and 
should probably be ascribed to highly diffuse 
impurity wave functions which extend far 
enough into the quartz lattice to couple with 
the intrinsic modes. The single extraneous 
spectral feature (a broad band near 200 cm"') 
is tentatively assigned as an impurity band. 

The preliminary results so far obtained are 
not sufficiently detailed to show clearly the 
mechanism by which wave functions of the 
silver impurities couple with an ultrasonic 
vibration. One straightforward explanation 
of this coupling, which is that the electronic 
polarizability depends directly upon the 
degree of lattice strain, is not viable since 
enhancements are minimized, rather than 
maximized, at nodes of the ultrasonic wave. 
The dependence of enhancement upon strain 
gradient suggests, rather, that mass transport 
of impurities down the gradient may be 
involved. Two indirect models of coupling 
have been found[3] to provide a semi- 
quantitative explanation of several unusual 
features in the data. 
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Abstract-A formalism based on the atomic distribution function and phase shift has been applied 
to a number of liquid alloys at different solute concentrations, and the fractional change of the Knight 
shift, A5/5, of In atom in dilute liquid In-Hg, In-Ga, In-Tl, In-Pb and In-Sn alloys has been deter¬ 
mined. The main contributions of this paper are, (a) an introduction of a simple method based on the 
isotropic-homogeneous-model of the fluid to account for the structural change of the solvent sur¬ 
rounding with added solute concentration, (b) an evaluation of the phase shifts for s-, p- and d-electron 
scattering appropriate to the conditions set up in a given solvent, and (c) a critical testing of the Odle- 
Flynn theory for the Knight shift in dilute liquid alloys. The initial slopes, I', of the plots between 
A5/5 and the solute concentration, are in reasonable agreement with the recent experimental results. 
For example, r(exp)/r(the) is about 1-2, suggesting a remarkable improvement over the previous 
estimates. 


1. INTRODUCTION 

Some experimental measurements [1,2] of 
the nuclear spin relaxation rates and nuclear 
magnetic resonance shifts in liquid metals 
and alloys indicate that the leading term in 
the Hamiltonian of the nuclear-electron 
interaction is the Fermi contact term which 
results from the hyperfine interactions be¬ 
tween the two spins. This evidence has, 
naturally therefore, compelled us to believe 
that any changes of the magnitudes in relaxa¬ 
tion time and Knight shift with temperature, 
pressure or concentration should predomi¬ 
nantly be governed by the factors contained 
in the Fermi contact term. These factors are 
the spin paramagnetic susceptibility and 
the conduction electron density at a given 
nuclear site. However, in considering the 
fractional change of the Knight shift with 
concentration in dilute liquid alloys, one is, 
to a reasonably good approximation, con¬ 
cerned with the variation of the conduction 
electron density which depends on the struc¬ 
ture of the alloy or the atomic distribu¬ 
tion functions. The spin paramagnetic 
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susceptibility variation for dilute alloys may 
be considered to be small compared to the 
spin density variation. 

The electron transport and nuclear mag¬ 
netic properties in a liquid alloy are sensitive 
to the partial structures formed by all pos¬ 
sible pair combinations of the two atomic 
species. The character of the individual atom 
and the volume dilation as a result of alloying 
are expected to exert a substantial influence 
to these partial structures. In this paper we 
will show how a structural change caused 
mainly by the volume dilation can be related 
to the fractional change of the Knight shift 
in liquid alloys. In turn, we will examine 
the extent of validity of the theory of Knight 
shift that makes use of the atomic distribu¬ 
tion functions. We will begin with a formal 
introduction of the alloy theory. 

2. ATOMIC DISTRIBUTION FUNCTIONS IN LIQUID 
ALLOYS 

The radial density function p(r) in liquid 
alloys actually represents the pair probability 
function of finding a solvent atom at distances 
between r and r-l-dr from any reference 
atom [3]. This function is alfected, although 
by a very small amount, when some impurity 
atom is dissolved into the pure solvent matrix. 
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For solid metals or solutions, one immediately 
recognizes that 


p(r) = 2 (2.1) 

n 

where the summation extends over all the 
lattice points. The fi-function is zero except 
at the Bragg points. In liquids, however, 
p(r) is continuous and approaches the average 
density of the liquid at large values of r. 
Then, Artr^pir) is the radial distribution func¬ 
tion (RDF), the position of the first peak of 
which gives the average distance between 
the nearest neighbors. 

Let us now denote the radial density func¬ 
tion as p/;(r), because we have three partial 
distribution functions in a liquid binary alloy; 
the subscripts / and j stand for the solvent 
and solute atoms respectively. The explicit 
form of the alloy or the total radial density 
function is[4| 


p(r) = S ^ Cififithiii-jlify, (2.2) 


in which f, and ,/j are the usual atomic scatter¬ 
ing factors and c, is the atomic concentration 
of the solvent. After some rearrangements 
the above equation results in 


p(r) 







Pul'") + 





where the weighting factors are defined by 


For randomly distributed atoms, a consider¬ 
able simplification of the above equation 
occurs because all p(j(r)/cj are then equal; 
clearly, for dilute alloys it yields p/, = p(r). 
If we write 


Thus we see that the density function which 
one uses in the pure liquid metal case should 
be replaced by p/r), as stated in equation 
(2.3), for a liquid alloy. It is apparent that 
we need p(r), po(r) and pj(r) to determine 
p,(r). As pointed out earlier[3,4], in general, 
these three functions are not known and an 
experimental measurement of them is not 
easily accessible, we are forced to rely on 
some kind of theoretical model. One such 
reasonably good model is the homogeneous- 
isotropic-model, which includes the volume 
dilation around the impurity. This was sug¬ 
gested by Faber and Ziman[5] in the calcula¬ 
tion of the electron transport properties of 
liquid alloys, and proved to be successful 
in the calculation of the Knight shift from 
the pseudopotential formalism. 

Let us assume that the introduction of any 
solute atom produces only a slight change 
from the structure of the pure solvent. Next, 
we consider that a solvent atom is replaced 
by a solute atom as a result of which the 
neighboring atom suffers a shift from the 
position r to r’. This means that the radial 
density changes fromp(r) top,(r). We express 
the dilation as 


s„=(n'-n)/a (2.4) 

where D' and li are the atomic volume of 
the element in presence and absence of the 
impurity atom respectively, and H is the 
mean atomic volume. Then a treatment for 
a homogeneous-isotropic-medium shows that 
the average change in radial distance of any 
atom will be 


Ar=r'-r= (n'-n)/(47rr2). (2.5) 


(fiir) = pu(r)lc,, 

and 

Pi(r) = Pjj(r)/<j, 

it is easy to see 

P((r) = HIWiY^pir)- {2WjlWi)pu{r)lcs 

(2.3) 


If we neglect the composition or density 
fluctuation in the liquids, to a good approxi¬ 
mation we may write 

Pi(r) = p(r-Ar). 

We can expand it by Taylor's series assuming 
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that p(r) possesses derivatives of all orders 
in intervals of Ar, and obtain 


pM =p(r) + 


dp(r) 

dr 


(-Ar) 


dr2 2! 


._, d"p(r) (-Ar)" _ 

dr" n\ 


( 2 . 6 ) 


This equation is much simpler than equation 
(2.3), and may be viewed as a substitute to 
overcome the practical difficulties. However, 
in practice the terms beyond the second 
derivative are negligibly small and, there¬ 
fore, may be dropped. 

The problem which we have discus.sed 
above, may also be handled by an alternative 
procedure which is mathematically more 
rigorous. This is the hard-sphere-model cal¬ 
culation of the partial interference functions 
as suggested by Ashcroft and Lekner[6]. 
By now it has become quite certain that the 
hard-sphere-model does not work in the case 
of liquid Hg, Ga and Sn which we are inter¬ 
ested in at present. Attempts to calculate 
the interference functions for these metals 
with the various packing densities and the 
hard-sphere-diameters, were unsuccessful. 
That is to say, the asymmetry in the first 
peak of the interference functions towards 
the short wavelength, as observed experi¬ 
mentally, could not be produced with the 
hard-sphere-model. In view of this, the hard- 
sphere-model was rejected from any con¬ 
siderations here. 


3. NUCLEAR MAGNETIC RESONANCE IN LIQUID 
ALLOYS 

(a) Some general remarks on Knight shifts 
A number of mechanisms has been pro¬ 
posed [8-12] to understand the sign and size 
of the change in the Knight shift in liquid 
alloys that are generally characterized by 
the ionic behavior of the dissolved ion, the 
actual valence of the solute, the magnetic 
properties of the solute, etc. Since the Knight 
shifts are attributed to the modifications of 
the hyperfine interactions by the change in 


the electron density of the conduction elec¬ 
trons at the Fermi surface, the most obvious 
attempt in explaining the Knight shift has 
come from the nearly-free-electron (NFE) 
model [13]. The two approaches that are 
followed in determining the density of the 
conduction electrons at the Fermi surface 
are the pseudopotential formalism [14] and 
the partial wave phase shifts [15]. In general, 
the theoretical calculations of all the pseudo¬ 
potentials or the phase shifts are done under 
some unavoidable approximations which 
seem to have raised questions; for this reason 
no unique values of the pseudopotentials or 
the phase shifts are available (16-19]. Hence 
a calculation of the Knight shift using these 
data, will perhaps be subject to the correc¬ 
tions in accordance with our improved under¬ 
standing on the values of pseudopotentials. 

Within the NFE model we will require two 
quantities, the electron-ion potential and 
the ion-ion distribution function, to describe 
the Knight shift in liquid alloys. As pointed 
out earlier, the former is obtained from a 
theoretical work and the latter from an elastic 
scattering experiment. A theoretical computa¬ 
tion of the distribution function is also some¬ 
times possible. Usually, one measures the 
interference function in the momentum space, 
a Fourier transform of which gives the ion-ion 
distribution function in the coordinate space. 

In two earlier papers[20,21] we have 
demonstrated that the Knight shift can be 
qualitatively predicted from the pseudo¬ 
potential formalism using the interference 
functions, and emphasized that the NFE 
model works well both in liquid metals and 
alloys. Furthermore, it should be noted that 
in those papers the atomic potentials repre¬ 
senting the interactions between the elec¬ 
trons and the ions were considered in the 
momentum space. In the present text we shall 
investigate the property of the structure in 
the coordinate space, i.e., RDF and use 
directly the atomic potentials. Finally, we 
shall attempt to evaluate the applicability 
of the phase shift method and understand 
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the superiority of the one method over the 
other in studying liquid alloys. We, therefore, 
start out with a brief discussion on the theory 
of the Knight shift involving the phase shift 
of the impurity atoms and then show how it 
can be applied to calculate the Knight shift 
in liquid alloys over somewhat larger composi¬ 
tion range. 

(b) Odle-Flynn theory for liquid alloys 

When an impurity is dissolved in a pure 
metal, the conduction electron gas becomes 
distorted around the impurity to screen the 
excess charge. The distortions or oscillations 
of the electron density, around the impurity 
atoms produce spherical waves which may 
introduce effects at large distances. Assuming 
a spherically symmetric scattering center, 
Blandin and Daniel[15] developed an equa¬ 
tion for the fractional change of the Knight 
shift in terms of the phase shifts t), of the 
impurity atom, 

AS(r„)/5(r„) = 2 {21 + \)[{(n,Hkr„) 

I 

-j7(kr„)} n,{kr„}J, 

X (Ar„) sin 2 t7 ,]. 

For the phase shifts data. Daniel (22| chose 
a square well perturbing potential that did 
not extend beyond the atomic sphere of the 
impurity atom. Despite the simple nature of 
the potential and somewhat less sophisticated 
theory, the above equation gave a fair descrip¬ 
tion of the change of the Knight shift in dilute 
solid solutions. 

Odle and Flynn extended the above theory 
to investigate the problem of dilute liquid 
alloys incorporating some modifications due 
to the short range periodicity of the atomic 
arrangement and the weak scattering potential 
in liquids. The Odle and Flynn [ 8 ] theory 
works well for dilute liquid alloys and when 
the radial density and the phase shift data 
are available with sufficient accuracy. Rigney 
and Flynn [9] computed the fractional change 
of the Knight shift in liquid alloys where 
they have used a model RDF constructed 


from a parabola which was weighted by a 
pair of 5-functions and cut off in the region 
of small r. The RDF computed in this way 
are quite arbitrary and do not give the actual 
atomic distribution functions in liquids. 

(c) The case of dilated alloys 

It has been mentioned before that the three 
radial density functions characteristic of 
the atomic structure and atomic abundance 
of the two elements are quite important in 
liquid alloys. This consideration is the key 
issue here and, in principle, will enable us to 
investigate the liquid alloys over larger com¬ 
position range than hitherto been attempted. 
We can, therefore, introduce a considerable 
amount of improvement on the Odle-Flynn [ 8 ] 
theory when ( 1 ) replacing their average dis¬ 
tribution function by the proper elemental 
Pi(r) as shown in equation (2.6), and (2) using 
7)1 for the impurity ions corrected for the 
changes in volume and screening charges. 
Such an approach, we believe, is definitely 
superior over the previous work, and has 
never been mentioned in the literature. Deal¬ 
ing with the correction on p(r) is rather 
simple and straightforward compared to the 
other correction on tj,. We shall now con¬ 
centrate ourselves on these two factors, and 
proceed to write down a working equation 
for the dilute liquid alloys. 

We consider in dilute alloys that the scatter¬ 
ing centers are rather isolated and therefore 
the interference effects between the solute 
atoms are unimportant. Flowever, we should 
take the average effect over all the solvent 
ions which are surrounding a particular solute; 
one way of doing this, for example in solids, 
would be to select a 8 -function coupling 
between different centers; 

A5/5 = 2 »•.■)■ (3.2) 

As indicated in the earlier discussion this 
8 -function for liquids ought to be replaced 
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by the radial density function, we may write 
here, 

AS/S = I Pi(r-r„)dV, (3.3) 

where Pi(r —r„) is the radial density of the 
given atom at a distance |r —r„| from the 
reference atom, whose Knight shift is desired. 
From the phase shift calculation it can be 
further shown by an analogous treatment to 
what has been illustrated in Ref. [15J, 

AS/S = ^ Cj[Ai sin^Tji + B, sin (3.4) 
where 

^,= ( 2 /+ 1 ) £ 

(3.5) 

and 

-{^) Pi(r)j[n,(/:r)y,(^r)]d»r. (3.6) 

The weighting factors Wj and radial density 
functions p((r) are explicitly defined else- 
where[3]. It is thus evident from the form 
of the above equations that the fractional 
change of the Knight shift now should be a 
complicated function of the atomic concentra¬ 
tion. The final trend of the plot between AS/S 
and concentration is, of course, determined 
by the extent and sign to which the phase 
shifts can influence equation (3.4) for various 
impurities. 

Blatt[23] has calculated r), for a number 
of atoms using Cu and Ag as solvents. He 
used a square well potential and varied its 
range until the Friedel[24] sum rule was 

2 (21+1)71, = (3.7) 

satisfied where Zj and Z, are the valences 
of the solute and solvent respectively. Kohn 


and Vosko[25] have also computed 17 , directly 
from the electrical resistivity data assuming 
that the residual electrical resistivity in dilute 
alloys is proportional to the scattering cross 
section of the electrons. This is an empirical 
method limited to very dilute alloys only, 
and differs drastically from the method of 
Blatt. Recently Meyer et a/.[26], have used 
the pseudoatom concept and obtained 7 ), as 
a function of the momentum vector. Thornton 
and Young[27] showed that the effective 
phase shift of a pseudoatom can be written as 

y, = V-(3.8) 

We see at once that some consideration has 
been given in this work to incorporate the 
effect of the solute surroundings because 
the available pseudopotentials (see Animalu 
and Heine(28]) are formulated for the neutral 
pseudoatoms. Faber[29] has shown that a 
correction due to the dilation corresponding 
to the changing impurity concentration must 
be applied to the pseudopotentials which 
are involved in the scattering of electrons. 
In view of the importance of this correction 
factor, we shall illustrate a procedure to 
account for this effect in the next section. 


4 . PSEUDOATOM PHASE SHIFTS 
The differential scattering cross section 
for a spherically symmetric potential F(r) of 
the elastically scattered particles is [30] 


<r(0) = 


4/c^ 


X ( 2 /-l-l)P,(cos 6 ))[e-^'’><-l] 2 
/=» 


or 

Oo 

[ 2 (21+ l)F,(cos 9) sin 17 ,j • (4.1) 


This is an exact result and valid for self- 
consistent potential which an electron actually 
sees during the process of scattering. An 
expansion of the wave function in terms of 
the plane waves requires a large number of 
plane waves with nonvanishing coefficients to 
give a reasonable description of the scattered 
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wave. In general, a solution of such an equa¬ 
tion is extremely difficult. However, in the 
perturbation treatment, the problem is re¬ 
duced to 2 or 3 plane-wave-case, i.e., / = 
0 , 1 , 2 , and can be solved with a reasonable 
success provided, of course, the s-, p- and 
t/-electron scattering phase shifts are known. 
An alternative way to get around the solution 
has been suggested from the orthogonalizcd 
plane wave (OPW) treatment [31 ]. The idea 
in the OPW method is that the conduction 
band state must be orthogonal to the core 
states; this will then give much less terms 
in the expansion of the wave function and, 
therefore, the matrix elements in OPW can 
be calculated more conveniently than in the 
plane wave. Our aim, at present, is not to 
describe the OPW method itself but show how 
we can obtain a solution from it for the 
scattered wave function in terms of the v;iri- 
ous matrix elements. At this point we need 
to introduce the pseudowave function and 
the pscudopotential. 

The pseudopolential (y(r) is rehited to the 
self-consistent potential P(r) by 

(7 tr) = P(r) -f-X (t'*. —b;„)i(»)<o|. (4.2) 

where the energy with the index k ;ind n 
respectively correspond to the conduction 
band |k) and core slate |«). Furthermore, 
the pseudowave functions <}>^ satisfies the 
equation 


Zni 


(y(r) 


ff>l< = 


(4.3) 


The differential seatiering cross section 
according to the pseudopotential theory for 
the free electrons impinging on the atom is 


*r(^) =-p- 


/ 


iK (r~rj 


a(r-r„) d^n 


(4.4) 


in which we have written U(r) =2 M(r —r„), 
and the scattering vector K = k' — k. If there 
are Z free electrons per atom, the above 


result becomes 

(4.5) 

The matrix elements can then be expressed as 


4Tr*m^| 

u(K) 

1 

Zpo 


^ M(r —r„) dV (4.6) 

in which the atomic density Nifl has been 
inserted for pa. 

In the above mentioned discussions we 
have written down the differential scattering 
cross section for a free electron in two differ¬ 
ent forms, equations (4.1) and (4.5) which 
are seen to be quite independent of each 
other. Now the question arises, are these 
two cross sections equivalent or do they 
lead to the same answer when applied to 
the same dynamical problem? Green and 
Kohn(32| pointed out that the matrix element 
m(K) is equivalent to the scattering amplitude 
of the ion, and may be written in terms of a 
few partial phase shifts. In fact, they sug¬ 
gested a calculation of the electrical resistivity 
in liquid metals treating the phase shifts as 
adjustable variables to obtain the /t(K). We 
will emphasize here the impact of this work 
and advance a basis for the evaluation of 
pseiidoatom phase shifts. 

The work of Green and Kohn[321 may be 
justified if we recognize that the primary 
condition in using the perturbation theory 
is that the potential energy of the perturbed 
electron must be small compared to the kinetic 
energy of the scattered electron. This is essen¬ 
tially the Born approximation and has been 
utilized in arriving at equation (4.5). It is not 
difficult to see from the foregoing arguments 
that under this approximation only a few 
partial waves is required in equation (4.1); 
we shall see later that only 19 , which have 
/ « 2, are important for our purpose. There¬ 
fore. we may now obtain 


2 (2/+l)sin7„/>,(l-^) 



(4.7) 
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where the arbitrary momentum k has been 
replaced by the Fermi momentum kf and the 
normalized u(K) has a value l—i)Ef at 
K = 0. The most important case of our result 
is to be noted when K = Q, which leads us 
to the following sum rule 

2 ( 2 /+l)sin 7 ,, = f • (4.8) 

This result is independent of K and valid as 
long as we are permitted to adopt the Born 
approximation. A further reduction of equa¬ 
tion (4.2) seems to be in order, provided we 
choose to employ some well established 
scattering potentials such as Aschroft’s[33] 
phenomenological form factors, 

u(x) = -An^cos (sx)l[x'‘ + \o^fix)], (4.9) 

where x = KI2ky, s^lktR^ and 1 / 

(TTa„kf ). In the above, is the core radius. 
Oi, is the first Bohr radius and f{x) is the 
IJndhard dielectric function. Finally, we 
must insert into it the correction factor due 
to the effect of dilation and get 

u;(K) = Uj(K)-u,iK)S,FiK), (4.10) 

where iij(K) is the effective solute matrix 
element, and F(.K) is the same as used in 
Ref. 120|. An alternative but simpler pro¬ 
cedure would be to use directly the Animalu 
and Heine and correct them according 

to the above. We rewrite equation (4.7) to read 


1 {2l+\}smy„P,(\-~\ 

i=a \ 2k^^^/ 


7rr //;(A:) -[ 

2 Lh:(0) J' 
(4.11) 


For repulsive potentials the negative sign on 
the right hand side should be dropped and 
its consequence in the sum rule should be 
included. It is now quite clear that an effort 
can be made to compute 17 , for p- and 
(/-electrons when three sets of u{K) are 
available. 


5. NUMERICAL COMPUTATIONS FOR DILUTE 
LIQUID IN-ALLOYS 

In this section we present some results 
obtained using the theories as illustrated in 
the previous sections. We calculated the 
phase shift of Hg. Ga, Tl, Pb and Sn and 
then the Knight shift of the solvent In atom 
in presence of these polyvalent impurities. We 
were motivated to study In because its ex¬ 
perimental Knight shift data in these alloys 
are known with certainty [34, 351. Further¬ 
more, very careful measurements of the 
radial density functions of the above elements 
have been also made[20]. In view of this, 
we expect that a meaningful conclusion re¬ 
garding the basic idea outlined in this paper 
can be drawn from the present study. 


(a) The compulation of the phase shifts 
Figure I shows the plots of the RDF and 
the interference function 


/(K)=l-fJ^ lp(r)-p„] 


(5.1) 


for liquid In near the melting temperature. 
The phase shifts have been calculated with 
their effective it{K), where the function 
F{K) was obtained from 


F{K) =— r dr. (5.2) 

Po Jo dr Kr 

This result asserts that one must know the 
first derivative of the solute radial density 
function. In determining 17 , we used the 
Animalu and Heine u{K) and corrected them 
for the dilation effect. For the sake of brevity 
two suitable values of u[K), i.e., one at X = 
kf- and the other at X = 2 A>, were selected. 
Then the requirement was to satisfy the sum 
rule as stated in equation (4.8). It is often 
time consuming and less rewarding to 
generate the function F(X) for all X and 
then pick out from it the values at A.> and 
2 ki.. It would therefore be of great help if 
we could do some simplifications here and 
avoid the task of computing. One may easily 
note that F( 0 ) = 1 , since the radial density 
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Fig. I. The plois of interference funetion UK} and the radial di.stribution 
function RDF for In ((70‘'C). The RDF were obtained from 

= 4jrr^p„ + ^ J K [J (K ) - 1] sin KrdK. 


of atoms at large distances turn out to be 
the average density of the liquid itself. Also 
from our experiences with the function F{K) 
we know that F(2kf ) =■ 0 3 and F(kf ) - —0-3 
for the liquid metals under study. These in¬ 
formations produce a considerable amount 
of easiness and make an absolute determina¬ 
tion of 7 )i possible. However, the best values 
of 17 , can be found from a least square analysis 
with a series of n(K) values below the Fermi 
diameter. In this way one may make a full 
use of both F{.K) and uiK). But the outcome 
is not expected to improve the quality of 
physics involved here, since a certain amount 
of uncertainty is always present in any given 
pseudopotentials and that the rj, are not 
strongly sensitive to small changes in u{.K). 

Table 1 shows the values of 17 ,. These 
values are a little different from those re¬ 
ported by other workers[23,25,37J. As 
evident here the d-electron scattering is 
sufficiently small which justifies our applica¬ 
tion of the Born approximation when a rapid 
convergence of the series in equation (3.4) 
is sought. One thing which is quite clear from 
this result is that y, changes smoothly with 


increasing solute composition. This change 
which is perhaps small compared to the other 
effect, such as, core polarization, spin para¬ 
magnetic susceptibility which might occur, 
is a measure of dilation. We might point out 
here that this is by no means a unique way 
of getting appropriate -q,. It is reasonable to 
say however that the present approach demon¬ 
strates a pseudopotential method which 
includes the atomic distributions. 

(b) The behavior of the coefficients Ai and Bi 

The exact determination of the effective 
values of the coefficients Ai and Bi presents 
a problem because these coefficients are not 
the simple functions of the atomic concentra¬ 
tion and the atomic structure. The magnitudes 
of these coefficients change with the order I 
and also with the solute concentration. Now 
the question arises: what values of A, and Bi 
should one use? We think this point deserves 
a mention and must be clearly dealt with. 

The integrals of Ai and Bi have the limits 
ranging from 0 to 00 , which demand an accur¬ 
ate knowledge of p[r) out to very large value 
of r. We were then tempted to do some com- 
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Table 1. Phase shifts of the solute atoms in 
presence of the solvent In atom 


Solute % 

Hg 

no 

T1 

Ga 

Pb 

Sn 

10 

0-5205 

-0.5237 

0-3436 

-0-4329 

0-3426 

20 

0-5155 

-0-5299 

0-3401 

-0-4383 

0-3433 

30 

0-5094 

-0-5355 

0-3366 

-0-4433 

0-3440 

50 

0-5014 

-0-5454 

0-3294 

-0-4523 

0-3453 

70 

0-4954 

-0-5540 

0 3219 

-0-4602 

0-3467 

80 

0-4928 

-0-5579 

0-3181 

-0-4639 

0-3473 

90 

0-4906 

-0-5615 

0-3142 

-0-4673 

0-3481 

10 

0-3110 

-0-2903 

0-3101 

-0-2942 

0-2971 

20 

0-3105 

-0-2905 

0-3094 

-0-2954 

0-2972 

30 

0-3100 

-0-2907 

0-3087 

-0-2948 

0-2972 

SO 

0 3093 

-0-2910 

0-3073 

-0-2954 

0-2974 

70 

0-3087 

-0-2913 

0-3058 

-0-2958 

0-2976 

80 

0-3085 

-0-2914 

0-3050 

-0-2%l 

0-2976 

90 

0-3083 

-0-2915 

0-3042 

-0-2%3 

0-2977 

10 

0-0311 

-0-0424 

0-0637 

-0-0.563 

0-0714 

20 

0-0324 

-0-0412 

0-0648 

-0-0552 

0-0712 

30 

0-0336 

-0-0401 

0-0659 

-0-0541 

0-0711 

50 

0-0354 

-0-0383 

0-0681 

-0-0521 

0-0707 

70 

0-0368 

-0-0366 

0-0707 

-0-0504 

0-0704 

80 

0-0374 

-0-03.59 

0-0715 

-0 0497 

0-0702 

90 

0-0379 

-0-0352 

0-0727 

-0-0489 

0-0700 


puter work to understand the consequences 
when the integrations were prematurely 
terminated at some arbitrary values of r. 
The results of very extensive calculations 
showed that the good values of A, and B, were 
obtainable when the chosen upper limit in r 
was /-max > 10 A. As a matter of fact, beyond 
this value of the RDF practically merged 
with the uniform distribution that might be 
observed if the atoms in the liquids were 


Table 2. Effec tive values of the coefficients 
Ai and Bi for different solutes of the ln-tO% 
solute alloys 


Solute 

A 

-4, 

A 2 

Bo 

B, 


Hg 

0-202 

-0-899 

2-715 

-0-217 

0-597 

-0-428 

T1 

0-193 

-0-876 

2-703 

0-220 

-0-609 

0-456 

Ga 

0-234 

-0-997 

2-891 

-0-225 

0-618 

-0-445 

Pb 

0-190 

-0-870 

2-700 

0-221 

0-612 

0-463 

Sn 

0-196 

-0-884 

2-707 

-0-219 

0-605 

-0-446 

Pure 

In 

0-197 

-0-887 

2-709 

-0-219 

0-603 

-0-442 


treated like those in gases. The values of Ai 
and Bi evaluated in this way were used in the 
subsequent discussions. As an example, the 
effective values for one of the compositions, 
i.e., 10 per cent solute are given in Table 2. 

(c) Interpretation of the theoretical results 
The fractional changes, AS/5 of the alloys 
were calculated for atomic concentration 
below 50 per cent of the solute. These results 
can now be compared with the experimental 
results reported earlier[34,35, 38] In par¬ 
ticular, we show in Table 3 the initial slopes 
of the AS/S vs, concentration plots. This 
quantity F, as can be seen, are different for 
different solutes. That the present approach 
gives the right sign and right trend of AS/S 
in the above alloy systems needs some ex¬ 
planation. The shape and sign of the AS/S 
curve are strongly sensitive to the coefficients 
Ai and B,. Of these two coefficients, B, weights 
AS/S more heavily than Ai. For solvent In 
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Table 3. Values of the initial slopes. r = 
d[A5/5']/df of the AS IS versus concentration 
plots for the theoretical and experimental 
results 


Solute 

F(lhc) 

l'(exp) 

r(the)/F(exp) 

Hg 

0 090 

0 076 

118 

II 

-IF 128 

-014.'! 

0-86 

Ga 

0090 

0 049“" 




0 030“" 




008 l“i 

I'll 

Pb 

-0 1.34 

-0100 

1-34 

Sn 

0 087 

0083 

1 05 


la] From Ref |38j. 

lb| From Ref. [351 using lower poiiion of the experi¬ 
mental curve. 

(e| Fiom Ref, |3,^1 using upper portion of the experi¬ 
mental curve 

atom, wc found that the even order At and 
odd order Bi are positive while the odd order 
Ai and even order B/ are negative (see Table 2 
Cor one of the alloys). Now supposing/!,, = m, 
to a good appioximation we may say for 
liquid In alloys 

ASIS CjHI I sin'-^ t]„ - sin 2 i 7 „ - 4sin''‘ t;, 

4 3sin2T)|]. (5.'}) 

Rigney and Flynn|9| itrgued that a negative 
chitngc in AS/S is due to core scattering (i.e., 
d and f scattering, which means the terms 
involving tjj and t/.,). Then the above equation 
immediately tells us that in liquid In-TI and 
In-Pb alloys one should expect t;, > arc tan 
and 7 }„ > iirctan 2 . 

We suggest here an alternative interpreta¬ 
tion. We believe that the positive and nega¬ 
tive changes in AS/S are respectively caused 
by the attractive and repulsive scattering 
potentials of the ions in the alloy. An attrac¬ 
tive potential gives positive values of t}, and 
a repulsive potential negative values of tj,. 
We suggest that in In-TI and In-Pb alloys 
the scattering potentials are repulsive which 
make 77 , negative. Whatever may be the nature 
of the potentials the contribution of the first 
term in equation (3.4) to ASIS remains un¬ 
affected; however, the sign of the second 


term gets reversed when the behavior of the 
potential changes from one form to the other. 
Further, we believe that a transformation of 
this type takes place in liquid In-Hg alloys 
with increasing concentration of Hg, which 
perhaps produces the small hump as observed 
experimentally [38], Here, the calculations 
for In-Hg alloys were done with the attractive 
potential only and. therefore, it is unlikely 
that the bending of the ASIS curve with con¬ 
centration, as seen experimentally, can be 
seen even if the calculations are extended 
above 50 per cent of the solute. 

The overall agreement between the theoret¬ 
ical and experimental results is reasonably 
good for the dilute In-alloys. It would be 
reasonable to anticipate that a better agree¬ 
ment could have been reached particularly in 
this region, had we used the solvent partial 
radial densities, which unfortunately cannot 
be at present obtained for most liquid alloys. 
An estimate was made for the .solute rich 
alloys also, and a quantitative disagreement 
between the predicted and experimental data 
(above about 70 per cent solute) was observed. 
Several excuses may be made for this dis¬ 
crepancy at large solute concentration. Here 
we mention just two important ones. Firstly, 
the Odle-b'lynn theory is inadequate for 
large 8 ,,. Secondly and more importantly, 
it appears that the changes in the spin para¬ 
magnetic susceptibility which we have 
neglected may be far from being trivial. These 
two conditions are not met in the present 
theory. 

6. CONCLUSIONS 

In conclusion we emphasize that the pres¬ 
ence of volume dilation and formation of 
atomic pairing in liquid alloys do affect the 
solvent Knight shift. This consideration 
enabled us to calculate the fractional change 
of the Knight shift using the partial wave 
phase shift data over larger composition 
range of the solute than previously been 
studied. The phase shifts can be obtained 
from differential scattering cross section of 
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the free electrons assuming that it is equivalent 
to the pseudopotential scattering cross section 
under the Bom approximation. 

With the above prescription an improved 
quantitative explanation of the fractional 
change of the Knight shift of the solvent 
In atom in dilute liquid In-Hg, In-Ga, In-TI, 
In-Sn and In-Pb alloys, has been achieved. 
We can summarize here the three major 
sources that contributed to this remarkable 
improvement. The first one is the con.sidera- 
tion of the effect of dilation that becomes 
rather important when the Fermi radius of 
the solvent changes quite significantly across 
the range of solute concentration. The second 
one is the careful handling of the coefficients 
/4, and B, iVhich are strongly sensitive to the 
nature of the solute, and also the functions of 
the radial distance. A treatment described 
in the text appears to be quite satisfactory 
and encouraging. The third one is the pseudo¬ 
potential calculation of the phase shifts. When 
the Animalu-Heine pseudopotentials are 
used after proper corrections, the results 
are more reliable and useful. 
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Abstract—The vapor-crystal equilibrium of HgTe has been investigated by measuring the electrical 
properties of samples which were quenched after having been annealed at 150-5S0°C long enough to 
reach equilibrium with either (1) a liquid Hg reservoir, (2) a two-phase Hg-rich or Te-rich ingot, or 
(3) internal Te-rich microprecipitates. Except in a few cases, the electrical measurements showed 
conclusively that the samples were p-type. Hall coefficient measurements at 4'2°IC and about 100 kG 
could be used to determine the value of (p — n) for samples with (p — n) exceeding 4 x I0'"cm““. Less 
p-type samples could be arranged in order of <p —n) by comparing their values of the Seebeck co¬ 
efficient at SOO^K and the low-field Hall coefficients at 300 and 77°K. For samples annealed at 550°C, 
(p — n) increases monotonically with decreasing Hg pressure from 4-7 x 10'"cm"“ for Hg saturation to 
about 9 X I0'"cm~" for Te saturation. Independent of any microscopic model, this variation shows that 
(p~n) increases monotonically with increasing Te content. According to the simplest microscopic 
model, the predominant point defects are Hg-vacancy or Te-interstitial acceptors, and above 450°C 
the entire homogeneity range lies on the Te-rich side of the stoichiometric composition. Along both 
the Te-rich and Hg-rich solidus lines the Te content increases with increasing temperature. The value 
of (p - n) extrapolated to the maximum melting point is about I -5 x 10‘''cm~’. 


1. INTRODUCTION 

The electrical and optical properties of the 
11-VI compound HgTe and its solid solutions 
with CdTe have been the subject of numerous 
investigations [1], These studies have shown 
that HgTe is a semi-metal whose band struc¬ 
ture is quite similar to that of gray tin. They 
have also shown that HgTe grown from an 
undoped stoichiometric melt is strongly 
p-type, and that the net hole concentration, 
(p — n), can be reduced by annealing in 
sufficiently high pressures of Hg vapor. It is 
generally believed that the excess holes result 
from the ionization of acceptor defects 
associated with the presence of a stoichio¬ 
metric excess of Te. In physico-chemical 
studies, the partial pressures of Hg(g) and 
Te 2 (g) in equilibrium with Hg-saturated and 
Te-saturated HgTe have been measured as a 
function of temperature [2], the liquidus lines 
of the Hg-Te system have been determined 
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[1,2], and the electrical properties have been 
investigated as a function of the temperature 
and Hg partial pressure[3,4], 

In the present investigation, the vapor- 
crystal equilibrium of HgTe has been studied 
by means of annealing experiments in which 
undoped HgTe samples were either equili¬ 
brated with a vapor phase containing Hg(;?) 
and Tczlg) at partial pressures determined by 
the temperature and composition of an 
external condensed phase or equilibrated with 
an internal phase probably consisting of 
Te-rich microprecipitates. The annealed 
samples were then characterized by measure¬ 
ments of Hall coefficient, resistivity, and 
Seebeck coefficient. Except in a few cases, 
the results of these measurements showed 
conclusively that the samples were p-type. 
(In this paper, a sample is designated as 
p-type if it contains more holes than electrons, 
even though its Hall and Seebeck coefficients 
may be negative because of the high ratio of 
electron to hole mobility in HgTe). For 
samples with net hole concentrations 
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exceeding 4x the values of (p — n) 

were found by Hall coefficient measurements 
at 4-2°K and lOO-IlO kG. For samples with 
lower net hole concentrations, (p — n) could 
not be evaluated in this way, since these 
samples contained too many conduction 
electrons at 4-2°K for a simple Hall equation 
to be applicable even at 110 kG, the highest 
magnetic field available. However, it was 
possible to arrange these samples in order of 
decreasing (p — n) by means of comparisons 
among their electrical properties. 

The experimental methods mentioned have 
been used to obtain (p — n) as a function of 
Hg(;?) pressure for samples annealed at 550°C, 
as a function of temperature between 150- 
550°C for Te-saturated samples, and as a 
function of temperature between 450-550“C 
for Hg-saturated samples. The implications 
of the experimental results for the stoichio¬ 
metry of HgTe will be discussed first without 
assuming any microscopic model for the 
lattice defects and then in terms of the simplest 
acceptor defect model. 

In an earlier study Rodot[3| gave values of 
(n-p). assumed equal to ~UeR„, for the 
Hg-rich portion of the HgTe homogeneity 
range and for temperatures below 400°C and 
also proposed a defect model for HgTe. 

2. KXl’KRIMENTAI. 

Electrical measurements 

The HgTe samples were large-grained 
rectangular parallelepipeds with dimensions 
of about 2 X 4 X 15 mm. They were cut from 
ingots grown by the Bridgman method from 
undoped melts prepared by direct reaction of 
the semiconductor-grade elements. Electrical 
measurements were made on each sample 
before and after it had been treated by one of 
the annealing methods described below. The 
Seebeck coefficient relative to iron was 
measured at an average sample temperature 
of about 28°C by means of a pressure-contact 
apparatus which produced a temperature 
difference of about between the ends of 
the sample. The relative value was converted 


to the absolute Seebeck coefficient by 
algebraic addition of -+ 11 piV/°K, the absolute 
value for iron. The Hall coefficient at about 
6 kG and the resistivity at zero field were 
measured with pressure contacts at room 
temperature and at 77°K. For selected 
samples, the Hall coefficient at 4 2°K was 
measured with soldered indium contacts as a 
function of magnetic field up to 100-110 kG. 
All the electrical measurements were made 
by conventional d.c. potentiometric tech¬ 
niques. 

Equilibration with liquid Hg reservoir 

In one type of annealing experiment, HgTe 
samples were annealed at 550°C in a closed 
tube containing liquid Hg heated to a lower 
temperature. The Hg temperature was 
adjusted to establish a partial pressure of Hg 
intermediate between the limiting pressures 
[2] characteristic of Hg- and Te-saturated 
HgTe at 550°C. Equilibration with such 
vapors produced HgTe samples with com¬ 
positions lying inside the homogeneity range 
of HgTe at5.50°C. 

In each experiment, 2 HgTe samples with 
difi'erent initial compositions were placed at 
one end of a 12 mm o.d. silica tube 64 cm long, 
which had been cleaned with HF and distilled 
water. Pure liquid Hg (between 0-2-2 g, 
depending on the partial pressure desired) was 
placed at the other end of the tube, which was 
then evacuated with a mechanical pump and 
scaled. The tube was placed at the center of a 
horizontal annealing furnace formed by 
butting together 2 separate resistance furnaces 
each 61 cm long. During the annealing run, the 
end of the tube containing the HgTe samples 
was heated to 550±4°C. The other end was 
made the coldest part of the tube, and there¬ 
fore a reservoir of liquid mercury remained 
there through the run. The reservoir tempera¬ 
ture was kept constant to ±3°C. After 
annealing for 168 hr, the end of the tube 
containing the HgTe samples was pulled out 
of the furnace and rapidly cooled to room 
temperature by pouring water over it. The 
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entire tube was then cooled to room tempera¬ 
ture, and the samples were removed for 
electrical measurements. 

At 550°C, the ratio of Hg(g) partial pressure 
to Te 2 (;?) partial pressure is about 1000:1 for 
Te-saturated HgTe, and even larger for other 
compositions [2]. Therefore it was assumed 
that the liquid Hg reservoir was not contamin¬ 
ated by Te during the run, and that the partial 
pressure of Hg(g) in equilibrium with the 
HgTe samples was equal to the saturation 
vapor pressure of liquid Hg at the reservoir 
temperature. Reservoir temperatures between 
345-509°C were employed, corresponding to 
Hg(g) partial pressures between 0-80-9 0 atm. 
The Hg(g) partial pressures over Te- and 
Hg-saturated HgTe at 550°C are 0-52 and 
11 atm, respectively [2], 

Isothermal equilibration with two-phase 
ingots 

In a second type of annealing experiment, 
HgTe samples were equilibrated isothermally 
through the vapor phase with an ingot whose 
composition was outside the homogeneity 
range of HgTe(c) and inside the liquidus line 
at the annealing temperature. The ingot 
therefore consisted of HgTe(c) at one homo¬ 
geneity limit and a liquid phase. By the Gibbs 
phase rule, fixing the temperature determines 
all of the intensive properties of the system, 
including the Hg(g) and Tcotg) partial pres¬ 
sures. Samples annealed with such ingots 
become as Hg-rich or as Te-rich as pos.sible 
at the annealing temperature, depending on 
whether the ingot contains excess Hg or 
excess Te, respectively. The principle of the 
method and its application to PbTe have been 
described previously [5]. 

The HgTe samples were annealed in an 
evacuated silica tube, 3 in. long, which con¬ 
tained a silica shelf to separate them from the 
ingot. The tube was first cleaned with HF, 
rinsed with distilled water, and outgassed for 
16 hr at 1020°C and 3 x 10~^ torr. Four 
samples were placed on one side of the shelf, 
and a mixture of unreacted Hg and Te 


weighing 15 g was placed on the other side. 
The composition of the mixture was 45 at. % 
Te for Hg-saturation and 55 at. % Te forTe- 
saturation. The loaded tube was sealed on a 
vacuum system maintained at 10~* to 10~® 
torr, pumped at room temperature for 1 hr, 
and sealed off. The preferential loss of Hg 
during pumping was not sufficient to cause a 
significant change in ingot composition. 

The tube was placed in a resistance-heated 
muffle furnace and heated to the annealing 
temperature, which was 445 or 550°C for 
Hg-saturation and 550°C forTe-saturation. At 
these temperatures, the elements are known 
[2] to react rapidly to establish the Hg(g) and 
Tejfg) partial pressures characteristic of 
saturated HgTe. The annealing time was 160 
or 320 hr at 450“C and 160 hr at 550°C. At the 
end of this time, the tube was removed from 
the furnace and immediately immersed in 
water, after which the quenched samples 
were removed from the tube for electrical 
measurements. 

For each experiment of this type, the 
average composition of the condensed phases 
(HgTe samples plus two-phase ingot) at the 
annealing temperature was calculated from 
the total weight of the samples, the weights of 
Hg and Te used, the volume of the silica tube, 
and the partial pressures of Hg(g) and Tezlg) 
in equilibrium with Hg- or Te-saturated HgTe 
[2J. In each case the calculated composition 
was within 1 at. % of either 45 or 55 at. % Te, 
and therefore was well outside the homo¬ 
geneity range of HgTe, as required for the 
preparation of saturated samples. Analysis of 
vapor pressure data [2] has shown that the 
minimum Te content of HgTe is at least 
49-9 at. % Te. and that the maximum Te 
content does not exceed 50-6 at. % Te. 

Equilibration with an internal Te-rich 
microprecipitate 

In the remaining experiments, HgTe 
samples were equilibrated with a precipitated 
interna) phase instead of an external vapor 
phase. These experiments were undertaken 
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on the basis of measurements on HgTe 
samples saturated with Te at SSO^C, which 
showed that the net hole concentration 
decreased with a decrease in the rate of 
cooling from SSO'C to room temperature. This 
result indicated that below there is a 

range of temperatures within which (1) the 
solubility of Te in HgTe decreases with 
decreasing temperature, and (2) Te present in 
excess of the solubility limit is rapidly 
removed from the HgTe lattice by local 
precipitation to form a dispersed second phase 
of Te-rich microprecipitates. In this tempera¬ 
ture range, therefore, Te-saturated HgTe can 
be obtained at a temperature T below 550°C 
by first Te-saturaling at 550°C with a two- 
phase ingot, annealing at T to establish 
equilibrium with the precipitated phase, and 
then quenching. Such a procedure has been 
used to investigate the solubility of Te in 
PbTe[6,7|and Pb in PbS[81. 

In most of the precipitation experiments, a 
sample of HgTe Te-saturated at 550°C was 
placed in a 12 mm o.d. silica tube 7-5 cm long, 
which had been cleaned with HF and distilled 
water, (A few experiments were performed 
on samples initially saturated with Hg at 
.S.S()"C.) The tube was flushed several limes 
with helium gas, filled with 0-5 atm of helium, 
and sealed. The tube was then suspended by 
a wire at the center of a vertical resistance 
furnace and heated to an annealing tempera¬ 
ture between 150-550°C. At the end of the 
run. the sample was quenched to room 
temperature by cutting the support wire, 
which allowed the tube to drop into a beaker 
containing 2-5 / of a solution of 10 wt. % NaCI 
in water. The sample was then removed for 
electrical measurements. In order to be sure 
of attaining equilibrium, this process was 
repeated for successively longer annealing 
times until there was no further change in the 
electrical properties of the sample. 

3. RESULTS 
Electrical properties 

The Hall coefficient at 4-2'’K, R 4 . 2 , was 


measured as a function of magnetic field 
between 5-6 and 100-110 kG for 20 annealed 
samples of HgTe. all of which were found to 
by p-type. Table 1 presents data on the 
electrical properties of 10 representative 
samples, which were either Te-saturated or 
Hg-saturated. Within each group the samples 
are listed in order of decreasing net hole 
concentration, (p — n). For 5 of these samples, 
indicated by an asterisk on the value of 
/?4 2(100 kG), the value of the Hall coefficient 
at 4-2°K was almost independent of magnetic 
field. This behavior shows there was no 
appreciable electron contribution to the 
conductivity, even at low fields. The corres¬ 
ponding value of (p — n) was therefore 
calculated from the expression (p —«) = 
l/t'y? 4 .. 2 (IOO kG). For these samples, (p — n) is 
seen to be between 4 -5-8 1 X 10'"cm'l 

For the other 5 samples listed, R 4.2 is 
negative at 5 kG and decreases markedly in 
absolute value with increasing field, even 
becoming positive in two cases. Similar 
observations on HgTe have been reported by 
Stradling and Antcliffe[9] and by Harman et 
a/. [10]. As these authors have shown by 
detailed theoretical analysis, the strong field 
dependence of R^.^ is characteristic of p-type 
samples in which electrons make an appre¬ 
ciable contribution to the conductivity at low 
magnetic fields. Even in samples with (p — n) 
exceeding 10"* cm'-*, such a contribution is 
possible at 4-2°K because (1) HgTe is a semi¬ 
metal and therefore has a high intrinsic 
carrier concentration even at very low 
temperatures, and (2) HgTe has a very high 
ratio of electron to hole mobility, of the order 
of 100. 

Values of (p — n) have not been obtained 
directly for the 5 samples just described. It 
had been hoped that the limiting expression 
(p — n)= McRh would become applicable at 
the highest magnetic fields available, where 
the mobility-field product pB is much greater 
than one for electrons and much less than one 
for holes. This was not the case, however, 
since R^.^ did not reach a constant value even 
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at 1 lOkG. Although methods have been 
described for obtaining p and n by analyzing 
the field dependence of Rh, the data obtained 
for the 5 samples are not sufficiently detailed 
to permit such an analysis. (For these samples, 
the values of /? 4.2 at 110 IcG appear to be 
inconsistent. The sign of this quantity is 
negative for the samples Te-saturated at 290, 
250, and 150°C and positive for the sample 
Hg-saturated at 445°C, although on the basis 
of /? 4.2 at 6 kG and the electrical properties at 
higher temperatures the former three samples 
have higher values of (p — n) than the latter. 
Positive values of R^..^ at high fields were also 
reported by Stradling and Antcliffe[9] and 
by Harman et a/. [10] for samples with lower 
values of {p — n). These apparent inconsisten¬ 
cies are not very surprising, since the mag- 
metic field dependence of R^.., and the 
magnitude of the field required for saturation 
are expected to be much more sensitive than 
the properties at higher temperatures to 
differences in the ratio of electron to hole 
mobility.) 

Figure I shows the Hall coefficients at 

6 kG and .-iOO^, 77“ and 4'2“K and Fig. 2 shows 
the absolute Seebeck coefficient at 300“K 
(rtiioo)- all as functions of (p — n). The solid 
points represent samples, including those in 
Table 1, for which (p — n) could be calculated 
from the high field value of R^.-,. For the open 
points the values of (p — n) were obtained by 
extrapolation of the Te-rich solidus curve, as 
discussed below. The two figures show that 
the low field Hall and Seebeck coefficients 
may be negative even for strongly p-type 
HgTe, as a result of the high intrinsic carrier 
concentration and mobility ratio. Thus aao* is 
positive only for (p — n) values exceeding 

7 X I0‘''cm~\ R:mi is negative over the entire 
range investigated, and R^^ is positive only 
for (p — n) values exceeding 4 x 10'"cm”*. For 
(p — n) greater than 5-5 x 10'" cm”", Rjj and 
R 4.2 have almost the same value. 

The correlations among the electrical 
properties of HgTe at 77° and 300°K are 
shown in a different way in Figs. 3-5, which 



Fig i Hall coellicienls at 6 kCJ and .tOO, 77, and 4-2°K 
plotted against net hole concentration, (p-n). For the 
solid points, )p — n\— l/e/?, where R is the value of the 
Hall coefficieni al 4-2"K and 100 kU, For the open 
points, (p — n) was obtained by assuming that [p — n) for 
Te-saturated HgTe at temperatures below 3.S0°C is given 
by extrapolation of the upper straight line in Fig. 7. Note 
the expanded ordinate scale for positive values of the 
Hall coefficieni. 

respectively are plots of a;,on vs. R-^m, vs. 
R^^, and the Hall mobility, Rv, at 77°K vs. 
/? 77 . These figures include data for all the 
samples and not just those for which (p — n) 
has been determined. For completeness, data 
are also included for n-type samples (indicated 
by triangles) prepared in an earlier investiga¬ 
tion by doping with In and Hg-saturating at 
350°C[11]. The squares labeled with values 
of (p — n) in Figs. 3-5 were obtained from the 
plots of Figs. 1 and 2. These squares of course 
are distributed only along the strongly p-type 
portion of each curve. The value of (p — n) 
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Fig. 2. Absolute Seebeck coefficient at 300°K ^ a function of (p—n). 

The solid and open points have the same significance as in Fig. 1. 



Fig. 3. Absolute Seebeck coefficient at 300°K (osoo) as a function of 
Hall coefficient at 6 kG and 300°K (Rio»). The triangles represent In- 
doped HgTe that has been Hg-satutaled. The circles are for undoped 
HgTe annealed at various temperatures and Hg pressures. The squares 
labeled with values of (p- n) were obtained from the smoothed curve 
in Fig. 2. For intrinsictIgTe. 0300 “> — nOpY/’K and K 300 “ —15 cm’ 

c-’. 




R«r (77»K) (cm 


2300 


A. J. STRAUSS and R. F. BREBRICK 



Fig. 4. Absolute Secbcck coefficient at 300°K (a;,™,) as a function of Hall coefficient 
at 6 k(i anti 77°K The abscissa scale for positive values of R,, is greatly expand¬ 
ed relative to that for negative values. The symbols have the same significance a.s 

in Fig. 3. 



Fig. 5. The Hall mobility (R<t) as a function of the Hall coefficient (R^^), both at 77'’K 
and 6 kG. The symbols have the same significance as in Figs. 3 and 4. 




VAPOR-CRYSTAL EQUILIBRIUM 


2301 


continues to decrease monotonicaily along the 
entire curve in the direction away from the 
squares. Thus by employing Figs. 3-5, 
electrical measurements at 77 and SOO^K can 
be used to obtain approximate values of 
(p—n) for samples with (p — n) above 
1-3 X 10'* cm~*, and in every case to arrange 
samples in order of decreasing (p — n). 

Figures 3 and 4 show that the most negative 
value for ajo# is —145 /aV/°K. For the most 
strongly p-type samples. Fig. 5 shows that Ra 
is equal to the hole mobility, which is 120 ± 10 
cm“ V“' sec'' in most cases. Along the upper 
leg of the curve, where R<t ranges from about 
1-5X lO" to a maximum of 9x lO* cm" V'' 
sec'', it is equal to the electron mobility. In 
the intermediate, mixed conduction region, 
Ra- is not simply related to either the electron 
or hole mobility. 

Scattered values for the electrical prop¬ 
erties of HgTe have been reported by a 
number of authors. Our results are generally 
in good agreement with theirs. For example, 
Giriat[12] has measured various properties 
of as-grown HgTe and HgTe annealed in Hg 
vapor at 250 and 300°C. The most negative 
value he observed for a,ioo was —150 pV/’K. 
For a particular sample he found Rai^ 
(6-2 kg) = -17-5 cm* C'', Rr,(6-2 kg) = 
- 104 cm* C-', and a^oo = - 140 pV/^K. In 
good agreement we find (Figs. 3, 4) for 
Raw — — 17-5 cm'’C~' that R„ = — 104cm*C~' 
and asm — — 130±8pV/'’K. 

Net hole concentration at 550°C as a function 
of Hg pressure 

Figure 6 shows the net hole concentration, 
(p — n), as a function of Hg pressure for 
samples annealed 160 hr at 550'’C. The value 
of (p — n) was obtained from the high field 
value of R^.-i as described earlier. The range of 
Hg pressures over which HgTe is a stable 
phase at 550°C is indicated[2]. Inside this 
range the samples were equilibrated at fixed 
Hg pressures determined by the temperature 
of a Hg reservoir. The attainment of equilib¬ 
rium was established by the observation that 



Fig. 6. The valueof (p — n)for HgTe annealed at SSO^C as 
a function of the Hg-pressure during annealing (Pti,). 


pairs of crystals annealed together had the 
same electrical properties although initially 
one had a higher (p — n) and the other a lower 
(p — n) than the final value. The sample at the 
Hg-rich homogeneity limit was isothermally 
equilibrated with a two-phase ingot. The 
sample at the Te-rich limit was first equili¬ 
brated with a 55 at. % Te ingot in an evacuated 
shelf-tube, quenched, re-annealed for 5 min in 
a tube filled with helium (as in the internal 
precipitation experiments), and quenched. 
After the first quench, (p — n) was 7-8 x 10'" 
cm'*, significantly lower than the value of 
8-7 X 10'" cm"* obtained after the second 
quench and even below that obtained by 
equilibration under a Hg pressure of 0-95 atm. 
The interpretation of these results is that 
the high temperature, Te-rich compositions 
of the HgTe phase are more nearly frozen-in 
by a quench using an He-filled silica tube than 
by a quench using an evacuated shelf tube. 

U is seen in Fig. 6 that (p — n) is positive 
and decreases monotonicaily with increasing 
Hg pressure over the entire homogeneity 
range. The points cannot be represented by a 
single straight line with the precision we feel 
is warranted by that of the measurements. In 
view of the quench rate effects encountered, it 
is possible that the highest value of (p~n) is 
still too low due to an insufficiently rapid 
quench. The line shown at higher Hg pres¬ 
sures has a slope of—0-27. 
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Net hole concentration ofTe-saturated HgTe 
The values of ip —n) for Te-saturated HgTe 
at various temperatures are shown along the 
upper line of Fig. 7. The point at 550° was also 
plotted in Fig. 6. (Any reasonable straight 
line drawn in Fig. 7 through the 4 points for 
Te saturation at temperatures below 550°C 
gives a value of (p — n) for Te-saturation at 
550°C that is below 9-5 X 10'" cm""'. This is 
not high enough to completely eliminate the 
curvature of the isotherm shown in Fig. 6 and 
suggests this curvature is not entirely due to 
quench effects.) The points below 550°C were 
obtained for samples equilibrated with an 
internal, Te-rich microprecipitate. These 
samples were initially Te-saturated at 550°C 
by isothermal equilibration with a two-phase 
ingot. They were then annealed at various 
low temperatures and quenched. The anneal¬ 
ing temperatures and times are given in the 
first and second columns of the first section of 


Table I. Where two annealing times are given 
in the same row, the same electrical properties 
were reached after each anneal. We assume 
this steady state represents equilibrium. 

The points for Te-saturated samples in 
Fig. 7 are fit well by a straight line, ip — n) = 
6-32 X 10"» exp [s/iT] with s = -0-141 eV. No 
ip — n) values could be obtained for samples 
equilibrated below 350°C, since these samples 
were not sufficiently p-type for R 4 .Z to be 
independent of magnetic field. However, 
comparison of their electrical properties 
(see Table 1) with the data of Figs. 3-5 shows 
that ip — n) continues to decrease monotoni- 
cally with decreasing temperature down to 
150°C, the lowest annealing temperature 
used. 

To obtain estimated ip — n) values for the 
samples which were Te-saturated below 
350°C, we have extrapolated the straight line 
of Fig. 7 representing Te-saturation down to 


*C 



Fig. 7 The value of (p-n) for Te-saturated HgTe (upper line) and for Hg- 
saturated HgTe (lower line) as a function of the temperature of saturation. 
For the solid points the value of (p — n) = l/eR, where R is the value of the 
Hall coefficient at 4-2°K and ~ 100 kG. For the open points the value of 
(p — «) was obtained by using Fig. 8. as explained in the text. 
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150°C. These estimated values, which are 
listed in parentheses in the last column of 
Table 1, have been used to obtain the open 
points shown in Figs. I and 2, thus extending 
the correlation between electrical properties 
and ip — n) from 4-5 x 10'" cm“" to 1'3 x 10'* 
cm"*. Within this range, we have found the 
values of {p — n) obtained from the various 
electrical properties of a peuticular sample 
using Figs. 1 and 2 may differ by as much as a 
factor of 2. (The Te-saturation line is expected 
to show a discontinuity in slope at the eutectic 
temperature of 413°C. In making the straight 
line extrapolation described above, and in 
Fig. 7 itself, we have taken this change to be 
negligible. This assumption proves to be 
consistent with the results of the next section.) 

Net hole concentration ofWg-saturated HgTe 
Values of <p~n) for Hg-saturated HgTe 
are shown along the lower, dashed line of 
Fig. 7. The value at 550°C (solid circle) was 
obtained from the high field value of and 
is also plotted in Fig. 6. Values of (p — n) for 
samples Hg-saturated at 445'’C could not be 
found in this manner. However these samples 
are p-type with values of (p — n) lower 
than that for Hg-saturation at 550°C. Compar¬ 
ison of their electrical properties (Table I) 
with Figs. I and 2 gives (p — n) = (2-2 ±0-2) x 
10'* cm"*. This value is dependent on the 
extrapolation of the Te-saturation line in 
Fig. 7 that enabled the range of (p — n) in 
Figs. 1 and 2 to be extended below 4 x 10'" 
cm"*. It is therefore significant that it agrees 
with the extrapolation to 445°C of the straight 
line for Hg-saturation in Fig. 7. The open 
circles in Fig. 7 were obtained by extrap¬ 
olation of the isoconcentration lines shown 
in Fig. 8 as explained in the Discussion. The 
uppermost portions of the Hg-saturation and 
Te-saturation lines are shown schematically 
in Fig. 7 by the dotted lines, which have been 
drawn to meet at the congruent melting point 
of HgTe, 670°C. It is seen that (p — n) is in the 
neighborhood of 1-5 x 10'® cm"* at the maxi¬ 
mum melting point. 


4. DISCUSSION 

Net hole concentration as a measure of 
composition 

The isotherm in Fig. 6 shows that (p — n) 
increases monotonically with decreasing Hg 
pressure over the entire homogeneity range at 
550*0. Rodot's results [3] in a lower range of 
(p — n) and for several temperatures between 
200-450“C are consistent with such a 
monotonic variation. From the thermo¬ 
dynamic criterion for a stable phase, the 
atom-fraction of Te, jct,, must also increase 
monotonically with decreasing Hg pressure. 
Therefore we may conclude that (p—n) 
increases monotonically with increasing 
and the former thus gives a unique measure of 
the latter even though the precise functional 
relationship has not been experimentally 
established in a direct way. The lines in Fig. 7 
can then be considered as the solidus lines for 
HgTe, although neither the origin or scale of 
the XTe axis is fixed. To establish these 
requires a microscopic model. Such a model 
will be proposed in a later section. 

Comparison of the solidus lines in Fig. 7 
shows that the Hg-saturated solidus at 550° 
and the Te-saturated solidus at about 350°C 
have the same value of (p — n) and therefore 
of XTe- Thus a sample of HgTe that is Hg- 
saturated at 550°C will become Te-saturated 
upon cooling to 350*0. If this sample is 
annealed at some temperature below 350°C, 
it will approach an equilibrium condition of 
Te-saturation by the formation of internal, 
Te-rich microprecipitates in the same manner 
as samples initially Te-saturated above the 
annealing temperature. This has been directly 
demonstrated by an experiment in which a 
crystal was Hg-saturated at 550°C, annealed 
for 4 hr at 295*0 in an ampoule containing Hg 
vapor at iatm, and quenched in the usual 
manner for internal precipitation experiments. 
After the surface had been ground off, as 
expected the electrical properties of the 
samples were essentially the same as those of 
Te-saturated HgTe annealed at 295*0. (it 
should be noted that attainment of Te-satura- 
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tion could not have resulted from loss of Hg 
to the vapor phase. This was prevented 
because the Hg pressure during annealing at 
295°C exceeded that required for Hg satura¬ 
tion. In fact the entire crystal would have 
become Hg saturated after a sufficiently long 
period. For the annealing time used, the 
approach to Hg saturation was restricted to a 
thin surface layer. However, this time was 
sufficient for equilibrium at theTe-rich .solidus 
to be attained in the interior of the crystal by 
internal precipitation.) 

P-T diagram for HgTe 
The pressure-temperature diagram for 
HgTe is shown in Fig. 8. The highest and 
lowest curves give the Hg partial pressure 
in equilibrium with Hg-saturated and 
Te-saturated HgTe, re.spectively. These 


curves, which were determined earlier by 
optical absorption measurements [2], meet at 
the congruent melting point to form a three- 
phase loop enclosing those values of Png 
U)*/T for which HgTe is a stable phase. The 
solid lines within this loop give png 10^/T 
for fixed values of (p — n) between 4-5 X 10*® 
and 8-0 x 10'* cm“®. Each of these isocon¬ 
centration lines is determined by two points. 
The upper point gives the value of Png, 
obtained from the smoothed isotherm (solid 
line) of Fig. 6, for which HgTe has the 
specified value of (p — n) at 550°C. The lower 
point lies on the pressure curve for Te- 
saturated HgTe and gives the temperature, 
obtained from the upper line in Fig. 7, at 
which Te-saturated HgTe has this value of 
(p - fi). 

(The temperature at which Hg-saturated 


•C 



Fig. 8. P-T diagram for HgTe. The three-phase loop is shown as the outer, parabola¬ 
like curve on a plot of Hg pressure (f'tig) vs. reciprocal absolute temperature. Each of the 
straight lines within this loop gives the Pa,— lO’T relationship for the labeled value of 

(p-n) 
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HgTe attains a particular value of (p — n) has 
been determined for temperatures above 
550®C by making a short extrapolation of the 
isoconcentration lines in Fig. 8 and noting the 
temperature at which they intersect the Hg- 
rich three-phase line. These approximate 
results are shown as the open circles in 
Fig. 7.) 

Since a fixed value of {p — n) implies a fixed 
value of jtTe, the isoconcentration lines of 
Fig. 8 determine the partial gram-atomic 
enthalpy and entropy of Hg in HgTe mea¬ 
sured relative to the corresponding quantities 
for Hg gas at 1 atm. The values are hH« = 
— 43 ± 1 kcal/g-atom and Jh* — 56± 1 e.u./g- 
atom for (p — n) between 4-5 and 6 X 10‘"cm“®. 
They become more negative with increasing 
(p — n), and are hte = — 54 kcal/g-atom and 
Jhb = “ 66 e.u./g-atom at 8 x 10'* cm'*. 

Rodott3] has also given isoconcentration 
lines on a plot similar to Fig. 8. For a given 
temperature the value of Ph« for intrinsic 
HgTe, (p — n) = 0, was assumed to be that at 
the minimum in a plot of n* = — 6 x 10'"//? 77 
against Phb- For equilibration at higher values 
of pt\t it was assumed that all samples were 
n-type with n* = n = n—p. Isoconcentration 
lines for intrinsic and n-type HgTe were 
constructed from the experimental data on the 
basis of these assumptions. Parameters 
obtained by a mass action law analysis of 
these lines were then used to calculate 
theoretical isoconcentration lines for p-type 
samples. These theoretical lines as well as the 
intrinsic line can be compared directly with 
our findings. The intrinsic line intersects the 
Hg-rich three-phase curve at 450°C. In 
disagreement we have found that HgTe that is 
Hg-saturated at 450°C is strongly p-type, with 
(p —rt) = (2±0-2) X 10’" cm"". For (p —n) = 
4x10'" cm-" and 315‘’C (lO^/T = 1-70), 
Rodot’s theoretical analysis gives PHg = 
4-7xl0~" atm. We obtain pHg = 5-8xl0-' 
atm, a factor of 8 lower (from Fig. 7 and the 
value of Ph* along the Te-rich three-phase 
curve). As a result of these discrepancies we 
believe that considerable doubt is cast upon 


Rodot’s intrinsic line above 350“C and her 
analysis of the defect structure of HgTe at 
high temperatures. 


Defect model for HgTe 

In the preceding discussion it has been 
shown that there is a functional relationship 
between (p — n) and in HgTe, but no 
microscopic model of the lattice defects 
responsible for this relationship has been 
considered. The simplest defect model 
assumes that (p — n) = 0 for xtj = i (stoichio¬ 
metric material), that only one type of 
lattice defect is present, and that this is a 
simple point defect which is completely 
ionized to yield an integral number of carriers. 
Since in the experiments described above 
(p — n) is always positive and increases as 
Xxe increases, according to this model it 
follows that the defects are acceptors and that 
all undoped p-type samples contain Te in 
excess of the stoichiometric composition. 
Furthermore the defects are either Hg 
vacancies or Te interstitials, although no 
data presently available make it possible to 
decide which. (The defects cannot be Te 
atoms on Hg sites, since these would be 
donors.) 

If c is the number of holes per defect, which 
is expected to be 1 or 2, 

p-n = c[A-'') (1) 

where [A~''] is the concentration of defects. 
From the definition of atom fraction, it 
follows that 


■ (p-n)l2c 
.^Te i 2N±(p-n)lc 


( 2 ) 


where N is the concentration of lattice sites 
for each subiattice of the HgTe crystal, the 
plus sign in the denominator holds for Te 
interstitials, and the minus sign holds for Hg 
vacancies. Neglecting (p —n)/c in comparison 
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with 2 iV, equation (2) becomes for HgTe 

= (3) 

since A' = 1 -48 x 10*^ cm~^ for HgTe (ao = 
6-46 A). From Fig. 7, the values of Ut* —i) at 
the homogeneity limits are (51 X 10"')/c and 
(I -3 X \Q-‘>)lc for HgTe at 488‘’C. For c = 1 or 
2 these values are consistent with the results 
of partial pressure meeisurements [2] which 
show that at this temperature the homogeneity 
limits lie within the range — 1 x 10 ^ < 
(JCre-i) < + 5x lO-'’. 

If the mass action law were applicable to 
the equilibrium between Hg vapor and HgTe 
containing defects, then for p > n, (p—n) 
would be proportional to png', where m= \l 
(c+ I). In this case the enthalpy of formation 
of a Hg-vacancy (or Te-interstitial) and c 
holes would be minus the partial enthalpy of 
Hg, about 43 kcal/g-atom. For the isotherm 
at SSO'C plotted in Fig. 6, w = 0-27, in 
reasonably good agreement with the value of 
i expected for <■ = 2. However, the mass 
action law is valid for equilibria involving 
holes and electrons only if the crystal is non¬ 
degenerate, i.e. if the Fermi level is located at 
least a few kT away from any energy band 
containing free carriers. It is unlikely that 
this condition is satisfied for HgTe, which is 
known to be a semi-metal at room temperature 
and below. Therefore it cannot be concluded 
with certainty that the acceptor defect in 
HgTe is doubly ionized. However, such 
behavior would not be surprising, since the 
acceptor defects in ZnTe(13J and SnTe[I4] 
are known to be doubly ionized. (In our earlier 
study of the defect equilibria in HgSe[15], we 
analyzed the variation of carrier concentration 
with p„g in terms of a general equation which 
we believed to be applicable to equilibria 
involving degenerate as well as non-degen¬ 
erate materials. However a recent statistical 
mechanical study [16] has indicated the need 
for correction terms which cannot be evalu¬ 
ated at present.) 

Since our data show that even Hg-saturated 


HgTe is p-type above 400°C, at least down to 
this temperature the entire homogeneity range 
of HgTe lies on the Te-rich side of the 
stoichiometric composition, according to the 
simple defect model given here. In order to 
account [17] for this behavior in terms of the 
thermodynamic properties of Hg, Te, and 
HgTe. at xt^ = i the slope of the Gibbs free 
energy isotherms for HgTe above 400°C must 
be more negative than about — 30 kcaiyg-atom. 
This implies that the energy required to create 
the acceptor defect must be less than that 
required to create any defect associated with 
excess Hg by at least 30 kcaJ/g-atom. The 
existence of this large disparity is somewhat 
surprising, since none is observed for HgSe, 
whose homogeneity range lies entirely on the 
Hg-rich side of the stoichiometric com¬ 
position. 
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Abstract—^-factors and effective masses of electrons are computed for the conduction and the valence 
bands of CuCI at the centre of the Brillouin Zone. The numerical values g = 2-03 for the conduction 
band, /? = — 1-44 for the upper valence band 1',+ and the effective mass m = ~ 13-5 a.u. for 1’,* are in 
good agreement with the values deduced from the experiments on the excitonic stales. For the 
second valence band the numerical value calculated for g is 0-28. 


1. INTRODUCTION 

Recent experiments of excitonic Zeeman 
effect in a strong magnetic field have per¬ 
mitted Certierfl] to obtain the values of the 
gyromagnetic factors of the electrons in the 
conduction and the higher valence bands of 
CuCl. It was interesting to see if these values 
were consistent with the theoretical values 
obtained from the Band Structure of CuCl [2]. 
In fact certain ambiguity could exist in the 
choice of the values deduced from the experi¬ 
ments. For example, the solution may not be 
unique, which is the case for a singlet state 
which is displaced quadratically in a magnetic 
field and in this case it is the square of the 
difference of the g-factors for electron and 
hole which comes into play. On the other 
hand certain hypotheses difficult to ascertain 
may be necessary to adopt, as is the case to 
explain the Zeeman spectra of the exciton 
complexes. 

A direct calculation of g-factor from the 
band structure of CuCl permits us to remove 
these ambiguities and permits a certain 
justification of the model adopted by Certier 
for the exciton complexes that he has studied. 

CuCl has a zinc-blende structure and Song 
[2] has calculated its band structure which 
we reproduce here in Fig. 1. The lowest 
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conduction band is F, and the highest valence 
band is Ft's', with spin-orbit interaction F, 
becomes two-fold degenerate IV while 
IT,* splits into two bands IV^ (two-fold de¬ 
generate) and Fg^ (four-fold degenerate). 
These two valence bands give rise to two 
types of excitons named as fine and diffuse 
series [3], 

As the valence band is degenerate and the 
conduction band is not (without spin orbit 
coupling), we had to adopt two different 
procedures for the calculation of the g-factors 
which we give in Section 2. 

As the matrix elements required to calculate 
the effective mass are the same as that for g, 
it was interesting to calculate directly the 
effective mass of the valence band Fj"^. 
Song [4] estimated this effective mass from 
the curvature of the dispersion curve. The 
high value of the effective mass at the top of 
the valence band explains the strong exciton 
phonon coupling observed [5]. We give the 
effective mass calculations in Section 3. 

2. s-FACTOR 

g-Factor for the electron in the conduction 
band 

Roth [6] has shown that the ^-factor for a 
two-fold degenerate band (including spin) 
can be obtained from the effective mass ap¬ 
proximation. The effective mass Hamiltonian 


in the presence of a magnetic field is 
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Rydberg 



f-'ij!. I, Band siruclure i)f CuC'112, 4) 

n 

P ■ Uliiflnj ■ P ^ 
€(111 

where P includes the momentum operator p 
and the vector potential A, (5)^ is the matrix 
element of the electron spin between the ith 
and the jth band edge wave functions, Uq is 
the Bohr’s magneton and 

n =/)4-(WxVf')/2wc'^ (2) 

It is the third term of the equation (1) which 
gives the expressions for the effective mass 
and the ^'-factor. The equation for g-factor 

is; 

= (3) 

im ^ 

n 

where a is the Pauli spin vector and e,,,, stands 
for the energy difference between the states 
0 and n. For small spin-orbit interaction 

= .VVxp^lS .h (4) 


is considered only to the first order and H 
is replaced by p and hence the above expres¬ 
sion for g is reduced to 


2 ' 1 - 

5 = 2H- —y- {houPu,>^PM + hu^ 

mi “ CouCox 

Pou ^ PxO "b flyoPou ^ ^ux} (5) 

which is a matrix equation with 1 as a unit 
matrix, u and v as the intermediate states 
and 0 as the band edge under consideration. 

The conduction band under consideration 
has the symmetry of Fi, where as the nearest 
valence bands are of r ,5 and r ,2 symmetry. 
More remote bands are neglected in this cal¬ 
culation. Operator h is of Fis symmetry so 
it can be seen right away that 

hm = = 0 ( 6 ) 

because 

<i'.|r: 5 |r> = o for f^f;,. 


So only the middle term in the curly bracket 
of equation (5) is non-zero. We are left with 
three neighbouring valence bands, two of 
them having the symmetry of Fis and one of 
F, 2 . p has the symmetry of Fis. Therefore 
Pox == (FilFisiF) is non-zero only when 
F = r,r,. We conclude that F ,2 gives no con¬ 
tribution. 

For a particular axis z we can write the 
equation (5) as 


g„ — 2 = Re 


1 




x<F,|/;,|Fr^')(^k1Px|F.)} 


+ Re- 




(€r„ I'l'lf 
x(F.|p,|Fr?)(Ffiip„|F,>} 
8 1 


“I” Re - 


mi (€r„ lTii)(er„ iTjf) 
x(F.|p,|Fr.^>x<F;jip„|r.)} 
‘Re’ stands for ‘real part of’. 


(7) 
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We calculated 

2i = -0-0027 

a.u. (Energy) 

2i fad = -0-0021 , 

a.u. (Energy) 

2i <rr:r|/izlnj"> = a.n2f,p-fc,fe2f3d = -0-0027 

a.u. (Energy) 
(8) 

These expressions are nothing but spin-orbit 
splittings of different bands and 


{ap and {ad are the atomic spin-orbit coup¬ 
lings for 3p of Cl~ and 3d of Cu [9]. 

The matrix elements of the operator p and 
the energy differences e’s are known from 
Song's [2] calculations. Substituting these 
values in equation (7) we obtain 

= 2-03. (12) 

As CuCl has a cubic symmetry g-factor is 
expected to be the same in any direction. 
This result is in agreement with the experi¬ 
mental value obtained by Certier. 


IHa') = a, ^a1,(C|-)-t-l>, ^‘'d^lCu^) = €, 

|rfi“> = a, 'I'jfpfCI-) + b, 'I' 55 (Cu+) = Ca (9) 

irrk') = 'i'yci-)+i>, 'I'fj^fCu^) = ea 

and 

I f’f-r) = «2 'I'ai.lCl-) -f = 8 . 

ir;*:,') = 'vuc\-)+1, 'i^5?(Cu+) = s, (lO) 

|rf-a-> = a^ %*„(C|-) -f Cu^) = 63 

|a,|^-f|M*=l. (ID 

These coefficients have been calculated by 
Song during Band Structure calculation of 
CuCl [7] and their values are as follows: 

a, =-0-4585, b, = 0-8887 
fla = 0-9324, b2 = 0-3620 

X, y, z, yz, zx, and xy represent the symmetries 
of the atomic states. 'k’ 3 p(Cl~) and 'l' 3 d(Cu+) 


g-factor for electron in the valence band 
As mentioned before the valence band is 
degenerate in the absence of spin orbit coupl¬ 
ing so the above method could not be applied 
for this band. In the presence of the spin- 
orbit coupling and a magnetic field the total 
perturbation can be written as [ 10 ] 

H’ = 4(r)S .L + lugfl .{L + 2S). (13) 
n 

We consider the effect of this perturbation 
on the unperturbed states of rj’it’ including the 
spin. These states are 

d>j = e(7 (14) 

j= 1,2,... 6 and / = 1,2,3 
y = or, (the spin wave vectors). 

We calculated the different matrix elements 
for the perturbation operator H' and obtained 
a 6 X 6 secular equation. 



are the atomic functions of Cl" and Cu* for where 

3p and 3d bands respectively [ 8 ]. /fo = 
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Secular equation (15) can be diagonalized 
and the diagonalized representations in (7, /n^) 
notation are 

|j.j^ = :^{63« + <ei + 'e 2 )^} = | 1 ) 

= = | 2 ) 

13> m 

^<^) = ;j^{2e3a-(£, + /e2)/3} = j4> 

2’”2) ^ ^ 

From secular equation (15) we get the follow¬ 
ing energy equations: 

E = Ei, + 2A + nil f>x UgH (18) 

where 

w, =±ianclj?i = —1-44 (19) 

and 

E=En — A + m2ii2UgH (20) 

where 

Wj = ± i,±i and ^,'2 = 0-28, ( 21 ) 

Eg is the eigenvalue of the ground state. In 
the absence of a magnetic field (i.e. // = 0 ) 


the spin-orbit coupling splits the degenerate 
rji valence band into two states r,+ and rg+. 
The state Ti* is two-foJd degenerate ^d 
these two degenerate states are represented 
in equation (17) as \i,i} and The 

state is four-fold degenerate and is re¬ 
presented by the states (i|), |i4), |i -i), 
and |i, —in equation (17). From the 
representation of Ft^ and F^^ it is seen that 
F 7 + lies above Fr^ such that 

A£ = £:(F„+) - EIFj^) = - 3/4 

= —0-0041 a.u. (energy). ( 22 ) 

The spin-orbit splitting A£ is in agreement 
with the value calculated by Song[4]. 

It is seen that in a magnetic field F;^ is 
split into two lines such that |i, — 4 ) lies above 
14,4) which means g factor is negative i. eg, = 
— 1 -44 which is quite comparable with the 
value obtained by Certier[I] as — l-ZiO l. 
IV band is split in a magnetic field into four 
levels such that li, 4 ) is the highest and |i 4 ). 
II.—4). II. —I) follow in descending order 
which gives g^ with a positive sign i.e., g^ = 
0-28. Figure 2 represents the splitting of 
ITs’ under spin-orbit coupling and magnetic 
field. 

As we know the correct representation for 
Ft^ we can apply equation (3) directly to 
calculate the value of g for this doubly de¬ 
generate band. The two representations are 
equivalent. We take the state 






|l/2,-l/2> 

|l/2,1/2 > 

lV2,3/2> 

13 / 2 , 1/2 > 
13/2,-1/2 > 

13 / 2 ,- 3/2 > 


Spin-orbit 
coupling 


+ 


Magnetic 

field 


Fig. 2. Splitting of the valence band r‘,'j under spin-orbit coupling and magnetic field. 
A - 0’(K)136a.u.,K, = —1'44, ft = 0-28for I J.m,) representation see the text. 
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;^[€3Q' + (Ci + /€j)/3]= |1) 



(26) 


for our calculation. 

For a small spin-orbit interaction equation 
(3) can be written as; 


n In 


(3a) 


the neighbouring band edges \n) are r ,2 
and r}"| as shown in Fig. 1, taking the double 
group representations [11] for the neighbour¬ 
ing band edges 


<l|Pxl«)<w|pJl> ^ q,28 

Ei-E„ 

and equation (3a) gives the value of g = — 1 -36 
which is not much different from the value 
previously calculated by perturbation method. 
It shows that the effect of the neighbouring 
intermediate states In) is very small. 

3. EFFECTIVE MASS 

Effective mass of the electrons in the conduc¬ 
tion and the valence bands 
Spin-orbit coupling effects in zinc-blende 
structure have been already treated by 
Dresselhaus[l I], Schrodinger equation with 
spin-orbit coupling is: 

[2^+ >'+ jJ? Wl'XW - EM2}) 

'F;c(r) is of Bloch form i.e. 

'V^(r)= (24) 

where U^ir) is periodic and satisfies the 
equation 




\m 


+ 


4m^c^ 


(Txvyjiy^^h.u, (25) 


In the equation (25) the term 

«7) 

is treated as a perturbation. 

Song [4] has calculated the value of the effec¬ 
tive mass of the conduction electron by this 
method, so we shall limit ourselves to the 
calculation of the effective mass of the valence 
electron only. 

The diagonalized representations of r 7 + and 
I V (from 1'}’5) are given in equation (17). The 
diagonalized state for the neighbouring bands 
I'l, rt^and r ,2 are also known [11]. 

Effective mass of the electron in band 

To the first order of perturbation we see 
that Hi gives no contribution. For the second 
order calculations we consider the first term 
in the perturbation to be more important [6] 
and hence we shall consider only the term 
hk.pim. For Ft^ we obtain a secular deter¬ 
minant as 


Dk^-K 0 
0 Dk^-\ 

where D is a constant such that 


(28) 


(29) 

where |1) is any of the two representations 
of F^^ and |y) are the intermediate states 
(i.e. I'l.lTs’andF.j). 

From equation (28) we obtain 


k^ 

E(k) = j+k 


2 m' 


(ina.u.) 


(30) 


and we get m* = —13‘5 a.u. as the effective 
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mass of the electron in lY band. This is in 
agreement with the value estimated by Song 
[4] also obtained as isotropic mass as we do 
here. 

Effective mass of the electrons in 
The first order effect of the perturbation 
comes only from the second part of the ex¬ 
pression 27 and the secular equation is similar 
to that given by Dresselhaus [11] 

-Ck^ ICk, -VlCk. 

-Ck. -k -ViCk^ ICk, 

2Ck, - \^Ck^ - k Ck^ 

-V2>Ck+ 2Ck, Ck^ -k 

= 0 (31) 

which gives 


HsA ^ ^34 ^35 0 

/f 3*4 //44-A 0 -//35 

0 H,,-k =0 

0 -//3*5 H^-k 

( 35 ) 

which simplifies to a quadratic equation 

-I- H,ftk -I- - I//34I* - 

-|i/35|^ = 0 ( 36 ) 



|1) and |n) are any of the four representa¬ 
tions of and | 7 > the intermediate states 
(i.e. Fi.rj'land Fij). 

Energy equation can also be written as 



where A,„ is the spin-orbit splitting of the 
valence band r[.j, a. the lattice constant and 
Z the atomic number. As the factor A,o is 
very small (see Section 2 of this article), the 
value of C also turns out to be very small (of 
the order of 10'^) and hence for small values 
of k there will be almost no first order correc¬ 
tion in the energy level expressed by relation 
(32), so that the top of the band will remain 
very close to the centre of the Brillouin Zone. 

For the second order perturbation we con¬ 
sider only the term hjm k . pas before and we 
get a 4 X 4 determinant. 


£ = -0-7407 
M =-0-5364 
iV =-0-0364. 

For ^ = ^[100], we get two effective masses as 

m* = — 13-7 and —3 a,u. 

Similarly for ic = ft/V2 [110], effective masses 
are -7-2 and — 3-6a.u. and for k — kiy/h 
[111], effective masses are -10-3 and —31 
a.u. From our results we conclude that in 
the band Fg^, the effective mass of the elec- 
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tron defined in a given direction of k by the 
relation (lint*) = (d^E(k)ldk:^) (in a.u.), is 
anisotropic and it lies anywhere in between 
— 3 and — 13'7 a.u. depending upon the direc¬ 
tion of ic. 

Considering the diffuse exciton series [3] 
as hydrogen like and permitting ourselves to 
use the small effective mass approximation, 
from two extreme values of the effective mass 
of the hole we obtain that the first line of this 
series could lie anywhere in between 3789 
and 3818 A. The value 3785 A given by 
Ringeissen[5] is well within this range. It 
is interesting to note that the calculated energy 
difference 29 A is comparable with the experi¬ 
mental value of the line width of the first line 
of the diffuse exciton series [3]. 
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Abstract—A modification of the procedure for calculating electronic energy band structures by the 
Orthogonalized Plane Wave method has been applied to silicon. An analytic set of core and valence 
electron wave functions for an sp^ configuration of silicon has been obtained self-consistently and 
yields atomic scattering factors in close agreement with experimental values. This result is then used 
to improve the valence electron contribution to the potential used in the OPW calculations. This 
contrasts with the use of adjustments to experimental transition energies used in recent perturbed 
OPW calculations. The band structure determination has produced transition energies, effective mass 
parameters, and deformation potentials in good agreement with experimental values and with perturbed 
OPW calculations. 


1. INTRODUCTION 

Since Herman [1] and Woodruff [2] extended 
Herring’s [3] method of Orthogonalized Plane 
Waves (OPW) to valence crystals, there have 
been several such calculations on diamond- 
type semiconductors. These first-principles 
calculations have not always been successful 
in producing results consistent with experi¬ 
mental evidence [4]. Although the OPW 
method requires that an emphasis be placed on 
obtaining a self-consistent potential for valence 
electrons, there is insufficient evidence to 
show that such a result is representative of the 
actual field in a crystal. It is our intention to 
show that reasonable results may be obtained 
for silicon without employing a completely 
self-consistent procedure. 

Since a nearly self-consistent potential for 
diamond-type crystals results from simply 
superimposing free atom potentials [5], em¬ 
phasis has been placed upon obtaining an 
accurate description of the core states, de¬ 
scribed in Section 2. This result provides a 
spherically-symmetric approximation to the 
crystal potential and is employed in the OPW 
calculations of Section 3. The distortion of the 
spherical symmetry due to the tetrahedral 
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bonding between atomic sites is taken into 
account by correction terms in a manner simi¬ 
lar to that of Herman et a/.[4] in Section 4. 
However. Herman has adjusted to experimen¬ 
tal transition energies, while our perturbing 
terms, with values of the same order of 
magnitude as corrections obtained in self- 
consistent valence potential procedures, are 
associated with atomic scattering factors. 

The methods of Brooks [61 and Kleinman 
and Phillips [7] which account for correlation 
and exchange have been employed to modify 
the exchange’ of Slater[8]. The calculated 
transition energies compare favorably with 
experiment and with Herman’s results. In 
addition, effective mass parameters obtained 
from the band structure and calculated de¬ 
formation potentials also agree with experi¬ 
mental results, as shown in Sections 5 and 6. 

2. CORE STATES 

For OPW calculations it is necessary to 
maintain an internal consistency in which all 
core, valence, and conduction electron wave 
functions are eigenfunctions of the same 
Hamiltonian. Under this restriction analytic 
core state wave functions associated with an 
sp^ valence configuration, characteristic of 
atoms in the crystal, are obtained in a self 
consistent scheme. The atomic potential 
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derived from these functions is then used in 
the OPW procedure. 

The core state wave functions, are 

solutions of the free atom Schrodinger equa¬ 
tion 

= (- V^-VAr) 

+ /(/+ (1) 

The atomic potential employed is of the form 

VAf) = -2Zlr + VAr) + V^, ( A, (2) 

where Z is the nuclear charge, the electronic 
coulomb term is 

- 2jdfVi(r')/|r-r'|. (3) 

The exchange term is 

yt:An =-6[(3/87r)p(/=)]'« (4) 

and the charge density is 

= (5) 

Since the atomic potential is obtained from the 
charge distribution due to the (1) is an 

integrodilferential equation which cannot be 
evaluated analytically. Solutions may be 
obtained by a method of successive approxi¬ 
mations whose rapid convergence depends 
upon the initial approximations to the true 
wave functions. In determining the core 
states, spherically symmetric functions are 
used to describe the valence electrons. In the 
following OPW calculations, these valence 
wave functions are replaced by symmetrized 
combinations of plane waves orthogonalized 
to the core functions. 

In the completely self-consistent band struc¬ 
ture calculations the OPW valence functions 
are used to correct the core functions in 
succeeding iterations. Since these OPW 
functions are non-local (^-dependent), they 
must be obtained for many points in the Bril- 
louin zone with suitable averaging to obtain a 


local (r-dependent) potential for use in the core 
state calculations. This task is usually simpli¬ 
fied by sampling only at high symmetry points 
where the secular determinant may be fac¬ 
tored. This correction due to the small samp¬ 
ling, applied to the potential derived using 
spherically symmetric approximations to 
valence electron wave functions, may have 
errors comparable with values of the correc- 
tions[7,9]. As noted above, a nearly self- 
sufficient potential is obtained for silicon using 
free atom functions, so all iterations to obtain 
the core state functions in our calculations did 
not involve OPW sampling. 

The core functions are evaluated in the form 

^n,An = Pn,(r)/rY,’Ae,>l>) (6) 

where d)) are normalized spherical 

harmonics, and the radial functions are 

Pniir) = Sja/Vexp (-cr/). (7) 

Initially, the exponents, ctj, are calculated 
according to Slater’s! 10,11] rules in the man¬ 
ner of Woodruff[2]. Each function is orthogo¬ 
nalized to all inner core functions having the 
same I value, and the resulting charge density 
is used to obtain the starting potential, 
jp succeeding iterations the results 
of Lowdin[]2, 13] are incorporated to de¬ 
crease the arbitrariness in selecting exponents 
and coefficients for trial functions,to 
be substituted into 

-b/(/-(-1)//^ 

=A(r). (8) 

Here, A(r) is the misfit of the trial function at r 
and is zero for the correct eigenfunction. Ex¬ 
ponent adjustments are made to minimize 
A(r) over the widest range of r for each trial 
function. Linearity rules determined by 
Ldwdin relate self-consistent field core orbitals 
which appear sequentially in the Periodic 
Table. They are of the form 
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and values used initially for effective nuclear 
charges, Knt, and coefficients, are those 
obtained by Ldwdin. These values appear 
applicable to closed shells only and are not 
used for the spherical approximations to 
valence electron functions. Equation (9) 
controls a function in the region of the nucleus 
only, so additional node and maxima controls 
are imposed on the 2.v, 35 and 3p functions. 
These trial functions are differentiated and 
equated to zero in ranges of r values for which 
Herman and Skillman[14] obtained corre¬ 
sponding nodes and maxima for an valence 
configuration. The best fits for the sp® con¬ 
figuration, according to [8], required maxima 
slightly farther from the origin than in corre¬ 
sponding Herman-Skillman functions. 

The exchange potential used in the iteration 
scheme is a slightly modified exchange’ 
approximation of Slater[8]. Heine[15J and 
Kleinman and Phillips[7] have suggested that 
averaged charge densities produce more real¬ 
istic exchange potentials, since, for example, 
the variations of valence charge densities in 
the core region are screened by core electrons, 
so that the effective valence charge density is 
an average value in this region. Also, the non¬ 
local nature of the exchange interaction sug¬ 
gests that average densities rather than local 
oscillations produce more realistic exchange 
potentials, since this potential does not vary 


as rapidly with r as do wave functions being 
calculated. For these reasons, an averaged 
valence charge density is employed in the 
core region and, in addition, the 25 charge 
density is averaged in the vicinity of its node 
for further emphasis. This averaging increases 
5-state energies and decreases those of p- 
states (energies are changed by approximately 
0-1 per cent). This is due to a decrease in 
magnitude of the (attractive) exchange poten¬ 
tial in the region where 5-functions have their 
first maxima and to an increase, over un¬ 
averaged ‘p"*' values, in regions of p-function 
maxima. 

In Table I, our calculated orbital energies, 
after four iterations, are compared with pre¬ 
vious determinations for silicon. The present 
results are in close agreement with the 
Herman-Skillman values for an s~p‘‘ valence 
configuration. The coefficients, €„,) and 
and exponents. a„,j, of our core functions in 
the form 

“ r”^jCn/jeXp( (Xfiijf) 

( 10 ) 

are listed in Table 2. 

The charge density, p(r). produced by 
the calculated core functions, including the 
spherically symmetric approximations to the 
valence electron functions, may be compared 
with the experimental charge density in silicon 
using the atomic scattering factors, /(//), 


Table 1. Calculated orbital energies for silicon [in Rydbergs) 


Herman 

and 

Skillman" 

Kleinman 

and 

Phillips" 

Quelle“ 

WoodrufT* 

Present 

results 

£,,-134 04 
£ 2 , -11087 
£,„ -7-9.34 
£n. -0-9975 

£.„ -0-4802 

-131-4208 
- 12-00415 
-8-72145 

-134-4208 
-11 -655 
-8-516 

- 1.34-.597 
-11-12.37 
-8-17697 

-133-918 
-11 1075 
-7-9829 
-0-99028 
-0-45645 


"Valence configurations s'^p^. Ref. 114], vs. sp^ for other columns, 
•'Hartree Si"*^ core, Ref. 17J. 

<-Ref. (9). 

“Ref. [2]. 
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Table 2. Core function coefficients and exponents 



1.V 

2 s 

2 p 

3i 

3p 

G.„ 

.S3-6933 

3.S-698I 

34-7573 

0-6046 

0-5654 

^1112 

48-380.S 

92-86.S6 

54-2235 

3-2817 

2-1569 


— 

- 119-8169 

— 

— 

— 


12-17 

4-275 

4-25 

1-45 

1-20 

«B/2 

16-10 

7-60 

8-30 

2-00 

2-10 

a„,.i 

— 

10-20 

— 

— 

— 

^21/ 

— 

0-2735 

— 

— 

— 

Ajii 

— 

— 

— 

-0-0820 

— 

■^321 

— 

— 

— 

0-3419 

0-2433 


obtained from X-ray investigations. The 
theoretical factors are calculated from 

/(>/) =47rJ‘Jp(r)r“sin (|Wl/ )/(|W|/-)dr. 

( 11 ) 

where W == Zttu'V/i,,/ 13 ). The present 
results are compared in Table 3 with factors 
calculated from the data of Kleinman and 
Phillips [ 6 ] and recent experimental values of 
DeMarco and Weiss[16], as corrected by 
Dawson [17], which are appropriate for 
stationary atoms. It appears that the calculated 
charge density is in reasonable agreement with 
these experimental determinations. For lowest 
H values, the dilference between theoretical 
and experimental f(H) values may be attri¬ 
buted to the deviations from spherical sym- 


Tahle 3. Comparison of theoretical and 
experimental scatteriiif’ factors for 
silicon 



DeMarco 

and 

Weiss" 

Kleinman 

and 

Phillips" 

Present 

resulls 

111 

10-81 ±0-08 

10-32 

10-67 

220 

8-71+0-06 

8-29 

8-81 

311 

8-08 + 0-08 

7-96 

8-26 

400 

7-70 + 0-08 

7-35 

7-61 

331 

7-42 + 0-10 


7-29 

422 

6-84±0-10 


6-82 

333 

6-51 + 0-08 

6-20 

6-56 

511 

6-57 ±0-09 



440 

6-06 + 0-08 


6-16 

444 

5-11+0-08 


5-11 


"Refs. 116) and [17). 
"Ref. [7J. 


metry of the valence electron charge density 
in the crystal. Corrections are made for these 
deviations in the band structure calculation of 
Section 4. 

3 . OPW CALCULATIONS 

The valence and conduction states of silicon 
are calculated by the OPW method at many 
points in the Brillouin zone using approxi¬ 
mately 125 0PW's per point. Due to the 
relatively small number of OPW’s employed 
convergence is not obtained, although the 
indirect band gap energy changes by less than 
0 001 Ry for 137 vs. 125 OPW’s. 

Brook’s non-local exchange-correlation 
hole [ 6 ] is used to modify the Fourier coeffi¬ 
cients of the valence-valence exchange, 
so that smaller percentages of 
these coefficients are used with increasing H. 
The Brooks’ relation is given by 

X 2-9738 [(1 -I- pfH-) -I- 0-667 (1 -f 

( 12 ) 

where po is an average radius of the exchange 
hole and is equal to 0-55 v, in silicon; v, is the 
radius of the average volume per valence elec¬ 
tron. To account for the momentum depen¬ 
dence of this valence-valence exchange, 
values are used for states associ¬ 
ated with the lowest valence bands (Fi, A",, L,, 
L 2 ) and values are employed for 

other states in the manner of Kleinman and 
Phillips [7]. 
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The resulting transition energies are given 
in Table 4 and are compared with the results 
of Kleinman and Phillips who employed the 
same exchange modifications. Although the 
latter results were obtained by a self-consis¬ 
tent calculation in which the Brillouin zone 
was sampled to correct the potential coeffi¬ 
cients, this could not overcome the errors 
introduced by unimproved core functions and 
an overestimated average potential (—3 QRy 
vs. —l-SS/Jy in the present calculations). 
There is also a comparison in the Table with 
the self-consistent OPW calculation of 
Herman et a/.[4], in which an unmodified 
exchange’ was employed. 


ture experimentally determined indirect gap 
(A,™*" —I’jj) as one constraint. This constraint 
fixes the insensitive transitions such as 
•"is'^ns same time, but there is still 

some latitude in determining sensitive levels 
such as L,(2) and I'j. L,(2) is the most impor¬ 
tant of these levels, but, unfortunately, a 
transition energy involving this state has not 
been determined with sufficient accuracy. 
Herman et at. have, therefore, used three 
different values for the L,(2) — transition as 
the second constraint on their adjustments. 
(Subsequently, Herman [5] resolved a ‘best 
estimate’ for L,{2)—Ll from a three param¬ 
eter adjustment scheme.) The two parameter 


Table 4. Comparison of theoretical transition energies (eV) 


With Brooks correction ^-dependent exchange 


Transition 

Kleinman 

and 

Phillips" 

Present 

results 

Kleinman 

and 

Phillips" 

Present 

results 

Herman 

flat 


10-28 

(0-98 

20-26 

17-40 



2-88 

3-28 

2-48 

2-95 

3-05 


8-55 

3-42 

8-68 

3-52 

2-8 

A-,(2)-Pi, 

2-40 

2-22 

1-62 

1-.S8 

1-65 


5-11 

2-42 

4-95 

2-17 

1-8 


5-24 

4-76 

4-69 

4-30 

4-2 

L,{2)-L, 

703 

3-57 

6-74 

3-38 

2-9 

Ln-L' 

5-68 

5-75 

4-94 

5-.39 

5-3 


"Ref. [7], 
"Ref. [4|, 


4. PERTURBED OPW CALCULATION 
Herman et al.[4] have used an empiricle 
perturbation scheme to bring their theoretical 
energy level spectrum into agreement with 
experiment. After determining the sensitivities 
of various levels to changes in leading poten¬ 
tial coefficients vn, they obtained values to 
which the coefficients must be altered to give 
the desired results. These changes, Aup, are 
considered as Fourier components of a crystal 
potential perturbation, AF, having both local 
and non-local components. 

Their two parameter adjustment scheme for 
silicon required changes of approximately 3 
per cent to and t>g using the room tempera- 


result with ‘best Z,,( 2 ) — L' value’ is included 
in Table 5 along with experimental values and 
our present perturbation calculation. 

In examining the sensitivities of the various 
energy levels to small changes in the leading 
Fourier coefficients of potential, we find that 
for small changes in Ug, the r '5 level is ten 
times as sensitive as is A,'"'", the conduction 
band minimum, while the L,( 2 ) and L'^ sensi¬ 
tivities are approximately equal. For small 
changes in Ug, however, the A,"”" — transi¬ 
tion is not affected, while the Z.i( 2 ) is almost 
ten times as sensitive as the L' level. In addi¬ 
tion, Avg causes L levels to shift in opposite 
directions. Since our results in Table 4 agree 



2322 


A. K. HOCHBERG and C. R. WESTGATE 


Table 5. Comparison of experimental transition 
energies (ineV) with those calculated by per¬ 
turbed OPW methods 


Tran.sition 

Experiment 

Herman 
et ai" 

Present 

results 


I7(r 


17-5 


2-85' 

2-7 

2-86 



4-2 

3-54 



1-3 

1-35 

A,'"'"(2)-r'„ 

t)3« 

113 

M8 



2-25 

206 

A-,(2)-A', 

4l-4-25''’> 

41 

413 

/.,(2)-/.; 

30-3-4'' 

3-4 

3-29 


5-3' 

4-95 

5-27 

A,(2)-Ai“ 

3-2-3-4''‘ 

3-5 

3-22 

A,(2)-A/ 


3-4 

3-42 

i,(2)-i;,' 

4 . 3 - 4 . 4 '*'' 

4-3 

4-33 

W,(2)-W., 



8-46 


"A Iransilion iit 2nli> (0'25. 0 25, 0-25). 

''A Iransilion al (0-5, 0 0). 

transition at Zn/u (0-5,0-5. 0). 

"Refs [4)an(l[5|, 

"Rer 118|. 

'Ref. 1191. 

“Room temperature value. Gap is l l5eV at 9()°K-Ref. 
( 201 . 

"Ref. (4|. 

'Ref 1211. 

'Ref. (221. 

•'See deformation potential discussion in Section 6. 


with experimental estimates, in spite of the 
sensitivity of many transitions to slight changes 
of i'.., and v^, our core functions and the ex¬ 
change modifications may be indicative of a 
reasonable description of the silicon lattice. In 
contrast, the majority of the transitions are 
unattected by changes of ()■ 1 Ky in p,,- 
Some of our differences between theoretical 
and experimental transition energies may be 
due to our use of a spherically symmetric 
valence potential which is not corrected by a 
sampling of the Brillouin zone for the core 
states determination. Quelle [9] found that 
these corrections were of the order of 0 02 Ry 
for P:, and 0 00012/?>' for Ph, whereas Klein- 
man and Phillips [7] have indicated that their 
corrections were much larger using the 
sampling scheme; the corrections may be in 
error by as much as 0-03 Ry for Vn and 0 003 


Ry for Ph due to the relatively small number of 
Brillouin zone points sampled. 

In order to correct for a non-spherically 
symmetric valence charge distribution, we use 
atomic scattering factors, fiH), rather than 
zone sampling as a basis for adjustment. The 
agreement between theoretical and experi¬ 
mental scattering factors for higher H values 
in Table 3 indicates that the spherically sym¬ 
metric valence potential employed is respon¬ 
sible for some of the disagreement at lower H 
values, since deviations from spherical sym¬ 
metry affect /(111) most significantly and also 
contribute to/(220). Our adjustment consists 
of changes in the (111) and (220) electronic 
Coulomb potential coefficients that shift the 
values of associated atomic scattering factors 
into agreement with the experimental values 
in Table 3. Therefore, an adjustment of00095 
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Ry is applied to the (111) valence Coulomb 
coefficient, while the (220) component is 
altered by 0-0026 Ry. Both perturbations are 
smaller than the corresponding changes of 
Herman et al. and are in the range of the 
corrections obtained in sampling the Brillouin 
zone to obtain a self-consistent valence poten¬ 
tial. Using these adjusted coefficients we 
obtain the improved values of the transition 
energies listed in Table 5. 

The results of Herman et al. were adjusted 
to the room temperature indirect gap, while 
our corresponding 118eV transition is more 
consistent with the value for stationary atoms 
for which the OPW method is formulated. 
Additional discussion on the interpretation of 
experimental data for silicon is given in 
Dresselhaus and Dresselhaus[23]. The elec¬ 
tronic energy band structure is shown in Figs. 
1 and 2 in accordance with the present results 
in Table 5. No interpolation procedure is used 
to obtain these plots, since calculations are 
performed at many general points as well as 



WAVE VECTOR 

Fig. I. Theoretical electronic energy band structure of 
silicon along A and A axes. (F.nergy scale is based on 
£(!’;,) = 0.) 



Fig. 2. Theoretical electronic energy band structure of 
silicon along S'. Z. and S axes. (Energy scale ba.se on 

E(r;,) = o.) 

those of high symmetry. A more detailed 
analysis of the band extrema is given in the 
next section. 

5. EFFECTIVE MASSES 

In our OPW calculation, precise deter¬ 
mination of the conduction band longitudinal 
effective mass mf, at (27r/a)(/:m.0,0) is 
hindered by the difficulty in locating the mini¬ 
mum, k,„. Assuming a parabolic band with 
energy at km, the energy Ej. at {2nla) x 
{kj., 0,0) along the parabola is 

£x= £m+ {hV2mr){2nlay\k^-kJ-K (13) 

Using 112 OPW’s the energies at points 
0-80 « Kj. 'S 0-85 Indicate /t^is between 0-820- 
0-825 and corresponds to 0-955^,, « m,* « 
0-905/n„. This is to be compared with the 
experimental values of approximately 0-92m„ 
shown in Table 6. Herman et al.[4] deter¬ 
mined km = 0-81, while an earlier, often used, 
experimental value [24] was 0-85 ± 0-03. 
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Table 6 . Comparison of theoretical and experimental effective 
mass parameters, (m* in units of m„) 


Representation 

Present 

calculation 

Dresselhaus 

and 

Dresselhaus' 

Experiment 


m; =-0-255 

-0-25 

-0-25±0-01‘' 


A =-3-921 

-3-90 

-4-22"-4-27±0-02'’ 


1-445 

1-03 

1-0“ 0-63 ± 0 08'' 


C = 4-35 

3-79 

4-34“ 4-93 ±0-15’' 

A,"''" 

m,* = 0 93 ±0-025 

0-98 

0-9I63± 0-0004' 


mt =0-215 

0-20 

0-1905 ± 0-0001' 


mf — 1-66 

1-53 


A.,(2) 

rnf = 2-11 

1-32 


T., 

m," =6-3 

- 1 45 



-Rer. (271. 

''Ref (28) as eorrecled by Ref [29|. 

■Ref (26|. 

"Ref (2Si. 

‘■Ref. (21|. 

'Ref. 130|. 

Figure 3 shows the energy bands perpendi¬ 
cular to the l -A" axis close to the wave vector 
of the conduction band minimum. These 
energies are calculated using approximately 
112 OPW’s per point for the (011> and (010) 
directions parallel to the K-X and X~W axes. 



WAVE VECTOR (o-i 3,li , , k , ) 

Fig. 3. Theoretical electronic energy band structure of 
silicon in directions perpendicular to the A axis at the 
conduction band minimum. (Energy scale is based on 
E(^i(2)) = 0.) Wave vector components in unit.sof2Wa. 


respectively. The curvature of the Ai(2) 
derived band in the ( 010 ) direction corresponds 
to an electron effective mass of 0-215mo and 
is in reasonable agreement with average values 
of the transverse effective mass determined 
experimentally, as shown in Table 6 . 

For determination of the hole effective 
masses we calculate the energies for several 
points about the valence band maximum, 
along the A and A axes. I '^ is triply degenerate 
(aside from spin degeneracy) and splits into a 
doubly degenerate I's^ and non-degenerate fV^ 
under spin-orbit interaction [25]. In the X and 
L directions, respectively, becomes the A^ 
and Ae heavy hole band and the Ab and A^ -F A,, 
light hole band, while I'j* becomes the A 7 and 
A,i split-off band. The curvatures of the — 
A 7 and rB*~AB bands are obtained from h . p 
perturbation theory [28] as 

= E(0) + (ftV2m„) 

X{Ak^± [B^k* 4- C\k/kf^ + ky^k'^- -F , 

(14) 

while the split-off band is 

E{k) = £(0) -F {h^l2mf)Ak^ 

— spin-orbit splitting. (15) 
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In order to calculate the coefficients A , B 
and C, determined from cyclotron resonance 
experiments, we assume that since the spin- 
orbit splitting in silicon is so small (approxi¬ 
mately 0 0032 Ry), the band curvatures are not 
changed appreciably by the splitting. That is, 
the bands 1 — ^ 7 , 17 ^ ^ 7 » 1 ^ 8 "^ -^ 6 , and 

(’ 7 + — Ag have the same curvatures as I'jg— Ag, 
r;j-A 2 , and I’ig-A, respectively. 

Using approximately 116 0PW’s per point 
and equations (14) and (15) results in valence 
band mass parameters in agreement with 
experimental values. 

In Table 6 , we include the calculated effec¬ 
tive masses for some bands in the ( 111 ) direc¬ 
tion at L. There is not, at present, experimental 
data for these parameters, so that we can 
compare them only with those masses obtained 
by Dresselhaus and Dresselhaus[23] from 
their Fourier expansion method based on 
experimentally determined transition energies 
and mass parameters. (They used an mf = 
0-97± 0 02wo for the conduction band at 
Amin rather than the more recent values of 
approximately 0-92mo). There does not appear 
to be any general agreement, 

6. DEFORMATION POTENTIALS 

By recomputing the electronic energy bands 
for different lattice constants, the deformation 
potentials [31], D, may be obtEiined in order to 
identify the levels associated with pressure 
dependent transitions. Herman et a/.[4] calcu¬ 
lated the silicon band structure for 0-90-1I 
times the lattice constant, ao= 10-2632 5. f/., 
and then employed three- and five-point inter¬ 
polation to obtain the D values, changes in 
energy per unit dilatation. These results were 
based on their OPW results and not on the 
perturbation scheme which improved these 
results. 

We recalculate the band structure at 0-95aB 
only, since this lattice constant represents an 
upper limit on pure hydrostatic pressure used 
successfully on silicon crystals [32] (approxi¬ 
mately 140,000 kg/cm^), and the pressure 
dependence of the indirect gap was found to 


be linear up to this pressure (although the 
compressibility is nonlinear in this region) 
[33]. In recalculating the potential coefficients 
with the smaller lattice constant. X-ray data is 
unavailable for adjustment of the ( 111 ) and 
(220) valence Coulomb coefficients. The 
adjustment employed is to change these co¬ 
efficients by the same percentages used in the 
original calculation. Whereas Herman et al. 
have calculated the deformation potential for 
the Fag —X, ( 2 ) transition and assigned the 
same value to the Fjg —A,'"‘" transition, our 
results show the Fjg —A,™’” D value is smaller 
than that of the (2) transition. It ap¬ 

pears that the position of A,"''" is not changed 
significantly by the smaller lattice constant, 
although the longitudinal effective mass 
increased from approximately 0-93/rio to 
I -03»ig. This is equivalent to 

l/wi*| 0 w(*/flp) 7 -l = 0-75 per unit dilatation 

which is approximately 0-74 x 10"®cm‘'/kg. A 
calculation by Nathan [34] produced a pres¬ 
sure dependence of 5xl0“®cm“/kg for an 
average effective mass. 

The theoretical transition energies for the 
reduced lattice constant are listed in Table 7 
along with corresponding D values which are 
compared with previous calculations and 
experiments. Our deformation potential results 
are in agreement with those of Herman et al. 
and have the correct pressure dependence of 
the indirect gap. Referring to Table 5 and Figs. 
1 and 2, it appears that the 4-4 eV peak is 
associated with the 23 ( 2 ) —22 transition along 
the (110) axes, while the 3-38 eV peak may be 
due to transitions in the extended region of the 
reduced zone beyond point L. Herman et al. 
have reached essentially the same conclusions 
from their results, 

7 . SUMMARY 

Our results suggest that the correlation and 
exchange approximations, modified slightly, 
of Brooks [ 6 ] and Kleinman and Phillips [7] are 
applicable to the silicon band structure, and 
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Table 1. Theoretical transition energies in silicon at a lattice constant 
0 /9-75 B.U. and comparison of theoretical and experimental deforma¬ 
tion potentials, D. (D in eV per unit dilatation) 



Present results 

Herman 

Goroff and 



energy 


et at.“ 

Kleinman" 

Experiment" 

Transition 

(eV) 

D 

D 

D 

D 


18-59 

76 





2-98 

-0-8.5 

-0-6 

1-35 



5-17 

- 11-8 

-119 

-8-6 


A’,(2)-i;. 

115 

+ 1-42 

-I-1-4 

-I-0-3 



0-99" 

+ 1-32' 

+ l^" 


-(-1-5 


2-72 

-4-57 

-4-1 

-41 


XA2)-X, 

4-39 

- 1-79 

- 1-4 

-2-3 


L,(2)-L, 

412 

-5 80 

-5-2 

-4-5 


L,-L\ 

5-50 

-l-.SS 

- 11 



A,(2)-A,' 

3-67 

-1-75 

- 1-3 



X,12) - i/ 

4-72 

-2-84 

-31 



4-4 eV peak 





-2-9 + 0-5 

3-38 eV peak 





-5-2+ 0-5 


'■Ke(.(41 
‘■ReC. (35|. 

'Ref. 136|. 

''Used same value as foi X,{2) — I j,. 
"Calculated for k = 2-irlti (0-83.0.0). 
'A transition at 2ttIu (O-S.O. 0). 

“1 transition at 2itlii (t)-5, 0'5,0). 


that the result s of a previous calculation, using 
these approximations, were adversely affected 
by incorrect core functions and an over esti¬ 
mate of the average potential. The procedure 
for obtaining core functions has proven suc¬ 
cessful as measured by the theoretical atomic 
scattering factors and energy band structure. 
The use of atomic scattering factors in improv¬ 
ing the crystal potential has reduced the 
amount of work required to obtain an improved 
band structure by the OPW method. This 
procedure, however, may not be applicable 
when theoretical scattering factors differ 
significantly from experimental values. The 
reason for this is that only the Coulomb contri¬ 
bution to the potential is corrected by this 
method, and the exchange contribution will 
be incorrect if very large perturbations are 
required. 
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Abstract —Volume compressions of 18 metals and pyrophyllite. boron nitride and talc have been 
determined by monitoring piston displacements in an end-loaded piston-cylinder apparatus. The 
present values are at variance with Bridgman's piston-cylinder measurements in the same range; the 
discrepancy being greater for more compressible substances. Our values are in clo.se agreement with 
Bridgman's hydrostatic lever-piezometer measurements up to 30 kbar on rod shaped specimens of 
Cu, Ag, Pb, Ta and Fe and also with the room temperature values derived from shock wave data 
using Dugdale-MacDonald equation for variation of along the 0°K isotherm. Intercomparison 
of isothermal bulk modulus. Bn. and its pressure derivative. B^. obtained from the static and the 
ultrasonic measurements at high pressures has also been made. 


1. INTRODUCTION 

Bridgman’s measurements of the compress¬ 
ibility of solids was almost our sole source of 
PVT data for solids for many years. During 
the last decade, however, the compressibility 
of numerous solids has been determined in 
high pressure X-ray cells and by shock wave 
methods. The elastic constants of solids 
determined in the low pressure region have 
also been used in accordance with different 
equations of states to obtain pressure-volume 
relationships to very high pressures. It is now 
of interest to intercompare the compressibility 
of solids as determined by these various 
methods. Such an intercomparison would, 
hopefully, not only bring out the limitation of 
each method but would test the validity of the 
various equation of state formulations used in 
converting dynamic data into isothermal 
compressibility data. 

Unfortunately, much of the static compress¬ 
ibility data as reported by Bridgman is not 
sufficiently accurate for the purposes of an 
intercomparison. . Bridgman repeated his 
measurements in a variety of apparatus con¬ 
figurations with results which for some 
substances were remarkedly discordant, the 

’Publication No. 779 Institute of Geophysics and 
Planetary Physics, University of California, Los Angeles. 
Calif. 90024, U.S.A. 


discordance being larger for the more com¬ 
pressible substances. Thus, in view of the 
uncertainty in his published results, it seems 
desirable to redetermine the compressibility 
of a number of elements, with the maximum 
precision available today, and to intercompare 
these static results from dynamic measure¬ 
ments. 

Two different static methods of determining 
compressibility are available. One is by the 
use of high pressure X-ray cells and the other 
by making measurements of displacement at 
high pressures. High pressure X-ray cells are 
essentially of two designs. Piston cylinder 
geometry is used in one type of cell which has 
a pressure range up to about 25 kbars. The 
sample is encased in a beryllium cylinder and 
slots are made around the pressure vessel to 
admit X-ray beams. The effects of friction in 
this geometry are roughly the same as in an 
end loaded piston cylinder device and there 
seems to be no reason why unit cell volumes 
cannot be measured with A/oX„ radiation to a 
precision of approximately one part in 300. 
Anvils are normally used for pressures above 
25 kbars and a sample is X-rayed between the 
anvils. The uncertainties in this kind of 
determination are as much as several percent 
of the cell edge, it is exceedingly difficult to 
estimate pressure, and X-ray signals are weak. 
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Further, it is difficult to show that the sample 
under study is at the same pressure as the 
pressure transmitting medium between the 
anvils. Our limited experience with this kind 
of apparatus suggested extremely poor pre¬ 
cision. As a result, we examined methods of 
determining compressibility by observation of 
piston displacement in piston cylinder appara¬ 
tus. It was immediately clear that measure¬ 
ments of compression in this kind of apparatus 
could be made with a precision three-to ten¬ 
fold greater than was possible by X-ray 
methods available to us. 

2. APPARATUS 

Our apparatus for compressibility measure¬ 
ments is shown schematically in Fig. 1; the 
details of the sample arrangement are shown 


in Fig. 2. The piston of carboloy, with 3 per 
cent cobalt bonder is from 0-4998 to 0-5000 
in. dia. and 1 - 5 in. long. The clearance between 
the pressure vessel and piston did not exceed 
0-0005 in. These pistons, fitted with Vascomax 
binding rings on the exposed end, in order to 
keep the length-diameter ratio of the piston 
small, served well to 45 kbar and undoubtedly 
we could have gone to substantially higher 
pressures. However, a pressure limit of 
45 kbar was set to avoid permanent defor¬ 
mation of the tungsten carbide pressure 
vessel. The piston rests on a tungsten carbide 
cylinder of 1 in. dia. and I in. length. The 
piston was advanced by a 250 ton, 6 in. dia. 
hydraulic ram, A/, operated by a hand pump. 
The oil pressure in the ram was read on a 
newly calibrated 14 in. face Heise Bourdon 



Fig. I. Schematic diagram of the experimental arrangement for volume compression 

measurements. 
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tube gauge with gradations to 0-5 bar which 
corresponded to 72 bars pressure on the face 
of the i in. dia. piston. 

The pressure vessel. C, was of tungsten 
carbide, grade 883, with 6 per cent cobalt 
binder, of i in. dia. and 2in. o. d. It was sur¬ 
rounded by a tapered sleeve and forced into a 
Vascomax steel supporting ring, hardened to 
Rockwell 52. The tungsten carbide core 
pushed in with approximately 0 060 in. inter¬ 
ference. This force was sufficient to shrink the 
bore of the pressure chamber by approximate¬ 
ly 0-005 in. The moveable end load platen A 
applies a compressive force to the ends of the 
carbide pressure vessel through a shim, .5,. 
This force was maintained at approximately 
250 tons and was sufficient to prevent hori¬ 
zontal fractures in the tungsten carbide 
pressure vessel. The sample was retained in 
the center of the pressure vessel by a fixed 
tungsten carbide element. 0, which abutted 
against a large tapered tungsten carbide 
cylinder, V. 

The compressibility of the sample was 
determined by measuring the change in dis¬ 
tance between the two lever arms H and W 
as the pressure was raised. This distance was 


measured by two Ames dial gauges, model 
316-5, the smallest gradation 0-0001 in. Un¬ 
fortunately, because of the lack of exact 
parallelism of all the mating service, the two 
gauges did not record the same displacement 
as the piston was advanced. The maximum 
distance and the values of displacement as 
reported by the two gauges never disagreed by 
more than 0-01 in. The difference tended to 
diminish with more highly compressible 
substances. The average of the displacement, 
as read on the two gauges, in various runs on a 
given substance was reproducible to 0-0001 in. 
However, it was found essential to take a 
mean of the two readings in order to obtain 
reproducible results. 

It is self evident that to obtain high accuracy 
in measurements of compressibility the con¬ 
tribution of the sample to the volume change 
should be optimized and the apparatus con¬ 
stants should be reproducible. In our appara¬ 
tus, the contribution of chamber deformation 
and compressions of the piston P and plug 
O to the observed displacement are small and 
highly reproducible. 

It is interesting to compare the contribution 
of the volume change of the sample to the 
total observed piston displacement in our 
apparatus and in Bridgman’s 1940 apparatus 
which operated to the same pressure limit. 
Bridgman’s apparatus employed an alloy steel 
pressure chamber and carboloy pistons of 
0-25 in. dia. and 0-25 in. long. He found, that 
with a sample of iron sheathed in indium in the 
pressure chamber, the total displacement at 
50,000 atm was 0-065 in., of which 0-016in. 
was contributed by distortion of the press. 
0-011 in. by actual compression of the iron. 
0-022 in. by compression of the indium, and 
0-016 in. by dilation of the pressure vessel[l]. 
Thus, somewhat leSs than 25 per cent of the 
total displacement was owing to compression 
of a sample and the corrections to the raw data 
amounted to 75 per cent of the observation. In 
our experiment at 45 kbar. the piston displace¬ 
ment on an iron sample was 0-039 in., of which 
0 020 in. was owing to apparatus constants 
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and 0-019 in. was owing to compression of 
iron. Thus, our relative corrections were 
lower than Bridgman’s by a factor of almost 2 
in the case of iron. 

The length of the sample used was deter¬ 
mined by the result of a compromise between 
the requirements that the pressure be hydro¬ 
static and the requirement that the contribu¬ 
tion of the volume change of the sample to the 
total piston displacement be relatively large. 
Pressure tends to become more and more 
hydrostatic as the length of the sample is 
diminished, however, the contribution of 
compression of sample to total piston dis¬ 
placement directly varies with sample length. 
Throughout our experiments we used samples 
with an initial length of approximately 0-5 in. 

The details of the sample assembly are 
shown in Fig. 2. The cylindrical sample was 
completely surrounded by an indium sheath 
0-006 in thick. Pyrophyllite mitre rings of 
0-065 in. prevented extrusion of the indium 
and sample along the walls between the piston 
and the vessel. A steel shim separated the 
indium from the face of the pistons P and O. 
Indium tends to penetrate minute cracks and 
we found that the presence of steel greatly 
enhanced the life of the pistons and their 
operation. The weight of the sample, the 
pyrophyllite mitre rings, the steel shims and 
the indium are all determined and enter into 
the corrections made in the final observation. 

Each new pressure vessel was seasoned by 
filling it with lead and cycling it a number of 
times to the maximum pressure. This season¬ 
ing gave a maximum initial permanent dilation 
of the present chamber of approximately 
0-0005 in. and in subsequent runs the diameter 
of the pressure vessel did not increase by 
more than 0-0002 in. 

The elastic dilation of the pressure vessel at 
high pressures was determined from two 
experiments with varying amounts of tungsten 
carbide and lead in 0-5 in. long sample as¬ 
semblies. Tungsten carbide was in the form 
of 0-375 in. dia. 0-065 in. thick slugs. The 
apparatus constant was estimated from a car- 


boloy run, which consisted of replacing the 
1-Oin. long carboloy plug, O, by a 1-5in. 
long plug separated from piston P by two 
0-00! in. thick pieces of lead foil. These 
three sets of runs gave the apparatus constant 
and yield the value A, the dilation of the 
cylinder. 

The initial measurement of the apparatus 
constant was used only in determination of the 
cylinder dilation. In practice, every fourth or 
fifth run was made on a sample of gold. These 
runs indicated that the apparatus constant did 
not change with time. However, all our 
results, as presented later, are referred to the 
compressibility of gold. 

The measurements 

The piston displacement, as determined by 
averaging the readings of the two Ames dial 
gauges, was plotted as a function of pressure 
on both compression and decompression 
cycles. This gave a hysteresis loop in which 
the difference between the two readings at 
fixed displacement gave a measure of friction. 
One part of the friction arises from the friction 
between the piston, the high pressure seal and 
the internal surface of the pressure vessel and 
the remaining part of the friction comes from 
the failure of the sample to transmit pressure 
hydrostatically. This latter portion of the 
friction depends on the shear strength of the 
material and the inherent compressibility of 
the material. The data was plotted graphically 
and the mean taken. Displacements were 
read off our curves at 5 kbar intervals and used 
in the compressibility calculations. 

Method of calculation of volume compression 

The volume compression calculation essen¬ 
tially follows the method used by Bridgman 
[1]. It is briefly described here. 

Let M„ M„„, Mi„ be masses of the sample, 
pyrophyllite and indium respectively in the 
sample assembly, If and /, be the length of the 
assembly initially and at pressure P. 

Let Maa, Ml^ be masses of gold, 

pyrophyllite and indium respectively in the 
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gold assembly, /*„ and be the length of the 
assembly initially and at pressure P. 

Let v.'Kv,), v^jvau), v^(v„y) and i;!'„(t),J be 
volumes of 1 gm. of sample, gold,.pyrophyllite 
and indium respectively initially (at pressure 
P). 

Let A/, and A/oa be the observed piston 
displacement of the sample and gold assem¬ 
blies at pressure P. 

Let Jo and So(/ + A) be the area of cross- 
section of pressure vessel initially and at 
pressure/*. 

We have then the following equations for 
two experiments. 

M, . V,’‘ + Mpu • V%+Min . V^„ = Jo . (1) 

^py • ^pu "b ^In * ^in .^o( ^ A) - (g (2) 
Mau ■ l^Sa + + M;„. = Jo . /o“„ (3) 

^au . ^nu~^ ^py ' ^ ^in ' ,^o( I A)/oa. 

(4) 

Since the masses of various substances, their 
specific volumes and the area of cross section 
are known, equations (1) and (3) give and 
the theoretical length of the assemblies. 
Subtracting (4) from (2) gives 


I, - lay = ( - /“„) - (A /, - A lay). 

The final expression for the specific volume of 
sample v, in terms of specific volumes t)„o 
of gold becomes 

Mg ‘ Vg May • Vau "b Mpy)Vpy 

+ ( - Min)Vi„ -b Jo( /4- A) 

X [(/.“-/«„)-(A/,-A/„„)]. (8) 

Calculation of A, cylinder dilation 
Two runs with varying amounts of tungsten 
carbide (WC) and lead along with a blank run 
with WC are used for estimation of A. If 
Mwc- Mp„ and and are the masses 
of tungsten carbide and lead in the two experi¬ 
ments and /, and the length of the assem¬ 
blies. then from two equation analogous to 
(1), /,® and /“' can be obtained. The equations 
analogous to (2) for these experiments are 

A/wc • fwc + A/pj,. fpp + Mpti ■ fpb = Jo( / + A). Ig 
M^c • ‘’WC + A^pp • + A/;^ • ‘’Pb 

= j„(/-bA)./;. 
Eliminating Vpb from equations gives these 


I , _ tJwc( A/pb ■ A/yvc A/ph • A/wc)~b t^pp(A/pi)A/„p Afpb.A/p„) 

j»(/.A/;b-/;A/pb) 


Mg . Vg May . Vau “b ( A/pp Mpp)Vpy 

+ ( m;^ - Mi„)v,„ + J„(/ + A)(4 - (5) 

Since 

4 = 4® ~ A4 + (correction for press 

deformation) (6) 

hiu = — A/a„ -b (correction for press 

deformation) (7) 

and the correction for press deformation is 
taken to be the same for the two experiments 
performed under similar conditions, we get 


where 4 = 4®~ A 4 + (correction for press 

deformation) (10) 

/J = /”' — A /,' -b (correction for press 
deformation). (11) 

The correction for press deformation is 
estimated from a blank run with tungsten 
carbide. In this run 1-5 in. long plug, 0, 
is used instead of the 1-0 in. long plug in 
the conventional assemblies. Thus the dis¬ 
placements, other than those from the linear 
compression of 0-5 in. length of carbide, 
should be correction for press deformation. In 
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practice, best values were obtained assuming 
the compressive stress acting on O and P to 
be uniaxial. Thus the correction for press 
deformation in equations (10) and (11) 
equals 


[ (length of O + length of f) in.J ' ^ 

X (displacements in the blank run). 

Using these values in equations (10) and 

(11) and for carboloy grade 999 from 
Bridgman [2], A was calculated at intervals of 
5 kbar. The variation of A with pressure was 
found to be parabolic and not linear as was 
assumed by Bridgman[l]. 

Calculation of A requires the compression 
data on pyrophyllite, t;„„, and computation of 
u, requires Vi„ as well. These quantities are 
evaluated by iteration as is described in the 
following section. The soundness of equation 

(12) for calculating the correction for press 
deformation is judged from the calculated 
values of the specific volumes of gold. 

Results 

Pyrophyllite. The pyrophyllite used in 
these runs was ash-grey material, from the 
same stock which was used for making the 
mitre-rings. Two runs were made one with and 
the other without indium. For the bare sample 
the calculation of v„„ was made with equation 

(8) with A=0. and v„u values taken from 
Bridgman’s experimentsl2). This value of 

is used in calculation of A from equation 

(9) . v„u recalculated from equation (8) with 
the calculated value of A from measurements 
on the sample sheathed in indium is given in 
Table 2 ((a)-(g)). These values are used in all 
subsequent calculations. 

Gold. Gold in the form of an ingot 0-5 in. 
dia. by 0-5 in. in length of 99-999 per cent 
purity and free from any pores, obtained from 
Research Organic and Inorganic Chemicals 
Company (ROIC). ii„„ was calculated from 
equations (3). (4), (7) and (12) with Ml„ = 


0, i.e., for a run without the indium sheath 
around the sample 

Mau . v„u + = 5«( / -F A) /„„ (4') 

and 

4k = ISu ~ ^4k + (correction for press 

deformation) (7') 

with the first and third term on the right hand 
side of equation (7) defined by equations (3) 
and (12) respectively. The values obtained 
from these experiments are tabulated along 
with Bridgman’s values(2]. 

Relative volumes from ultrasonic data were 
calculated from the Murnaghan equation 

<, 3 , 

Isothermal bulk modulus B„ = 1664 kbar and 
its pressure derivative fij = 6-51 calculated 
by Barsch and Chang[3] from the ela.stic 
constants measurements of Daniel and Smith 
(4] were used for the present calculations. In 
addition the values calculated for us from 
shock wave Hugoniot data by Keeler [5] are 
shown in Table I. The data were taken from 
the compendium of shock wave data. Univer¬ 
sity of California. Lawrence Radiation 
Laboratory. 

Directly measured values of elastic con¬ 
stants are accurate to ±0-5 per cent. The 
purpose in calculating the absolute compres¬ 
sions of gold here has been to check the 
equation (12) used in calculation of A. The 
^solute measurements has larger inaccura¬ 
cies because of uncertain corrections for the 
apparatus deformation. The differential 
measurements are however more accurate 
because of cancellation of this term. In view of 
this, we have taken for all our calculations the 
volume compressions of gold determined from 
the ultrasonic measurements. 

Silver. Our supply of silver in the form of 
0-25 in. dia. rods was obtained from Research 
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Table 1. Dilation of the pressure chamber. A, and volume 
compressions of gold 


p 

l+ii. 

Present work 

Gold p = 
Ultrasonic datat 

19-302 elcm' 
Bridgman 

Shock 

0 

5 

1-0000 

1-0007 

0-9966 

0-99703 

0-99712 


10 

10015 

0-9932 

0-99412 

0-99430 


15 

1 0026 

0-9899 

0-99128 

0-99149 

0-992 

20 

1-0040 

0-9867 

0-99850 

0-98877 

0-990 

25 

1-0056 

0-9841 

0-98577 

0-98608 

0-987 

30 

1 0077 

0-9821 

0-98310 

0-98314 

0-985 

35 

1-0100 

0-9805 

0-98048 

0-98099' 

0-982 

40 

1-0125 

0-9786 

0-97791 

0-97861 ■ 

0-980 

45 

1-0153 

0-9777 

0-97540 

0-97643' 

0-977 


‘Extrapolated values. 

tlF/E,,) values of Gold tabulated in this column have been used in all 
the subsequent calculations. 


Organic and Inorganic Chemicals Company 
(ROIC). It had a stated purity of 99-999 per 
cent. A cylinder of about 0-7 in. dia. was cast 
from this material in a graphite crucible, and a 
specimen machined from this slug was used 
for the compression measurements. As the 
sample was turned on the lathe, the material 
inside was found to be clear and shiny and 
free from blow holes. Bridgman's measure¬ 
ments on silver were made up to 30 kbar and 
in the present work, these are extended to 45 
kbar. The present experiment gives a some¬ 
what higher value of y/Vo than those obtained 
by Bridgman and from shock data. 

Aluminum. Aluminum in the form of a 
0-5 in. dia. cylinder of 99-999 per cent purity 
was purchased from ROIC. Measurements 
were also made on aluminum alloy 6061 T6 
in form of a rod of 0-7 in. dia. obtained from 
Alcoa. The composition of this material 
supplied by the manufacturer is: Si 0-4-0-8. 
Fe 0-7, Cu 0-15-0-40, Mn 0-15, MgO-8-1-2, 
Cr 0-15-0-35, Zn 0-25, Ti 0-15 per cent and 
remainder aluminum. The same material was 
employed in making sealing cups for the 
alkali metal experiments. The measured 
relative volumes for this material are some¬ 
what larger than those for pure aluminum. The 
volume compressions of pure aluminum from 


the static and shockwave measurements are 
in fair agreement. 

Barium. Barium metal in form of a large 
vacuum sealed redistilled ingot was obtained 
from the King Laboratories. Syracuse, N.Y. 
In an earlier work on Ba 1-11 transition 
pressure the barium metal from the same 
source was employed and the results of its 
detailed chemical analysis have been given[6]. 
The ingot was slightly dark grey on the out¬ 
side; the stated purity of the metal was about 
99-5 per cent. Specimens for the compression 
work were machined on a lathe under mineral 
oil to minimize oxidation. The sample was 
surrounded by indium foil and quickly trans¬ 
ferred to the pressure chamber. At 45 kbar 
the VlVn values from the present work and 
Bridgman's experiments are 0-7195 and 0-725 
respectively. At higher pressures we find this 
material to be more compressible than is 
reported by Bridgman. Since the present work 
extends only to 45 kbar, the Bal-ll transition 
was not encountered. 

Bismuth. Two compression measurements 
were made with bismuth of 99-999 per cent 
purity obtained from A. D. Mackay. Our 
samples came from the same stock of bismuth 
metal as the one earlier employed in the 
determination of the pressure of Bi lll-V 
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transition[7]. The samples of proper dimen¬ 
sions prepared in a pill-press and were 
surrounded by indium foil. The volume com¬ 
pression from the two measurements are in 
close agreement and the pressures of Bi l-I I 
and ll-Ill transitions which could be easily 
resolved, were found to be the same for both 
the runs within the precision of the pressure 
measurements. The averaged values from the 
polynominal fit of the data of the two experi¬ 
ments are given in Table I. Bridgman reported 
the transitions at 25-4 and 27 0 kbar respec¬ 
tively with the AT of the two transitions 
0 086. We find the AT of Bi 1-Bi II to be 
0 0476 and the AT of Bi 11-111 to be 0 0339, a 
total for the two transitions of 0 0815, which 
compares well with Bridgman’s value of0 086. 
The pressures of Bi l-ll and Bi ll-lll transi¬ 
tions determined in the present apparatus cire 

25- 33 and 26-77 kbar respectively which are in 
good agreement with the values 25-38 and 

26- 965 kbar obtained by Kennedy and LaMori 
[8] in the rotating piston apparatus. 

Calcium. Calcium used in this work was 
from an old laboratory stock of l -5in. dia., 
6 in. long cylinders stored under mineral oil 
and of 99-5 per cent stated purity. Specimens 
machined from this stock under mineral oil 
showed very shiny and lusterous material 
inside. There were also no apparent blow 


holes or flaws in the material. Two runs were 
made, one with indium foil surrounding the 
specimen and the other without it. Our com¬ 
pression values are in close agreement with 
shock data. Bridgman’s T/To values appear to 
be too low. At 45 kbar the T/Tq values from 
this work is 0-8279, and 0-830 from Keeler’s 
reduction from the shock wave data, whereas 
the value reported by Bridgman is 0-815. 

Cadmium. Two experiments were made 
with cadmium metal. One sample was in the 
form of a cylinder 0-5 in. dia. and 99-99 per 
cent stated purity, obtained from ROIC. The 
second sample is about 0-65 in. dia. and was 
obtained by casting cadmium metal of 99-999 
per cent stated purity from ARSCO in a 
graphite crucible. Specimens machined from 
these cylinders, encapsulated in indium foil 
were used in the present experiments. The 
measured values of T/To from the two experi¬ 
ments were in close agreement and the aver¬ 
age values are presented in Table 2 ((a)-(g)). 
The T/To from the present work are only 
slightly lower than the shock values but are 
much larger than those reported by Bridgman. 
At 45 kbar the T/To value from the present 
work is 0-9279 and those reported by 
Bridgman and from shock are 0-915 and 0-926 
respectively. 

Copper. Our sample of copper in the form 


Table 2(a). Compari.ion o/WlVo values from the present work with those of 

Bridgman and Keeler 



Ag 

p — 10-50 g/cm-* -■ 




Al 

p = 2-70 g/cm® 


F 

Present work 

Bridgman 

Shock 

P 

Present work 

6061T6 99-999% 

Bridgman 

Shock 

5 

0-99.55 

0-995 


5 

0-9941 

0-9937 

0-993 


lU 

0-9912 

0-990 


10 

0-9885 

0-9876 

0-986 

0-987 

1.5 

0-9870 

0-986 

0-987 

IS 

0-9832 

0-9817 

0-980 

0-981 

20 

0-9829 

0-981 

0-982 

20 


0-9760 

0-974 

0-976 

25 

0-9789 

0-977 

0-978 

25 

0-9732 

0-9704 

0-969 

0-970 

30 

0-9750 

0-972 

0-974 

30 

0-9683 

0-9650 

0-964 

0-964 

35 

0-9712 


0-970 

35 


0-9597 

0-960 

0-959 

40 

0-%76 


0-966 

40 


0 9546 

0-955 

0 954 

45 

0-9641 


0-963 

45 

0-9532 

0-9497 

0-951 

0-949 


Refers to the density used in the present calculations. 
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Table 2(f) 


p 

Sn = 7-30g/cm“ 
Present work Bridgman 

Shock 

Ta = 
Present work 

16-70 gycm“ 
Bridgman 

Shock 

Tl= 11-85 g/cm“ 
Present work Bridgman 

5 

10 

0-9911 

0-9825 

0-991 

0-982 

0-982 

0-9975 

0-9951 

0-9% 

0-994 

0-995 

0-9870 

0-9748 

0-987 

0-975 

15 

0-9742 

0-973 

0-974 

0-9927 

0-992 

0-993 

0-%33 

0-%5 

20 

0-9661 

0-965 

0-966 

0-9903 

0-990 

0-990 

0-9525 

0-955 

25 

0-9584 

0-958 

0-959 

0 9880 

0-988 

0-988 

0-9425 

0-946 

30 

0-9511 

0-9.50 

0-951 

0-9857 


0-985 

0-9332 

0-937 

35 

0-9440 

0-942 

0-944 

0-9834 


0-983 

0-9247 

0-929 

40 .. 

0-9372 

0-935 

0-9.38 

0-9811 


0-981 

0-9104* 

0-91 It 

45 

0-9307 

0-928 

0-931 

0 9789 


0-978 

0-9030 

0-903 


*TI II-IIl transition at 36-85 kbar with |//L„ values 0-9220andO-9156. 
tTI II-lII transition at 41-0 kbar with values 0-921 anti 0-914. 


Table 2(g) 


P 

Zn 

p = 7-l4g/cm“ 

Present work Bridgman Shock 

pyrophyllite 
p = 2-30 g/cm-'' p 
Present work 

Talc 

= 2-823 g/cm=' 
Present work 

BN 

p = 2-20 g/cm® 
Present work 

5 

0-9920 

0-992 


0-9849 

0-9855 

0-9761 

10 

0-9843 

0-988 


0-9741 

0-9739 

0-95% 

15 

0-9769 

0-975 


0-%58 

0-9640 

0-9462 

20 

0-%97 

0-%7 

0-970 

0-9598 

0-9550 

0-9344 

25 

0-%29 

0-960 

0-964 

0-9.540 

0-9468 

0-9240 

30 

0-9563 

0-952 

0-957 

0-9489 

0-9392 

0-9135 

35 

0-9500 

0-944 

0 951 

0-9437 

0-9318 

0-9036 

40 

0-9440 

0-937 

0-945 

0-9388 

0-9249 

0-8940 

45 

0-9383 

0-930 

0-939 

0-9339 

0-9179 

0-8848 


of a cylinder of 99-999 per cent purity is owing 
to the courtesy of Mr. Howard Katr.man of the 
Chemistry Department, UCLA. A cylinder 
of 0-65 in. was recast from this material in a 
graphite crucible and the measurements were 
made on a specimen machined from this 
cylinder. Our results indicate this material to 
be somewhat more incompressible than what 
is reported by Bridgman and from shock. 

Iron. Two me^lsurements were made of iron 
of 99-9 per cent stated purity obtained from 
ARMCO. The sample was in form ofi in. dia. 
bar stock and the machined specimens were 
surrounded by lead foil rather than our usual 
indium. The K/K„ values from the present 
work are in close agreement with Bridgman’s 
measurements up to .10,000 kg/cm'*. The 
present work extends the experimental data 
to 45 kbar. The K/Ko values at 30 kbar from 


this work and from Bridgman's measurements 
and shock are 0-9838. 0-986 and 0-983 
respectively. 

Indium. Indium metal in form of a 0-7 dia.. 
12 in. long rod was purchased from ROIC. It 
had a stated purity of 99-999 per cent. Indium 
metal from the same stock was also used for 
making the indium foil which was routinely 
wrapped around the specimens of other sub¬ 
stances to reduce wall friction and to obtain a 
more hydrostatic distribution of pressure. 
There is excellent agreement between the 
values of VI Vo from the present experi¬ 
ments and those computed from shock data; 
Bridgman's VlVo values are somewhat lower. 
At 45 kbar the VlVo from Bridgman’s and the 
shock work are 0-912 and 0-915 respectively; 
the value from the present work is 0-9137. 

Lanthanum. We owe the sample of Ian- 
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thanum metal to the courtesy of Dr. Gary 
Dorer and Mr. Al Kerlin of the Department of 
Physics, UCLA. This material was in form of 
a cylinder 0-7in. dia., 1-5 in. long obtained 
from Research Chemicals, Phoenix, Arizona. 
It had a stated purity of 99-9 per cent. The 
specimen for compression run was fabricated 
by machining under mineral oil to minimize 
oxidation. The P/f'o values from our experi¬ 
ments arc in close agreement with Bridgman's 
values up to 45 kbar. However, we did not 
observe the transition at 22-9 kbar with 
volumes 0-924 and 0-922 reported by Bridg¬ 
man [9]. Indeed Bridgman also failed to ob¬ 
serve this transition in lanthanum metal in his 
resistance experiments[10]. It seems there¬ 
fore, possible that either this transition does 
not exist or it is too small to observe under the 
conditions of the present experimental set up. 

Molybdenum. The specimen was machined 
from a rod 0-5 in. dia., 5 in. long, obtained 
from ROIC. It had a stated purity of 99-95 per 
cent. The volume compressions measured on 
this metal are in fair agreement with the values 


this metal to be little less compressible than 
the estimates of Bridgman and from shock 
data. 

Lead. Our supply of lead in form of a solid 
ingot was obtained from American Smelting 
and Rehning Co. (ASRCO). It had a stated 
purity of99-999 per cent. Two runs were made 
with cylindrical samples machined from the 
stock in different pressure vessels without 
indium foil around the samples. The volume 
compressions from the present measurements 
are in agreement with shock values. Bridgman 
reported compression at 45 kbar of 0-915, 
against 0-9204 obtained from the present work 
and 0-920 obtained from the shock wave data. 

Rough compressions of lead can also be 
calculated from the experiments with samples 
consisting of lead and tungsten carbide 
inserts previously described for the calcula¬ 
tion of chamber dilation A. With the notation 
introduced in that section, elimination of 
term Lwc, specific volumes of tungsten carbide 
leads to the equation for calculation of F,.,,, 
i.e. 


1/ _ Myt’c /, ) . 5 () ( I -b A) (/Vf yyc . Myf/c . M j,y)V pj, 

IMlin' -Mfi, /V/wc ./V/|,|,) 


(14) 


reported by Bridgman and the shock wave 
data. At 40 and 45 kbar we find this metal a 
little less compressible than indicated by the 
reduction of shock data. 

Nickel. Our supply of nickel was in form of 
a cylinder 0-5 in. dia.. 5-0 in. long, obtained 
from ROIC. It had a stated purity of 99-999 
per cent. A specimen of 0-486 in. dia., 0-5 
length machined from this stock was wrapped 
in indium foil. We observed a smooth volume- 
pressure relationship for this metal up to 45 
kbar in contrast with Bridgman’s observation 
of a cusp at 10,500 kg/cm^[2]. We believe that 
this discontinuity reported by Bridgmem does 
not exist. At higher pressures the results from 
our experiment are in fair agreement with the 
values reported by Bridgman and from shock 
work. The F/Fo values from this work indicate 


The volume compressions evaluated from 
this equation are given along with the values 
obtained from the direct measurements. 
Agreement with the values from direct deter¬ 
minations and with shock values at 40 and 45 
kbar probably indicates that the method of 
estimation of A becomes more and more 
precise at high pressures. This conclusion 
seems reasonable on consideration of the 
method used in the calculation of A. 

Tin. Our supply of tin was obtained from 
ASRCO. It had a stated purity of 99-999 per 
cent. A rod of 0-60 in. dia. was cast from this 
material in a graphite crucible and the melt 
was cooled down slowly to avoid formation of 
any voids. The sample was machined from 
this slug and surrounded by a foil of indium. 
The specific volumes from our experiments 
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are slightly higher than these obtained by 
Bridgman; Keeler’s values estimated from the 
shock wave data are in close agreement. At 
45 kbar the ViVt, values are 0-9307 from our 
experiments, 0-928 from Bridgman's work and 
0-931 from the shock data. 

Tantalum. We owe our samples to the 
courtesy of Dr. Gary Dorer, Department of 
Physics, UCLA. Tantalum was in the form of 
a polycrystailine rod of 0-5 in. dia. and had a 
stated purity of 99-99 per cent. Two experi¬ 
ments were made with specimens machined 
from this material and encapsulated in indium 
foil. The averaged values from the two experi¬ 
ments are given in Table 2 ((a)-(g)). The 
agreement with Bridgman's and the shock 
values up to 45 kbar is excellent. 

Thallium. Cylinders of thallium metal from 
our old laboratory stock were used in the 
present experiments. The metal had been 
obtained some years ago from ASRCO and 
had a stated purity of 99-999 per cent. The 
material was dull grey on the outside and 
lusterous shiny metal appeared on scraping 
the external surface. The grey film was scraped 
from the sample and the specimens were 
prepared in a pill press. Two runs were made 
on the samples surrounded by indium foil. 
The Thallium 11-111 transition was sharp and 
the values of the trsinsition pressures and the 
volumes ViVg from the two runs were in fair 
agreement. The averaged pressure of Tl 
11-111 transition from the present work is 
36-85 kbar with volumes before and after the 
transition of 0-922 and 0-9156. This may be 
compared with Bridgman's value of 41 kbar 
for the pressure of the Tl 11-111 transition and 
volumes 0-921 and 0-914, and 36-69 kbar for 
the transition obtained by Kennedy tmd La 
Mori [8] in a rotating piston apparatus. Agree¬ 
ment with Bridgman’s and the shock values is 
fair up to 40 kbar. 

Zinc. We owe this material to the courtesy 
of Mr. Howard of the UCLA Chemistry 
Department. It was stated to be 99-999 per 
cent pure. Two set ups were made and the 
values from the two experiments were in good 


agreement. The present values are in a good 
agreement with estimates from the shock wave 
data. K/Ko values reported by Bridgman are 
smaller; at 45 kbar Bridgman reported K/L„ = 
0-930 as against 0-9383 obtained from the 
present work and 0-939 computed from the 
shockwave data. 

Talc and boron nitride. The volume com¬ 
pressions of talc and boron nitride are included 
in this paper along with those of pyrophyllite 
because of the frequent use of these sub¬ 
stances in various high pressure assemblies. 
No measurements have been reported on these 
substances in the past. Talc specimen was 
machined from common laboratory stock 
obtained from American Lava Co. It is the 
same material as is used in making talc parts 
for other high pressure assemblies. Boron 
nitride was machined from 0-75 in. dia. 
cylindrical rod of binderless, hot pressed BN 
of 99-5 per cent purity obtained from Atlantic 
Equipment Engineers. Bergenfield. N.J. 
Both the specimens were surrounded by in¬ 
dium foil At 45 kbar (K/Lo) values are 0-9179 
for talc and 0-8848 for boron nitride. The 
volume compressions of these substances 
obviously are only approximate because of 
variation in porosity and composition from 
sample to sample. 


3. DISCtSSION 

The precision of our measurements is 
high. Duplicate measurements on relatively 
incompressible solids, such as Fe, Ta, Mo, 
etc. showed close agreement. At 45 kbar the 
range of VIVq was approximately 0-0005. 
However for the more compressible sub¬ 
stances at the highest pressures, replicate 
measurements agreed only to 0-0015 in VlVt,- 
The accuracy of the measurements depends 
on the validity of the assumption of reproduci¬ 
bility of apparatus deformation, the estima¬ 
tion of the pressure vessel dilation at high 
pressure, A, and the corrections for friction 
in the apparatus. The reproducibility of appar¬ 
atus deformation for the sample and gold runs 
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in a well seasoned pressure vessel is borne 
out by closely agreeing values on successive 
runs with gold and by the agreement in com¬ 
pression values calculated from two runs made 
on the same substance on different occasions. 
The estimation of pressure vessel dilation, 
A, also appears to be fairly good in view of the 
small divergence in the values of different 
pressure vessels made with the same inter¬ 
ference and the same set of confining rings. 
The close agreement of the volume compres¬ 
sions of lead from the runs employed in calcu¬ 
lation of A (equation (14)) with the values 
obtained from direct measurements gives 
further confidence in the present method of 
calculation of A. 

The hysteresis in the piston-displacement 
pressure plot due to friction in the apparatus 
introduces the largest uncertainties in the 
calculation of volume compressions. The 
width of the hysteresis loop in a piston-cylin¬ 
der apparatus depends on the sample material, 
the highest friction is encountered for metals 
with largest shear strength. Single value fric¬ 
tion for the gold assembly at 40 kbar was 
typically 4 03 kbar which reduced to 3-32 
kbar on surrounding the sample with indium 
foil. Representative values of single values of 
friction observed at 40 kbar for other sub¬ 
stances surrounded by indium foil were; 
tantalum 4-46, nickel 4-3, lead 3 %, tin 3 02, 
cadmium 2 52. thallium 1-7, bismuth 1-5 and 
indium 1-44 kbar. 

We have taken for purposes of comparison 
with the present work, Bridgman’s volume 
compression from a recent review by Kennedy 
f 11 ]. The values given in this review represent 
best fit of Bridgman’s results published on 
various occasions and conversion of pressure 
units from kg/cm'^ to kbar is also made (Table 
2(a)-(g)). The results are also expressed in the 
form of polynomial 

AT 

^ = aP + bP"-+ cP^ (15) 

' u 

where P is in bar and the coefficients, a, b and 


c were determined from the polynomial 
regression of the data. The corresponding 
values for Bridgman’s data are taken from the 
review by Gschneider[12] who has taken into 
account the revised values on compression of 
iron, which was the standardizing substance 
used by Bridgman. Gschneider’s values of the 
coefficients a, b, c are converted for P 
measured in bar. The results are given in 
Table 3. 

The volume compressions determined from 
the present study are in general in good agree¬ 
ment with Bridgman's measurements in his 
30,000 kg/cm* hydrostatic environment appar¬ 
atus [2]. However, the overall agreement with 
his values measured in piston-cylinder appara- 
is not so good. The agreement with Keeler’s 
values calculated from shockwave Hugoniots 
is generally good. Bridgman’s measure¬ 
ments on Ag, Cu, Fe, Mo, Ni and Ta up to 
30,000 kg/cm^ have been extended to 45 kbar 
in the present work. We find these metals 
in general less compressible i.e. the calcu¬ 
lated VIVo values are higher than those 
obtained by Bridgman. The same trend is also 
observed in Ca, In, Pb and Zn for which we ob¬ 
tain larger VI Vo values than those of Bridgman. 
On the other hand Ba and La are found to be 
slightly more compressible in the present 
work than suggested by Bridgman. In short, 
the overall agreement of the results of our 
experiments with shock wave values for most 
of the substances lends support to the method 
of calculation of isothermal compressions 
from the shock wave data. 

Anderson [13] has derived the equation of a 
solid of the form 



(16) 


with m = i(l+B;), n = H^+3B; + 2(B;,V 
— BoB”) etc. where is the isothermal bulk 
modulus and flj, fi" are its first and second 
order pressure derivatives. 

Comparison of equations (15) and (16) 
gives relationships between the coefficients; 
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Values in parantheses are the coefficients in polynomial fit to Bridgman's 
experimental data (Ref. < 12)) 


Element — a x 10’ 

b X 10” 

— c 

Range 

(kbar) 

(rX 10“ 

Ag 

9-031 

imi 


0-45 

0-777 


(9-552) 

(0-317) 


0-30 

0-05 

A1:6061T6 12-281 

8-793 

1-0266 X 10-'» 

0-45 

0-121 

Al 

12-678 

3-347 


0-45 

0-193 


(13-327) 

(4-678) 


0-30 

0-027 

Ba 

105-69 

152-21 

0-12415 X 10-“ 

0-45 

0-160 


(93-359) 

(88-861) 


0-17 


Bid) 

32-286 

26-529 


0-25 

1-35 


(30-558) 

(24-572) 


0-20 

0-244 

Ca 

54-757 

.54-206 

0-39464 X 10 “ 

0-45 

0-753 


(63-263) 

(71-512) 

0-434 X 10 

0-40 

0-662 

Cd 

21-140 

11-358 


0-45 

0-792 


(20-574) 

(11-733) 


0-25 

0-113 

Cu 

6-6211 

1-0985 


0-45 

0-378 


(7-345) 

(2-00) 


0-30 

0-008 

Fe 

5-8441 

1-5008 


0-45 

0-362 


(5-713) 

(0-7674) 


0-30 

0-269 

In 

25-709 

20-143 

1-2498 X 10-'“ 

0-45 

0-227 


(23-408) 

(12 406) 


O-SO 

O-IOI 

La 

40-623 

31-874 

0-18267 X 10-'“ 

0-45 

0-702 


(39-589) 

(33-544) 


0-23-4 

0-186 

Mo 

3-951 

1-1L52 


0-45 

0-257 


(3-528) 

(0-125) 


0-30 

0-01 

Ni 

5-5475 

2-7045 


0-45 

0-417 


(5-158) 

(0-519) 


0-12 


Pb 

23-611 

13-222 



0-822 


(22-379) 

(8-962) 



0-018 

Sn 

18-155 

6-1227 


0-45 

0-229 


(17-7.50) 

(7-943) 


0-30 

0-046 

Ta 

4-9530 

0-59394 


0-45 

0-322 


(4-795) 

(0-226) 


0-30 

0 006 

Tl 

26-646 

14-623 


0-35 

1 03 


(26-772) 

(15-58) 


0-25 

0-079 

Zn 

16-271 

5-6443 


0-45 

0-547 


(16-073) 

(7-285) 


0-30 

0-076 


^ = = (i+'S,;), (17) 

Anderson’s equation has found widespread 
interest because it enables one to derive the 
isothermal equation of static solids from the 
values of BJ, B" obtained from the low 


pressure elastic constant measurements. 
Owing to the presence of frictional effects in 
the piston-cylinder apparatus, the low pres¬ 
sure part of the P-k'curve is not very precisely 
defined and are not very suitable for accurate 
determination of Bn and BJ. The isothermal 
bulk modulus and the derivatives are calcu¬ 
lated from the adiabatic bulk modulus and its 
derivatives obtained from the ultrasonic wave 
velocity measurements. The results of these 
studies on Ag, Al, Cd, Cu, Fe and Pb are 
summarized in Table 4. 
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Table 4. Coefficients a and b calculated from volume compression meas¬ 
urements in piston-cylinder apparatus and the measurement of elastic 
constants at high pressure. The units of a and b are 10^'’bar~^ and 

10'*® bar~^ respectively 


Element 

Present work 
Polynomial fit 
a h 

Present work 
Murnaghan 
equation 
a b 

Bridgman data 
Gschneidner 
Polynomial fit 
a b 

Ultrasonic 
measurements 
a b 

Ag 

903 

2-31 

8-27 

1 192 

9-55 

0-317 

9-85 

3-17(4] 

A1 

12-67 

3-34 

12-83 

4-433 

13 33 

4-678 

13-22 

5-405(14] 

Cd 

2114 

11 -.35 

22-34 

18-652 

20-57 

11-731 

21-84 

18-53* 

Cu 

6-62 

1-09 

6-15 

0-27 

7-34 

2-0 

7-50 

1-73(4] 

He 

.V84 

1-50 

5-69 

1-403 

5-71 

0-767 

5-88 

1-067(15] 








5-86 

1-19(16] 








5-87 

1-04(17] 








5-80 

0-875(18] 

Pb 

23-62 

13-31 

25-01 

24-27 

22-38 

8-% 

23-87 

19-14(19] 


*('alculated from and m tabulated by Anderson[I31 from the experimental values of 
J. A, f'orll.ONR Report No. 6, June 1962, Case Institute of Technology. 


In case of silver, aluminum and iron we find 
a fair agreement between the values of a and h 
obtained from the static and ultrasonic 
measurements. For cadmium and lead the 
values of b estimated from the Murnaghan 
equation fit and equation (17) are in better 
agreement with the ultrasonic work. The 
polynomial regression fit gives a lower value 
of h for these metals. We do not however 
understand the unusually small value of b for 
copper obtained from the Murnaghan 
equation. 

SlatcrfZOJ has suggested that the Gruneisen 
parameter -y of a solid can be evaluated in 
terms of a and b as 

_h 2 
^ 3' 

Combining this with equation (17) gives 

B,; = 2(y + !i)-|. (18) 

However, the shock wave reduction by 
Dugdale-MacDonald formalism for these 
metals give indistinguishable results. 

Ba and evaluated from the polynomial 


regression and Murnaghan equation fit of the 
experimental data together with calculated 
from equation (18) are summarized in Table 
5. It may be observed that the compressibility 
parameter obtained from the polynomial 
regression and Murnaghan equation fit to the 
experimental data are somewha, different 
(Tables 4 and 5). This is not verv surprising 
in the view of Anderson’s detailed study of 
these two equation of states of the solids. 
Anderson has demonstrated by means of 
several examples that the Murnaghan equa¬ 
tion gives a superior fit over the polynomials 
of all degrees. With the exception of Fe, Mo 
and Ni we find that generally calculated 
from the static compression measurements 
and equation (18) are in a fair agreement. 
Gilvarry [27] has made such a comparison for 
some elements and found a poor agreement 
with Mo, Ta and Mn. Much of the disagree¬ 
ment noted by Gilvarry for Ta disappears 
with our revised measurements, though in 
case of Mo large discrepancy still exists. 
Although a good agreement had been pre¬ 
viously noted for Fe and Ni with Bridgman’s 
compression data[12], the present measure¬ 
ments on these metals show a large discrep- 
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Table 5. Compressibility parameters of the metals 


Polynomial fit Mumaghan equation 2(-y + i) — I 
Element B„(kbar) Bo Bo (kbar) Bo' =Bo* 


Ag 

1107-3 

4-6810 

1208-83 

2-484 

5-20 

A1:6061T6 

814-27 

10-6600 

875-85 

3-214 


A1 

788-77 

3-1647 

778-97 

4-26 

4-60 

Ba 

94-62 

1-7252 

94-32 

2-187 

2-02 

Bid) 

309-73 

4-0901 

296-93 

6-742 

2-42 

Ca 

182-63 

2-6157 

186-82 

2-524 

2-40 

Cd 

473-04 

4-0830 

447-6 

7-307 

4-88 

Cu 

1510-3 

4-0115 

1625-35 

0-426 

4-24 

Fe 

1711-1 

7-7886 

1757-56 

7-669 

3-72 

In 

388-97 

5-0951 

390-77 

5-239 

5-18 

La 

246-17 

2 8630 

244-73 

3-150 

1-64 

Mo 

2531-0 

13-2879 

2660 37 

11 963 

3-54 

Ni 

1802-6 

16-5761 

1904-8 

20-157 

3-98 

Pb 

423-53 

3-7435 

399-82 

6-76 

5-80 

Sn 

550-81 

2-7152 

549-20 

3-651 

4-76 

Ta 

2019-0 

3-8421 

2056-90 

2-759 

3-70 

T1 (1) 

375-29 

3-1191 

366-03 

4-795 

3-00 

Zn 

614-59 

3-2639 

597-91 

4-880 

4-38 


“Values of y taken from Gschneidner(Ref. (12)). p. 412. 


ancy between the measured values of and 
the ones calculated from equation (18). 
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Abstract —A detailed discussion is presented of the relationship between dynamic shock wave data 
at high pressures, acoustic velocity data at low pressures and the static compression data at inter¬ 
mediate pressures reported by Vaidya and Kennedy in the previous paper. 


1. INTRODUCTION 

In the previous paper[1] by Vaidya and 
Kennedy (VK) it was possible for the first 
time to make an extensive comparison of the 
compressions of a number of metals deter¬ 
mined by three completely independent 
experimental methods. The compression data 
for 16 metals obtained by VK in a static, 
high-pressure, piston-cylinder apparatus were 
found to be in agreement with the isothermal 
compressions calculated from shock wave 
data up to 45 kbar. Such a comparison is of 
great importance, for instance, in detecting 
systematic errors in pressure scales developed 
in static and dynamic high pressure experi¬ 
ments [2], 

The purpose of this note is to identify the 
shock data used in the comparison by VK 
and to discuss the validity of extrapolating 
shock data to low pressures for such a com¬ 
parison. In connection with this discus.sion the 
relationship between measurements of sound 
velocity at very low pressure and shock velo¬ 
city data at high pressures is reviewed and a 
comparison of both kinds of velocity data is 
made for the metals studied by VK. On the 
basis of this comparison the consistency 
between static and dynamic compression data 
is strengthened. 

The reduction of shock compression data 
on metals to isothermal compression was 
extensively reviewed in the original survey 


article by Rice, McQueen, and Walsh [3]. In 
this and much of the subsequent work most 
attention has been given to the reduction of 
shock data at high pressures and the extra¬ 
polation to .low pressures was limited to a 
comparison with the older compressibility 
data on metals by Bridgman. In a number of 
these metals low pressure phase transitions 
are now known and have been detected in 
shock wave experiments. When no transition is 
present newer ultrasonic velocity data can 
now be used in conjunction with high pres¬ 
sure shock data to obtain more accurate 
compression curves at low pressure. Little 
thermodynamic equation-of-state informa¬ 
tion has been extracted directly from shock 
wave experiments at low pressures in 
the vicinity of the elastic yield strength 
because of the more complicated nature of 
shock wave propagation at low pressures. 

2. SHOCK WAVE DATA 

Most of the shock compression values 
quoted by VK are taken from an extensive 
AIP Handbook tabulation of isothermal com¬ 
pression P-V curves derived from shock 
data as reported by Keeler[4]. The isotherms 
were calculated from shock data as fitted in 
the usual way by a polynomial expansion of 
the shock velocity U, in powers of the 
material or particle velocity f/„, 


‘Work performed under the auspices of the U.S. The fits used in the handbook tabulation are 
Atomic Energy Commission. identified by an asterisk in Table 1 and were 
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Table 1. Comparison of shock wave and sonic velocity data 
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Sonic 


Mat. 
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(elec) 

(g/cci 

C 

(cm/)i,sec) 

S 

-S-z 

(iLisec/cml 

Ss 

(p, sec/cm 1“ 

Ref. 

C 

(cm/p sec) 

S 

Ref. 

Ag 

If) 494 

10-49 

0-322* 

1-52 



la] 

0-314 

1-75 

1S1,S21 

Al 

2-698 

2-78 

0-528* 

1-50 

-0-67 

0-41 

[bj 

0-5.32 

1-48 

[S3,S41 

Au 

19-302 

19-24 

0 312* 

1 52 



(a| 

0-300 

1-82 

(SI.S21 




0-294 

1-87 

-I-.38 
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Ba 

3-65 

3-75 

0-1.59 

0-88 



fd) 

0-159 


[d] 

('a 

1 -53 

1-56 
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0-99 



Id) 

0-331 


[d] 

Cd 

8-642 

8-64 

0 238 

1-75 



[el 

0-237 

1-89 

[S5,S6] 




0-247* 

1-66 



[al 




Cu 

8-932 
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0-401' 

1 47 



la) 

0-392 

1-62 

[S1.S2] 

Fe 

7-873 
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0-460 

1-43 



[al 

0-460 

1-56 

[S7.S81 

In 

7-286 

7-28 

0-239* 

1-55 



in 
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[S9J 

La 

6 174 

6-135 
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1-12 



[g] 

0-213 
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Mo 
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0 514* 

1-26 



[a) 

0-513 


[S10.S1.5] 

Ni 
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1-45 
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Ph 
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l(-34 
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1-58 

[S12.S13) 

Sn 
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0-275 

1-37 



Ml 
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[SI 4] 

fa 

16-626 

16-67 
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1-20 



[a] 

0-340 


[S15] 

Zn 

7 1.34 

7-13 

0-298* 

1-65 

-0-26 


(a) 

0-294 


[SI 6) 


(a| V AN M. and KUSUBOV A. S., Compendium oj Shock Wave Data, Vol, J and 2. UCRL-501()8 

1966 plus 1967 supplemenli. Available from Clearinghouse for Federal Scienlitic and Technical Information. 
NKS.IJ S, Oepl of Conimcicc. Springfield. Va 22I.VI 

lb| From unpublished fit to LRl. shock data on Al 2024 and sonic data. The data of G. D. Anderson. D. G. Doran, 
and A. I.. Fahrenbruch on a purer alloy Al 1060 is fit by 0-5.39-f 1-34 U,,. Below 50kbar there is a negligible differ¬ 
ence in f'/f'd- 

fcl FASTINF.D J.andPlACKSl D. J. t'/m. Chem. So/ids 27. 1783(1966). 
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|e| WAl SH .f. M . Kl( I-: M. H.. McQUF:EN R. O. and YAKCiER F. L .Ph\s. Rev. 108. 196(1957). 

Ml McOUEEN R. Ci. and MARSH S. P., Los Alamos .Scientific Lah. Rep. No. GMX-6-566 (unpublished) — 
see also l;i|. 

lg| GUST W H . l aarencc Radiation l.ah . t.ivermore. (private communication). Al.’TSCHULER 1.. V.. 
BARANOVA A. A and DUDOl AOOV I, P.. Zh. ETF Pis'mu 3. 483 (1966); Soviet Rhys. JETP Lett. 3. 315 
(19661 

|h| McQllFKN R, (i. and MARSH S. P.. J. appl. P/ivs. 31.1253 (1960). 

Ml KARI'H J,. Lawrence Radiation Lah.. t.ivermore. (private communication), a transition was located by a 
method utilizing an inclined, internally reflecting prism at U, — 0-33. U„ = 0 038. or a shock pressure ~ 94 kbars. 

|S1| DAN I FI S W. B.andSMII H C. S. Phrs. Rev. 111,7)3(1958) 
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summary fits to U,-U„ data from several 
laboratories. The data, their source as well 
as the summary fits are taken from a Com¬ 
pendium of Shock Wave Data (Table I, 
Ref. [a]). 

A number of the metals investigated by VK 
have phase transitions with substantial volume 
changes below 200 kbar. For five of these, Fe, 
Sn, Ba, Ca and La, some shock data on the 
low pressure phase are available. The U,-U^ 
fits for these metals are also listed in Table 1. 

The correction to the shock compression 
curve for shock heating was calculated in 
a standard manner by assuming a Mie- 
Griineisen y which depends on the shape of 
the zero degree isotherm in PV space. The 
Dugdale-MacDonald relationship for y was 
used because of the average agreement with 
thermodynamic values of y at low pressure 
[3]. However, the thermal pressure correc¬ 
tions which depend on gamma are very small 
at pressures below 45 kbar. For instance, an 
extreme case is the isotherm of Pb where 
the thermal offset between the isotherm and 
Hugoniot should be large because of the low 
specific heat and high compressibility of 
this metal. The Dugdale-MacDonald y in this 
case is 30 per cent low. Calculations however 
show that the compression along the 300°K 
isotherm is increased by only 2 per cent if 
gamma is increased by 40 per cent. 

Another source of differences between 
static and shock compression data arises 
from the different reference density u.sed in 
each method. The compression calculated 
from a shock velocity measurement in a 
sample by the usual conservation relation is 
strictly speaking relative to the initial bulk 
density of the sample. In the static compres¬ 
sion method the reference density is that of 
the sample after several preliminary com¬ 
pression cycles which is presumed to be the 


X-ray density of the material. Table 1 lists 
typical initial densities po for samples used 
in shock wave experiments which were used 
to calculate pressures and compressions. It 
can be seen that many are several tenths of a 
per cent lower than the X-ray densities listed 
in the table. Because the Hugoniot pressure 
is proportional to pn, the resulting error in the 
calculated shock pressure is negligible. The 
error in compression due to pu is larger and 
more difficult to estimate. It is of the order of 
the deviation from X-ray density divided by 
the mean density change over the range of 
shock measurements and is proportional to 
the Griineisen -y in the same compression 
range. Since shock wave data is taken in a 
range of compressions typically from 15 to 
35 per cent, the calculated compression is 
larger than that of a dense solid by a small 
amount of the order of 1-2 per cent. Note 
that this error is similar in magnitude to the 
random errors in the measurement of shock 
velocities and is usually ignored. 

3. COMPARISON OF SONIC AND SHOCK DATA 
The extrapolation of Hugoniot data to low 
pressures is best evaluated by comparing 
with ultrasonic data. The ideal P-V Hugoniot 
for a materia] of zero strength coincides in 
slope and curvature with the isentrope (locus 
of constant entropy) through the initial state. 
Therefore if material strength effects are very 
small, the ‘bulk’ sound speed calculated from 
the isentropic bulk modulus, S,. should be 
equal to C and the linear shock velocity co¬ 
efficient, 5, should be determined by the 
pressure derivative of B, along an isentrope. 



A large amount of more accurate ultrasonic 


’Fits used in Ref. |4]. 

tT AYLOR A. and KAGl.E G. J , X-ray densities taken from Crystalloftraphy Dam on Metal and Alloy Slrac- 
tures, Dover. New York (19631; with the exception of Mo which wa.s calculated from crystal constants in WY KOFF 
R. W. G., Crystal Structures, 2nd Edn. Interscience. New York (1963). 
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data has become available in recent years 
and a tabulation of the ultrasonically derived 
coefficients C and S for metals is also listed 
in Table 1. (dB^ISP), is evaluated by means 
of the thermodynamic relation 


dB, 

dBs 


HP 

. dP 

alnF 


from the measurements of sound velocity 
changes with both changes in pressure and 
temperature. An experimental uncertainty of 
^ I per cent can be assigned to C judging by 
agreement between different experimentalists. 
On the same basis, however, the experimental 
uncertainty in S is —10-20 per cent. The 
tabulated sonic data on S are from sonic 
velocity measurements over a pressure range 
of several kilobars or more. 

Among the metals without low pressure 
phase transitions there is generally a satisfac¬ 
tory agreement between the two dynamic 
determinations of C, to <2 per cent. The 
value determined from shock data on Ag, Au, 
Cu, and from the summary data fit for Cd 
exceed the ultrasonic values of C by a some¬ 
what larger amount. In these cases the shock 
values of S are also lower than usual. Pastine 
and Piacesi(5J have suggested that this is due 
to curvature in the Hugoniot at low pressures. 
They fit shock data on the noble metals to a 
quadratic U,-U„ relation holding C fixed at 
an earlier ultrasonic value. Considerably 
closer agreement with sonic values of S was 
found as shown for example in the table for 
Au. In the case of Cd the shock wave data 
itself gives evidence of a similar curvature at 
low pressures. Table 1 contains a fit to lower 
pressure shock data on Cd which is in good 
agreement with sonic data. This fit was used 
for the comparison with static data in the 
previous paper. 

The dynamic compression data on low 
pressure phases of Ba, Ca and La consists of a 
small number of Hugoniot points and sound 
velocity measurements on a polycrystalline 
sample. The disagreement between the fits 


to the shock data and the bulk sound speed in 
Ca and La are not inconsistent in view of the 
sparsity of the Hugoniot data. VK find that 
for Ca the agreement between the shock- 
derived isothermal compression and static 
measurements is excellent while in the case 
of La the disagreement (~ 5 per cent) is the 
largest of all the metals. 

It should be noted here that the shock 
velocity ‘fits’ listed in Table 1 for the low 
pressure phases of Fe and Sn were obtained 
from measured ultrasonic velocities and 
shock data at the transition pressure. In the 
case of Fe, there is extensive but anomalous 
shock data below 100 kbar on the low pressure 
phase, which is not adequately understood [6]. 

Although there is good overall agreement 
between sonic and extrapolated shock wave 
velocities at low pressure there is still room 
for improvement in the agreement by means 
of material strength corrections. For instance, 
the above indications of a non-linear U,~U„ 
relation in a few metals can also be explained 
as a strength effect. In addition, although the 
ultrasonic value of S is not very reliable for 
some metals. Table 1 indicates that there 
may be a more widespread difference between 
sonic and shock wave values of S among the 
metals. At high pressures bulk modulus) 
one may be sure that the strength correction 
becomes negligible for two reasons. Judging 
by data on a wide variety of solids at normal 
densities yield strength should be a fraction 
of 1 per cent of the bulk modulus. Secondly 
the yield strength must drop quickly as shock 
heating brings the metal near the melting tem¬ 
perature. The above agreement between 
sonic and shock velocities at low pressures sug¬ 
gests that in metals the correction for material 
strength is small down to much lower pres¬ 
sures. For other types of solids (i.e. ceramics, 
rocks, etc.) of high yield strength there are 
discrepancies between sonic and shock data 
indicating that significant corrections are 
needed [7]. It is to be hoped that the extensive 
experimental work being done presently on 
shock propagation at very low pressures [8] 
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will clarify the questions about the importance 
of the strength correction in metals at lower 
pressures. 

4. DISCUSSION AND CONCLUSION 

Within the qualifications discussed above 
it has been shown that the extrapolation 
shock velocity data for most metals to zero 
pressure is consistent with sound velocity data 
to within ~2 per cent, comparable with the 
accuracy of the shock velocity data itself. 
Therefore the shock compression data is 
suitable for comparison with the static data 
of VK in the intermediate pressure range. 
Except for La the agreement found by VK 
between the two sets of compression data is 
everywhere consistent within an experimental 
error of several tenths of a percent in the 
static volume measurements and of 2 per cent 
in the shock compression measurements. It 
may thus be concluded that all three types of 
compression data are consistent up to 45 kbar. 

Discrepancies between the isothermal com¬ 
pressibility calculated from fits to the static 
data of VK and from sound velocity data in 
some metals are apparently not real. In the 
case of Fe, Rotter and Smith [2] have also 
noted the differences between the compres¬ 
sibility obtained from sonic velocity data and 
fits to Bridgman’s data. Such differences have 
usually been attributed to a loss of accuracy 
in taking differences between volume mea¬ 
surements in the static compression method. 
These discrepancies may also in part be due 
to inappropriate methods of fitting or repre¬ 
senting static data. In this connection it 


should be noted that the simple t/.-f/p expan¬ 
sion used to fit shock wave data over a much 
larger range of pressures implies a volume 
dependence of the pressure along the isotherm 
which is different from either the Bridgman or 
Mumaghan form used by VK. 
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Abstract-The electrical, optical and structural properties of thin films of zinc oxide in the thickness 
range 10-400 nm on glass and fuzed quartz substrates have been investigated. The films were pre¬ 
pared using a new chemical spray technique which permitted deposition on either insulating or 
conducting substrates with a high degree of control over both the dimensions of the coatings and their 
electrical properties. The effects of variations in film thickness and heat treatment in oxygen have been 
examined and an assessment has been made of the dimensions of the depletion layer and of the 
diffusion coefficient of interstitial zinc in zinc oxide. Films with thicknesses greater than 40 nm are 
stable for long periods and show a crystalline structure with a preferred orientation of the c-axis 
normal to the substrate. An amorphous phase together with crystallites is apparent in films less than 
40 nm thick. However, these films are unstable and show crystallite growth after storage at room 
temperature. In general, the optical properties of the films correspond with those of films prepared 
by other methods. 


I. INTRODLCTION 

Thin films of zinc oxide can be prepared by 
vacuum evaporation of the metal followed 
by oxidation [1], However, difficulty is usually 
experienced in obtaining good adhesion of 
the films to the substrate. High quality thin 
films are more readily obtained by sputtering 
zinc in oxygen at low pressures [2], However, 
the process is slow and several hours are 
required for a film thickness of 500 nm. 

Thin films of zinc oxide with a large surface 
area (20 cm^) with controlled thickness and 
conductivity were required for the study of 
surface reactions between zinc oxide and 
ambient gases. Considerable difficulty was 
experienced in preparing such films by vacuum 
evaporation or sputtering; in the latter case 
residual gases in the vacuum system, parti¬ 
cularly hydrocarbons, had a deleterious effect 
on their surface properties. 

Chemical spray techniques have been used 
successfully for preparing conductive layers 
of tin oxide[3] and thin films of H-VI 
compounds [4], particularly cadmium sulphide 
[5], 

This paper describes the properties of thin 

23.‘i3 


films of zinc oxide prepared by use of a chemi¬ 
cal spray technique. In principle the prepara¬ 
tion method required a soluble zinc compound 
which would decompose into zinc oxide at 
substrate temperatures of less than 500°C. 
This temperature was set by the fact that 
glass substrates were preferred for the study 
of surface reactions. A number of zinc 
compounds in various solvents were in¬ 
vestigated, the best results being obtained with 
an aqueous solution of zinc acetate. 

The chemical spray method permitted a 
high degree of control to be exercised over 
the properties of the coatings and produced 
films which were satisfactory both for the 
investigation of surface reactions and for the 
study of the various properties of poly- 
crystalline zinc oxide including the dimensions 
of the depletion layer and the diffusion of 
interstitial zinc. 

2. PREPARATION OF FILMS 

The films were prepared on glass, fuzed 
quartz and aluminium substrates (25 x 75 x 1 
mm) which were placed on a metal block 
and heated to 500 ± 20°C. A saturated aqueous 
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solution of zinc acetate was sprayed on to 
the substrates using a conventional spray 
gun with a high air to solution ratio. The spray 
was applied in I sec bursts allowing time for 
the substrate temperature to recover after 
each application. Film thicknesses were 
determined by weighing and ranged between 
10-500 nm. Variation of thickness over the 
surface amounted to less than 10 per cent. 
Analysis of the coalings showed that their 
residual zinc acetate content was less than 
0-01 per cent which could be further reduced 
by baking in oxygen at 350“C at atmospheric 
pressure, 

.3. FILM STHtJt'TtIRE AND ORIENTATION 

The structures and orientations of films 
ranging in thickness between 20-300 nm 
were examined by optical and electron 
microscopy and by X-ruy diffraction. 

The films, when first produced, were 
generally glass clear and free from macro¬ 
scopic defects. However, on standing for 
periods of more than a week, films with 
thicknesses of less than 40 nm tended to 
develop translucent areas which in some 
ca.ses covered up to 25 per cent of the total 
film area. Microscopic examination showed 
that the translucent areas resulted from the 
formation of crystallite needles, averaging 
2/cwX4()/xm, which had grown on the film 
without separating from the substrate. An 
example of such a strucluic is shown in Fig. 

I. F'Icctron microscopic examination of the 
darker areas surrounding the crystallites, 
as shown in Fig. I. revealed the presence of 
a thinner secondary film with possibly an 
amorphous structure. Films with thicknesses 
greater than 40 nm were stable and have 
been stored for long periods without deteriora¬ 
tion. 

The results of X-ray diffraction analysis 
showed that films thicker than 60 nm possessed 
a crystalline structure with a preferred orienta¬ 
tion of the c-axis normal to the substrate. 
Below 60 nm no evidence of structure was 
recorded. The results of electron microscopy 


supported those from X-ray diffraction and 
showed crystalline structure in films with 
thicknesses down to 40 nm. However, the 
results on films below this thickness were 
inconclusive with evidence of both amor¬ 
phous and crystalline phases in their struc¬ 
ture; an electron micrograph of such a film 
is shown in Fig. 2. 

The dimensions of the crystallites in the 
films varied between 5-30 nm with the size 
increasing approximately linearly with film 
thickness. The degree of orientation of the 
f-axis varied between films and also between 
different areas on the same film. The cause 
of this variation has not been fully determined 
but appears to arise from thermal gradients 
within the substrate caused by the spraying 
technique. 

Electron micrographs of films of two 
thicknesses showing typical crystallite 
structure and orientation are reproduced in 
Figs. 3 and 4. 

4. ELECTRICAL AND OPTICAL MEASUREMENT 

Ohmic gold electrodes were applied to the 
films by vacuum evaporation. The elec¬ 
trodes were in the form of an interlocking 
comb pattern giving an effective electrode 
length of 45 cm and a separation of 500 /tm. 
With I.5Vd.c. potential applied to the 
electrodes cell currents ranged between 10'” 
and 10'^ A. The currents were measured 
with an electrometer amplifier. 

The slides were mounted in a shielded 
container, with a window for illumination of 
the films, and provision was made for the 
admission of various gases. Cell currents 
were measured at equilibrium after each 
change in conditions. In dry air and in dry 
oxygen, equilibrium values for both dark 
conductivities and photoconductivities were 
not reached even after several days of either 
dark resting or illumination. However, as 
outlined in a previous paper[6], water 
vapour has the effect of accelerating photo¬ 
conductivity rise and decay kinetics and by 
using air at 50 per cent relative humidity, 
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equilibrium values could be obtained in less 
than one hour. 

For measurement of photoconductivity 
the cells were illuminated with unhltered 
light from a 150W quartz-iodine lamp, the 
active areas of the cells receiving lOOmW of 
radiation. For the measurement of spectral 
response, light from a 150W xenon arc 
lamp was dispersed in a high aperture prism 
monochromator with glass optics. No correc¬ 
tion was made for the spectral output of the 
lamp or for the dispersion characteristics of 
the monochromator. A spectrophotometer 
covering the wavelength range 200-1200 nm 
was used for the optical transmission measure¬ 
ments. 

For films less than 40 nm thick, which 
tended to show crystallite growth after 
storage, both the electrical and optical 
measurements were made before the onset 
of crystallization. 

5. RESULTS AND DISCUSSION 
(a) Spectral transmission 

Figure 5 shows the spectral transmission 
curves of films of zinc oxide on fuzed quartz; 
the transmission measurements being made 
relative to the substrate. The prominent 
features of the curve are the absorption edge 
at 380 nm and the narrow absorption maxi¬ 
mum at 365 nm. These correspond to photon 
energies of 3-28 and 3-42 eV respectively. 

The flattening of the curves below 365 nm 
and the shallow absorption peak at 210 nm 
correspond with the results obtained by 
Mickelson and Kingery[2] on amorphous 
zinc oxide films. The results in Fig. 5 there¬ 
fore suggest the presence of both amorphous 
and crystalline phases in films less than 40 nm 
thick. Some evidence relative to this type of 
structure is shown in Fig, 2. 

Figure 6 shows the variation in transmission 
with thickness of the films at the wavelengths 
specified. Analysis of the results gave vtilues 
for absorption coefficients of 6 x 10* at 365 nm 
and 2x10* at 380 nm. Those results agree 
closely with those previously reported [ 1 ]. 


(b) Conductivity 

Figure 7 shows the variation in dark 
conductivities and photoconductivity with 
thickness of films in both the baked and 
unbaked conditions. The conductivities were 
calculated using the spacing between the 
electrodes on the surface, together with the 
thicknesses of the films, as the conduction 
path. It is well known [7] that chemisorption 
of oxygen on zinc oxide forms a depletion 
layer at the surface with a conductivity many 
times lower than that of the bulk. Accordingly, 
where the depth of this layer has the same 
dimensions as the thickness of the films, the 
conductivity will be determined by the surface 
properties and it can be seen that the depth 
of the depletion layer apparently extends to 
about lOOnm. As the thickness increases the 
bulk conductivity becomes the controlling 
factor. Figure 7 shows that the dark con¬ 
ductivities of the films increase rapidly with 
thickness up to a particular value and then 
decrease. This suggests that a limiting value 
is reached equivalent to that of the bulk 
conductivity. The apparent decrease in dark 
conductivity with increasing film thickness is 
due to the surface electrode geometry used, 
as the carrier flow paths are concentrated 
near the surface and consequently the conduc¬ 
tion path is not proportional to film thickness 
above a particular value. 

With unbaked films the conductivity rises 
rapidly with film thickness which follows 
from the existence of both a depletion layer 
at the surface and, below this layer, a region 
of high conductivity which approaches the 
bulk value. The photoconductivity, on the 
other hand, is not so dependent on thickness 
which results from the fact that 90 per cent 
of the incident photons are absorbed in the 
depletion layer. 

The results obtained on baked films show 
a 4 order decrease in dark conductivity 
compared with unbsiked films; this is due to 
the fact that a high proportion of the inter¬ 
stitial zinc donors is removed during the 
baking process through diffusion to the 
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I ig ' I ransmission against wavelength of thin films of zinc oxide, 
I ilm thicknesses 20 and 65 nm. 



FtLM THICKNESS nm 

I ig 6. Transmission against thickness of ZnO films at 365 
and 380 nm wavelengths. 
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F;g. 7. Conductivity against thickness of ZnO films, 
A. Photoconductivity of unbaked films. B. Dark con¬ 
ductivity of unbaked films. C. Photoconductivity of films 
baked for 30 min in oxygen at 350'’C. D. Dark conduc¬ 
tivity of films baked for 30 min in oxygen at 350“C. 

surface and subsequent oxidation [8,9], 
Baked films also show a depletion layer 
although its effect is not so pronounced 
since the bulk conductivity is significantly 
lower relative to the unbaked films and 
approaches that of the depletion layer. 
Photoconductivity in the baked films shows 
a decrease with film thickness indicating again 
that photons of band gap energy are largely 
absorbed in the 100 nm distance below the 
surface. 

Another possible explanation for the rapid 
increase in dark conductivity with film 
thickness is the effect described by Mickelsen 


and Kingery[2] in which films showing an 
amorphous structure have conductivities 4 
to 5 orders lower than similar films with a 
crystalline structure. The increase in con¬ 
ductivity of the sprayed films could therefore 
be ascribed to an increase in the ratio of 
crystalline to amorphous phases which was 
in evidence in Figs. 2 and 5. 

The results in Fig. 7 also show that the 
maximum photoconductivity to dark conduc- 



Fig. 8. Variations in dark and photoconductivity of 100 
nm film with time of baking in oxygen at 350°C. 
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tivity ratio is obtained in films with high the dark conductivity can be decreased by 
donor concentrations, but which are thinner over 7 orders of magnitude while the decrease 
than the depletion layer formed by chemi- in photoconductivity is only 4 orders. There- 
sorption of oxygen. Baking in oxygen de- fore, there is an apparent gain of 10® in p.c./d.c. 
creases the p.c./d.c. ratios for thin films but ratio. 

increases it for thickne.sses above I50nm, However, this gain may not be significant 
this variation arises from the four order since it has been found that, in addition to the 
decrease in bulk conductivity caused by photodesorption reaction which is basically 
baking. responsible for photoconductivity, photolysis 

f igure 8 shows the effect of baking in of zinc oxide to zinc and oxygen proceeds 
oxygen on both the dark and photocon- during irradiation particularly in the absence 
ductivity of a film I(W) nm thick. As shown, of water vapour[6]. While the photolysis 



300 350 400 450 500 550 600 650 

WAVELENGTH nm 

t ig. 9. Spectral photo-response and transmission of unbaked 
hims. 
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effect has been largely inhibited by the 
addition of water vapour to the atmosphere it 
probably remains significant at values of 
photoconductivity of less than 10“®mhos 
cm"'. 

Assuming that the donors in zinc oxide are 
interstitial zinc atoms and that their con¬ 
centration is reduced by oxidation at the 
surface during the baking procedure [8,9], 
then the results in Fig. 8 can be used to give 
an estimate of the diffusion coefficient of zinc 
in zinc oxide at the temperature of baking, 
350°C. Calculations from these results 
give a value of D = 2-4 X 10"'^ m^ sec"'. 
This compares with the results published by 
Thomas [10] viz. D = 4-2 X 10"'^ m'^ sec"' 
at 300°C, and by Moore and Secco[ll] viz. 
D— 1-58X 10"'*m“ sec ' at I000“C. Further 
experimental work is being carried out to 
determine the feasibility of using this method 
to investigate diffusion characteristics in 
thin films of zinc oxide. 

Figure 9 shows the spectral response 
curves of three films with thicknesses 15, 60 
and 330 nm respectively and, for com¬ 
parison, their spectral transmissions. It is 
seen that for the two thinner films the spectral 
response follows closely the photon absorp¬ 
tion with very little response above 390 nm. 


while the peak occurs at 365 nm. The photo¬ 
response is appreciably higher at longer 
wavelengths in the thickest film and this is 
accompanied by a higher photon absorption 
at these wavelengths. However, the photo¬ 
response is not proportional to thickness at 
wavelengths greater than 400 nm and it is 
apparent that some other factor is involved. 
It is possible that carriers generated within 
the bulk have longer lifetimes than those 
generated near the surface. 

Acknowledgements —The authors are indebted to Mr. 
H. R. Limb for the optical and electron micrographs of 
the thin films. 
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Abstract —The diffusion of hydrogen in niobium has been studied by quasielastic neutron scattering 
measuring the width of the quasi-elastic line as a function of the scattering vector. The measurements 
have been performed at concentrations of 3-2 at.% at 200° and 300°C, and at 33 at.% hydrogen between 
100° to 300°C for many temperatures, especially close to the critical point at about 150°C. The diffusion 
constant at 33 per cent changes between D — 21. lO 'cmVsec at 3I0°C and 0-8. 10 “cm^sec at 
I20°C. Experiments at small and large scattering vectors are indicative for a octahedral jump model 
in the temperature region above T^. An anomaly has been observed in the line width for large scatter¬ 
ing vectors as well as in the Debye-Waller factor at temperatures close to the critical temperature. 


1. INTRODUCTION 

In niobium, as in various other metals, 
hydrogen has a very high solubility. The pro¬ 
tons occupy interstitial sites and interchange 
their positions at a rate which for niobium is 
comparable with or even higher than that of 
atoms in ordinary liquids. For the b.c.c. lattice 
of niobium two possible interstitial positions 
have been suggested; octahedral or tetra¬ 
hedral sites (Fig. I). 

The similarity of the phase diagram of this 
system[ll (Fig. 2) with that of a real gas sug¬ 
gests the existence of a protonic ‘lattice gas’ 
(a-phase) and a ‘lattice liquid’ (a'-phase)[2J. 
The boundary of the miscibility gap in Fig. 2 
thus can be considered as the coexistence 
curve between the lattice gas and the lattice 
liquid. Flydrogen in niobium therefore can, to 
a first approximation, be considered as an 
example of a lattice gas which in itself and by 
virtue of its analogies to other continuous 
phase-transitions like ferromagnetism is of 
great theoretical interest. The aim of this 
paper is the investigation of those dynamical 


‘Present address; Euratom, Forschungsanstalt. Pellen. 
the Netherlands. 



Fig. I. Octahedral (a) and tetrahedral (b) positions in a 
b.c t. lattice, t he jump distance is s = a/2 for (o-o) 
jumps, and ,s = as/lji for (t-f) jumps (a = edge length 
of the cubic cell). 
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properties of the lattice gas which can he 
studied by incoherent neutron scattering. 

Neutron scattering as a tool to investigate 
the diffusion of protons in solids has been 
applied for the first time to solids by Skdid and 
Nelin[31 and Verdan <■/ o/.[41 (translational 
diffusion) and by Stockmeyer and Stiller[5| 
(rotational diffusion). For protons which are 
harmonically bound in a solid the energy 
spectrum of incoherently scattered neutrons 
shows a sharp line at energy transfer hw = 0 
(similar to the Mdssbauer line) in addition to 
the spectrum caused by inelastic processes. 
For diffusing protons, however, the line al 
tiw - 0 has a finite width (‘quasi-elastic line’). 
By analyzing this width as a function of 
momentum transfer the diffusion constant D. 
the mean time between jumps t, and therefore, 
the Jump distance can be extracted. Neutron 


In this paper measurements at low con¬ 
centration (3-2 per cent) where the interaction 
between the protons is small, and at the 
critical concentration (33 per cent) for many 
temperatures between 100" and 300^0 will 
be presented. Most of the data were taken 
at 33 per cent. To eliminate the influence 
of impurities and crystal imperfections 
on the proton diffusion, special attention 
was paid to careful sample preparation. The 
main objectives of this work were the in¬ 
vestigation of the diffusion constant and the 
mean jump frequency as a function of tempera¬ 
ture and especially close to the critical point, 
and furthermore information can be obtained 
concerning the type of interstitial positions. 

2. THEORY 


scattering based on a jump diffusion model 
has been treated theoretically for the case of a 
periodic lattice by Chudlcy and Elliott |6| and 
by Blacsserand Perelti|7|. 

Experimental investigations to study jump 
times of protons in Nb have been performed 
by /amir and Cotts|8| by means of nuclear 
magnetic resonance. Since in the a and o' 
phase (1 ig, 2) which we are interested in. 


Neutron scattering by protons is pre¬ 
dominantly incoherent (the bound cross 
section for incoherent scattering is (ri„,. = 
79-6 bam, compared to = 1 78 barn). 
Linder these circumstances the scattering 
cross section per solid angle element dn 
and per energy interval d£, can be written as 
112 ): 


the jump frequencies are about 10'* per 
second compared to 10* of the NMR Larmor 
Ircquency, this technique loses its reliability. 
Furthermore, several attempts have been 
published iti determine the jump frequency 
by internal friction based on the Snoek- 
efrect(9. lOJ. Flowever, it has not been estab¬ 
lished conclusively that the observed internal 
friction peaks can be attributed to jumps of 
free protons. The diffusion constant of 
protons and deuterons in niobium has been 
studied recently by means of a new elastic 
relaxation process caused by long range 
proton diffusion [111. It will be shown that 


- = I f A Vllli!c\ 


= £„-£= (ft*/2m)(tt„*-it*), and fiic = 
t^(k(i~k) are the energy and momentum 
transfer during the scattering process. 
The scattering law, 5|n,,(K,a)) can be cal¬ 
culated by a Fourier transform of the self 
correlation function G,(r,t) of the scatter¬ 
ing proton. This function measures the prob¬ 
ability that a proton, being at the time / = 0 at 
the position r = 0 will be at a later time t at 
a point r. Thus 


these measurements are consistent with the 
neutron scattering results of this work. 





G,(r, r) drd/ 


( 2 ) 


Quasielastic scattering experiments by 
Verdan el «/.f4] have been performed on 
niobium with 9 per cent hydrogen at 200“C. 


For a qualitative discussion of the scattering 
law for // in Nb we first make use of the theory 
of Chudley and Elliott [6]. In this diffusion 
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theory it is assumed that protons perform 
jumps of a given length, that successive 
jumps are independent of each other, that 
the jumping probability is not influenced by 
the presence of the other protons, and that 
the mean time of flight can be neglected 
compared to the mean time of stay. There¬ 
fore, the following rate equation holds 


•j 


P is the probability of finding a particle at 
r, the vectors Sj are describing the direction 
and distance of the possible jumps, n is the 
number of such vectors, and r is the mean 
time of stay. In this equation it is assumed 
that each site has the same set of jump- 
vectors Sj. G,(T,t) is a solution of (3) with 
the boundary condition G(r,o) = 6(r). 

From this rate equation a Lorentzian 
scattering law is obtained 


5.„c(K,a») 


fMI-ir 
0)^+/*(«) 


(4) 


space. Gissler and Rother(l3] recently have 
determined the self-correlation function for 
proton diffusion in niobium, solving the rate 
equation by a random walk technique. Figure 
3 shows the results for the halfwidth of the 
quasielastic line for a polycrystal as a func¬ 
tion of K for both jump models. The oscillatory 
behaviour of the halfwidth for large k still 
exists after the directional averaging. In the 
case of the octahedral model the asymptotic 



xf4-’; — 


Fig. 3. Halfwidlh A£ of quasielastic line times mean 
time of stay t vs. the absolute value of the scattering 
vector K for the (/-/) and io-o) jump model (from [ 13]). 


= S (i-e'“') (5) 

rlT Sj 

The halfwidth therefore is A£ = 2hf{K). 

In contrast to the assumptions of equation 
(3), in a b.c.c. lattice all interstitial sites are not 
equivalent with regard to their jump vectors 
Sj. For the case of jumps between octahedral 
positions {o-o model) there are three types 
of position and therefore one obtains three 
coupled rate equations instead of equation 
(3). For jumps between tetrahedral sites 
{t-t model) six rate equations are necessary 
[7]. It has been shown that as a consequence 
the scattering law consists of a sum of six 
Lorentzians like equation (4) with, in general, 
six different halfwidths [7]. All these are 
periodic functions of kSj like equation (S), 
the periodicity being the same for a given 
orientation of k. For a polycrystalline sample, 
the scattering law has to be averaged over 


value of AEr/ft for very large k appears to 
become smaller than 2 which is the asymp¬ 
totic value in an isotropic jump model [6]. 
Gissler and Rother[13] show, that for ku <? 1 
the following expressions hold: 

IhK^a^ (6a) 

48t {t-t model) 

(6b) 

24t {o-o model) 

Equations (6a) and (6b) agree with Vineyard’s 
formula for continuous diffusion [14] 

AE = 2ft#f2D (7) 

if for D the macroscopic diffusion constants 
for both models [15] are inserted (D,_, = 
cr*/48T; = a^jlAr). 

The formalism described so far neglects the 
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oscillatory part of G’,(r, f) which is super¬ 
imposed on the diffusive motion. This 
oscillatory motion manifests itself in the 
inelastic scattering caused by lattice modes 
and by the localized modes of the hydrogen. 
Furthermore, the intensity of the quasielastic 
line according to equation (4) should be multi¬ 
plied by a Debye-Waller factor, and by a 
Bessel function 7n[16, 17| which takes into 
account the existence of localized modes. 


X EXPERIMENT.S AND KtSlIt.TS 

The experiments were performed with the 
rotating crystal spectrometer at the l-RJ-2 
(Dido) reactor 118| with an incident energy ot 
4-8. 10 'eV. The resolution width was 
2-7. 10 ‘eV (full width at half maximum) at 
this energy. I our scattering angles 0 were 
measured simultaneously. 'I'he resolution 
functions at different ii were determined with 
the sample at such a temperature ( I00“K) at 

which is negligible. They were found to be 
close to Ciaussian functions of the energy. 

T he sample consisted of approximately 2.M) 
niobium rods ofO' 12 cm dia. and 10 cm length. 
.Starting material was zone refined niobium 
(MKC) which was outgased at 10 "-lO'"’ 
loir, at 2200"C', After (his procedure the 
residual resistivity ratio was better than 1000. 
Loading was performed at 5()0°C from (he gas 
phase with piiiified hydrogen. I'hc hydrogen 
content was determined from the weight in¬ 
crease. Samples with 3-2 and 33 at.% (approxi¬ 
mately the critical concentration) were 
prepared. Before the measurements the 
loaded samples were annealed in the scatter¬ 
ing thermostat for 24 hr at 308°r to homo¬ 
genize the .sample. Inspection by X-ray 
diffraction showed that the rods had a non¬ 
ideal polycrystalline structure; the |l IO]-axis 
of the grains was predominantly oriented 
parallel to the rod axis. The critical tempera¬ 
ture of our sample (7',. = 149°C) is appreci¬ 
ably lower than the values published in the 
literature [ 1, 19,20]. 

Figure 4 shows typical time-of-flight spec¬ 


tra. The peak at 4-8. 10“* eV is the quasi¬ 
elastic line, followed by the inelastic spectrum 
due to the lattice vibrations, and the pro¬ 
nounced modes in the region of 0-1-0-2 eV, 
consistent with the values reported by Verdan 
el a/. [4]. The width of these peaks is due to 
the resolution and due to multiphonon pro¬ 
cesses. A further contribution might come 
from the interaction of the hydrogen oscil¬ 
lators, which are, therefore, no more strictly 
localized. The natural width of these modes, 
which has been discussed in connection with 
a band model of protons [4] can only be 
determined by scattering experiments at very 
small K. 

The spectra in Fig. 4 were corrected for 
background, which in contrast to liquids was 
small below the quasi elastic line. The room 
background was determined from the intensity 
between the pulses at sufficiently large flight 
times where the intensity scattered from the 
protons is negligible. The background from 
the host lattice and from the sample con¬ 
tainer was determined from an unloaded 
sample. The transmission as estimated from 
the bound cross .section crmc was 87 per cent. 

In Fig. 5 corrected experimental curves 
are compared with calculated curves as 
determined by folding the measured resolution 
curve with equation (4) by suitably adjust¬ 
ing the width Af of the Lorentzian in equa¬ 
tion (4). A good fit is achieved in spite of 
the fact that the scattering law is a sum of 
Lorentzians. It has been checked that a cor¬ 
rection due to the interrelation of momentum 
and energy transfer at a given scattering angle 
is not necessary. For most of the curves A£' 
has been determined by a procedure described 
by lVlelkoniant21]. In this procedure one 
makes use of diagrams which interconnect the 
halfwidth of a Lorentzian, the halfwidth of a 
Lorentzian folded with a Gaussian, and the 
width of a Gaussian. The validity of this pro¬ 
cedure was demonstrated for the curves in 
Fig. 5 and was found to give consistency. 

In Fig. 6 the halfwidths as determined are 
plotted for six representative temperatures as 
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peak is centered at the incoming energy, E„ = 0 0048eV. pig 5 p^ur typical quasielastic lines at 308°C. The dots 

The peaks at 0-1-0-2 eV are due to the localized modes are experimental results. The solid curve is calculated by 

of H in Nb; the structure centered at about 0-02 eV results folding a simple Lorentzian of the half width i£ with the 

from the host lattice vibrations, into which the protons expenmental resolution function. The lowest curve is 

are embedded (8 = scattering angle). practically identical with the resolution function. 
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1 1 


f'lH 6, Rcprcsenljitivc resllll^ ol *hc haM width of the 
qiiasi-elaMie line 


a function of «. t he error bars indicate statisti¬ 
cal errors only. The curves show qualitatively 


the behaviour as discussed in Section 2. The 
deviation from the linear part at small k occurs 
around k* = 1 in contrast to = 3 A~* in 
the measurements of Verdan et a/. [4]. This 
discrepancy can hardly be attributed to the 
different hydrogen concentration since 
analogous curves as in Fig. 6 have been found 
for 3-2 at.^ hydrogen, a concentration smaller 
than that used by Verdan et al. (9 per cent). 
Although the highest <f-value in our experi¬ 
ments is about the same as that used by Skold 
and Nelin[3]. a maximum in A£ vs. was not 
observed. This can be attributed to the fact 
that the first reciprocal lattice vector of the 
interstitial lattice has a smaller value in the 
case of palladium than in the case of niobium. 

Figure 7 summarizes the available data for 
the measurements at the critical concentration 


-- TCCl 

300 300 ISO too 



Pig. 7. Arrhenius plot of the half width Af for different 
K-values. 
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(33 per cent) in a plot of A£ against 1/7 with k 
as a parameter (Arrhenius plot). Within the 
limits of error, the experimental points can be 
connected by straight lines. An anomaly is 
observable at temperatures close to for 
large scattering vectors k. 

For 3-2 per cent, measurements at only two 
temperatures were performed (see Table 1). 

Assuming a Debye-Waller factor of the 
form e""’"’ the mean square oscillatory 
amplitude was extracted from a plot of the 
logarithm of the area of the quasi-elastic peak 
against k^. For 308°C u'^ was found as approxi¬ 
mately 018 A“, compared to 013 A* for H in 
Pd[3]. Furthermore, a drastic change of the 
relative peak intensities at different k was 
found, starting in the region of the critical 
temperature (Fig. 8). Since the relative change 
of the width of the quasielastic line in passing 
the critical point is small, the step in Fig. 8 
can be considered representative for the 
relative change in the Debye-Waller factor. 
The corresponding change in between 
170° and 130°C amounts to Aw'^ = 0-07 A* 
which is 40 per cent of the value at 308°C. 
Within the experimental accuracy of these 
data they will not essentially be influenced by 
taking into account the Bessel function factor 
mentioned in Section 2, assuming purely 
localized modes. 


4. DISCUSSION 

For small /r-values (< 1 • 1 A”' ) the diffusion 
constant was determined by means of equation 
(7). Table I presents our results for three 
temperatures and two concentrations. The 
errors are estimated; they are mainly due to 



Fig. 8. Ratio of the peak intensity of the quasielastic line 
at K = 2-19 A"' and k — 0-5 A*'. 


multiple scattering and to the resolution cor¬ 
rection. The results of Verdan et al.[A\ and 
Schaumann et a/.[l 1] are included. The diffu¬ 
sion constant is as high as in real liquids (see 
e.g.{22]). Our measurements at low concen¬ 
tration show good agreement with results by 
the relaxation method[ll]. In both experi¬ 
ments samples with identical purification and 
preparation procedure have been used. The 
agreement of the results of the two completely 
independent methods emphasizes the relia¬ 
bility of the data. Table I shows that the diff- 
sion constant of the low and the high 
concentration samples differs only by a factor 
of about 2. A decrease of D with increasing 
concentration is consistent with observations 
on palladium [3, 23]. 

Figure 7 shows that the temperature de¬ 
pendence of A£ above the critical temperature 
7r does not depend on «, consistent with the 
model of a simple diffusion process where A£ 
is proportional to I h for all k values. From the 
slope an activation energy was found which 
is 1/ = 012eV for 33 per cent compared to 


Table 1. Diffusion constant D (cm^tsec) for protons in Nb 


Neutron Neutron Relaxation 

.scattering [4] scattering, this work method [II] 


Concentration (at.%) 9% 33% 3-2% 2% 

r=120°C - 0-8.l0-» (2 0 + 0-2) . 10 * (I 9 + 0-2) . 10 * 

r = 2IO°C 2. I0-*(200°C) 1-6.10 * (3-5 + 0-3) . lO'* (3-7±0-2) . lO"* 

r = 3IO°C _ 2-7.10 * - (6-0±0-2) . 10 * 
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0-11 eV for low concentration! 11]. With 
D = D„e-one finds £)„ = 3-3 . 10“^ cmVsec 
for 33 per cent compared to 5-5 . 10 ^ for low 
concentration! 111. By NMR measurements 
the correlation time 1/t' = l/i'oe'''*^for protons 
in niobium with 70 per cent hydrogen has 
been studicd!8|. yielding the following results; 
(; = O lbOcVand I/r = 5-10 sec. 

Besides the diffusion coefficient D, the mean 
time of stay t can be extracted from the 
^-dependence of the half width (Fig. 6). The 
relation between 1) and t is model dependent 
(see equation 8 below). Therefore in principle, 
a decision between different jump models is 
made possible by discussing the following 
theoretical quantity; 

( 26 ) (/-/) 

(A/i/KV),,,, "120 (18) io-o) 

I he first numbers refer to (he (/-f) and 
(n-o) model in an ideal polycrystal, whereas 
the numbers in brackets correspond to the 
!II0| texture as described in section 3. 
A/-, at 2-2 A which is the highest experi¬ 
mental K-value. has been taken from the cal¬ 
culated curves in Fig. 3. For AIC/k-<i'^, the 
equations (6) have been inserted in equation 
(8). In Fig. ^ the experimental results for the 
ratio of equation (8) ;ire plotted versus 
temperature together with the calculated 
numbers. Above 7',. the results are in favour 
of the octahedral model. Below /V the ratio of 
equation (8) is close to that of the tetra¬ 
hedral model. This observation would mean, 
that the condensation is accompanied with 
a change in the type of the preferred positions 
of the protons. Yet this conclusion must be 
considered with great caution since below 
the interpretation of the data is not completely 
unambiguous due to the existence of two 
phases which both contribute to the observed 
quasielastic width. 

Using the octahedral model the mean time 
of stay at 3()8°C is about t = 2 . 10 sec. This 
value is comparable with the shortest mean 
time of stay in real liquids, A final remark con- 
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Fig 9. ttalfwidth ratio according to equation (8). The 
theoretical value.s for (o-o) and (t-/) jumps are indicated. 

cerns the Debye-Waller factor. The mean 
square displacement w'‘ = O I8A’‘ at i08°C is 
untisually large for a solid. For protons e.g. in 
ice one finds =» 0-07 A^. This latter value 
is being approached below the critical point. 
The reason for the large Debye-Waller factor 
above Tc and for the drastic change in passing 
Tr remains open to discussion because there 
was no observable change in the localized 
modes nor in the lattice modes which could 
account for such a large change. Further 
scattering experiments, especially close to 
T,., are under way. 

^(Knotvfedne/rieni.f — The authors are greatly indebted lo 
Dr. F. HoBfcId for his valuable help in performing the 
computer calculations, and Dr, Cocking, Harwell, 
for critically reading the manuscript, 
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Disorder in the normal paraffin from 8 < 
n =s 16 

{Received ^ November 1969: 

in revised form \ 6 March 1970) 

If the specific heat of a substance rises 
more rapidly than would be expected in the 
temperature region below either a transition 
or fusion temperature then it is probable that 
two states of differing energies coexist. Phy¬ 
sically the nature of these two states can be 
quite different for different substances even 
though the specific heat behavior may be 
qualitatively quite similar. Thus, for example, 
the randomization of atomic species which 
occurs in alloys such as /3 brass with increas¬ 
ing temperature led to the concept of two 
states, one completely ordered as regards 
atomic positions, and one completely dis¬ 
ordered. For this case, furthermore, the energy 
barrier between the two states is dependent 
on the extent to which disorder has replaced 
order, so that one may speak of a cooperative 
transition. An analogous situation exists in 
silver halides where lattice defects, in the 
form of holes and interstitial Ag^ ions, are 
formed with increasing temperature. In these 
cases transport of atoms takes place to either 
other lattice positions or to interstitial 
positions. The concepts of order disorder 
and of defect structure can be usefully applied 
in other contexts. In the low-high temperature 
transformation of quartz, for example, 
only small movements of atoms are involved 
which result in a change in crystal structure. 
It is possible to successfully analyze the 
specific heat and thermal expansion and con¬ 
traction of quartz in terms of a defect model in 
which the high-temperature structure is 
considered, on a local scale, as an imperfec¬ 


tion in a low-temperature lattice[1]. Discus¬ 
sions of disorder, primarily rotational in 
nature, in paraffin hydrocarbons have tended 
to deal with those chains with n > 18 since 
these are most accessible to measurements 
fsee, for example, the discussion by Daniel 
[2]]. The specific heats of the normal paraffins 
for 8 s rt s 16[3] indicate that disorder may 
exist in these hydrocarbons as well, and it is 
of interest to see whether the thermal data 
can be interpreted in these terms. The 
specific heats reflect the energy needed to 
change the state of a system, and are thus 
gross in the sense of the physical model, 
since, conceivably, different models, all of 
which require energy for a change of state, 
may lead to similar results. We nevertheless 
proceed on the basis that a particular model 
is likely to be correct if the functional form of 
the result predicted by the model is verified 
by experiment, particularly if, as is true for 
the hydrocarbons, other molecules in a se¬ 
quence are known to exhibit behavior charac¬ 
teristics of this model. The model to be used 
is a simple two-state model, and this note is 
limited to the question of the adequacy of this 
model for the interpretation of the thermal 
data. No attempt is made to define in detail 
the physical features of the model since this 
would require additional data using other 
types of measurement and a considerably 
more extensive discussion. The results are 
nevertheless of interest in defining the 
chain lengths at which order-disorder effects 
become significant and in relating these to a 
diverse set of phenomena in other substances 
which can be treated by a simple two-state 
model. 

Briefly stated, the treatment is as follows. 
The fraction of imperfections, niN, is, in 
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general, given by an expression of the type 

nlN = AeKp\ms)IRT] (I) 

where /< is a constant dependent on the 
configurational degeneracy of the two states. 
If'(.s) is the energy harrier with ,v. an order 
parameter, being a function of the tempera¬ 
ture. R is the gas constant, and 'T' the tempera¬ 
ture. Over the range of temperatures of 
interest here, the number of imperfections is 
small and W{.\) is essentially constant and 
equal to IV„. i.e.. the imperfections arc 
essentially isolated and independent of each 
other. This results then in the equation 

log( log --^ (-) 

where Ac,, is the excess spccilic heat due to 
the formation of imperfections. The result 
is well suited to a straightforward and simple 
determination of the potential barrier. IV„. 
from the straight line plot of log ( '/‘'Ac,,) vs. 
1/7'. 

■fhe specific heat data of finke et u/.13| 
were used. I he excess spccilic heal was 
obtained by graphical exiiapolation of the 
lower lempertiiure data as the normal specific 
hciit and subtraction of this from the measured 
total value, and this was then used for the 


straight line plot indicated by equation (2). 
The resulting values of Wo are listed in Table 
I. The calculated barriers are undoubtedly 
less reliable for the smaller chain lengths 
because of the greater difficulty in the estima¬ 
tion of the excess specific heat. 

The fraction of defects for a temperature 
ten degrees below either the fusion or trans¬ 
ition temperature has been calculated from 
equation (I) and is also included in Table I. 
The temperature has been chosen, arbitrarily, 
in order to provide some comparability of 
conditions. The fraction of defects at the 
fusion or transition temperature has been 
estimated from the extrapolation of PAt^ 
curves and is also listed in Table 1. These 
have also been plotted in Fig. I. 

The excess entropy due to defect formation 
can be calculated in the following way. The 
excess entropy is given by 

A5 = j (AcJT)dT = J iW/T)^^^ - 

(3) 

Integrating by parts, and choosing T„ suf¬ 
ficiently low so that niN is zero, we have 

+ (41 

where the subscript T indicates the tempera- 


I'dhlc I. Hiicr^y barrier and fraction of defects deter¬ 
mined from the excess specific heat for the normal 
paraffins for H ^ n ^ 16 
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lure up to which the excess entropy is being 
calculated. The excess entropy calculated up 
to the fusion temperature for the even 
numbered hydrocarbons is given in Table 2 
and plotted in Fig. 1. The sum of these and 
the entropy of fusion and, where applicable, 
the entropy of transition is also given in 
Table 2. The entropy sum has been plotted 
in Fig. 2. The entropies of fusion and transi¬ 
tion have been taken from Finke et «/.[3]. 


Table 2. Excess and total entropies for 8 « 

rt ^ • 16 


n 

Entropy 

of 

fusion 

Entropy 

of 

transition 

Excess 

entropy 

Total 

entropy 

8 

22-9 

_ 

0-26 

23-2 

9 

16-83 

6-91 

0-52 

24-26 

10 

28-18 

— 

0-42 

28-60 

II 

21-41 

6-93 

0-64 

28-98 

12 

33-40 

— 

1-43 

34-83 

13 

25-44 

7-18 

1-89 

34-51 

14 

38-61 

— 

2-07 

40-68 

15 

29-20 

8-09 

2-56 

39-85 

16 

43-77 

— 

2-28 

46 05 



Fig. 2. 

DISCUSSION 

The specific heats of the normal paraffins 
for 8 « /} « 16 can be treated in terms of 
order-disorder by the use of equations (1) 
and (2). The resulting energy barriers are of 
the same order of magnitude as are found for 
the larger chain hydrocarbons for which the 
phenomenon is better developed. No syste¬ 
matic trend is found over the range from 
8 ^ n ^ 16. The fraction of defects, however, 
is low for 8 € Ai « II compared to those for 
12 « « s 16 when calculated either at ten 
degrees below the fusion or transition 
temperatures or at these temperatures them¬ 
selves. Hence we may conclude that significant 
order-disorder effects become increasingly 
evident for r? 3= 12. This appears also to be 
reflected in the calorimetrically determined 
entropies of transition. A similar effect, as 
would be expected, is shown by the excess 
entropy resulting from the formation of the 
defects, with significant contributions to the 
total entropy occurring for n ^ 12. Finally, 
the total entropy, taken as the sum of the 
entropies of fusion, transition and defect 
formation, can be well represented by two 
straight lines for the even and odd series, 
respectively. 


S. M. SILVERMAN 

Air Force Cambridge Research Laboratories, 

Laurence G. Hanscom Field, 

Bedford, Mass, 01730 U.S.A. 
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Thermopower «f cubic transition metals* 

{Rvi vnviiA i vhnntr\' 1970) 

Wl HAVE measured Ihc ihermopower of the 
transition metals vanadium, niobium, tan¬ 
talum, molybdenum, tungsten, rhenium, 
rhodium, and iridium, fhe measurements 
were performed on wires of 99 99 per cent 
purity supplied by Materials Research 
Corporation; using an apparatus similar to 
that of Henry and Schroederf 1). Except for 
rhenium which has a hexagonal close packed 
structure these metals are cubic and the single 
component of the thermopower tensor can 
therefore be measured on polycrystalline 
wires. For rhenium the results will be some 
kind of average over the two components of 
the thermopower tensor which applies to 
hep metals. 'I'he main object is to compare 
the results for the three groupings (V. Nb, Ta). 
(Mo. W), (Kh. Ir). within which the elements 
have similar outer shells of electrons. 

In Figs. 1-4 we show the thermopowers of 
the metal.s in the above grouping.s. The results 
for Va are similar to those of Potter(21 and 
Meinto.sh and Sill(3J. except that we did not 
observe the small anomaly .seen by them at 
2J7°K. The Nb results agree with those of 
Weinberg and Schultz[4J and Potter[2], but 
join rather crudely to the high temperature 
data of Raag and Kowger[5]. Our low 


‘This work was supported by the National Science 
Foundation. 



Fig. I. Thermopower of vanadium, niobium, and tantalum. 

temperature results for Mo and W join neatly 
onto the results calculated from Lander's 
[6] high temperature Thomson coefficient 
measurements and also, for W. onto the 
results of Raag and Kowger[5]. For W. the 
thermopower becomes positive at the lowest 
temperature in agreement with Trodahl[7J. 
Measurements on tungsten wire drawn from 
a zone refined sample gave results ~ 0 02 fiV/ 
°K less than the M.R.C. tungsten for tempera¬ 
tures greater than 40°K. Our rhodium and 
iridium results differ markedly from those of 
Potter [2J. 

The most striking feature of the results is 
the similarity of the results for the metals 
within each of the above groupings. Undoubt¬ 
edly this is related to the similarity of the 
Fermi surfaces within each grouping. We now 
briefly consider ways in which the Fermi 
surface properties may manifest themselves. 
Fir.st of all we assume that the low tempera¬ 
ture peaks occurring in the vicinity of 0o/5. 
where is the Debye temperature, are 
caused by phonon drag. The simplest picture 
to explain the sign of these peaks appears to 
apply remarkably well to Mg, Zn and Cd[8]. 
In Fig. 5(a), we show a phonon induced 
transition between two states on an electron 
sheet of the Fermi surface in the periodically 
extended zone scheme. For such a transition 
the electron velocity v in the direction of the 
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Fig. 2. Thermopower of molybdenum and tungsten. B-zone refined tungsten; □- 

99'99% purity tungsten. 



phonon wave vector is increased. This leads 
to a negative contribution to the phonon-drag 
thermopower[9,10]. Conversely, the transi¬ 
tion across the hole region of the Fermi 
surface illustrated in Fig. 5(b) leads to a 
positive contribution to the thermopower. 
Transitions like that labelled q' in Fig. 5 lead 
to a smaller contribution than q because only 
a component of the electron velocity is 
reversed. At the lowest temperature we 
expect the sign of the phonon drag thermo¬ 
power to be determined by the nature, hole or 



Fig. 4. Thermopower of rhodium and iridium. 

electron, of the piece of Fermi surface with 
the smallest calliper dimensions. There will 
be relatively few phonons with wave vector 
large enough to span the larger surfaces. As 
the temperature increases we expect the 
contribution of the next largest piece of Fermi 
surface to begin to predominate. In the 
vicinity of 0o/5 the phonon drag thermopower 
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F'l^. Phdnon indticcd triinsitions acrttss the 
Miii'awc 


usually begins to decrease because of phonon- 
phonon scattering. 

This highly simplified picture would lead us 
to expect the observed positive phonon drag 
thermopower in the vanadium group of metals 
since the proposed Fermi surface of these 
metals is made up of hole sheets [11. 12]. 

For W and Mo the situation is complicated 
by the presence of hole and electron sheets 
111. 1.1. 14). For W the smallest pieces of 
Fermi surface are hole sheets (at N in Kef. 
(1.11) with dimensions significantly smaller 
than the next largest surface which is an 
electron sheet. This may account for the 
initial positive Ihermopowcr in tungsten and 
the large negative dip thereafter. In Mo 
analogous pieces of Fermi surface are much 
closer to being equal. Furthermore Mo has 
an additional small electron sheet (the lenses 
of Ref. 11.1 j. it would appear that contributions 
fnrm these sheets tend to cancel and prrrduce 
;i comparatively small negative contribution 
only in Mo. 

In rhenium the three smallest sheets of the 
Fermi surface are hole sheets!I5|. We there¬ 
fore expect the observed positive contribution 
to the phonon drag thermopower. 

When we come to Rh and Ir the above 
picture does not fit at all. The smallest pieces 
of Fermi surface are hole sheets and these are 
significantly smaller than the electron sheets 
[16, 17). To make any sense of these results 
we have to resort to the possibility of inter¬ 
band transitions using arguments similar to 
those used by Fletcher and Greigll8] to 
explain the positive phonon drag peaks in 
palladium and platinum. So far we have 


ignored interband transitions, in part because 
the q vectors associated with these tend to be 
large in the first two groups of metals consider¬ 
ed above, and in part, because frequently any 
such transition which does occur would be 
expected to make a comparatively small 
contribution to the thermopower, since the 
electron velocity is not reversed as it is in the 
situations illustrated in Fig. 4. For Rh and Ir 
the situation is rather like that in Pt and Pa. 
The q vector connecting different bands in 
certain directions becomes much smaller 
than the dimensions of the Fermi surface 
sheets themselves. Furthermore such transi¬ 
tions are augmented by the high density of 
states associated with the d-like character 
of the wave functions over the sheet of the 
Fermi surface in the second zone. It now 
becomes even more difficult to predict the sign 
t)f the thermopower. At best we can say that 
the experimental results strongly suggest the 
importance of interband transitions in Rh and 
Ir so far as the thermopower is concerned. 

Finally we note that Colquitt and Fank- 
hauser(l91 have performed a detailed study 
of the efiects of phonon induced and electron- 
electron interband s~d transitions. They point 
out that both the small positive peak observed 
in W at T < 12°K and the results for W and 
Mo above the Debye temperature could be 
caused by electron-electron interband 
scattering. 
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HIGH FIELD BEHAVIOUR OF ZnO-I 

INVESTIGATION OF THE DARK CURRENT 

H. KIESS 

Laboratories RCA, Ltd., Zurich, Switzerland 

(Received 29 December \9ft9\ in revised form February 1970) 

Abstract -The dark l-V-characteristics of conducting ZnO single crystals in contact with electrolytes 
were investigated. Under positive bias a sharp rise of current occurs at a threshold voltage of about 
5 V. A quantitative analysis of the l-V^characteristic shows, that tunnelling of charge carriers occurs 
from a surface state which is situated about 0-6eV below the conduction band edge. As the results 
are not influenced by the choice of the electrolyte, it is felt that this surface stale is a property of the 
ZnO used for the investigations. No carrier multiplication could be observed with these crystals even 
at fields as high as I -6 . 10“ V/cm. 

1 . INTRODUCTION presented here a more detailed investigation 

Numerous publications on the ZnO- of this high voltage behaviour of ZnO in 
electrolyte interface have appeared since contact with electrolytes is given. The experi- 
the classical work of Dewald[ll studying ments show that the l-V-characteristic has a 
current and capacitance as a function of complicated structure which is rather insensi- 
voltage. A common factor to all these inves- tive to the composition of the electrolyte, 
tigations[2-4] is that only low voltages are which indicates that solid state effects 
applied so that quasi-equilibrium exists be- dominate. It is shown that the strong current 
tween the surface and the bulk of the crystal, increase is due to tunneling of charge carriers 
For such a case the carrier concentration at from surface states at the ZnO-electrolyte 
the surface and the current flowing through interface situated at about 0-6 eV below the 
the interface were calculated by Dewald. He conductionband-edge. It was found that in the 
showed that at‘high’anode voltages —but still high voltage region in all the investigated 
in the regime of quasi-equilibrium —a saturated conducting ZnO crystals a Schottky-barrier 
current is to be expected. Above a certain is formed near the surface, though complica- 
threshold voltage the assumptions made for tions arise due to the existence of two types 
this calculation are no longer valid and the of donors. Evaluation of our measurements 
question arises whether the increase in current gave a concentration of deep donors of about 
is due to injection of majority carriers or 8. 10*^ cm"^, and a concentration of shallow 
generation of charge carriers by impact ioniza- donors (probably ionized Zn) of about 2 . 10'® 
tion. cm'®. 

In a more recent paper Williams and Willis 
[5] reported on capacitance and current mea- 2 . experimental technique 

surements on ZnO single crystals in contact Two ZnO single crystals from different 
with electrolytes under positive bias up to batches were obtained from the 3-A/company. 
100 V. Obviously quasi-equilibrium can no The crystals were n-type conducting and the 
longer be assumed to exist and indeed, resistivity was in the order of 10 Ocm. They 
Williams observed a strong increase of the were cut into discs of about 1-2 mm in thick- 
current at high voltages. He concluded that ness, with the hexagonal c-axis perpendicular 
impact ionization across the band gap occurs to the broad face. The diameter of the discs 
causing carrier multiplication. In the paper was about 4-5 mm. Before the measurement 
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the surfaces were polished and etched for 
a short time with 85 per cent phosphoric acid. 

The crystals were provided with an ohmic 
contact on one of the broad faces. Since the 
values of the electrode potentials were high 
and the current mostly low, it was necessary 
to provide good insulation. The most conven¬ 
ient material was found to be black wax 
applied to the sample so as to leave portion 
of the face exposed to the electrolyte. This 
raises the question of the purity of the electro¬ 
lyte. Probably it was contaminated, but since 
the major part of the observations involved 
the solid phase, the conclusions drawn from 
the experiments should not be too .seriously 
influenced. An acidic, neutral, or basic 
buffered 2 M KCI solution was used as the 
electrolyte. If not otherwise slated the results 
discussed here refer to measurements with 
acetate buffered 2 M KCI solution of p,, - 4-.5. 
A schematic diagram of the crystal mounting 
and the circuit for current and charge mea¬ 
surements is shown in I ig. 1. The voltage was 
applied between the sample and a platinum 
electrode dipped into the electrolyte, the 
electrolyte contact being negative in all cases. 
A Keithlcy-electrometer 601 was used to 
measure the direct current, whereas the charge 
and the transient currents flowing under 
pulsed conditions were determined with an 
operational amplifier the output of which was 
displayed on a I'ektionix oscilloscope .545 5. 



t-ig. 1. Schematic diagram of the measuring circuit. Switch 
A',, a mercury relay, wa,s used to switch on and off the 
voltage. Current measurements were made with the 
resistor in the feedback loop and charge measurements 
with the capacitor. 


The capacitance was either calculated from 
the charge and the applied voltage or deter¬ 
mined from the time constant of the transient 
currents. In addition the differential capaci¬ 
tance under dc bias was also measured with a 
Wayne-Kerr Universal Bridge 5221. 

Conductivity and Hall effect were measured 
as a function of temperature in order to deter¬ 
mine the ionization energy and impurity 
concentrations. 

3. RESULTS 

(a) l-\-Characteristic and photocurrent 

Figure 2 shows the dark current as a func¬ 
tion of the positive bias voltage. The dark 
current at low voltages (in acidic or basic 
solution) is due to the dissolving of the crystal 
in the electrolyte [2]. In the voltage range 
between 4-15 V a sharp increase of the 
current over several orders of magnitude is 
observed. The curve flattens off above 20 V 
and a nearly voltage independent current 
flows in the voltage regime between 20-40 V. 
Above 40 V the current rises sharply and 
above 100 V it reaches values at which the 
ohmic heat development would cause a large 
temperature increase and final destruction of 
the crystal. The characteristics shown are 
typical for several successive runs, whereas 
the first measurement after a long period of 
time usually shows a shift of thp lower thres¬ 
hold voltage to higher values. The general 
shape of the curves is rather independent of 
the /7„-vaiue of the solution and of whether 
the electrolyte solution is stirred or not. 
However, use of KBr and K1 instead of KCI 
in the electrolyte solution gives significant 
shifts of the threshold voltage to about 2 V 
and 1 V respectively. 

The photocurrent was measured using 
chopped light of high intensity. Therefore 
the dark current could be clearly separated 
from the photocurrent even at voltages as high 
as 100 V, where the dark current is com¬ 
parable to the photocurrent. A saturated 
primary photocurrent was observed over the 
whole voltage range with no indication of a 
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Fig. 2. Typical current-voltage characteristic. The current is plotted on a 
logarithmic scale against the reciprocal of the square rout of the voltage. 
Electrolyte is a 2 A/ KCI solution with acetate buffer p,, = ‘l-S. 


current increase when the crystal was 
illuminated with light of a wavelength of 
3700 A or shorter.* 

(b) Properties of the ZnO and the depletion 
layer 

(1) Conductivity and Hall-effect. Hall-effect 
and conductivity were determined with the 
van der Pauw method in the temperature range 
from liquid nitrogen up to room temperature. 
Performing an analysis of the statistics in 
terms of a single donor level at an energy 
Erf below the conduction band, the expression 
for the carrier concentration is 

n^ _ jm*) 1 / c II T\ 

(ND-n)Nc m ’ ^ EJkT) 

where No is the donor concentration, D the 
donor degeneracy, Nc the effective density of 
states and m* the effective density of states 
mass of the conduction band. From the 
logarithmic plot of n vs. 1/7’ the energy is 

’’Similar curves to those reported by Williams [5] were 
observed for white light or light of wavelength between 
3750-4000 A. A detailed report on the investigation 
of the photocurrent is presented elsewhere [6). 


found to be 0 05 eV. This agrees with the value 
determined by Hutson [7] for zinc (or hydro¬ 
gen) donors. The concentration of the donors 
was estimated from the flattening of the log 
n vs. l/T curve at room temperature and found 
to be approximately 2. 10'* cm'®. The room 
temperature mobility was 180cm*/Vsec in 
agreement with values reported in the litera¬ 
ture, though below IbS^K strong impurity 
scattering reduced the mobilities below those 
reported in Hutson’s paper. 

(2) Charge measurement. We have 
examined the charge resulting from switching 
on and off the voltage. For this purpose a small 
resistor (10® O or 1 O'* fl) was placed in series 
with the sample. If the discharge current of 
the capacitance is to flow through the resistor, 
the value of the resistor must be small com¬ 
pared to the internal resistance of the capacitor. 
This was checked by varying the values of 
the resistor. In order to obtain the charge, 
the transient currents were integrated, the 
integration times being in the order of seconds. 
The contribution to the charge from steady 
state currents could be identified from the 
linear increase of the charge with time and it 
was consequently subtracted. The general 
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features of the charge measurement as a 
function of voltage are illustrated in Fig. 3. 
The results presented there should reflect the 
charging and discharging of the space charge 
capacitance. The charges at turn on and off 
are approximately the same below 5 V, where¬ 
as above this critical voltage an excess charge 
at turn on is observed. This excess charge 
consists above 10 V of a constant, voltage 
independent charge and a contribution which 
is proportional to V''“. The charge at turn off 
above lOV increases only slightly with 
voltage. This is a rather astonishing fact 
because one expects that the crystal is in the 
same state before and after application of the 
voltage and therefore the transported charges 
should be the sjime. 

Initially about one order of magnitude less 
charge was Ininsported in the voltage range 
below 20 V with proportional to V"^. 
At this voltage a sudden increase in the trans¬ 
ported charge occurred. After this forming 
process the curves shown in Mg, 2 could be 
rcproducibly mcMsured. After a waiting period 


of several hours without applied voltage the 
original curve could be measured again. The 
origin of this forming process and especially 
the recovery of the crystal are not under¬ 
stood at the present time. 

Following a procedure proposed by Many 
and Katzir[8] the following relation between 
the voltage V and the transported charge 
may be derived for a Schottky barrier 

_ AO,,. 2 

A0,r 2eee„N^ (2eeoiV+e)''2 ' 

Here N, is the concentration of ionized 
donors. V„ the barrier height in the absence 
of an external voltage. 

A plot of V/AQ„. vs. AQ,r should give a 
straight line. The concentration of the ionized 
donors can be determined from the slope of 
the straight line and F„ can be calculated from 
the intersection with the ordinate. Evaluation 
of the experimental data can be made only for 
the low voltage range below 8V. A plot of 
F/A(7«. vs. AC?,r is shown in Fig. 4, The 



t ifi. -3 C hiirge iis a fuaction of applied voltage. The upper and lower 
curve repiesenls the charge mea.sured upon turn on and turn off resp. 
The doited line gives the fast contribution to the transported charge in 
the turn on mode. This indicates that at the relevant voltages the 
Schottky barrier is formed before any significant injection of charge 
earners takes place. Therefore the emission rate of charge carriers 
from .surface .slates must be smaller than the thermal emission from the 
donors in the bulk. Area of the crystal —01 cm*. 
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AQg^nlO^, Aaec/cm* 

Fig. 4. A plot of F/AC?,, vs. AC?,,.. Here Fig. 3 is replotted 
in order to give a more accurate evaluation of the experi¬ 
mental data. 

Straight line proves that the depletion layer 
is a true Schottky barrier. The ionized donor 
concentration was found to be in this case 
8xl0‘^cm‘‘, and the equilibrium barrier 
height y,, about 0 008 V. Though the results 
of the different measurements always indicat¬ 
ed that a Schottky barrier is formed at the 
surface, the value of the donor concentration 
and of 1^0 were found to vary between 0-4- 
110‘®cm~^ and 0 008-0 05 V respectively. 
This is probably due to an inhomogeneous 
donor distribution in the crystal. 

The same evaluation of the experimental 
data in the voltage range below 20 V can be 
made for the initial measurement. One finds in 
this case a donor concentration of 2 . 10'* cm”* 
and for Vq a value of 0-38 V. The values for 
Vq for both the formed and original crystal, 
were in agreement with the results of the 
photocurrent measurements. 

(3) Transient current data. In order to 
learn more about the depletion layer in the 


voltage range in which the charge at turn 
off is nearly voltage independent, current on 
turning off the voltage was investigated. The 
analysis of experimental data is based on the 
assumption that a Schottky barrier exists. If 
C is a voltage dependent Schottky capacitance, 
and R a resistor in parallel, the current in 
this circuit upon switching off the voltage is 
given by 

dg d(CV) V 

df d/ R- ^ ’ 

The Schottky capacitance is a function of 
voltage. One finds 




(3) 


Here p is the space charge density. 

Insertion of this expression into equation (2) 
and integration gives 


, = ^ _ 

R(\+tlRC„)^ 


where Co is the Schottky capacitance at the 
initial voltage V,. 

A typical example of a discharge curve is 
shown in Fig. 5. The applied voltage was 40 V. 
Current and time are both plotted logarith¬ 
mically. The first rapid decrease of the current 
is seen as a straight line with a negative slope 
of two. This is to be expected for a Schottky 
capacitance. It is valid for currents down to 
3 per cent of the initial current. Thereafter a 
slowly decreasing current is observed. Evi¬ 
dently most of the charge is transported in 
the latter process because the times involved 
are orders of magnitude larger than those due 
to the fast discharging process of the Schottky 
capacitance. A peak in the current shows up 
in the millisecond region. It is barely observ¬ 
able in this logarithmic representation, though 
it is quite clearly resolved if a linear current¬ 
time scale is used. It is probably connected 
with the regeneration of surface states. 
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l ig. 5 IJisthargc curve, cuircnl vs lime on a logarithmic 
plot (I + line,,) IS plotted tin the abscissa. RCa = 3-8 
^set, n llWb d c. bias 40 V and ihc area of the crystal 
00,1 cm^ 

The fast discharging process was numeri¬ 
cally evaluated with the above formula[4]. 
The value for was 7 6 nh/cm^ and from this 
the donor concentration was calculated to be 
I . 10'" cm a value which is much smaller 
than the one derived from the charge measure¬ 
ments. 


(4) Capacitance data. In order to sub¬ 
stantiate the transient and charge measure¬ 
ments, the differential capacitance was 
measured for a bias voltage range from 0-5 V- 
70 V. The result is plotted in Fig. 6, using 
logarithmic rather than the usual linear scales 
for both capacitance and voltage. The voltage 
dependence can thus be clearly determined 
over the whole voltage range of two orders of 
magnitude. The capacitance decreases only 
slightly with voltage below about 4 V. Be¬ 
tween 4-8 V an anomalous sharp drop in 
capacitance occurs. Above 8 V a depen¬ 
dence is observed, which is to be expected 
for a Schottky depletion layer. Numerical 
evaluation of this high voltage regime, using 

for Qiff \lv~ j ’ ^ concen¬ 

tration of ionized donors of T6 X 10*® cm"®, a 
value which is in fair agreement with the one 
determined from the transient measurements 
and from Hall effect data. 

4. DISCUSSION AND CONCLUSIONS 
(a) Physical model of the depletion layer 
The sharp increase in current with voltage 
could be in principle due to three phenomena: 
impact ionization, Schottky emission or 
tunnelling from surface states. 



Fig. 6. Differential capacitance as a function of d.c. bias. The 
frequency of the a.c.-signal was 100 c/s. 
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Impact ionization in the depletion layer 
can be ruled out because of the observation 
of saturated photocurrents. Therefore it is 
believed that the only explanation for the 
strong current increase is an injection of 
charge carriers from surface states. This is 
substantiated by the charge measurements, 
the transient current and the differential 
capacitance data. From the charge measure¬ 
ments we conclude that in the voltage region 
from 1-8 V a Schottky depletion layer exists 
with an ionized donor concentration of about 
8. 10'^cm“®. 

Above 8 V the charge at turn on is ob¬ 
viously composed of two independent con¬ 
tributions: the charge stored in the space 
charge capacitance and the charge injected 
from surface states. Significantly this charge 
injection is observed in a voltage range which 
coincides with the one in which the current 
flattens in the case of the d.c.-measurement. 
From this coincidence it is concluded that the 
injection of the charge carriers for both 
phenomena takes place from the same energy 
level. As a direct current flows, an electro¬ 
chemical transfer process must occur which 
opposes the emptying of the surface states 
and the steady state electron concentration 
in the depletion layer must be higher than 
at voltages below 8 V. This increase in elec¬ 
tron concentration has an important conse¬ 
quence. At low voltages the concentration 
of ionized donors is due to the total concentra¬ 
tion of deep and shallow donors. This is so 
because the electron concentration in the 
depletion layer is practically zero at low 
voltages and therefore the space charge 
density will be only determined by the emis¬ 
sion of electrons from the deep and shallow 
donors, the recapture of electrons by these 
centers being negligible. Hence after a 
sufficiently long waiting time, inversely pro¬ 
portional to the emission rate, all donors will 
be ionized. 

By injection from surface states the electron 
concentration in the depletion layer is 
increased and capture of electrons by deep 


donor centers shifts the space charge density 
to lower values. Hence the field at the surface 
and the injection current will be lowered. At a 
sufficiently high injection rate, the shallow 
donors only will form the space charge in the 
bulk, and the deep donors will contribute to 
the space charge density only close to the 
surface, i.e. the depletion layer will split up 
into a part with high and a part with low space 
charge density. Therefore, on turning off the 
voltage the transported charge should be 
smaller by the amount of charge which is now 
stored in deep donor centers. This lack of 
charge is clearly demonstrated by the experi¬ 
ments. 

The arguments put so far can only be applied if the 
following assumptions are physically meanin^ul: 

(a) The thermal emission rate of electrons 

from the surface states must be smaller than the thermal 
emission rate (agi^gnmii) from deep donors in the bulk. 
This gives the condition 

^ OMhemal at lOW fields. 

(b) At high lields the held emission rate for the surface 
states must be higher than the thermal emission rate, 
while the reverse must be true for the donors. Hence 

“//Hipratni 0/1 m-w and a.vHell) > a,vuirmai at high fields. 

These assumptions are not unrealistic for the case under 
consideration. For the surface states S the emission of an 
electron may be described by the reaction 

■V^ -► 5^ + e- 

and for the donors fK —► + e \ 

Therefore electron emission leaves the surface state 
neutral and the donor state positive. The capture cross 
section o, of a positive centre may be easily 3 orders of 
magnitude larger than that of a neutral centre [9]. Apply¬ 
ing thermodynamic and kinetic considerations[10] one is 
able to show that the capture cross section and the 
thermal emission rate are connected by the following 
equation 

Olht.r?nal ^ 

Here v„ is the thermal velocity of the electron and AE the 
energy separation of the donor or surface state from the 
conduction band. This formula shows, that even for the 
same value of AE. the thermal emission rate from the 
donor may be three orders of magnitude larger simply due 
to the larger capture cross section for electrons. There¬ 
fore condition (a) is no severe physical restriction. The 
difference in thermal emission rate affects also the 
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obitervability of a field assisted emission from the center. 
Clearly an enhanced emission from the surface states will 
be observed before this is possible for a field enhanced 
emission from the donors T' us condition (a) implies 
condition (b), even under the assumption of equal fields 
at the surface and in the bulk. 

The drop in .space charge density under 
sufficiently high injection rate is also directly 
confirmed by the transient current data and 
the differential capacitance measurements at 
high voltages. From both measurements an 
loni/cd donor concentration of 1-2.10*® 
cm was determined, a value much smaller 
than the one derived from the charge measure¬ 
ments at low voltages. Applying the physical 
arguments outlined before, we must conclude 
that the high concentration of 8 . 10*’cm •'* is 
mainly due to deep donors, whereas the con¬ 
centration of 1-2 . I O'® cm is due to shallow 
donors. These shiillow centers, observed also 
in the Hall effect measurements, are most 
likely due to ioni/.ed Zn. 

At low voltages the differential capacitance 
does not show the V ' - dependence of a 
Schottky barrier. Therefore the concentra¬ 
tion of the donors at low voltages cannot be 
determined from these measurements, though 
the anomaknis diop m capacitance between 
4-8 V indicates qualitatively the decrease in 
space chiiige density. The behaviour of the 
differential capacitance at low voltages is 
determined by the fact that both deep and 
shallow centers form the depletion layer and 
so no equilibrium is established between the 
electrons and the ioni/ed deep donors in a 
time comparable to the period of the a.c.- 
signal used lor the capacitance measurements. 
This will be discussed in more detail in the 
Appendix. 

(b) Discussion of tlu‘ 1-V characteristic 
If Schottky emission were the dominant 
injection proces.s and the cause for the sharp 
increase in current with voltage, then the 
current-voltage characteristic should, accord¬ 
ing to theory[l IJ, be linear in a plot of logy 
vs. V*''**. This is not in fact observed. If the 


injection is due to tunnelling, we have accord¬ 
ing to the theoretical treatment of Franz [12] 

^=evA/,exp(-(5) 

where /V, is the density of surface states, 
V a frequency factor, e the electronic charge, 
m* the effective mass, E, the energy of the 
state below the conduction band, h Planck’s 
constant, and F* the electric field strength, in 
our case the field right at the surface. The 
justification for the use of the highest field in 
the depletion layer lies in the fact that the 
field at the surface is practically constant 
within a tunnelling distance. The expression 
(5) is only valid if the surface state is neutral 
after emis.sion of the charge carrier. Otherwise 
correction terms for the image force must be 
taken into account, which would increa.se the 
tunnelling probability. 

In a Schottky barrier F* is proportional to 
the square root of the applied voltage. Making 
use of this we see that a plot of logy vs. 
should yield a straight line. This is actually 
true in the voltage range from 4 to 10 V as 
can be seen in Fig. 2. The electric field at the 
surface can be calculated from Gauss' law. 



where (2,^ is the total space charge per unit 
area, the value of which was obtained from 

(?«.= (2ee€„NJ'«V,'«. (7) 

The concentration of ionized donors is about 
8. 10*^ cm’** for a bias less than 10 V. With 
this value for N+ the experimental data can 
be fitted to equation (5) and the energy £, of 
the surface state was found to be 0-58 eV. The 
same result was obtained whether the 
electrolyte solution contained KCl, KBr or 
KI. This indicates that in all cases the tunnel¬ 
ling takes place from the same surface state. 

The flattening of the curve above 20 V may 
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have two causes. Firstly, injection of charge 
carriers reduces the space charge density in 
the depletion layer due to the capture of elec¬ 
trons by deep centers. Therefore F, does not 
increase with voltage as strongly as expected 
(equation (6)), and hence the same must be 
true for the tunnelling current. Secondly the 
regeneration rate of the surface states might 
be the rate limiting process, thereby restrict¬ 
ing the current to a certain value. In the latter 
case the current increase, which is observed 
above 30 V, should be due to a second, 
deeper surface state. 

A clear cut experimental distinction be¬ 
tween the two mechanisms is not possible, 
because the current fluctuated strongly at 
voltages above 70 V. Despite this uncer¬ 
tainty the experimental curve is tentatively 
approximated by a straight line above 40 V. 
If one uses the fact that in this high voltage 
range a Schottky barrier also exists, however, 
with a concentration of ionized donors of 
2 , 10*“ cm"', the experimental data can again 
be used to calculate the energy of the surface 
state, from which the tunnelling is to occur. 
The value for E, is 0-56. It is close to the 
value determined from the current increase in 
the low voltage range. Therefore it is very 
likely that the tunnelling occurs from the same 
surface state and that the flattening of the 
curve is mainly due to a reduction in the 
surface field. 

The nature of the surface states involved in 
the observed tunnelling process is not clear. 
As the experimental results are practically 
independent of the composition of the 
electrolyte, it is felt that no direct transfer 
of electrons occurs from donors in the solution 
to the conduction band, but rather a two step 
process involving tunnelling of charge carriers 
from surface states (e.g. chemisorbed oxygen) 
to the conduction band and a subsequent 
chemical reaction at the surface of ZnO. 
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APPENDIX 

It is shown here, that in the presence of shallow and 
deep donors the voltage dependence of the differential 
capacitance deviates from the ideal Schottky behaviour. 
This is to be expected if the shallow donors respond to 
the ac -signal, whereas the deep donors do not. 

We have to distinguish several voltage regimes: 

(a) Coil' voltages. It is assumed here, that only shallow 
donors form the space charge, whereas the deep donors 
are still below the Fermi level (compare Fig. 7(a)). This 

assumption applies for voltages V„< V < ^ ^ -- - Fn 

where is the barrier height in the absence of an applied 
voltage, and (£',—£,,) is the energy separation of the 
deep donors from the Fermi level. 

(b) High voltages. The deep donors arc now assumed 
to be above the Fermi level in a part of the depletion layer 
(see Fig. 7(b)). Therefore the depletion layer consists of 
two parts, in one of which the space charge density is 
given by the density of ionized deep and shallow donors, 
whereas in the other part the shallow donors only con¬ 
tribute to the space charge density. The boundary be¬ 
tween the two parts is at a potential of approximately 

£ • — £ 

(gt » — - - y„. Hence the applied voltage is supposed 

to be y > y„, 

After application of the voltage the equilibrium between 
capture and emission of electrons from the donors is 
disturbed because the surface layer is depleted. The 
centres will become ionized after a time which is deter¬ 
mined by the thermal emission rate. For shallow donors 
this time is short, for deep donors however, it may be 
easily of the order of seconds. A small a.c. signal, with a 
frequency even as low as 100 c/s, therefore changes only 
the occupancy of the shallow centres. Thus it seems to be 
appropriate in this voltage regime to calculate the voltage 
dependence of the differential capacitance under the 
assumption that both deep and shallow centres form the 
depletion layer due to a d.c. bias, but that only the shallow 
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l it!. 7. (a) Sthcmalic bund diuyrutn a( low voltages. Only 
•shallow donors eontribule to the space charge, (b) Band 
diagram at high voltages without injection. Close to the 
surface deep and shallow donors contribute to the space 
charge. At distances x • d, the space charge is formed by 
shallow donors, d, increases with increasing voltage, 
(c) Band diagram at high voltages with injection. Deep 
and shallow donors form the space charge close to the 
surface, whereas for x > d, shallow donors only are 
ionized, d, decreases with increasing voltage because 
d, is determined by the injection level. If no injection 
would occur at the relevant voltage the depletion layer 
width L would be smaller than shown in the diagram for 
the case w/th injection. 


donors respond to the a.c. signal which is used for measur* 
ing the differential capacitance. 

(c) High voltages with injection of charge carriers into 
the depletion layer. In this case the density of free charge 
carriers is increased in the depletion layer. Capture of 
electrons by deep donoi centres shifts the space charge 
density to lower values. This will predominantly occur at 
distances x > dt from the ZnO-electrolyte interface; 
beyond di the electron density is above a certain level 
and influences therefore the occupancy of the deep donor 
centres (hig. 7(c)). 

I.et us now consider the different voltage regimes: 

(a) The capacitance in the low voltage regime is clearly 
identical with the Schottky capacitance and it does not 
need any further comments. 

lb) In this voltage regime the depletion layer divides 
into two pans and we have Poisson's equation; 

dF e 

-j- = —(Nj + yv.) forO e jt ^ d, (8) 

dJT 

^ = —A/.ford, < r « L. (9) 

dr ce,, ' 

Here F is the field strength, and N, the concentration 
of deep and shallow donors resp.. L the width of the 
depletion layer and d, the point at which the potential 
has the value ip,,. The boundary conditions are: 

X = L; F = 0 and x = 0;ip = — y 

x= l..p = 0. 

After an elementary calculation one finds the following 
relationships: 




T, IS the field strength al the surface 

y^ cNg d,^^eN.L^ 
t«„ 2 €€„ 2 

Q„- = i'Nrid, + eN,L 




c(N^ + N.) 


• F, + L„ 


( 10 ) 

(11) 

( 12 ) 
( 13 ) 


with 


” N^ + N\eN,) 


Na 


/2€e^jy'» 1 

( N, ^ 

8 eCo^o 

\ eN. ) -2 

\Na + N.j 

' ' eN, 


8ee„P 


(,4) 


e{N, + N^) eN, 


As the deep donors do not respond to the a.c. signal one 
finds 

_ dO^ _ ^ ^ _ _€€o_ Ijj, 

dV ’ dV L(Vy 
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Equation (14) gives with > N, 


Hence 

and 


C = = const, ify. (16) 

(ttoeN^Y^ 1 ^ 


(c) If injection is assumed to occur at high voltages then 
the depletion layer divides also in a part with high and 
low space charge density. Equations (8) and (9) including 
the boundary conditions are valid, however d, has to be 
replaced by which represents now the distance from 
the surface at which the electron density has the value 
n„. For larger distances is n > n„ and therefore the 
trapping of charge carriers is significant. It is assumed that 
for X > dt only shallow donors form the space charge. 
Using the continuity equation we find a critical field 
strength 


Fcr = 




F„ 


- with a = 

/a.n„ 


4V'2^£.>« 

3/i 


Integration of equation (8) gives 


and hence 


F„ = F.--^(N, + N.)d^ 

€€o 


d,= 


«<0 


e{JVrf +A, 


/ vN \ 

- F,-e-l-Zf.) ■ ( 18 ) 


Replacing d, by d^ in equation (10) we find L as a function 
ofF. 


/.= 


*- ■ ^4 _ (p -JLtL-p-lalF,) 

eN. eN.{N^+N.)\ 


(19) 


At low fields the exponential term in equation (19) may be 
neglected. 

Then 

Z. = iJ^4andhencet=(^’". 
e Na \ eN„ / 

At high fields, when the injection current becomes suffi¬ 
ciently high, dj becomes very small and from equation 
(19) we find 


Using for j the tunnelling current (equations (.5) and (6)), 
gives 


L = 


e N, 


' and therefore L = ■ ■ *20) 



Fig. 8. Differential capacitance as a function of d.g.-bias for the 
two centre model as discussed in the Appendix. Up to F, the low 
voltage regime is valid, the voltage regime F, F « Fj represents 
the high voltage regime without injection of charge carriers. If no 
injection would occur for F > F, the dashed line would represent 
the voltage dependence of the capacitance. Under injection of 
charge carriers the capacitance drops to a value which is deter¬ 
mined by the shallow donors. This is shown by the solid line for 
voltages F > F^. The dashed and dotted line gives the capacitance 
as a function of voltage if shallow and deep donors respond to the 
a.c. signal as calculated by De wald [ I ]. 
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Making use of equation (1$) one finds that at high fields, 
when the injection is significant 

21^ ) 


The voltage dependence derived from this model is 
schematically shown in Fig. 8, having in mind that 
equation (19) is only valid if (L — d^) > Lo i.e. that the 
density of the injected electrons at (L — L„) is com¬ 
parable to the equilibrium density of electrons at this 
point. 
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Abstract —Photocurrents in ZnO have been investigated under high held conditions. An anomalous 
increase of pholocurrent with voltage was observed at wavelengths between A = 3750 A and A = 
3900 A. It is shown that this increase in photocurrent is due to a photoinduced increase in the tunnelling 


rate of charge carriers from surface states. 

In the past photocurrents in the system 
ZnO-electrolyte[l-4], have been investi¬ 
gated by many people mostly with the aim of 
obtaining information about chemical transfer 
reactions. Williams and Willis[5] were the 
first to report about the transport mechan¬ 
ism of photoexcited charge carriers in ZnO 
using an electrolyte as blocking contact and 
as a means of achieving high electric fields 
in the ZnO surface layer adjacent to the 
electrolyte. They found a strong increase 
in photocurrent at high voltages and con¬ 
cluded that impact ionization across the band 
gap causes the photocurrent to rise steeply. It 
is the intention to show here that an anomal¬ 
ous increase in photocurrent is not necessarily 
due to impact ionization and that some care 
must be taken in the interpretation of experi¬ 
mental results. For the ZnO single crystals 
used in the work presented here, it is shown 
that another mechanism is responsible for the 
strong increase in photocurrent. The ZnO 
single crystals were obtained from the 3 M 
company and came from the same batches as 
used in a former investigation [6] on the high 
field behaviour of ZnO. The crystals were 
prepared as in the above work. For the 
experiments the crystals were mounted in a 
way which exposed one face to the electrolyte 
which formed the blocking contact with the 
ZnO. The other face was provided with an 
ohmic In-contact. The crystals were illu¬ 


minated through the electrolyte for photo¬ 
current measurements. A Sylvania iodine 
quartz lamp (700 W) or an Osram high pres¬ 
sure mercury lamp H BO 200 was used with 
a conventional monochromator or band pass 
filters for varying the wavelength of the 
incident light. The illumination of the crystal 
at different wavelengths was usually reduced 
to equal incident photon flux by varying the 
lamp voltage. The calibration was made with 
an Eppley thermo-pile and a Keithley 148 
nanovoltmeter. The photocurrents were 
recorded with a Moseley 135 x-y recorder. In 
most cases an acetate buffered 2 Af KCl solu¬ 
tion with p„~4-5 was used as electrolyte. 
Variation of the electrolyte solutions and of 
the pn-value did not have a significant influence 
on the results. 

Figure 1 shows the photocurrent as a func¬ 
tion of the positively biased crystal. The 
applied voltage is recorded on the horizontal 
axis and the current on the vertical axis. This 
recorder trace was obtained using chopped 
light, which allows the separation of the photo- 
current from the dark current provided that 
the chopping period is longer than the decay 
or rise time of the photocurrent. Using white 
light the photocurrent is nearly constant up 
to 130 V and rises sharply at higher voltages. 
Significantly the sharp rise of the photocurrent 
is connected with a strong increase in 'dark 
current’. Using monochromatic light of wave- 

I 
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Voltoge ,V 

I in I I’holociinent cxciied by chopped light as a function of reverse bias. The lower 
recorder trtice was gained with light of wavelength A = 3650 A, the upper recorder trace with 
white light, I he scales for the current and the voltage are identical for both recorder traces. 
The photociiircni at \ ■ 36,50 A shows a pronounced saturation; the dark current increases 
Iron! 10 "A at I 50 V to 1-7, 10 ’•A at 200 V. With white light a strong increase in photo- 
curictil with voltage is observed At 150 V the dark current is also about l0"®/f. but at 
ISO V an appaieiit daik cuiicnf of Kx 10 ’/I is observed, which is about one order of 
magnitude higher than the dark current measured in the low recorder trace. 


length A~-.36.50.A, there are two striking 
differences: firstly, no increttsc in photo- 
current is observed and secondly, the dark 
current remains below the vtilue of the tippar- 
ent ‘dark current’ which is tound in the off 
periods under illumination with while light. 
The spectral dependence of the photocurrent- 
voltuge characteristic is shown in Fig. 2, both 
plotted logarithmically. The photocurrents at 
different wavelengths were measured with 
equal incident photon flux, the light inten¬ 
sities being about two orders of magnitude 
smaller than those of Fig. I. The photo- 
currents represent the steady state values. For 
short wavelengths (A < 3700A) the photo- 
current is independent of voltage apart from 


the small increase at voltages below about 
2V). At longer wavelengths it increases 
with voltage and especially at A = 3800 A and 
3850 A exceeds the saturated photocurrent 
at shorter wavelengths. As the quantum 
efficiency defined as transported charge car¬ 
riers per absorbed photon, was found to be 
unity at short wavelengths (A < 3750 A), it 
must be greater than one at the long wave¬ 
lengths between 3750-3900 A. When the 
photocurrents were measured in the same 
way as in Fig. 1, using chopped light, then an 
apparent ‘dark current’ was also observed at 
wavelengths greater than 3750 A. The 
threshold voltage for the increase in both 
photocurrent and apparent ‘dark current’ 












HIGH FIELD BEHAVIOUR OF ZnO-ll 


2393 



F'ig. 2. Photocurrent as a function of reverse bias at different wavelengths. The incident light inten¬ 
sities are reduced to equal photon flux. 


is shifted to lower voltage for lower light 
intensities. 

At high voltages the rise and decay time of 
the photocurrent on switching on and off the 
light is different for short and long wave¬ 
lengths. At low voltages rise and decay times 
of the photocurrent for all wavelengths are 
below the response time of the recorder. At 
high voltages and at wavelengths greater than 
3750 A, however, the photocurrent rises 
rapidly only to a certain value and then 
increases with a time constant of about l-IO 
sec to higher values. In Fig. 3 the fast com¬ 
ponent and the steady state value of the photo¬ 
current are plotted as a function of voltage. 
The fast component of the photocurrent 
saturates at a value which corresponds to a 
quantum efficiency of one. whereas the slow 
component represents an additional current 
which is not observed under illumination at 
A < 3750 A. 

It is obvious that the results of our measure¬ 
ments exclude the possibility of impact ioniza¬ 
tion, because no current increase beyond a 
quantum efficiency of one is observed at 
sufficiently short wavelengths. The increase 


with voltage of the fast component of the 
photocurrent at longer wavelengths as shown 
in Fig. 3 must be due to the diffusion of elec¬ 
tron hole pairs into the depletion layer, to an 
increase in depletion layer width and to a 
shift of the absorption edge by the Franz- 
Keldysh-effect. We will not be concerned 
with these physical phenomena in this article 
but restrict our interest to the increase in 
quantum efficiency due to the slow process. 

It is known from studies [6] of the dark 
I-V-characteristics and from the dependence 
of the capacitance as a function of positive 
d.c.-bias, that the sharp rise in dark current 
is due to tunnelling of charge carriers from 
surface states. Furthermore it has been estab¬ 
lished that at low voltages a Schottky barrier 
exists with a spatially homogeneous con¬ 
centration of deep and shallow ionized donors 
of about 8x10” cm'-’. At high voltages 
(>10V), however, the depletion layer con¬ 
sists of a layer with deep and shallow ionized 
donors right at the surface, adjacent to a layer 
with shallow ionized donors with a concen¬ 
tration of about 2 X 10'* cm“*. The region with 
the low concentration of ionized donors is 
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Kig 3. Mholofiirreni iis a (unction of voltage at A = 3800 A. The (A) refer to the steady state value of 
the photocurrent and the (□) to its fast component. The horirontal line represents the saturated 

photocurrent at A = 3700 A. 


formed by capture of tunnel-injected elec¬ 
trons by the deep donor centres, leaving only 
the shallow centres ionized. 

Assume now that high voltage (> 10 V) is 
applied and that the crystal is illuminated with 
light of such a wavelength that it penetrates 
the layer with low ionized donor concentra¬ 
tion. Then the following situation arises. Trap¬ 
ping of holes in the region with low donor 
concentration increases the sp;icc charge 
density there and hence increases the field at 
the surface. T his gives rise to a higher tunnel¬ 
ling rate of charge carriers from the surface 
states. Therefore a light induced tunnelling 
current flows through the depletion layer in 
addition to the recombination free, saturated 
photocurrent. The magnitude of this tunnelling 
current depends only on the degree to which 
the space charge density is increased by the 
capture of holes. In these circumstances the 
observed quantum efficiency will be greater 
than unity. If the penetration depth of the 


light is smaller than or equal to the width of 
the region with high space charge density, 
the trapping of holes may have an insignificant 
effect on the space charge density or no trap¬ 
ping at all may be possible, if for example the 
trapping centres were identical with the deep 
donors in our ZnO crystals. This mechanism 
explains the main features of the spectral 
dependence of the photocurrent and the 
increase of quantum efficiency above one. It 
also explains why the increase of photocurrent 
at low light levels starts at lower voltages, 
since then the saturated photocurrent is so 
small that it becomes comparable with the 
tunnelling current. The question arises 
whether the trapping of holes can be detected. 
Supposing the voltage is kept constant and 
the space charge density is increased by 
hole trapping, then the total charge stored in 
the depletion layer also increases. Therefore 
the charges measured in the dark and under 
illumination should be different. This was 
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Fig. 4. Transient current on switching off the voltage. The lower curve is observed when the 
crystal is in the dark or illuminated with light of a wavelength shorter than 3750 A. The upper 
curve represents the transient current at A = 3800 A. 


actually found. The result is shown in Fig. 4, 
where the transient current on switching off 
the voltage is shown. The curve in the dark 
and under illumination with short wavelength 
light (A S 3700 A) are identical. However, a 
higher discharge current is observed under 
illumination with light of wavelength between 
3750-4000 A. The plateau, which shows up 
in the millisecond region, is not understood 
up to now, but it is probably connected with 
the regeneration of the surface states. 
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ULTRASONIC PARAMETERS IN THE BORN MODEL 
OF THE RUBIDIUM HALIDES 

R. W. ROBERTS and CHARLES S. SMITH 
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(Recewed9 February 1970) 

Abstract — Values of all dCIdP have been obtained at 295°K and are strikingly smooth when plotted 
against nearest neighbour distance. </o. When combined with known temperature coefficients of the 
elastic constants, they lead to values of( = dInffr/dD, which are uniformly — 1 x 10“'' deg”' for these 
crystals with low Debye temperature. The resulting Born model exponential parameters, du/p, are 
precisely linear with d„. in contrast with djp values where compression f were used in the necessary 
correction for vibrational effects. Values of dBrldP are uniformly 5-6. a general magnitude well 
accounted for by the Born model which, however, predicts a stgnificant systematic variation in the 
four halides. In all these features the Rh halides are similar to the Na and K halides. 


I. INTHOnCCTION 

A PAPER of this title by Roberts and Smith[l] 
on the sodium and potassium halides appears 
in a recent issue of this journal. This note 
reports the experimental measurement of the 
pressure derivative of the single crystal 
elastic constants of the rubidium halide 
sequence. It extends to the rubidium sequence 
the analysis of the previous paper for the 
parameters in the Born model in the Hilde¬ 
brand approximation, and compares these 
ultrasonically based parameters with pre¬ 
viously accepted values derived from 
compression work. The note also extends to 
the rubidium halides the discussion of the 
pressure derivative of the isothermal bulk 
modulus. 

The experimental techniques used, data 
reduction, analysis, notation and conclusions 
are largely those of the previous paper; 
exceptions are noted in appropriate places. 
The note is also sectioned in a parallel fashion. 

2. EXPERIMENT 

The experiment results were obtained on 
[110] single crystals procured from Semi- 
Elements. The crystals that were used passed 
our stringent X-ray tests and the sterling 
cooperation of Mr. Joseph Barrett, formerly 
of that company, is gratefully acknowledged. 


Rubidium fluoride proved to be especially 
difficult because it is extremely hygroscopic, 
by far the worst so of the group. This material 
was handled exclusively in a glove box. but 
even so. acoustic seals were difficult to make 
and to retain throughout a pressure run. For 
this reason, the important pressure effect on 
the longitudinal wave was verified on a[l()0] 
crystal obtained especially for this purpose. 

3. RESULTS 

Table 1 shows the experimental dCjdP for 
the longitudinall 110] stiffness. CJ,. and the 
two shear stiffnesses C and C. Also shown is 
the result for the adiabatic bulk modulus, 5... 
obtained directly by combining the measure¬ 
ments, and for the isothermal bulk modulus, 
Br~ which was derived from dBJdP as 
described below. 

Each row in Table I plots smoothly, almost 


Table 1. Values o/dC/dP at 295°K 
for the ruhidium halides 



KbF 

RbCI 

RbBr 

Rbl 


6-51 

6 -8S 

6-91 

7 02 

c" 

4-93 

5-8« 

603 

6 26 

c» 

-0-7() 

-0-.56 

- 0-.55 

-0-51 


5-57 

5 48 

5-45 

5-44 

Bt 

5-69 

5-62 

5-59 

5-60 
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linearly, against nearest neighbour distance, 
do, just as was observed previously for the 
sodium and potassium halides. It should be 
noticed further that dBJdP and ABrIdP are 
each essentially invariant in the sequence. 

4. DERIVED QUANTITIES 
Table 2 gives the auxiliary thermodynamic 
data adopted for use in this section and the 
next. Sources were as in[l] with two excep¬ 
tions. 


judicious extrapolation of the /3’s of the other 
three. 

Other thermodynamic input data are the 
dlnC/dT)/. of Haussuhl[4] which have been 
combined to give the d\nBJdT)p shown in 
Fig. I. Our ABJdP. together with Table 1, 
then give dlnB,/dDv- in the manner the figure 
shows. 

From A\nBJdT)v we obtain ^ = A\nBj^ 
dDv- by using equation (4) of[l]. The derived 
ultrasonic f shown in Fig. 2 are remarkably 


Table 2. Basic data at 295°K for the rubidium halides 



(!()’' cm) 

ll„ 

(10 *Vm-‘ 
molecule '1 

D. 

(kbar) 

(10 '“ergdeg"' 
molecule'') 

P 

(10 “deg“') 

y 

Tfiy 

(10 

Bf 

(kbar) 

RbF 

2-826 

45-1,3 

277 

8-421 

(0-94) 

1-40 

3-87 

267 

Khri 

3-291 

71 29 

162 

8.567 

1-03 

1-39 

4-23 

156 

RbBr 

3 44.3 

81-77 

1.38 

8-595 

1-08 

1 42 

4-.53 

132 

Rbl 

3-671 

98-94 

III 

8-630 

1-23 

1-56 

5-67 

105 


The important nearest-neighbor distance. 
d„, for KbF was measured on a specimen of 
our crystal by the National Bureau of Stand¬ 
ards X-ray diffraction group under the 
direction of Mr. Howard H. Swanson; the 
value shown will appear in a forthcoming 
section of NB.S Monograph 2.*). This d,, 
is ()'4 per cent larger than the old measurement 
used on Born model analysis (2] and, because 
it enters the analysis to the fourth power, the 
change is significant. It has in fact smoothed 
our Born model parameters and we are most 
grateful for the willing, and speedy, coopera¬ 
tion of NBS. 

The volume thermal expansion coefficients, 
/J. given for RbCI, RbBr. and Rbl are the 
— 40'’C measurements of Hengleinp), 
increased by a common 0 04 deg'’ to bring 
them to 295°K. The temperature adjustment 
was determined by a comparison of the 
available data for these and other alkali 
halides as a function of Debye temperature. 
The common value of the adjustment reflects 
the low Debye temperature of these materials. 
The jH value for RbF was arrived at by 



25 30 35 40 

Neorest Neighbor Distance, (A) 


Fig. i. I'he temperature coefficients of the adiabatic bulk 
modulus at 295°K vs. nearest neighbor distance. <<,. 

invariant at — 1 x 10 ' deg"', again in contrast 
with values based on temperature and 
pressure derivatives obtained in compression 
experiments [2). The ultrasonic ^ for the Rb 
sequence are smoother than even those for 
the Na and K sequences. The Rb halides are 
essentially classical solids at 295°K; f is 
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Fig. 2. Derived ultrasonic f = dlnfij^dTlv. at 295°K, and 
derived Bom model repulsive parameter djp = n+i vs. 
nearest neighbor distance, do- Previously accepted values 
based on compression data are also shown. 


uniformly small under these circumstances as 
Swenson [5] has pointed out for other cubic 
solids, but it is clearly not zero here. 

The second derived quantity, dSj/dP, was 
obtained using equation (5) of[ll. The 
correction involved in going from the adi¬ 
abatic to the isothermal modulus was again 
larger than the first approximation suggested 
by Swen.son[5]. 

5, BORN MODEL 

The repulsive interaction that appears in the 
Born model may be written in a power law 
version 



or in an exponential version 

Use of the Hildebrand vibrational approxima¬ 
tion, the equilibrium condition and the 
definition of the bulk modulus yields the 
result. 



4-F3X{l-m ; 
[i-m] 


(3) 


together with corresponding expressions for 
An and D(djp),ll]. The quantity A is SLIoBt/ 
(ae^ldo) and the curly and square brackets are 
the vibrational correction terms arising in the 
Hildebrand approximation which is surely 
appropriate for the classical Rb halides. 

It may be pointed out that either dJp or 
n -I-1 is physically the ratio — r^WhlrWit, where 
r is any crystal distance and the primes 
signify differentiation with respect to that 
distance. Values of this quantity are given in 
Fig. 2. The ‘ultrasonic’ values employ the 
ultrasonic f, of the lower part of the figure, in 
the curly bracket vibrational correction; the 
‘compression’ values are those quoted by 
Tosi[2] who employed the compression 
Conclusions similar to those for the Na and 
K halides[l] apply here, with the additional 
observation that in the Rb sequence djp = 
n-l-1 is precisely linear with do- It was in this 
connection that the new value of the RbF 
lattice constant was important. Linearity was 
nearly, but not precisely, found in the previous 
two sequences. 

The quantity dBjdP vs. the ultrasonic 
Hildebrand repulsive parameter is shown in 
Fig. 3 for all three halide sequences. The 
different halides are not distinguished because 
they read uniformly from left to right. 
F-CI-Br-I, in all three sequences (which 
would not have been the case had compres¬ 
sion based parameters been used). It is seen 
that the twelve data are practically invariant at 
a common value of 5-5, a remarkable result. 
Close inspection shows a small slope in each 
sequence which, further, decreases system¬ 
atically in the order Na. K. Rb. 

The Born model in the power law version 
leads to the simple result, dBrldP = (n + 7)t3. 
In deriving this expression vibrational terms 
have been omitted, but it can be shown that, 
if included, they Icirgely cancel, leaving a 
small residue of around -1-3 per cent. Figure 3 
shows that this expression gives the general 
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F-iy tillrasiinic (Ali,(dP at 29S'K lor (he sodium, 
potassium and riihidium halides vs repulsive paramclei 
djff ' /M I. I he niembeis of each sequence occur 
monotonicaily fnim left to right ui the order F-. C'l. Br. I 
rhe solul line is the preidclion of the Born model in the 
repulsive power law version 


magnitude of dBr/dP quite satisfactorily, but 
that the slope is too large. The exponential 
version of this expression yields the same 
slope for practical purposes, but magnitudes 
approximately 10 per cent lower and hence 
not in quite as good agreement with the facts 
as the power law version. 
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IMPACT IONIZATION OF /j-TYPE INDIUM 
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Abstract —The ./-£ characteristic of InSb shows an instability at short times after application of the 
electric field. A transverse magnetic field lets the instability occur at a lower electric field. The Hall 
field shows a sharp drop simultaneously to the instability. Carrier concentrations at the threshold 
field are measured for various magnetic fields. 


1. INTRODUCTION 

For times of the order of microseconds after 
application of the electric field pulses, InSb 
exhibits an instability in the J-E characteristic 
[1,2]. The threshold value for this instability 
lies at electric fields higher than those neces¬ 
sary for impact ionization, which occurs at 
fields of the order of 210 V/cm(3|. The appli¬ 
cation of a transverse magnetic field tends to 
drive the threshold of the instability to a lower 
electric field. The instability occurs under 
both constant-current and constant-voltage 
conditions at the same threshold value when 
measured for the same time after application 
of the electric field pulse. This instability in 
the J-E characteristic is accompanied by a 
sudden drop in the Hall field. After a longer 
time (50-200 nsec) after application of 
the electric field, the instability in the J-E 
characteristic dies out and the instability in 
the Hall field is replaced by a saturation of 
the Hall electric field. 

Measurements of the instability in the J-E 
characteristic and its time dependence have 
been reported previously by Ancker-Johnson 
[1]. The influence of various magnetic fields 
on the J-E characteristic and the Hall field 
under constant-current conditions were re¬ 
ported earlier by Heinrich and Muller[4]. 
Hall measurements after longer times where 
the saturation of the Hall field with the electric 


field shows up were reported by Toda and 
Glicksman[5). Since the saturation in Hall 
field observed by these latter authors appar¬ 
ently occurred for an electric field below that 
necessary for avalanche breakdown, they 
interpreted their measurements as evidence 
of a transverse avalanche breakdown due to 
the Hall field. In these measurements, the 
Hall field was larger than the longitudinal 
electric field as the magnetic field was such 
that ojcT = fiB > 1. 

In the present paper, short time measure¬ 
ments of the instability are presented for an 
experimental configuration in which the 
sample is maintained in a constant voltage 
configuration. These measurements show that 
the instability which occurs in they-£ charac¬ 
teristic, and is reflected in the Hall electric 
field, occurs only after the carrier density is 
increased due to impact ionization. Further, 
the onset of the Hall field saturation, at long 
times which has been interpreted as transverse 
breakdown, occurs only after the instability 
dies out and only after impact ionization, due 
to the longitudinal electric field, has occurred. 

2. EXPERIMENTAL ARRANGEMENT 

All experiments are performed with the 
samples cooled to 77°K. The samples were 
prepared from slices of n-type InSb, of carrier 
concentrations 2xl0‘''cm“® and carrier mo- 
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bility of 5 X 10» cmVV-sec. The samples are 
cut in a bridge shape using a spark cutter. 
This method provides minimal mechanical 
damage to the bulk material. Typical sample 
dimensions are 0-3 x 0-03 x 0 01 cm. The 
probes which detect the voltages along the 
samples are high impedance probes and are 
monitored by a sampling oscilloscope. The 
samples are mounted in 50 ft insertion unit. 
The electric field pulse is provided by a trans¬ 
mission line discharge pulser. Great care is 
taken to maintain the impedance as close 
to 50 fl as possible throughout the entire 
experimental apparatus. The voltages de¬ 
tected by the oscilloscopes arc plotted by an 
A"-K recorder. Figure I shows the experimen¬ 
tal arrangement. 


curves of current density as a function of the 
electric field are shown in Fig. 2. These curves 
were measured at a time of 5 nsec after appli¬ 
cation of the electric field. 

Hall measurements taken simultaneously 
with the J-E characteristic show a very close 
connection to this instability. The Hall field 
increases with increasing electric field up to 
the value at which the unstable behavior in 
the current density occurs. At this value, a 
sudden drop in the Hall field occurs. This is 
shown in Fig. 3. The magnetic field is the 
parameter for these curves. All curves were 
measured at a time of 5 nsec after application 
of the electric field. 

For one particular magnetic field the charac¬ 
teristic does not change very significantly 



l it!, I F.xpcnmenliil arrangcmenl. 


3. EXPERIMENTAI, RESUl.TS 
The instability of the J-E characteristic 
manifests itself, under constant-voltage con¬ 
ditions, as a sudden increase of the current 
density at a constant electric field. This in¬ 
stability occurs between times of 2-5 nsec 
and about 50 nsec after application of the 
electric field pulse. Application of a transverse 
magnetic field causes the instability to occur 
at a lower longitudinal electric field. However, 
the threshold never decreases to values of 
the electric field lower than the values for 
which impact ionization occurs. Typical 


with the time after application of the electric 
field. This is shown in Fig. 4 and Fig. 5, which 
display the corresponding curves for the J-E 
characteristics and Hall field, respectively, 
as a function of the longitudinal electric field. 
The electron densities for the electric fields 
just before the instability, have been calcul¬ 
ated. The results are plotted as a function of 
the magnetic field in Fig. 6. 

4. DISCUSSION 

The measurements reported here show 
that the instability exists only for fields which 
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electric field at different times after application of the 
electric pulse at a transverse magnetic field of 750 O. 




Fig. 3. Hall field as a function of the longitudinal electric 
field for different values of the transverse magnetic field 
at a time of 5 nsec after application of the electric pulse. 
The arrows denote the onset of the instability. 


Fig. 5. The Hall field as a function of the longitudinal 
electric field for a transverse magnetic field of 750 G. 
The different curves correspond to different times after 
application of the electric pulse. 


are strong enough to cause impact ionization 
in the longitudinal direction. From measure¬ 
ments of the time dependence of the instability 
at various side-arms along the sample, for 
constant-current conditions, the onset of the 
instability shows a drift through the bulk 
material characterized by the drift velocity 


of the carriers. Under the constant voltage 
conditions used for this report, the instability 
shows no measurable velocity, but occurs 
instantaneously throughout the sample. This 
behavior agrees somewhat with a theory of 
negative dilferential resistance in bulk ma¬ 
terials presented by Ridley [6]. For constant- 
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f ig. 6(a) 

voltage conditions, the theory predicts the 
development of high-current filaments. This 
would cause the instability to occur over the 
entire sample simultaneously. It is possible 
that the instability is connected with this type 
of behavior. It is possible that instability is 
caused by the sharp increase in conductivity 
when impact ioni/alion occurs, and disappears 
when the filamentary domains are formed. 
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Abstract—Lithium-doped silicon was irradiated at room temperature with t MeV electrons. The 
initial carrier removal rate was 2-2 cm ' in float zone silicon. As larger quantities of carriers were 
removed, the carrier concentration varied exponentially with electron fluence. The changes in Hall 
coefficient after irradiation indicate that lithium is consumed in the production of defects. Changes 
in Hall mobility in float zone silicon indicate production of a neutral defect which consumes one 
conduction electron for each lithium atom reacting. In quartz crucible silicon, a different neutral 
defect results after intermediate Si-A center formation. Similar measurements in phosphorus-doped 
float zone silicon indicate the formation of negatively charged defects which appear to be silicon 
‘f’-centers. 


1. INTRODUCTION 

Recent interest in the use of lithium doping 
in silicon devices to achieve radiation hardness 
[1,2] suggests the need for more basic data 
regarding the nature of displacement damage 
in lithium-doped silicon. Earlier work by 
Vavilov et «/. [3] was confined to quartz 
crucible grown silicon. A more recent study 
on floating zone grown silicon involved 
lithium doping during crystal growth [4], 
The efforts reported here involve similar 
studies in silicon doped by diffusion of 
lithium into the samples. Vavilov’s work 
suggested that defects with an E^-Q -17 eV 
level ('A' centers) were formed during 
irradiation. The lithium ions then slowly 
reacted with £(.-017eV level defects to 
neutralize them. The results in Ref. [4] also 
indicated a time-dependent second step after 
the irradiation, but failed to detect the pres¬ 
ence of Er-017 eV level defects. In the work 
on float zone silicon reported herein the oxygen 
concentration was low and the lithium concen¬ 
trations relatively high to limit possible 
interactions. 


■"Work supported by Jel Propulstion Laboratory 
Contract No. 952251. 


2. EXPERIMENTAL 

The 1 MeV electron irradiations were done 
at 27°C with the TRW Systems Group I MeV 
Van de Graaff. The electron flux rate was 
approximately 3 x 10'*e/cm'“-hr. The float 
zone silicon used was manufactured by 
Dow Corning and had a resistivity of about 
75 fVem. The lithium was diffused into the 
silicon at 600°C from a LiAIH 4 solution 
source. The wafers were cleaned and allowed 
to equilibrate at a lower temperature. The 
wafers were ultrasonically machined into 
six-armed bridge specimens for Hall measure¬ 
ments. Electroless nickel plated contacts on 
the specimen arms allowed attachment of 
electrical leads. In this manner samples have 
been prepared with lithium donor concentra¬ 
tions between 10'® and 10'" atoms/cm®. Table 
I summarizes the various electrical proper¬ 
ties of the samples prepared. The electrical 
properties of this material are typical of 
phosphorus or arsenic-doped silicon in regard 
to Hall mobility and Hall coefficient. In all 
cases the mobility found in the lithium-doped 
specimens was very close to the published 
experimental and computed values of Morin 
and Malta for arsenic-doped silicon [5]. This 
would indicate that the scattering centers are 
singly charged lithium donor atoms. 


240.'i 
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Table 1. Properties of Ia diffused silicon specimens 


Sample No. 

Silicon 

l.i diffusion 

p(Il-cm) 

R(cm’‘IC) 

>iH(cm*/V-sec) 

Li(atoms/cm*) 

B\ 

75 Il-cm,n,F.Z. 

1 hr « 600‘“C 

0-012 

2-18X 10 “ 

180 

3-4 X 10'“ 

D-2 

75 n-cm,n,F.Z 

1 hr « 600-C, 

8 hr « 2t)0“C 

0-078 

6-35 X |0‘ 

815 

l- 2 xl 0 >’ 

A-\ 

75 tl-cm.n.F.Z. 

1 hr « 600°C 

60 hrs a 200 ‘‘C 

0-26 

2-72 X 10* 

1150 

2-7 X 10>« 

C-l 

75 Il-cm,n,F.Z. 

1 hr a 600°C 
48hrs 0 150°C 

0.50 

6 32X 10* 

1280 

1-6 X 10’“ 

0-1 

50Il-cm,n.O.C. 

1 hr 0 600“C 

60 hn a 200“C; 

0-12 

l-lOx 10 * 

935 

6-7 X 10“ 


3. RESULTS AND DISCUSSION 
Most of the studies of irradiation carrier 
removal and defect production in silicon have 
either confirmed or assumed a linear change 
in radiation defect population with increasing 
electron fluence. One exception occurs when 
the Fermi level lies close to ionization level 
of the radiation defect. In this case the removal 
rate changes rapidly as the Fermi level crosses 
the defect ionization level. This occurrence 
has been proposed as a method of determining 
defect energy levels[6|. The early work by 
Wertheim demonstrated that carrier removal 
is linear at low electron fluences, but as defect 
concentration approaches the original impurity 
concentration, the rate becomes nonlinear 
|7J. Since the production of a defect complex 
often involves the consumption of a donor, a 
rapid decrease in the introduction rate should 
occur as its constituent impurity is near 
exhaustion. In this work lithium-doped silicon 
was studied by observing changes in the 
removal rate as a function electron fluence. 
In this manner some information can be 
obtained regarding structure of radiation 
defects. 

The electron irradiation results for this 
float zone silicon are shown in Fig. 1. Sample 
D-2, described in Table I. was irradiated in 
increments with 1 MeV electrons at room 
temperature. When the irradiation was 
interrupted, the resistivity and Halt coefficient 
were determined. The electron carrier concen¬ 
tration, as determined by the Hall coefficient, 
is plotted as a function of electron fluence. 



Since the logarithm of the carrier concentra¬ 
tion vs. fluence yields a straight line, it appears 
that this material has demonstrated the same 
exponential dependence of carrier concentra¬ 
tion upon electron fluence which was previ¬ 
ously found in float zone silicon doped with 
lithium in the melt [4], The results of these 
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irradiations are described by the following 
equation: 

n — no exp (— <t>la) 

where: no = initial electron concentration 
<f> = electron fluence 
a = a constant 

n = electron concentration after 
irradiation. 

Such a relationship indicates that the 
instantaneous removal rate (dnld<f)) is not a 
constant, as has been found in other cases, 
but is directly related to the instantaneous 
carrier concentration (i.e. lithium donor 
concentration) as follows: 

dn _ _ n 
d<t) a' 

In the case of sample D-2 the constant 
a = 5 X 10'® Wcm*. The exponential relation 
was found in all samples studied. The irradia¬ 
tion of a similar sample, with a lower lithium 
concentration, is shown in Fig. I. In this case 
the constant a equals 105 x 10'® e/cm“, The 
appearance of an exponential removal is in 
no way in conflict with previously published 
work indicating linear removal. Because of 
the mathematical similarities between linear 
and exponential functions, the two behaviors 
can not be distinguished during small initial 
changes in carrier concentration. The constant 
a varied considerably in the four specimens 
studied. An empirical relationship observed 
between the initial carrier electron concentra¬ 
tion and the values of the removal constant 
a appears to be: 

a = no/2-2 cm'^ 

If this relationship is substituted into the 
instantaneous carrier concentration expres¬ 
sion, the following expression results: 

^ = - 2 - 2 ^ 
dcf. ^^n„- 



at the start of irradiation when n = no- The 
physical reasons for this relationship are not 
apparent at this time. If, as one might expect, 
a was independent of lithium concentration, 
and the value of a found for a 1 O'® Li/cm* were 
to apply for samples of 10'^ Li/cm® and 
greater, the value of dnld<f> would initially 
exceed that of the displacement rate for 
1 MeV electrons. Such a situation would 
be very difficult to account for theoretically. 
The value of the initial removal rate found 
here (2-2/cm) is roughly equal to the calcul¬ 
ated displacement rate of 1 MeV electrons in 
silicon [8]. The Hall coefficient of lithium 
doped silicon was examined as a function of 
temperature to investigate the nature of the 
defects generated by the irradiation. This 
type of data is shown in Fig. 2 for sample 
A-l, before and after irradiation. The pre¬ 
dominant change after irradiation is a reduc¬ 
tion in the reciprocal Hall coefficient at all 
temperatures. These results indicate that the 
loss in carrier electrons is caused largely by 
the formation deep acceptor or neutral defect- 
lithium complexes. If the defects are acceptor 
type, the energy level must be greater than 
0-3eV from bottom of the conduction band. 

Sample A-l was irradiated with 4X10'® 
e/cm" and isochronally annealed for 15 
minutes at 75°C and higher temperatures at 
25°C intervals. The annealing data for sample 
A-\ is shown in Fig. 3. In the vicinity of 100°C 
about 10 per cent of the carrier removal 
damage is recovered. At 200°C what appears 
to be a second annealing stage begins. After 
annealing for 15 min at 275°C the carrier 
concentration has increa.sed to approximately 
the same value found in the specimen prior 
to irradiation. Isochronal annealing at temper¬ 
atures above 275°C produced rather startling 
results. Each successive annealing step 
increased the carrier concentration. After 
the anneal at 350°C the carrier concentration 
was five times greater than that found prior 


This would result in: 
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Ki>;. 2. Iliill cocHicienl changes during iiradialion, lilhium doped E‘. /. silicon. 


to irradiation, t he apparent explanation of 
this behavior lies in the comparison of the 
isochronal annealing data to the lithium 
solubility data of Pell, which is also plotted 
in Fig. 319]. Since the specimen was originally 
saturated with lithium at bOtPC and then held 
at 200°C. the lower temperature produced a 
precipitated second phase of lithium silicide 
rather than outdiffusion of lithium as expected. 
The annealing above 200°C allowed the silicon 
to redissolve the precipitate, with subsequent 
increase of lithium donor concentration. The 


annealing data show a tendency to approach 
the solubility data as temperature increases. 
The annealing data for sample D-2 is also 
shown on Fig. 3. The results are very similar 
to those just discussed, in that an annealing 
stage occurs near 100°C, redissolution occurs 
when the solubility of lithium at the annealing 
temperature exceeds the concentration of 
lithium previously detected in the specimen, 
and the concentration of Li present after the 
highest temperature anneal exceeded that 
initially present before the irradiation. If 
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Fig. 3. Annealing of irradiated lithium doped silicon. 


the observed effect is indeed Hthium redis¬ 
solving, it may mask the annealing of the 
remaining fraction of removal damage after 
annealing at 175°C. Further work is necessary 
to clarify these effects. 

A second view of the irradiation of sample 
A-1 can be seen in Fig. 4. In this figure the 
Hall mobility of the specimen is plotted vs. 
the lithium donor concentration after several 
irradiations. In addition to the data points. 


the arsenic data of Morin and Maita is shown 
as a solid line[5]. It can be seen that the 
irradiation of this sample results in an increase 
in the Hall mobility in addition to the loss of 
lithium donors. Even after an irradiation of 
4 X 10’* e/cm* the Hall mobility is equal to 
that of an unirradiated sample of the same 
donor concentration. Since Hall mobility 
increased, the irradiation results in no addi¬ 
tional charge scattering centers, but rather a 
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reduction of charged scattering centers. This 
condition rules out the production of charged 
acceptor type defects by the irradiation. Thus 
the irradiation appears to electrically resemble 
the precipitation process. Annealing had the 
exact opposite effect as irradiation, as each 
higher temperature increased the donor 
concentration and decreased the Hall mobil¬ 
ity. Some of the major defect reactions which 
are known or hypothesized in n-type silicon 
arc presented in Table 2. An examination of 
the table indicates that reactions I or 4 will 
cause the necessary changes in the population 
of carrier electrons and scattering centers to 
produce the observed changes in Hall coeffic¬ 
ient and Hall mobility. Reaction 4 is actually 
the sum of reactions 2 and 3. Since reactions 
2 and 3 have already been proposed as the 
degradation and recovery process in lithium 
doped solar cells, the assumption of reaction 
4 or 2 -1- 3 presents an explanation of the Hall 


measurement results which is consistent with 
the observations on irradiated devices [10], 
In the cells, reaction 3 proceeds much slower 
than reaction 2 because of the lower lithium 
concentrations. Since the time constant of 
reaction 3 is decreased by the presence of 
a greater lithium concentration, it is possible 
that the lithium concentration is sufficient to 
allow completion during the irradiation of 
specimens described in this paper. The results 
of the irradiation are electrically similar to 
precipitation of lithium, although formation 
of a second phase is not indicated. In this 
respect the results confirm similar work in 
Li driftedjunctions[l 1], 

In a recent study reported by Stannard 
[12], an electron irradiation of lithium doped 
float zone silicon at low temperature was 
followed by an anneal at 300°K. The irradia¬ 
tion produced an acceptor of undetermined 
structure. The anneal resulted in the loss of 
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Table 2. Radiation defect production in n-type silicon 




Change in 

Change in 




conduction 

scattering 



Defect reaction 

electrons 

centers 

Nature of defect 

1 . 

V + Li+ + e- Li-V° 

Lose one 

'■ Lose one 

Shallow acceptor, deep 
donor, or neutral defect 

2 . 

V + Li+ + 2e“ -• Li-V- 

Lose two 

No change 

Deep acceptor 

3. 

Li-V- + Li+-* Li-V-Li 

No change 

Lose two 

Neutral (inactive) 

4. (2 + 3) 

V + 2Li* +2e- -» Li-V-Li 

Lose two 

Lose two 

Neutral (inactive) 

5. 

O + V -» O-V” 

No change 

No change 

Deep acceptor, un-ionized, ('A' center) 

6 . 

0-V° + e- + Li+ -» Li-0-V° 

Lose one 

Lose one 

Neutral (inactive) 

7. (5 + 6) 

O + V + e- + Li+ ^ Li-0-V“ 

Lose one 

Lose one 

Neutral (inactive) 

8 . 

O + V + e- -• O-V- 

Lo.se one 

Gain one 

Deep acceptor, ionized (/4’center) 

9. 

0-V- + Li' -• Li-O-V 

No change 

Lose two 

Neutral (inactive) 

10. (8 + 9) 

0 + V+ e- + Li+-» Li-O-V” 

Lose one 

Lose one 

Neutral (inactive) 

II. 

V + LiO+ + e- -► Li-0-V° 

i ose one 

Lose one 

Neutral (inactive) 

12 . 

V + P+ + 2<' -♦ P-V 

Lose two 

No change 

Deep acceptor ('£’ center) 


the radiation-produced acceptors and a loss 
of lithium donors. The net result of the irradia¬ 
tion and room temperature anneal was the 
loss of lithium donors, which is in agreement 
with the experimental results reported here. 
Stannard’s results suggest that two lithium 
donors are lost in the annihilation of the 
radiation-produced acceptor. Such behavior 
may require an adjustment of the simple 
model presented here to allow the reaction 
of two lithium donors with the acceptor defect 
in reaction 3 to form a LijV neutral complex. 

Quartz-crucible silicon was also lithium 
diffused and fabricated into a Hall specimen. 
The initial data for this sample is included in 
Table 1. The electron irradiation results of 
this sample (Q-l) differ somewhat from that 
of the float zone silicon. The removal constant 
a, for the lithium-doped Q.C. silicon, was 
roughly twice the value found for float zone 
silicon of similar lithium concentration. The 
isochronal annealing after irradiation of 
sample Q-l, shown in Fig. 3, produced a 
significant decrease in the carrier or lithium 
donor concentration in the 75-100°C range. 
This behavior is in marked contrast to that 
observed in annealing of irradiated, float 
zone, lithium-doped silicon. The decrease or 
‘reverse anneal’ observed in sample Q-l 
reduces the carrier concentration present after 
irradiation by about 50 per cent. This change 


represents a roughly 25 per cent increase in 
number of carriers removed during the irradia¬ 
tion. An additional experimental result 
supports the need for a different damage 
model for quartz crucible silicon as opposed 
to that used for float zone silicon. Fig. 3 
shows that the final defect complex in sample 
Q-I does not begin to anneal until temper¬ 
atures of 300“C are reached. The defect 
complexes in the float zone samples anneal at 
much lower temperatures. 

The experimental results of room temper¬ 
ature Hall mobility measurements during the 
irradiation and annealing of sample Q-l are 
presented in Fig. 5. The initial behavior of 
sample Q-\ during irradiation can be charac¬ 
terized by a loss of conduction electrons and 
an equal loss of charge scattering centers 
(increase in Hall mobility). After the electron 
fluence of roughly 5 x 10'® e/cm^, the conduc¬ 
tion electron concentration continued to 
decrease during irradiation, but the Hall 
mobility changes indicated that the scattering 
center concentration was not decreasing at 
the same rate. 

The behavior of sample Q-l requires a 
different model than that used to explain 
behavior in float zone lithium cells and bulk 
silicon. The early work of Vavilov el a/. [3], 
suggested that during the irradiation of 
lithium-doped quartz crucible silicon, oxygen- 
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vacancy pairs (Si-A centers) with a 0-17 
eV energy level and other defects with 
shallower energy levels were formed. The 
oxygen concentration in the quartz-crucible 
silicon is approximately 5 x 10” cm~“. This 
value is much larger than the concentration 
of lithium in sample Q-l. Pell has shown that 
in such a sample most of the lithium reacts 
to form lithium-oxygen donor pairs[81. In 
the case of sample Q-l, the oxygen concentra¬ 
tion will be large compared with that of the 
lithium-oxygen donor pairs. During irradia¬ 
tion, the displacement products can react 
with the higher concentrations of oxygen 
atoms to form ‘A’ centers or with less common 
lithium-oxygen pairs to form some undeter¬ 
mined defect complex. The initial Fermi 
level in sample Q-l is 016eV below the 
conduction band. This means that if centers 
are formed during the irradiation, those 
formed at the start of the irradiation will be 
roughly 80 per cent ionized and those formed 
at the end of the I0”c/cm^ irradiation will 
be roughly 40 per cent ionized. For this 
reason any proposed model for the damage in 
quartz crucible silicon must examine the 
behavior of the 'A' center acceptor in both 
charge states. 

Reaction 5 in Table 2 illustrates the forma¬ 
tion of an un-ionized 'A ’ center. This reaction 
does not change the concentration of conduc¬ 
tion electron or scattering centers. Reaction 
6 illustrates the reaction of a lithium donor 
with the un-ionized ‘A’ center to form an 
inactive defect. Such a reaction of an un¬ 
charged 'A' center with a lithium donor causes 
an equal loss of carrier electrons and scattering 
centers. The sum of the reactions 5 and 6 
(reaction 7) also produces an equal loss of 
conduction electrons and scattering centers. 
Reactions 8-10 of Table 2 illustrate the 
comparable reactions for an ionized ‘-4’center. 
Although the total reaction (10) for the 
ionized 'A' center produces the same electrical 
results as that for an un-ionized ‘A' center, an 
important difference occurs when the reac¬ 
tion remains incomplete. When an ionized 


‘A’ center is produced during irradiation 
(reaction 8), one conduction electron is lost 
and an additional scattering center is gener¬ 
ated. If some of these scattering centers 
remain without reacting with lithium donors, 
the Hail mobility must fall below that shown 
by the solid line on Fig. 5. When the ionized 
‘A' center reacts with a lithium donor (reaction 
9) the additional scattering centers will 
disappear with no change of carrier concen¬ 
tration. In the similar reaction of an un¬ 
ionized ‘A’ center (reaction 6) results in loss 
of both a conduction electron and a scattering 
center. 

The behavior shown in Fig. 5 can be 
explained as follows. During first 5 X 10'* 
e/cm^ of fluence the behavior can be explained 
by the formation of inactive complexes which 
eliminate one conduction electron and one 
scattering center per complex. Either reaction 
7, 10, or 11 will produce this effect. Since 
the end product is the same in all cases 
(a Li-O-V complex), the selection of the 
specific reaction route is of little importance 
during the early irradiation. It should be 
noted that 80 per cent of any 'A' centers 
formed will be ionized, favoring reaction 10 
(8 -I- 9) over 7 (5 -f 6) at this point. The negative 
charge on such ‘A’ centers should provide a 
coulombic attraction for the lithium donor 
necessary for reaction 9. During the final 
portion of the irradiation roughly 50 per cent 
of any ‘A’ centers present will be ionized, and 
the progress of reactions 6 and 9 have slowed 
because of the reduced lithium donor concen¬ 
tration. The presence of some ionized 'A' 
centers reduces the Hall mobility to a value 
lower than that due to lithium and lithium- 
oxygen donors alone. During the isochronal 
anneals at 75, 100 and 125'’C, increased 
concentrations of lithium donors became 
available for reactions 6 and 9 through the 
thermal dissolution of lithium-oxygen 
donors. These annealing cycles allow reac¬ 
tions 6 and 9 to go to completion. The 
annihilation of the ionized fraction of the 
'A' centers reduces the scattering center 
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Fig. 5. Mobility changes during irradiation and annealing, lithium doped Q. C. silicon. 


population to that of only the lithium or 
lithium-oxygen donors remaining. The 
annihilation of the un-ionized fraction of 
remaining '/!’ centers will cause an additional 
loss of conduction electrons and an equal 
loss of scattering centers. As a result of the 
completion of these reactions the Hall 
mobility of sample Q- 1, after 15 min at 125°C, 
is very close to the value indicated by the 
solid line in Fig. 5. 

Since the irradiation of lithium-doped float 
zone silicon is mainly a relatively simple 
interaction of donors with the displacement 
products, it is interesting to compare the 
behavior with that of phosphorus-doped 
float zone silicon. Although considerable 
work has been done on phosphorus-doped 
silicon, most of the data reported relates to 
more lightly doped material than that consid¬ 
ered in the lithium studies reported here. To 
make comparative studies, two samples of 
phosphorus-doped float zone silicon were 
obtained. The starting resistivities were 
roughly 01 and 0-2n-cm. These resistivities 


were selected to maximize the population of 
phosphorus over oxygen, without reaching 
resistivities which require unreasonably 
large electron fluences to cause the desired 
carrier removal. The previous investigations 
[ 13] have shown that ^-centers (a phosphorus- 
vacancy pair, acceptor) and zl-centers (an 
oxygen-vacancy pair, acceptor) are the most 
likely defects to form in irradiated silicon of 
this type. 

The changes in carrier concentration during 
electron irradiation were monitored by Hall 
measurements. The results are shown in 
Fig. 6. It can be seen that the carrier removal 
in these samples also tends to follow the 
exponential behavior observed for lithium- 
doped silicon. The general trend indicates 
that in this material a — n^, the initial con¬ 
centration of phosphorus before irradiation, 
whereas in the lithium doped material a = 
0-45 ng. The Hall mobility data from the above 
study is shown in Fig. 7. The mobility values 
before irradiation are very close to the values 
published for unirradiated silicon. In the case 




2414 


1 . R CARTER, Jr. 



1 ig, 6 ( ai rier removal, phosphorus doped I-'. /,. silicon 


of both phosphorus-doped samples, ihe 
increasing cicciron tiuence reduces Ihe carrier 
concentration, but docs not change the 
mobility. T his l esull is in marked contra.st to 
that found in lithium-doped float zone silicon, 
as shown in Fig. 4. T he behavior observed in 
Fig. 7 can most easily be explained by 
assuming that reaction 12 causes the loss of 
carrier electrons and no net changes in the 
scattering center population. Such a reaction 
will produce no change in the Hall mobility. 
If only ionized /f-centers are formed during 


irradiation (reaction 8), the mobility will 
decline. Since no change in mobility is 
observed, it can be concluded that all the 
behavior can be explained by the formation 
only E-centers and no/(-centers. 

The relationships between a and «o indicate 
that carrier removal rates in lithium-doped 
float zone silicon are roughly twice those 
found in the phosphorus doped material. 
Since both reactions 4 and 12 cause the loss 
of two carrier electrons per reacting vacancy, 
the removal data indicates that twice as many 
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Fig. 7. Mobility changes during irradiation phosphorus doped F. L. silicon. 


vacancies are captured by lithium atoms before 
annihalation compared to a similar concen¬ 
tration of phosphorus atoms in silicon. 

The following conclusions can be drawn 
from the experimental results; 

1. The carrier removal rate for electron 
irradiation of lithium-doped float ^one 
silicon is an exponential function of electron 
fluence. 

2. During the initial stages of irradiation 
the removal rate is 2-2 cm~' for the above 
described material. 

3. The damage process in heavily lithium- 
doped floating zone silicon consists of the 
loss of the carrier electrons with an equal 
loss of charge scattering centers. 

4. The best available atomistic model to 
describe the damage is the following series 
reaction: 

Li+ + V-t-2e-^ Li-V* 

Li+-H.i-V- ^ Li-V-Li 
2Li+ + V-l-2e- ^ Li-V-Li' 


The reaction of Li+ +V -l-e" —» LiV® will 
also describe the observed behavior, but is 
inconsistent with the observed production 
and annihilation of recombination centers 
in lithium-doped solar cells. 

5. The isochronal annealing in float zone 
silicon is characterized by a low temperature 
partial anneal in the 75-100°C range and 
re-solution of lithium at higher temperatures. 

6. The irradiation of lithium-doped quartz- 
crucible silicon results in a tendency to form 
a different neutral defect complex. Silicon 
‘A’ centers may be formed as an intermediate 
stage in this process. After very long irradia¬ 
tions, some Si-A centers may remain un¬ 
neutralized because of lack of available 
lithium donors and kinetic limitations, l.ow 
temperature annealing allows the reaction to 
go to completion. 

7. In similar floating zone silicon doped with 
phosphorus rather than lithium, the damage 
can be described by the formation of E- 
centers. 
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PHONON FREQUENCIES OF RARE EARTH 
TRICHLORIDES WITH UNIT CELLS 
OF DIFFERENT DIMENSIONS* 

G. SCHAACKt and J. A. KONINCSTEIN 
Department of Chemistry, Carleton University, Ottawa 1, Ontario, Canada 

(Received 10 November 1969; in revised form January 1970) 

Abstract —The phonon Raman spectra of isomorphous single crystals of LaCI„ CeClj, NdClj, EuCI, 
and GdClj have been investigated. GdClj, the last in the series of hexagonal rare earth trichlorides, 
has a phonon spectrum, which differs markedly from the other spectra. The shift of the phonon fre¬ 
quencies with the decreasing volume of the unit cell for increasing atomic number (z) of the rare earth 
ions is discussed. 


1. INTRODUCTION 

The ANHYDROUS R.E. chlorides form an iso¬ 
morphous series of hexagonal crystals for 
the ions La to Gd. The space group of these 
lanthanide crystals is C 6, m (C**). The struc¬ 
ture of the crystals TbCl,, and DyCU is not 
known, but monoclinic crystals are found in 
The series starting by HoCl,-, and ending by 
LuCl3[l,2]. The changes in structure are 
apparently related to a decreasing size of 
the rare earth ion as the atomic number in¬ 
creases (the radius of the La^^ ion is 1,061 A; 
for Lu^'^; r = 0,848 A). As a result the phonon 
frequencies of the crystals are expected to 
shift with changing atomic number of the 
Lanthanide ions, but only because of the 
increase of the mass of the rare earth ions. 

Recently information has become available 
[4-8] on the phonon spectra of some of the 
R.E. Chloride crystals. Good quality Raman 
spectra of the compounds CeCU and PrClj 
have been reported[3, 8, 11] and an analysis 
of the phonons and also of electronic Raman 
effects in these crystals have been made. 
Data are also availalbe on the infrared spectra 
of the crystals LaClj and PrCIsI?] and in this 
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communication the Raman spectra of the 
crystals NdClj, EuCI., and GdCl, and addi¬ 
tional data on LaCI., and CeCl, are reported. 

2. RESULTS AND DISCUSSION 

The hexagonal crystals of the rare earth 
chloride series contain two formula units in 
the elementary cell. The motions of the par¬ 
ticles in the cell give rise to the following 
Raman active modes; three modes, two 
/4„ modes and one E,„ mode. 

Besides these there are three infrared active 
modes (2 E,v. i Aiu) and 5 ‘silent’ modes 
(2 Bu, 2 B,„ 1 E 2 u)- The number of observed 
Raman transitions and their polarization 
properties are in agreement with the group 
theoretical predictions, however, as Satten 
etal.[6], observed, wandering of the optical 
axis and the divergence or convergence of 
light beams deteriorates very sensitively 
the depolarization ratios observed in these 
crystals. 

The Raman spectra of single crystals of the 
rare earth chloride crystals reported were 
studied at various temperatures of the samples. 
A description of the experimental arrange¬ 
ment has been given elsewhere[9]. The 
6328 A radiation of the He-Ne laser and the 
5145, 4880 and 4579 A line of the Ar+ laser 


were employed to excite the Raman spectra. 
The reason that these lines had to be employed 
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was that the crystals contained some (rare 
earth) impurities which cause, in nearly all 
cases, strong fluorescence. It was also ob¬ 
served that the scattered light of the crystals 
was absorbed at wavelengths where Raman 
transitions should occur. The raman spectra 
of the compounds LaCl^ and GdCla are com¬ 
pared in Fig. I and the components of the 
scattering tensor for the latter crystal can 
be seen in Fig. 2. The spectra were studied 
from crystals measuring 10x5 x 3mm, they 
were cut from boules grown by the Stock- 
barger method. All samples were cut and 
polished along the ( 110 ) cleavage plane when¬ 
ever possible and the orientation of the crys¬ 
tals was controlled by using a polarizing 
microscope. The spectrum of l,aCI:i shown 
in Fig. 1 is typical of all rare earth chloride 
crystals except that of CidCT,. The intensities 
and the frequencies of Raman lines of this 
crystal differ remarkably from the intensity 


GdCI, 



0 lOO ’ 200 

cm ' 

PiB. I, Raman spectra of l.a( Ij and Gdt'l,,. 7'=80°K 
The figure shows a superposition of rtyrtyand z(yi)y. 


and frequencies of the other R.E. chloride 
crystals (see Fig. 1). The observed frequen¬ 
cies and the assignment of the Raman lines of 
a number of rare earth compounds are given 
in Table 1. The shifts of the phonon frequen¬ 
cies as a function of the atomic number of the 
lanthanide ions and also the relative variation 
of the unit cell volume is schematically given 
in Fig. 3. Although the change of the size of 
the unit cell appears to be quite smooth, this 
cannot be said about the change in the posi¬ 
tions of the phonon frequencies and in par¬ 
ticular the results of GdCl.T are quite surprising. 
The Raman spectrum of this compound has 
been studied quite extensively and the crys¬ 
tallographic structure of the sample was 
investigated by means of X-ray diffraction 
measurements. The structure was hexagonal 
and complete agreement with previously 
published data were obtained[4], 

The symmetry coordinates of the R.E 
Chlorides have been constructed [4) and 
it appears that the rare earth ions participate 
only in movements of the crystal which give 
rise to Raman lines of symmetry E^,,- These 
motions of E^^-symmetry of the lanthanide 
ions together with the motions of the chlorine 


Table 1. Posilion of Raman shifts o/R.F.. CI 3 
crystals 




l.a( 1, 

Ce( 1, 

NdCI, 

EiiCl.i 

Gdt'l, 




102 





G. 


178 




ttxrK 








^ to 


184 







208 





k,., 


218 






108(1 

108-4 

103-6 

107-5 

99-3 



179-8 

183 1 

183-5 

180-3 

193-2 

HO’K 


181-6 




179-4 



187 () 

194-8 

192-6 

187-4 

203-4 


-4„ 

210-9 

216-8 

218-6 

211-2 

189-8 



217-6 

221-.S 

225-5 

217-5 

234-4 




1096 


107-9 

99-0 




183-6 


184-8 

193-5 

1()”K 








K., 


l%-5 


191 8 

203-7 


-4. 


217-8 


218-4 

190-0 




222-1 


221-1 

234-1 

80°K 

t'lu 

83 

74 

50(7) 

62 

66 



PHONON FREQUENCIES OF RARE EARTH 


2419 



Fig. 2, Raman spectrum of OdCI.,. T — 80°K. The wave number regions 
indicated by broken lines were shaded by tluorescenee bands. 


ions are confined, however, in the (001) 
plane —the jc^-plane of the crystal. The lowest 
lying Eii, level is expected to be related to 
translational motions of the complete R.E. 
Cl;, groups. If the atomic number—thus the 
mass —of the lanthanide ions increases, then 
one expects a lowering of the frequency of 
this type of vibration. This is one part of the 
trend observed for the E 2 ,, mode at ~ 100 cm~‘ 
(see Fig. 3). The decrease of the volume of 
the unit cell has the opposite effect, the result 
of both is the complicated behaviour observed. 
The other two fiaH-modes react more sensi¬ 
tively on the volume decrease than on the 
mass increase. The modes involve motions 
of only the Cl“ ions in the (jcy) plane whilst 
the movements of these ions along the z-axis 
are labelled with the species The fre¬ 


quency changes of these modes are therefore 
solely determined by the contraction of the 
unit cell with increasing atomic number. An 
increase in the frequencies may be anticipated 
and the data of the crystals in the series of 
CeCl.T to NdCf, are in agreement with the 
expectations. For EuCl, the trend is inverted 
and even more drastic changes occur for 
GdCI;,. The latter compound is the last of the 
series with a hexagonal structure. Rare earth 
chloride crystals like TbCI., and others have 
a crystallographic structure of lower sym¬ 
metry [10] than hexagonal. In interpretation 
of the drastic alterations of the Raman spectra 
in the series of CeCl., to GdCla has to take 
(his change of the structure into account. 

Rare earth ions have low lying electronic 
levels and in the course of the investigation 
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f'lf!. I’osilioii Ilf the Riiman active phonon transitions 
in the hcxiigonal W tiichlotidcs at 8()"K. The lull circles 
indicale the positions of infrared active transiiions(5). 
the hollow ciicles indicate /!„ transitions. In the lower 
part the variation ol the unit cell volume relative to the 
volume of the unit cell of NdC I, is givenltt| as afunction 
of the atomic number 

t)f the Kamiin >pectra of,the crystals elec¬ 
tronic transitions were also excited. For 
the compound ('cC'l., transitions were ob¬ 
served with frequencies identical to these 
reported in the literature[l 1]. For NdClj 
electronic Ritman transitions were observed 
for the first time. The transitions occurred 
to levels situated at 239 cm ~*lwi inter¬ 
manifold transition :ind to levels at 1973 cm^', 
2014 cm 2042 cm 2052 cm ' -* 

transitions). The position of the electronic 
Raman transitions agreed within ~3cm"' 
with the position of these levels as deter¬ 
mined from fluorescence measurements[12|. 

All the crystals studied showed a broad 
Raman band with polarization in the 
low frequency region (see Table 1). Its inten¬ 
sity is more thtm one order of magnitude 
smaller than the intensity of the phonon modes 


and the intensity of this line is independent of 
temperature. We suggest that this band be 
assigned to a two phonon transition within 
the acoustic branches of the crystals. 

Kiel, etal. found[l I] an.excessivebroaden¬ 
ing, with increasing temperature, of the 
band at 196 cm"' of CeClj. As a possible 
interpretation they suggest a 4/-electron- 
phonon interaction. We have observed the 
same broadening of this line, while all other 
observed first order Raman lines of all com¬ 
pounds have a smaller width. They are instru- 
mentally broadened and data on the actual 
line width of these modes are not available. 
So this boradening of the £i„-mode in CeClj 
seems to be the only indication of such an 
interaction, because the spectrum of a crystal 
with no 4/-levels (LaCl,,) at all or no levels 
in the investigated wavenumber region 
(EuCy are very similar to the spectra of 
crystals with many electronic levels in the 
phonon region (CeCI.,, PrClg, NdCIs). 

Ackn(>wlcJf;emenlx-Tt\e authors wish to thank Dr. J. 
Hebei of the Insiilul fur Technischc Physik, T. H. 
Darmstadt, Germany, for growing some of the crystals 
used in the investigation, and to Dr. G. Y. Chao of the 
Cicology Department of Carleton University for the 
X-ray investigation of the GdClj crystal. 
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THE EFFECT OF ALLOYING ADDITIONS OF 
PLUTONIUM AND NEPTUNIUM ON THE LATTICE 
PARAMETERS OF a-URANIUM BETWEEN 
4 AND 300°K 

J. A. C. MAKPLES 

Atomic Energy Research Establishment, Harwell. Berkshire, England 
(Received S January 1970) 

Abstract-The effect of plutonium and neptunium in solution on the thermal expansion anomaly 
in a-uranium at 43°K has been studied by X-rays. Both solutes reduce the size of the anomaly and 


the temperature at which it occurs. The results 
is inter-band transfer of electrons. 

1. INTRODUCTION 

The negative volume expansion coefficient 
in a-uranium below 43°K has been studied 
by various workers. Laquer[l] examined 
several polycrystalline specimens dilatomet- 
rically but his results were rather variable, 
probably due to preferred orientation. Bridge, 
Schwartz and Vaughn (2] used the X-ray 
powder method and, while their lattice para¬ 
meters were not very accurate, showed 
that the anomaly was not due to a phase 
change. Barrett, Mueller and Hitterman[3] 
used a more elegant single crystal X-ray 
technique to investigate the variation with 
temperature of the individual lattice para¬ 
meters. They found that a and h showed 
minima with negative expansion coefficients 
in these directions on cooling below 43°K. 
On the other hand, there was no minimum 
in the c-direction, the expansion coefficient 
actually increasing to a more positive value 
below 43°K. In addition these changes were 
correlated with variations in the atom position 
parameter y. 

A dilatometric study by Hough, Marples, 
Mortimer and Lee [4] showed a volume ex¬ 
pansion on cooling that agreed well with 
the X-ray results and also that it was possible 
to suppress the transformation by quenching. 
Andres [5] determined the principal expansion 


support the theory that the cause of the anomaly 

coefficients between 1-5 and lO^K, by 
a capacitance technique and demonstrated 
that the electronic contributions to these 
were in the same ratio as the anomalous 
changes in lattice parameter between 0-43‘’K. 
Hence he deduced that the latter were due 
to changes in the cohesive energy of the 
electrons rather than to a lattice effect. 

In addition papers have been published 
showing anomalies in Hall coefficient [6], 
elastic moduli [7,8], electrical resistivity 
[6, 9-11], magnetic susceptibility[12], speci¬ 
fic heat [13] and thermal conductivity [14] 
at about 43°K. Geballe el a/. [15] have 
sought to explain these anamolies and to 
relate them to the observed variation of 
superconducting critical temperature with 
pressure [16,17] and to the difference in 
Tc between single and poly-crystal specimens, 
on the hypothesis that, below 43°K, 0 04 
electrons per atom were transferred from 
the conduction band to a localised, non¬ 
bonding 5/ band. This would, (a) lead to 
an expansion of the lattice, the effective 
size of the atoms being increased and the 
strength of the bonding reduced and (b) 
inhibit the occurrence of superconductivity 
which is thought to be incompatible with 
the presence of f electrons. This electron 
transfer would be prevented by pressure 
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thus explaining the rapid rise of with 
pressure. Further it is assumed that in 
polycrystalline specimens, anisotropic ex¬ 
pansion leads to the generation of a pressure 
network in the grain boundaries which is 
responsible for the observed filamentary 
superconductivity. 

In these circumstances it was thought 
that it would be useful to study the effect 
of alloying on the dilation anomaly. Plutonium 
[18] and neptunium[ 19| are the only elements 
which dissolve to any extent in a-uranium 
[20], the solubilities being about 10 per cent 
for plutonium and over 40 per cent for nep¬ 
tunium; the effect of both these solutes 
has been examined. 

a. EXPERIMENTAI. 

The samples were in the form of poly¬ 
crystalline buttons about 20 mm dia. and 
weighing about I2g. These were made by 
arc melting and were exiimined in the as-cast 
state, the necessary flat, strain-free surface 
being obtained by grinding and then elec- 
Iropolishing. 

The uranium used had a total metallic 
impurity content of about 40 ppm of which 
about 25 ppm was silicon, while the plutonium 
contained about .100 ppm total impurities 
of which about 60 ppm was tungsten. The 
available neptunium was far less pure, 
— —99-4 per cent —but it was only used in 
fairly dilute solution. The specimens were 
analysed for plutonium but the maximum 
deviation from the ‘weighed out' compositions 
was found to be negligible —less than I 
per cent of the plutonium content. 

1 ’he samples were extimined using copper 
K(x X-rays in a cryostat attached to a Hilgei 


and Watts diffractometer. Temperatures 
were measured by gold-cobalt vs. ‘normal’ 
silver thermocouples clamped to the opposite 
surface of the sample by a backing plate: 
temperatures are thought to be accurate 
to ± l°K. Typically the angular positions of 
about 40 reflections between 50 and 145° 
26 » were measured and a computer programme 
[21] based on Cohen’s method [22] used 
to calculate the lattice parameters. Although 
the cryostat was centred to the diffractometer 
axis before each experiment there was usually 
a slight residual misalignment which was 
eliminated using the cos 0 cot ff extrapolation 
function. The probable errors in the lattice 
parameters as shown in the diagrams are 
derived from the scatter between the various 
reflections. 

3. RESULTS AND DISCUSSION 
(a) Pure uranium 

The lattice parameters obtained for an 
unalloyed specimen are shown in Fig. 1 
and the cell-volumes in Fig, 2. 

Quantitatively the results agree with the 
work of Barrett et «/. [3] but for each para¬ 
meter the change is rather smaller, as is 
shown in Table 1. 

The reason for the discrepancy is not clear 
but may be due to the effect of small amounts 
of impurities. The agreement between the 
present work and the dilatometric work 
of Hough el at. [4] is however good, although 
the samples were not from the same source. 

Apart from the slight relative movements 
of some of the reflections caused by the aniso¬ 
tropic nature of the transformation no change 
in the X-ray pattern was observed at any 
temperature: the changes in intensity in 


I'uhle I. Cha/ifiex in laltice parameters and cell 
volume in u-uraniurn between 50 and 4-2°K 


-v a b c V 


Prccnlwoik +0(K»63A +0 0019 - 0 0034 0 154 

Rer.I3] +0 0080 + 0 0023 - 0 0047 0 18.5 
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Table 2. Comparison of relative volume 
changes in a-uranium between 50 and 4-2°K 
obtained by different techniques 



Present work 

Ref. [31 

Ref. [4] 


0-00188 

0-00225 

0-00189 

y 

(X-rays) 

(X-rays) 

(dilatometer) 


some reflections caused by the variation 
in the y parameter[3] were not significant 
in the polycrystal technique used. The 
observed reflections remained sharp at all 
temperatures and there was no suggestion 
of line splitting. This would have been 
observed if a two phase (a + oo) region had 
existed between 20-35°K as proposed by 



Fig. 1. Variation of lattice parameters with temperature for «-uranium. 
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Fisher and Dever[8| to account for their 
elastic moduli results (a(, denotes the low 
temperature modification of a). Such line 
splitting would have been readily observed 
since the changes in line position on trans¬ 
forming from a at 4.1°K to at 4'’K are quite 
large, e.g. for (213) the change in 20 is 
0-4° —about the same as the separation 
between the /Co, and /C 02 reflections at 
that angle (- 124°). 

An approximation to the energy involved 
in the transition may be obtained from the 
total volume change. If the 5-5 at% plutonium 
alloy (see below) is assumed to demonstrate 
normal behaviour then the volume change 
(AF) in transforming from o to a„ at 4°K 
may be calculated. The energy difference 
is; 


where V = the cell volume (82-OA^) 

X = the volume compressibility 
(1 -2 X 10“’^ cm^/dyn) 

AF = 0-23A'' 

whence AE = 40 J/g.atom. 

This compares with AE = 7-8 J/g.atom deter 
mined from the excess specific heat in the 
43‘’K region (13J. The difference between 
these two figures is not surprising in view 
of the approximate nature of the calculation 
and the large —and to some extent uncertain — 
variation of the compressibility with tem¬ 
perature. 

Comparison of the V vs. T curves foi 
pure a-Uranium and for U 5-5 at% Pu 
also shows that a-Uranium deviates from 
‘normal’ expansion behaviour well above 
43°K. This also occurs in some other proper¬ 
ties, notably the specific heat[13J. 
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(b) Uranium plutonium alloys 

Plutonium in solution has two effects 
on the anomaly. These are shown in Figs: 
3 and 4 where the cell volume and the 
'a' parameter are plotted against temperature 
for. the various alloys used. In these figures 
the results for all the alloys have been 
‘normalised’ at 7TK to the 5-5 at% Pu 
curve to eliminate the effects of composition 
at this temperature and to remove small 
systematic variations between the various 
runs. The effect of plutonium additions 
on the other parameters was similar but 
not so clear cut as the parameter changes 
were smaller. 

As the concentration of plutonium was 
increased the temperature at which the 
minimum occured was progressively reduced. 
The temperatures obtained from both 
y vs. T and 'a' vs. T curves are plotted against 
composition in Fig. 5. For the higher con¬ 
centrations where the size of the anomaly 
is small there is considerable uncertainty 
in the temperature because it was difficult 
to decide where the two branches of the 
curves met. 

The second and more obvious effect of 
plutonium is to reduce the size of the anomaly. 
This occurs in all three parameters and so the 
results are only shown for the cell volume 
and the a parameter where the experimental 
scatter is least. These are plotted against 
plutonium concentration in Fig. 6. To obtain 
these figures it was necessary to determine 
a reference line; this would be provided 
by an alloy in which the anomaly was com¬ 
pletely absent and which behaved normally, 
with the expansion coefficient increasing 
steadily with temperature. The 5-5 at% 
plutonium alloy was selected for this since 
no unusual behaviour was found in any of 
the parameter vs. temperature plots. The 
results shown in Fig. 6 are therefore obtained 
by subtracting the cell volume or lattice 
parameter at 4'2‘’K for the 5-5 at% plutonium 
alloy from the normalised value at this tem¬ 
perature for the other alloys. 


The observed behaviour is consistent 
with the electron transfer theory of Geballe 
et a/.[15]. For transfer to the localised 
5/ band to occur it must be assumed that 
this band is reduced in energy as the tem¬ 
perature is lowered and that the lower energy 
edge of this band crosses the Fermi surface, 
near 43°K, where electron transfer starts: 
this band is further lowered in energy with 
further reduction in temperature from 
43‘’K to about 20°K. Below 20°K, however, 
as shown in Fig. 2. and in Refs.[l], [3] 
and [4], little further increase in volume occurs 
and it can be assumed that the occupancy 
of the 5/ band does not change significantly 
below this temperature. 

On the Zachariasen scheme of valencies 
[23], plutonium has 3 non-bonding 5/ elec¬ 
trons. and only 5 valency electrons compared 
with 6 for uranium. With the size factor 
small, only about 3 per cent, it is assumed 
that to a first approximation the effect of 
plutonium in solution is to lower the Fermi 
level, the band structure remaining unaffected. 
In the alloys therefore the uranium /-band 
lies further above the Fermi level and a lower 
temperature must be reached before it is 
sufficiently lowered in energy to touch the 
Fermi surface: i.e. the temperature at which 
the anomaly occurs is reduced. Further, 
the overlap with the Fermi surface at 4°K 
will be less in the alloys and fewer electrons 
will be transferred: thus the size of the 
anomaly will also be reduced. Adding 
4at% plutonium reduces the electron to 
atom ratio by 0-04 and this (Fig. 6) is suffi¬ 
cient to suppress the anomaly completely 
in quantitative agreement with the Geballe 
hypothesis. This addition is sufficient to 
reduce the temperature at which the tran¬ 
sition starts to about 20°K in agreement 
with the suggestion that little change in the 
occupancy of the 5/ band occurs below this 
temperature. 

(c) Uranium-neptunium ailoys 

The results for these alloys are difficult 




TCM^ERATUAC, 

Fig. 3. The variaiion of cell volume with temperature in some uranium-plutonium alloys (normalized at 77°K). 
















THE EFFECT OF ALLOYING ADDITIONS OF PLUTONIUM 


2429 


to interpret because at the lowest tempera¬ 
tures they become ‘two phase'. On cooling, 
the cell volume and lattice parameters 
behaved in a manner similar to those for 
pure uranium metal or for the plutonium alloys 
until a few degrees below the a/ao transition 
temperature. Then some of the X-ray reflec¬ 
tions split into two components, both however 
remaining reasonably sharp. The extra lines 
could be indexed on a second orthorhombic 
cell (oo') with parameters slightly different 
from the main one, giving a rather larger 
cell volume. The intensities of the ao' lines 
did not vary systematically either for any 
one alloy at a given temperature or with 
composition. 

The normal «« parameters behaved like 
those of in the U-Pu alloys. The size 
of the dilation anomaly decreased with 
composition to zero at about 3-5 at% nep¬ 
tunium (Fig. 6). Similarly the temperature 
of the a/a„ transition decreased with alloy 
content although rather irregularly due to 
experimental uncertainty. 

The «(,' parameters for the 0-7 at% nep¬ 
tunium gave a cell volume at 4°K rather larger 
than that for pure ao uranium but this was 
reduced at higher neptunium concentrations. 
The significant difference between ao and 
ao' occurs in the *«’ parameter. 

The lattice parameters at 4“K of both 
ao and ao' for the neptunium alloys are given 
in Table 3. 

The possibility that the line splitting is 
attributable to specimen inhomogeneity 


is ruled out by the sharpness of the X-ray 
reflections and the fact that this effect was 
never observed in C/-Pu alloys produced in 
the same way. Nor could it be accounted 
for by a transition to a monoclinic structure 
as occurs for instance in some f/-Nb alloys 
at room temperature (24): some of the line 
splitting (e.g. that of (200)) was incompatible 
with this suggestion. 

The most likely explanation for this 
behaviour is that it is due to a shear trans¬ 
formation occurring in only some of the grains 
of the cast specimen and brought about 
by the strain produced by the anisotropic 
a/ao transition. Why such a shear trans¬ 
formation should occur in the neptunium 
but not in the plutonium alloys is not clear. 
Neptunium with a size factor near zero, 
a valency of 6 and only one / electron is 
more similar to uranium than is plutonium. 
It could be that chemical purity is an Impor¬ 
tant factor since the neptunium used con¬ 
tained considerably more impurities than 
either the uranium or the plutonium. 

(d) Possible effect on the superconducting 
transition 

As noted above, it has been postulated 
[15-17] that tto uranium is not a super¬ 
conductor, its apparent superconductivity 
being due to filaments of a, stabilised at the 
lowest temperatures by pressure. Under 
a pressure of lOkbar the a/ao transition is 
suppressed and a is found to be a bulk 
superconductor with a 7p of about 2°K. 


Table 3. Parameters of Alloys at 4°K 



u 

UO0-73al%Np 

U l-74at%Np 

U 3-25 at9f Np 

«« a 

2-8427 ± 0001 

2-84I0+-000I 

2-8380 ± 0001 

2-8329± -0001 

h 

5-8659 ± -0004 

.S-8635 ± -0005 

5-8609 ± 0005 

5-8604±0004 

c 

4-9337 ±-0002 

4-9354+-0004 

4-9353 ± -0003 

4-9347 ± 0004 

y 

82-270 +-007 

82-22 ±02 

82-09 ± -01 

82-09 ± -008 

a,/ a 


2-8511±0004 

2-8482 ± 0005 

2-8451±0002 

h 


5-878 ± 010 

5-868 ± 002 

5-866 ±-001 

c 


4-918 ±-005 

4-923 ± 003 

4-926 ±001 

V 


82-43 ±-16 

82-28 ± -06 

82-22 ± -03 
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In addition, a-phase (/-Mo alloys, containing 
more that 5 at% Mo, were found to be 
bulk superconductors below 0-8°K[25]. 
Alloying with 4 at% plutonium also stabilizes 
the a-phase and on this count one would 
expect alloys containing more than this 
concentration to be bulk superconductors 
with a Tc approaching 2°K, though small 
concentrations of solutes often seem to 
reduce and the localised 5/ electrons 
associated with the plutonium atoms may 
also have this effect. 

This series of alloys thus offers the possibi¬ 
lity of establishing unambiguously whether 
or not the occurrence of superconductivity 
is associated directly with the a-phase. 
Experiments are in hand to resolve this 
question. 

(e) Relation with anomalies in other proper¬ 
ties 

The electron transfer hypothesis adequately 
describes the changes in lattice parameters 
with temperature and with alloying additions 
and also the effect of pressure on the super¬ 
conducting critical temperature. However, 
the magnetic su.sceptibility results suggest 
that the number of/electrons per atom cannot 
be as high as 0 04, if the moments are ran¬ 
domly oriented [12] and the small specific 
heat peak is suggestive of a co-operative 
phenomenon [13]. Further the elastic moduli 
vs. temperature curves for polycrystalline 
uranium [26] are of basically similar shape 
to those found for a-manganese[27] and 
for praseodymium and samarium[28] where 
the transitions are known to be magnetic 
in origin. It seems most probable then that 
the electron transfer to the 5/band is accom¬ 
panied by some type of spin alignment [29]. 
It is possible that the reduction in energy 
of this band, necessary for the electron trans¬ 
fer, is caused by its division into magnetic 
sub-bands and that it is one of these which 
is populated below 43°K. 
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AN X-RAY STUDY OF THE STRUCTURES OF 
UN, UP, US AND USe AT CRYOGENIC 
TEMPERATURES 

J. A. C. MAKPLES 

Atomic Energy Research Establishment, Harwell, Berkshire, England 
(Received 29 December 1969) 

Abatract-The structures and lattice parameters of the compounds UN, UP, US and USe have 
been determined between 4°K and BOO'K. UN has a negative expansion coefficient below the Neel 
temperature <52°K) and UP, while showing no change at its N6el temperature (I22°K). exhibits a 
small expansion anomaly at 22°K. US and USe both become rhombohedral below their Curie tem¬ 
peratures (178 and 160°K). The lattice distortion may be correlated with published magnetisation 
results. 

1. INTRODUCTION measurements by Gardner[9] showed an 

At room temperature the mononitride, phos- abrupt decrease in the susceptibility below 
phide, sulphide and selenide of uranium all 20°K. This change was tentatively ascribed 
have the B\, face-centred cubic rock-salt to an ‘unidentified change in the electronic 
structure. UN and UP are known to be anti- ground state'[6], 

ferromagnetic with Neel temperatures (Tn)o{ US is ferromagnetic with a Curie tempera- 
about 52 and 122°K respectively. The varia- ture of ITS'K. Westrum has studied the 
tion of the specific heat of UN with tempera- specific heat [10] and Kazmierowicz [ 11} the 
ture has been studied by Counsell et a/.[l] galvanomagnetic properties—magnetisation, 
and by Westrum and Barber [2] who found a magnetoresistance and Hall effect. Wedge- 
small peak at The magnetic susceptibility wood [12] showed that below the Curie 
has been investigated by Anderson and temperature the magnetic moments were 
Dell[3] 8ind the thermo-electric power and aligned along the (111) direction and sug- 
resistivity by Costa et a/.[4]. Curry [5] deter- gested that this caused the symmetry to 
mined the magnetic structure by neutron change to rhombohedral. This was confirmed 
diffraction and showed that the ordering was by Wilson [12] in a preliminary X-ray examina- 
of type 1 with the moments of the uranium tion. The magnetisation was also studied by 
atoms arranged in opposed ferromagnetic Chechemikov[13]. 

sheets. USe was likewise shown to be ferro- 

The specific heat of UP has been deter- magnetic by Trzebiatowski[14] with a Curie 
mined by Counsell et £?/.[6] and the mag- temperature of IbO^K whilst Chechemikov 
netic susceptibility by Albutt et a/.[7]. studied the magnetisation [13] and Takahashi 
The specific heat has a peak at the Neel and Westrum the specific heat[16]. The easy 
temperature and an extra, very sharp axis magnetisation has not been deter- 
peak at 22-5°K. Curry[8], in addition to mined. 

showing that the magnetic structure was The present experiments were undertaken 
the same as for UN, also found that the in order to establish the crystal structures 
intensity of the magnetic reflections in- below the magnetic ordering temperatures 
creased markedly below this temperature and to determine whether changes in expan- 
(22-5°K). Further, magnetic susceptibility sion coefficients occurred. 
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2. EXPERIMENTAL 

The various samples were, using CuKa 
radiation, X-rayed in a cryostat which fits 
onto a standard Hilger and Watts diffracto¬ 
meter. The samples, in powder form, are glued 
onto a 2 mm thick metal mounting plate with 
shellac which was chosen as a cement because 
it has no X-ray pattern in the 26 range of 
interest. The sample and mount are screwed 
into a copper holder which is soldered to the 
lower end of a connecting tube on the bottom 
of the liquid helium (or nitrogen) container. 
Temperatures are measured by gold-cobalt 
versus 'normal' silver thermocouples whose 
junctions are trapped between the mounting 
plate and a second backing plate. Tem¬ 
peratures, other than 4-2‘’K (with liquid 
helium in the inner container) or 77°K (liquid 
nitrogen), were obtained by passing a current 
through a heater wound on the copper holder. 
This vapourises the liquid in the connecting 
tube which then provides a poor conduction 
path to the liquid in the main cj^ntainer. The 
specimen temperature can then be controlled 
to about ± TK using a normal temperature 
controller, with the connections reversed, 
operated by one of the thermocouples. 

Temperature measurement is thought to be 
accurate to ± TK below I00°K and to ±2°K 
above this temperature. The specimen is 
surrounded by two radiation shields, an outer 
one at 77‘’K and an inner one at either 4-2 or 
77°K. depending on the refrigerant used. The 
X-rays reach the specimen through a nickel 
foil window—which also acts as a CuK^ 
filter—in the first of these and beryllium 
windows in the inner shield and also in the 
outer vacuum can. 

The intensity of the reflected X-rays is 
measured by a proportional counter and an 
amplifier, pulse-height-analyser, ratemeter 
and strip chart recorder system. The specimen 
was aligned to the diffractometer axis at each 
temperature but any residual error from this 
cause was eliminated by extrapolating against 
cos 6 cot 6. For the cubic substances this was 
done by a least squares method using six or 


eight lines. For US, in the rhombohedral 
phase, the pattern was indexed as hexagonal 
and the parameters calculated by a computer 
program[17] based on Cohen’s method[18]. 
The resulting parameters were then converted 
to rhombohedral (cell side and inter-axial 
angle). 

The UN and UP samples used were taken 
from batches prepared for specific heat 
measurements and details are given in Refs. 
[1] and [6]. Briefly, the UN contained 
0-14 wt. % O, presumably in solid solution 
as no UO.j X-ray reflections were observed 
and the oxygen solubility is thought to be 
higher than this[1,2,19]. The UP contained 
0-21 wt. % O, probably not in solution since 
a faint UOj (111) reflection was observed 
and the oxygen solubility is very low[20]. The 
UN contained ~ 400 ppm metallic impurities, 
the UP ~ 30 ppm. 

The US was part of a batch obtained from 
Le Centre d'etude de I'energie nucleaire. 
Mol, Belgium. Analysis showed that the 
oxygen content was less than 0-1 wt. %. The 
sulphur content was ]F7±0-2wt. %; the 
stoichiometric value is ll-85wt. %. No 
second phase was detected by X-rays. 

USe was made by reacting high purity 
U (~ 40ppm total impurities) with Se (~ 5 
ppm) in a glass tube at 700°C, pressing the 
powdered selenide formed into a pellet which 
was then argon arc melted. The resulting 
bead was crushed and some unreacted 
uranium removed—it did not of course 
crush. The USe was then made into the X- 
ray specimen in the way described above. 
This material was less satisfactory than the 
other three because it was not as well crystal¬ 
lised and gave a slightly 'blurred' X-ray 
pattern: the a, and aj reflections were 
resolved however at the higher angles. 

3. RESULTS 
(a) Uranium nitride 

The lattice parameter vs. temperature 
curve is shown in Fig. 1. The error bars shown 
represent the probable error derived from the 
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Hig. 1. Variation of lattice parameter with temperature for UN and UP, 


‘least squares’ extrapolation. Whilst these 
are thought to be valid during the course of 
a run, the absolute error is probably rather 
larger. The most notable feature of the results 
is the change to a negative expansion coeffi¬ 
cient below 51°K. The agreement is good 
between this temperature and the Neel 
temperature (52°K) determined from specific 
heat measurements [ 1 ]. 

(b) Uranium phosphide 

The lattice parameter vs. temperature plot 
is also shown in Fig. 1, In contrast to UN 
there is no significant change in the expansion 
coefficient at the Neel temperature but at 
about 22“K there is either a step change in 
the lattice parameter or a change in expansion 
coefficient, again to a negative value. The 
effect is in any case quite small, about 1 
part in 20,000; not much larger than the 
probable error in the results. 


(c) Uranium sulphide 

Below the Curie temperature, HS'K, the 
moments on the uranium atoms are aligned 
along the (111) direction, causing the struc¬ 
ture to change to rhombohedral. The change 
in rhombohedral angle is plotted against 
temperature in Fig. 2. As the temperature 
is reduced below T^, a decreases rapidly at 
first, though not apparently discontinuously, 
and then more gradually until at 4°K it reaches 
89-6°. Over most of the range a was deter¬ 
mined from measurements on about 20 lines 
as described above, but just below it was 
felt to be more accurate to measure the 
separation of just_one pair of well resolved 
lines—(420) and (420) —and to use these to 
calculate a, since the small deviation from 
90° produces a marked line splitting. The 
behaviour of line (420) over a range of 6°K 
is shown in Fig. 3; at 174°K the value of 
a is 89-88°. US also shows a change in expan- 
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TeMPEB»TUBE 'K 

f ig. 2. Variation of interaxial angle with temperature for US and USe. 

sion coefficient at the Curie temperature. This of the a, and components. Otherwise the 
is shown in Kig. 4 where cell volume is plotted behaviour is very similar to US except that 
against temperature: cell volume is used the change in interaxial angle is smaller by 
rather than lattice parameter to allow for the about 20 per cent. The variation of cell volume 
change in inter axial angle. Above Tr the with temperature is shown in Fig. 4. The ‘step’ 
linear expansion coefficient is lO-.Sx 10 ®/°K; at the Curie temperature of about 1 part in 
below, 2-1 X 10 1000 may be produced by the additional 

broadening of the lines when the inter-axial 
(d) Uranium selemde angle is only just below 90°. 

As noted above, the easy direction of 
magnetisation has not been determined but *■ DISCUSSION 

it is presumed to be the same as in US The uranium atom has six electrons outside 
because USe also becomes rhombohedral the radon core. In the metal, these are 
below the Curie temperature. The change thought all to lie in a combined 6d Is valency 
in inter-axial angle is shown in Fig. 2. The band, although the 5/ band is probably only 
X-ray reflections were not as sharp as for the just above the Fermi surface: it has been 
US specimen and the variation of a near T, suggested that transfer of electrons to this 
could not be determiaed due to the overlap band is the explanation of the 43°K expansion 




Fig. 3. DUTractometer traces illustrating the splitting of the (420) reflection at the cubic to rhombohedral transition 

inUSatl79’K, 


anomaly [21]. In the compounds, the 5/ that the results for the individual corn- 
band is lowered in energy to overlap the pounds will be discussed. 

Fermi surface and is partly occupied[7]: 

these 5/ electrons are localised on the uranium (a) ^ranium nitride 

atom and, since their spins are not com- Many antiferromagnetic materials have a 
pensated, are the source of the magnetic negative magnetic Gruneisen parameter [22], 
properties. It is against this background leading in some cases to an overall negative 
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I IS. 4 VarialKmof cell volume with temperature for IJ S and USe. 


expansion coefficient, particularly at the 
lowest temperatures. A good example is 
a-mangancse which has a negative expansion 
coefficient proportional to T below the 
Neel temperature (9.S‘’K)!22,23). In the 
present case the lattice parameters for 
UN below the Neel temperature, plotted 
against T“, also lie on a straight line (Fig. .5) 
showing that here too the expansion coefficient 
is proportional to T. The data can be re¬ 
presented by: 

«= (4'8834O±0-O0flO2)-(2-05±0-15) 

X 10-^ P and a = - (8-4 ± 0-6) X 10-“ T. 

(b) Uranium phosphide 

In contrast to UN, UP shows no sudden 
change in expansion coefficient at the Neel 
point-less than ±0-2 X lO'TK in 6-OX 10-*/ 
“K (Fig. 1). Both UN and UP have the same 


magnetic structure whilst the magnetic 
moment and tjje entropy and enthalpy of 
the transition are all greater for UP (Table 1). 
[1,61 and might be expected to indicate a 
greater not a lesser interaction in UP. The 
lattice parameter of UP is, however, rather 
larger than UN and consequently the U-U 


Table 1. Data for UN and UP 
(Refs, [i] and[6]) 



UN 

UP 

Magnetic moment 
(Bohr magnetons) 

0-75 

1-7 

Entropy of transition 
(cal. mole'' Ueg"‘) 

015 

0-74 

Heat of transition 
(cal. mole”*) 

71 

87-3 

Lattice parameter (A) 

4-89 

5.59 

U-U distance (A) 

3-46 

3-95 

■y(cal. deg-'mole"') 

8-1 X 10-= 

2-3 X 10 -= 

j8(cal. deg-^ mole ') 

4-4 X lO " 

8-2 X lO " 
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Fig. 5. The lattice parameter of UN plotted against the square of the absolute temperature. 


separation is greater. Thus the overlap of the 
5/ electrons orbitals from neighbouring U 
atoms will be less for UP and the inter¬ 
action between them correspondingly weaker. 

UN and U P also differ in their low tempera¬ 
ture specific heats. If the electronic and 
lattice terms are separated in the usual 
manner. 

C„ = yT + ^T^ 

it can be seen (Table 1) that the electronic 
contribution and hence also the density of 
states at the Fermi surface is about four 
times higher in UN than in UP. The most 
likely cause of this is that the Fermi surface 
lies near the peak of the narrow uranium 5/ 
band in UN. If the antiferromagnetic ordering 
stabilises the 5/ band with respect to the 
valency band then some transfer of electrons 
to the 5/ band will occur, expanding the 
lattice both because of the enlargement of the 


uranium atom (the 5/ electrons are assumed 
to be localised) and because of the correspond¬ 
ing weakening of the bonding. Following 
Geballe et and comparing the change 

in atomic radius derived from lattice para¬ 
meter measurements with the atomic radii 
for 5- and 6-valent uranium it can be shown 
that the necessary electron transfer is only 
0-009 electrons per atom. A redistribution 
of electrons among the available orbitals 
has previously been suggested [1] for UN as 
an explanation of the low entropy change 
observed at Ts and of the changes in electrical 
resistivity, magnetic moment and thermo¬ 
electric power. 

With a lower density of states at the Fermi 
surface in UP, (the electronic specific heat 
is much smaller) the interband transfer 
would be expected to occur to a much lesser 
extent —or not at all —and no change in 
expansion coefficient is observed. 

The cause of the small contraction on heat- 
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ing UP to 22®K is obscure. It coincides with 
a very sharp specific heat peak [6], about 
^ the size of that at T^, whilst on heating 
through 22°K, the magnetic reflections in the 
neutron diffraction pattern were decreased 
in strength by 20 per cent[8]. The suggestion 
[6] that it corresponds to a change in the 
electronic ground state is quite plausible. If 
the number of conduction electrons was 
slightly reduced as a result, the decreased 
bonding would give an expansion. 

(c) Uranium sulphide 

Qualitatively, the rhombohedral distortion 
in US below the Curie temperature is ob¬ 
viously consistent with the magnetic struc¬ 
ture determined by Wedgewood, the spins 
on the U atoms being aligned along the (111) 
direction. Becher and Ddring[24] have shown 
by considering dipole —dipole interactions 
in a cubic lattice, that the longitudinal value 
of the magnetostriction, X,i,, is proportional 
to (the molecular field approximation 
also results in the anisotropy energy being 
proportional to M/[25]). Doring[261 showed 
that this proportionality is obeyed for nickel, 
although the relationship for iron is more 
complicated. For a small rhombohedral 
distortion to an interaxial angle a = 90 —6, 
it can be shown by simple trigonometry that 
X,,, = 8. Thus, if the U atoms can be treated, 
to a first approximation as interacting dipoles. 
SaMs‘. 

Kazmierowicz [ 11 ] determined the satura¬ 
tion magnetisation at four temperatures; 
4, 77, 112 and I69°K. Using the first of these 
to normalise the others to the a vs. T curve, 
the three points shown in Fig. 2 are obtained. 
The.se are in good agreement with the experi¬ 
mental curve. Chechemikov [ 14] determined 
the magnetisation from 77°K upwards and 
this temperature was used to normalise the 
results. Further his results did not extend to 
high enough fields to cause saturation and 
were extrapolated to determine the saturation 
values. The derived points are in good agree¬ 
ment with the experimental curve below 


fSO^K although above this there is some 
deviation. This satisfactory agreement 
suggests that it may be justified in this instance 
to treat the lattice of U atoms as interacting 
dipoles. 

(d) Uranium selenide 

A similar treatment of Chechemikov’s 
magnetisation results [14] for USe again 
yielded reasonable agreement with the a vs. T 
curve (Fig. 2) although the scatter was rather 
greater than before. 

The distortion observed in USe was about 
20 per cent less than in the sulphide. The 
reason for this may well lie in the larger 
lattice parameter (5-740 A as against 5-486 A), 
that is in the greater separation of the 5/ 
orbitals. 
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THERMODYNAMIC PROPERTIES OF SOLID Ar, Kr 
AND Xe BASED UPON A SHORT RANGE CENTRAL 
FORCE AND THE IMPROVED SELF-CONSISTENT 
PHONON SCHEME 


M. L. KLEIN 

Division of Chemistry, National Research Council of Canada. Ottawa, Ontario. Canada 

and 

V. V. GOLDMAN and G. K. HORTON 
Department of Physics, Rutgers University, New Brunswick, N.J. 08903, U.S.A. 

(Received 5 January 1970) 

Abstract—The thermodynamic properties of solid /\r, Kr and Xe are investigated within the frame¬ 
work of the self-consistent phonon method. We have used a central two-body potential of the Mie- 
Lennard-Jones type. The lowest order self-consistent scheme, the so-called self-consistent phonon 
harmonic approximation (.SC), is shown to be inadequate. The effect of including, in the Helmholtz 
free energy, the leading terms omitted by the sea is examined in detail and a comparison is also made 
with our earlier work based on the Born-von Karman approximation. We find substantial differences 
between the results based on different approximations to the free energy. 


1. INTRODUCTION 

In a recent paper[l] the conventional 
perturbation expansion of the partition 
function was used to examine the thermo¬ 
dynamic properties of an fee lattice with 
nearest neighbor central two-body forces. 
Specific application was made to the ideal 
noble gas solids Ar, Kr and Xe. Above about 
one third of the melting temperature of these 
solids, anharmonic effects, as determined 
from the leading anharmonic terms, were 
found to be unrealistically large. The results 
were interpreted as a break-down of the 
familiar Bom-von Kdrman theory of lattice 
dynamics as.sociated with large (>6 per cent) 
r.m.s. amplitude vibration of the atoms 
comprising the lattice. 

The pioneering work on the problem of 
large amplitude vibrations in solids was first 
presented by Bom [2] and further developed 
by Hooton[3]. Their work was primarily 
concerned with solid He. It was not followed 
up largely because the required computing 
facilities have become available only recently. 


Various formulations of different aspects of 
the theory have been presented by Choquard 
[4], Koehler[5). Plakida and Siklos[6], 
Boccara and Sarma[7], Homer [8] and others. 
The theory has come to be known as the 
method of self-consistent phonons. The most 
comprehensive development is to be found in 
the work of Choquard [4], The lowest order 
scheme, called the self-consistent harmonic 
approximation (SC) has been applied to solid 
Ar and Ne by Gillis. Werthamer and Koehler 
[9], In this order, odd derivatives of the 
interatomic potential do not appear in the free 
energy. Since these terms are known[l] to be 
important in all noble gas crystals, a meaning¬ 
ful description of their crystal dynamics must 
include such terms. This leads us to the imple¬ 
mentation of Choquard’s second order self 
consistent scheme. The application of this 
scheme to a realistic crystal model will require 
considerable computational sophistication and 
as yet has not been attempted. In this paper we 
will show that it is likely that a full second- 
order calculation will be needed to understand 
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the very high temperature properties of solid 
Ar, KrandXe. 

In the meantime, we further explore the 
content of a theory [10] which only retains the 
leading terms of the type appearing in the full 
second order scheme (ISC). Our preliminary 
results[10] for Ne and Ar were encouraging 
and we have presented our detailed applica¬ 
tion to solid Ne and its two isotopes elsewhere 
[I I). Koehler[12] has studied the problem of 
phonon energies and lifetimes in Ne using a 
similar scheme (but his particular application 
has not yet been justified). We have indepen¬ 
dently obtained related results [13] for Ar. 
In this paper we present the detailed results 
of our investigation of ISC. The relevant 
theory is presented in Section 2 and inter¬ 
atomic potentials are discussed in Section 3. 
In Section 4 we present our explicit results 
for solid Ar, Kr and Xe based on an (m-6) 
Mie-Lennard-Jones central, two-body poten¬ 
tial acting between nearest neighbors. Our 
results are compared with the available 
experimental data. We stress that our paper is 
primarily an investigation of the role of 
vibrational anharmonicity in an fee lattice 
with short range central forces and not an 
attempt to obtain interatomic potentials from 
the solid state data. 

2. IMI’ROVEO SELF-fONSISTKNT 
PHONON SCHEME (LSC) 

We are concerned with an fee Bravais 
lattice composed of /V particles of mass M. 
l et the position of each particle associated 
with the lattice site s be denoted by r,. In 
terms of the displacements X, from the 
equilibrium positions R, we can write for the 
position coordinates r, = R,+ X,. Thus we 
obtain for the Hamiltonian of the crystal 

w = S p/i2M + y(M). 

K({rs}) is the crystal potential energy which, 
in our application to noble gas crystals, will 
be composed of central two-body interactions. 
Thus 


^ « 1«9 

where </>(r) is the two-body potential. We 
expand this potential in a Taylor series about 
the equilibrium sites R, and separate the 
harmonic part V/,, which is bilinear in the 
displacements X,. and treat the remainder as 
a perturbation. 

y = Ho + v',y' = v-v^, 

and 

Ho=2p.V2M+y,. 

It 

We calculate the Helmholtz free energy 
Ffrom the expression 

-/3f =ln{/re-''"} 

where /Q = 1 /^bT and T is the temperature. 

Let us define the harmonic ensemble 
average of an operator^ by the expression 

(/4)„= {/re-»'M)/[t/-e'»«"). 

It is then easy to show that 

=ln{T„eKp{-j^ »/'(/3,) d^,))„ 

where K'(/?) is our perturbation operator in 
the interaction representation, or l/'(;3) = 
ew<.(/' q~vh,, orders time, and exp (—/SFo) = 
7rexp(—We can now expand the above 
expres.sion into cumulants xn- 

-/3(F-F„)= X 

The first three cumulants are given by 

X, = f^<y'(j8,))„d/3,. (1) 

X2 = /,f dfi,dMT,jy'(/3,)y'(M)o 

2 

~[fo ’ 


( 2 ) 



IMPROVED SELF-CONSISTENT PHONON SCHEME 


2443 


= r r /„" (J8,)^"(/3,) 

xr(/33)>0-3 /J/^'’d/3,d^x 
X <T„V"()8,)|/'(/3*)>0 dj9,<|/'(^,)>0 

-t-2[/J'd/3,<r(^,))op (3) 

When the potential V is expanded in a Taylor 
series the averages in the cumulants reduce 
to time ordered averages of products of the 


diagrams contained in each of the cumulants. 
His first order scheme retains Xi. (Fig. 1(a)), 
together with the infinite set of ring diagrams 
based on this vertex. The ring diagram series 
is represented in Fig. 2 and the contribution 
to the free energy is shown in Fig. 3(a). 
To second order, the remaining (or irreduc¬ 
ible) part of X 2 . which has not been included 
in the first order ring diagram summation, 
is retained together with its ring diagrams. 
Self-consistency is obtained by solving for 
the optimum harmonic basis which will make 


X, ~ O - o 

(a) 


Xg-O'• 

(b) 

Fig. 1. Diagraimitic representation of the terms contributing to 
the first (a) and second (b) cumulants in the expansion of the 
partition function. 


displacements. From the theorem [4] of Bloch 
and de Dominicis we know that these averages 
can be expressed in terms of averages of time 
ordered pairs only. Using diagrammatic analy¬ 
sis one can show that of the uncorrelated 
averages we have just considered only linked 
diagrams contribute to each cumulant and, 
therefore, to F. We indicate this by the 
subscript L. Thus we obtain 

x. = d/3.(r (/3,)>« = /„'’d/3, 

d/3, d/3,( r„F' (/3,) F' (/3.,) 

= d/3, d/3,<7'„{F(^,) - F,(^.)} 



Fig. 2. Diagramatic representation of the terms contribut¬ 
ing to the partition function in the 1st order ring diagram 
summation. 


( 0 ) 


+ IRIN(5S (^, 
(b) 



and so on. The cumulants are shown diagrama- 
tically in Fig. 1. Choquard has carried out a 
resummation to infinite order of selected 


Fig. 3. Schematic representation of the free energy 
expansion in 1st order (a) and 2nd order (b). (c) Examples 
of basic terms contributing to the expansion of the free 
energy in the 3rd order. 
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the contribution of the ring diagrams vanish 
in each order. We find that to first order, the 
frequencies a>^ and the eigenvectors ea(4/) 
are obtained by solving the following equa¬ 
tions self-consistently: 

[1-cos (q.Rp)]<d>afl(Rp)) 

<^1 =ea(<i/')Oaa(q)efl(qu) 

<d>aa{Rp)) = {STr’detAp)-''^’ 


leading correction to Fac coming from the 
irreducible part of Xi- This term can be shown 
to be 

PiPl <7 *^0 

+ |(A?,..(r); exp V.V.) 

x<l)(Rp,) exp V 2 V 2 jd)(Rp.)| 


X j dTexp^-|T.X.p-'.T^ 

^ 4*ali (Rp"^ '^) 

^ (q.Rp)]^ 

Xt'„((i/)ep(qj). 

The resultant free energy is given by 


where Pi, S| are lattice site labels and a = 

Ji — 


[X'p‘,'p.“-’(T)]„fl = (TplA-pVjr) -A”?, (r)) 

X W,^„(0)-n(0)))sc 


1 


2(Ua 






N 


f'sc = TS 


/3-'ln 


:,inh(^y 


X 



where ii^ = +h) and n^ = {e\p 

ilShiOn,} - ]} ' and <!>„, <l>ap, etc. are the 
tensor gradients of the two-body potential 
(}>(r). In this order of approximation the 
entropy Sm- is that for a non-interacting 
system of Bose particles with energy and 
pressure 


Pav = ~Ov) -'(NI2) Rp.V<l)(Rp). 


To this order odd derivatives do not occur 
explicitly in the theory. Choquard has derived 
self-consistent schemes in which odd deriva¬ 
tives occur explicitly in the free energy. 
However, each order has a new set of self- 
consistent equations with new renormalized 
frequencies. 


X (e p,-lXe-"'*p2-l) 

X e''"»-ep((i/)ee(qy’). 

The are the cartesian components of 

the displacement operator in the interaction 
representation. These two equations are 
formally those of Choquard’s 2nd order 
theory except that here the implicit frequen¬ 
cies are of the first order. We simplify the 
above expression further by expanding the 
exponential exp (X'^,p,: V,V 2 ) and retaining 
only the 3-phonon contribution. Thus we 
obtain 

= rdT[\?,p.(T)U 

o 3: p, ft ,7 ■'<’ 

X lX(5,p.(r)]y8[Xp,p, (rile,) ( d*Dryt(Rp,))sc 

X (<^S8T)(Rp,) )sc- 

On substituting for the X’s the time integration 
can be carried out and we find our working 
equations 

F=FS,'^-I-AF 
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and 


^(qi + <b + qa) I 


3NM» 


(l>i(02(03 


Wns ~~ 


rtirti + n2«3 + WsWi + /i, -f W; -L Wj -H 

Wi + Wj -)- (Og 


^ Sining + ngnj-riinj + na) 

O)] + 0)2 — 0)3 

<l<.23= e««.+«.+<»."L/25„(l)5<,(2)5,(3) 

^ (deafly (Rp))sc 

5a(l)=sin (qi.Rp/2)e„(qtJi)- 


This free energy has had some success in 
describing the thermodynamics of solid Ne 
and its isotopes[n], [14], In the latter case, 
however, we have a much less severe test 
because of the restricted temperature range 
of that solid (T ■= 0/3). 


3. INTERATOMIC POTENTIALS 

Much has been written[15] recently about 
the interatomic potential for the noble 
gases, particular emphasis being placed on 
the inadequacies [ 16] of the various Mie- 
Lennard-Jones type potentials. In the solid 
there is now ample evidence that many-body 
forces are present. The exact nature of the 
non-pairwise additivity is still controversial 
but for Ar there may be some evidence that 
the ‘triple-dipole’ force of Axilrod and Teller 
is dominant. The situation with Kr and Xe, 
where many-body forces are relatively 
stronger, is by no means clear; we must await 
a reliable calculation of the dielectric function. 

In this paper we want primarily to focus 
attention on the problem of how one calcu¬ 
lates thermodynamic properties of the solid 
given the interatomic potential. At the present 
time it is by no means obvious how such a 
task should be performed. Thus we have used 
a phenomenological nearest neighbor central 
potential with parameters that fit the O^K 
volume and the latent heat of the crystals [16]; 


We also have results for the 13th power in 
the repulsive term and for all neighbor forces. 
These are available on request from MLK. 
We realize fully the limitations of this poten¬ 
tial but, for the purpose of this paper, this is 
of secondary importance. It has the advantage 
that numerical calculations are considerably 
simplified and we can establish the range of 
validity of our dynamical model reasonably 
easily. Once the latter is known calculations 
based upon more realistic interatomic 
potentials would seem more appropriate [15]. 

4. RESULTS AND COMPARISON WITH 
EXPERIMENT 

The details of the numerical work were 
already described in an earlier paper[l 1] and 
will not be repeated here. Our results are 
given in Figs. 4-22, where they are compared 
with the appropriate experimental data[17]- 
[32]. We have carried out calculations based 
on Fsc and F,sc', in all cases the inclusion of 
the term Af improves the agreement with the 
experimental data both with regard to magni- 



TEMPERATURE “K 

Fig. 4. Zero-pressure lattice constant of solid Ar. ISC 
and SC are calculated for a (12-6) Lennord-Jones 
potential and F^c and Fjc respectively. The experimental 
curve is taken from Ref. [18]. PT points are taken from 
Ref.ll]. 


= e[(Ro/R^y^-2{Ro/R,V]. 
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L'lg. 7. Zero-pressure C, for solid Ar. Caption as in Fig. 4 
except that experimental data are from Refs.[19] and [23]. 


Fig. .3. Zero-prcs.sure expansivity (3 of solid Ar. Caption 
is as in Fig. 4. 



Fig. 6. Zero-pressure C,. for solid Ar. Caption as in Fig. 4 
except that experimental data are from Ref.(231. 



tude and temperature dependence. Results 
based on Fsc are, therefore, quoted only for 
Ar (Figs. 4-8). We have included some 
calculations based upon the quasi-harmonic 
approximation (QH) and conventional Born- 
von K4rman theory (PT) (including third and 
fourth order force constants in the free 


Fig. 8. Zero-pressure isothermal bulk modulus Br of solid 
Ar. Caption as in Fig. 4 except that the experimental data 
are from Refs. (17]. (18] and |21 ]. 

energy) to show to what extent these solids 
can be treated by conventional lattice dynam¬ 
ics. 
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mentaldataarefrom Refs. [I8]and[3I]. potential. potential. 
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TEMPERATURE “K 


Fig. 12. Zero-pre.ssure for solid Kr. Experimental data are from 
Ref.|22) and [2.1]. PT is from Rcf.ll] and ISC is calculated from F^r 
and a (12-6) potential. 



TEMPERATURE *K 

Fig, 13, Zero-pressure C’„ for solid Kr. Experimental data are from 
Kefs. [211 and f23J. PT is from Kef.[l] and ISC is calculated from 
Fisc and a (12-6) potential. 

Significant discrepancies with experiment especially emphasized in Fig. 22 by recent 
still exist. In particular, lattice constants and measurements of Q at constant volume[30]. 
expansivities appear to have too great a The Griineisen parameter y = (VIC„)^Br 
temperature dependence and specific heats provides the most stringent test of both the 
appear to be too small at temperatures dynamical model (high temperatures) and the 
approaching melting. This point has been choice of inter-atomic potential (low tempera- 
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TEMPERATURE »K TEMPERATURE “K 


Lig 17 Zero-pressure expansivity/j for solid Xe. Various Fig. 19. Zero-pressure Cp for solid Xe. Experimental 
experimental data are from Refs t24|-|28| and (.12). QH data are from Refs. 124] and [29]. QH and PT are from 

and PT aie from Refill ISC, the other solid curve, is Rof.ll]. ISC is calculated from F'lsc and a (12-6) potential, 

calculated from and a (12-6) potential 



TEMPERATURE ”K 

Fig. 18. Zerevpressure C,. for solid Xe. Experimental 
data arc from Refs. [24] and [29]. PT is from Ref.] I] and 
ISC is calculated from F|sc and a (12-6) potential. 


lures). The failure of our Mie-Lennard-Jones 
central potential to reproduce the observed 
low temperature Griineisen parameter for Ar 
has recently been stressed elsewhere[31]. 

Let us point out that with increasing 



0 20 40 60 80 100 120 140 160 

TEMPERATURE “K 


Fig. 20. Zero-pressure isothermal bulk modulus Br for 
sotid Xe. Experimental data are from Ref. [28]. PT is from 
Ref.(l] and ISC is calculated from F,sc and a (12-6) 
potential. 
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Fig. 21. Zero-pressure GrUneisen parameter for .solid 
Xe. Experimental data are from Refs. [24] and 126J 
(circles) and (32| (triangles). QH and PT are from 
Ref.[l] and ISC is calculated from F,^c ‘ttd a (12-6) 
potential. 


at higher temperatures because of the semi- 
perturbative nature of the method. Thus 
the investigation of Choquard’s second order 
theory, in which the frequencies are renormal¬ 
ized, would be very fruitful. 

5. CONCLUSION 

We have carried out calculations of the 
thermodynamic properties of .solid Ar, Krand 
Xe based upon a short-range central potential 
and a self-consistent phonon scheme that 
includes odd-derivatives of the potential. 
Our present results are in far better accord 
with experiment than calculations based 
upon conventional Born-von Karman theory. 
Nevertheless, as expected, our primitive 
potential is unable to account in detail for 
the whole range of properties of the heavier 
noble gas crystals though for some properties 



TCK) 


Fig. 22. for Ar at a con.stanl specific volume = 
23'5 cm^. Expt;rimentalda(a from Refs.((9], [23] and [301- 


temperatures an improved self consistent 
method becomes less reliable. This is due in 
part to the effects of higher order terms 
(4-phonon processes etc...). It is probable' 
that the inclusion of these higher terms in a 
manner such as an ISC may still be inadequate 
and some temperature and volume ranges it 


docs rather well. The difficulties with the 
improved self consistent theory at higher 
temperatures are emphasized. 
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PHONON-INDUCED HOPPING TRANSITIONS IN 
GERMANIUM AND SILICON 

ANDRZEJ MYSZKOWSKl 

Institute of Physics, Polish Academy of Sciences, Warsaw, Poland 
{Receivedli December 1969) 

Abstract-The probability of the phonon-induced electron transitions is basic for the theories of the 
hopping phenomena in Ge and Si at very low temperatures. Myszkowski and Rogala obtained the 
probability of the two-donor transitions using the adiabatic approximation and the approximation of 
the weak electron-lattice interaction. Both donor centers were assumed to be on substitutional sites 
in the same sublattice of the diamond-type crystal. Here the theory is extended to the case of the 
donor centers on arbitrary substitutional sites and, also, the previous approximations are discussed. 
The transition probability is a rapidly-oscillating function of the donor positions. The performed 
average over small regions around each of the actual positions of the donor centers does not have the 
oscillating behaviour and will be convenient in practical applications, i.e. in the theories of the macro¬ 


scopic phenomena, e.g. hopping conductivity. 

1. INTRODUCTION 

Many electrical [1-13] and optical [14-16] 
phenomena in Ge and Si crystals at very low 
temperatures are conditioned by hopping 
processes. These phenomena are observed in 
the crystals of Ge and Si lightly doped with 
the impurities of both kinds, i.e. donors and 
acceptors. We consider only the n-type 
materials with the concentration of donors 
Na higher than the concentration of acceptors 
A'a. Then the Na electrons introduced by the 
donor centers occupy all the acceptor centers. 
Therefore, only N^-Na donors are neutral. 
At sufficiently low temperatures the electrons 
on the donor centers are not excited to the 
conduction band. If the concentration of 
donors is sufficiently low then the overlaps 
of one-center wave functions are small and 
the donor states are localized. These states 
have different energies because the randomly- 
distributed acceptor centers produce local 
electric fields. Moreover, the interaction 
splits the states. Some of these states are 
ionized and some neutral; therefore, the 
electron transitions are possible. They are 
accompanied by absorption or emission of 
photons or phonons and called the ‘hopping 


transitions’. In this paper we are interested 
only in the phonon hopping transitions. 

The simplest microscopic model of the 
hopping transitions was given by Miller and 
Abrahams [6], These authors considered the 
system of two donor centers and one electron 
in an external, static electric field. The wave 
functions of the electron in the two lowest 
states were assumed as the linear combina¬ 
tions of the one-center wave functions. Miller 
and Abrahams used the variational procedure 
and obtained the coefficients of these combina¬ 
tions and the energy difference between the 
two lowest states. The distance between the 
centers of a pair was assumed to be sufficiently 
large. Both centers of the donor pair were 
assumed to occupy substitutional sites. This 
assumption is satisfied by the Group-V donors. 
Moreover, the authors assumed that both 
centers of the donor pair belong to the same 
sublattice. This assumption cannot be justified 
for randomly distributed donor centers. In 
this respect, the theory of Miller and Abrahams 
is incomplete. Moreover, the probability of 
the transition process between the two-center 
states was calculated too crudely, on the basis 
of the simplest Born-Hartree approximation. 
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Gummel and Lax [17] gave the general 
formalism of the transition probability 
between two nondegenerate electron states 
with simultaneous absorption or emission 
of phonons. They used the more appropriate 
adiabatic approximation of Born and Oppen- 
heimer. Moreover, they assumed the electron- 
lattice interaction to be weak and the per¬ 
turbing operator to be linear in the amplitude 
of the phonon wave. 

The general Gummel-Lax formalism was 
applied in paper of Myszkowski and Rogala 
[181 (hereafter referred to as I). The authors 
considered the electron-lattice interaction 
in Ge and Si crystals. The wave functions 
of the electron were assumed in a general 
form. The perturbing phonon operator was 
determined on the basis of the deformation 
potential theory. The two independent de¬ 
formation potential constants were taken into 
account, which was one of the main purposes 
of that paper. The model of an isotropic 
continuous medium was used for the phonon 
spectrum of the crystal. The longitudinal as 
well as the transverse acoustic phonons were 
taken into account. Under these assumptions 
the authors obtained the general formulas for 
the phonon distribution functions, which 
determine the transition probability. More¬ 
over, Myszkowski and Rogala considered 
the energy of the interaction of an electron 
with the crystal lattice. We quote the general 
formulas of the transition probability in 
Section 2 and, subsequently, use them in 
Section 4 to consider the case of donor 
centers on arbitrary substitutional sites. 

In paper I the authors applied their general 
formulas and the two-center wave functions 
given by Miller and Abrahams to obtain the 
transition probability between the two-center 
donor states. Only the processes with simul¬ 
taneous absorption or emission of one phonon 
were considered. To simplify the calculations 
the potential of the external electric field was 
assumed to be approximately linear in the 
region of the centers. The calculations were 
performed effectively only for the two par¬ 


ticular cases: 'high frequency’ and 'low 
frequency’ case. However, the general 
Gummel-Lax assumptions of the adiabatic 
character of the process and of the weak 
electron-phonon interaction were not dis¬ 
cussed for the two-center transitions. The 
authors calculated also the electron-lattice 
interaction energy for electron bound to 
one donor center in the lowest state. 

The purposes of our work are the following. 
We discuss the assumptions used in paper 1 
in the transition probability formalism and we 
generalize the results of that paper to the case 
of the arbitrary substitutional positions of 
the donor centers. Moreover, we average the 
transition probability over the actual positions 
of the donor centers to eliminate its oscillating 
component. 

In Section 3 we discuss the transformation 
of the one-center wave function induced by 
the displacement of the donor center from the 
first sublattice of the crystal to the second. 
The obtained results are used subsequently 
to generalize the procedure of Miller and 
Abrahams to the case of donor centers on 
arbitrary substitutional sites. 

In Section 4 we quote the results of paper 1 
for the electron-lattice interaction energy. 
Here only the lowest, singlet one-center state 
of the electron is considered. Then these 
results are used to obtain the wave number of 
phonons which interact most strongly with 
the electron bound to the donor center. In 
the following part of this section we quote 
the formulas of the transition probability 
obtained in paper 1, both in the ‘high fre¬ 
quency’ and ‘low frequency’ cases. We discuss 
the simplifying assumptions used in paper 1. 
In particular, the resulting upper limit for 
the temperature of the crystal. The previous 
results concerning the most strongly coupled 
phonons are used to obtain the adiabatic 
condition for the two-center transitions. 
Moreover, we use the value of E,,« given in 
paper 1 to obtain the condition of the weak 
electron-phonon interaction. Both obtained 
conditions restrict considerably the applica- 
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bility of the ‘low frequency’ case. On the 
other hand, these conditions are well satisfied 
in the ‘high frequency’ case. Using the two- 
center wave functions of Section 3 in the 
general formulas of Section 2 we obtain the 
transition probability in the case of the donor 
centers on opposite substitutional sites. It is 
of similar form as in the previous case (donor 
centers in the same sublattice). 

The transition probability depends on the 
distance between the donor centers R, being 
a rapidly-oscillating function of it (the oscil¬ 
lating period is comparable with the lattice 
constant). However, the formulas for the 
transition probability is used in practice to 
obtain some macroscopic effects. In these 
effects a very large number of donor pairs in 
the crystal is involved. Therefore, the oscil¬ 
lating behaviour of the transition probability 
is unimportant. Thus, we perform the approxi¬ 
mate average of the transition probability, 
both in the ‘high frequency’ and ‘low fre¬ 
quency’ cases. We consider separately the 
cases of the centers being on substitutional 
sites of the same sublattice and on opposite 
substitutional sites. The obtained formulas 
are slowly-varying functions of R and are of 
the same form for both possible arrangements 
of the centers. They are convenient in prac¬ 
tical applications, i.e. in the theories of the 
macroscopic hopping phenomena, e g. the 
impurity conduction in the hopping region. 

2. GENERAL FORMALISM 
Gummei and Lax(17| gave the general 
formalism for the electron transitions induced 
by a weak phonon perturbation. They used 
the adiabatic Born-Oppenheimer approxima¬ 
tion. The probability of the electron transition 
from the state a to the state b with simul¬ 
taneous absorption or emission of only one 
phonon of the frequency wo is 

= 2nh-^ exp i-a) [h(w„)-y*g(a>o) 

-yA'*(<i'o) -f Ir I */("«)] ’ (2-1) 

where 

a=r /(<d)dtt), (2.2) 

•r — OC 


y=f ^?(aj)dti). (2.3) 

Here tu is the phonon frequency. Positive 
frequencies correspond to the emission and 
negative frequencies to the absorption of a 
phonon. 

The functions h(cj) and g(co) are the distri¬ 
bution functions of so-called ‘kinetic phonons’. 
These phonons arise because the energies of 
the electron states are different. Here the 
equilibrium positions of the crystal atoms are 
considered to be uneffected by the state of 
the electron. The function /(to) is connected 
with ‘lattice relaxation’ phonons. These 
phonons arise because of a local deformation 
of the crystal around the electron. This de¬ 
formation consists of a displacement of the 
equilibrium positions of the crystal atoms. 
The electron transition from one state to 
another may, therefore, induce a motion of 
the crystal lattice. Hence, emission or absorp¬ 
tion of a phonon is possible. The one-phonon 
transitions, considered here, play a dominant 
roleifa « 1 [19-21]. 

ci)„ is the frequency conserving the total 
energy of the system, being the sum of two 
terms. The first term is the difference of the 
energy between the two electron states in 
nondeformed crystal lattice. The other term 
is the difference of the electron-lattice inter¬ 
action energy in these states. Because the 
second term is very small (of the order of 
magnitude of . 5) [ 14] for the two-center 
donor states (which are considered in this 
paper) it can be neglected. Then we have 

hwo-- E„{0)-E,{0) = AE^, (2.4) 

where £„(0) and £(,(0) are the energies of the 
electron in the states a and b, respectively, 
in nondeformed crystal lattice. The extension 
of that formalism on the non-adiabatic 
processes was done by Takeyama[21]. 

In paper 1 the general Gummel-Lax formal¬ 
ism was applied to the problem of the inter¬ 
action of electrons with the acoustical phonons 
(both longitudinal and transverse) in Ge and 
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Si crystals. The wave functions of the electron 
states were assumed in the general form 

Ua(T) = i /=■„«'(r)<D«>(r), (2.5) 

i-\ 

and 

utir) - 2 FA“'(r)4><«(r). (2.6) 

Here <I>'"(r) is the Bloch function correspond¬ 
ing to the j-th minimum of the conduction 


band. The functions Fo‘**(r) and 
change slowly as compared with the Bloch 
functions. The sum is performed over all the 
minima of the conduction band (4 for Ge, 6 for 
Si). The crystal temperature was assumed 
to be very low as compared with the Debye 
temperature. This makes possible to approxi¬ 
mate the acoustical phonon spectrum by the 
spectrum of an isotropic continuous medium. 
Under these assumptions the distribution 
functions were obtained in the form 


^ [|u,.-*[Hd + H„(k"'.ft)^][H, + H„(k<^>.ft)n 

X [<jF„<'>(r)| exp(/i^ft . r)|F,'->(r))-^F„'‘>(r)| exp(/^ft . r)|F„“>(r))] 

X ^FVJ'(r) exp^-i-l^fl. r^jFfc'^(r)^-^FV^'(r)| exp(-<-l^ft . r^|F„'^(r)^j 

1),k<‘'. n) (k<^’. a) [(k<'>. k‘J>) - (k'''. ft) (k'" . n)] 

X ^Ffi*'’(r) exp^/'-^ft . r^|F6"’(r)^-^Fa">(r) exp^i-^ft . rjjF„‘"(r)^j 
X [(F,;^'(r)| exp(-/^ft . r)|Fft'"(r)) 

cxp(-iJ^ft .r)|F.,‘J'(r)^jjdft, (2.7) 


j,'(a>) =-tf(a))/ia>^[327rV(£6(0)-£„(0))d]-' [ (i>rHHd +H„(k'" . ft)^] 


X [H„-(-H„(k'J’. ft)'‘]||^^Fft“*(r)j exp^/^^ft . rjjF,/"(r)^ 

-^F„''’(r) exp^i-^ft . rjjF„“'(r)^j^FV'’(r)j exp^-/J^ft . r^|F„‘*(r)^ 

+ ^F„‘J’(r)j exp^-i^ft . r^jF6*"(r)^-^F„<^(r)| exp ft . r^jFa'J>(r)^j 

X ^F6<'’(r) I exp ^ ft • r) /"«‘"(r))J + (k' . ft) (k'" . ft) 

X L(k"’.k'J>)-(k“>.ft)(k<J».ft)]|j^^Fft<'>(r) exp^/-!^ft.r^ F^'^lr)^ 
-^F„“>(r) exp(i^ft.r)|F„<'>(r)^]^F,»^>(r) exp(-/^ft.r) F„‘^>(r)^ 
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+ (r) I exp ^ ft. r) I (r)^ - (r) | exp (- / ft. r) | F„<J' (r)^j 

X ^Ffc'oCr) I exp(''■ r)| F.">(r))}) da, ( 2 . 8 ) 

A(a))=0(a))ftW[167rV(£»(O)-£„(O))*</]-• ^ f {t>r‘[H^ + S.(k'<>. ft)^] 


X 

X 

X 

X 


[Srf + 3« (k' . ft )*] ^F,«>(r) I exp (/~ « • r)| F„‘'>(r)^ 

^F„'(r) exp ^ ft . r)I Fj*(r)^ + (k">. ft) (k‘. ft) 

[(k'" . k'^') - (k*'*. ft)(k<J'. ft)]^F6<«(r)| exp • r) F„‘«(r)^ 

(F,<J>(r) exp ^ ft . r)| F»'J>(r)) } da. 


(2.9) 


where 

e(w) = [2sin/i(M2(tr)]-'wexp {fUallkT). 

( 2 . 10 ) 

Here Ba and Hu are the deformation potential 
constants, vt and vr the velocities of the 
longitudinal and transverse phonon waves, 
respectively, d is the crystal density, T is 
the temperature of the crystal, k'" is the unit 
vector of the direction from the center of the 
Brillouin zone to the i-th minimum of the 
conduction band. The integration is performed 
over all the directions of the phonon wave 
vector T = (|w|/r)ft.ftisaunit vector of the 
direction of r. 

The formulas (2.7-2.10) can be applied 
to arbitrary electron states in Ge and Si, if 
their wave functions are of the form (2.5) and 
(2.6). In particular, we are interested here in 
the two-center donor states in the case of 
arbitrary substitutional positions of the 
centers. 

3. ELECTRONIC STATES 
(a) One-center states 

The lowest state of an electron, bound to 


an isolated shallow donor center in Ge or 
Si, is the singlet state. It results from the 
effect of the ‘chemical shift’ potential (short- 
range potential being the difference between 
the donor ion potential and the Coulombic 
potential). The wave function of that state 
was found in the form [22] 

M(r) =n-‘« 2/""’(«•)‘l’'“(r), (3.1) 

where the envelope F''’(r) is given by 

F“>(r) = (ira*h)->'’“exp (-r,/a). (3.2) 
= o [ (x,-^ + ) /fl* -I- ZtW (3.3) 

The 'zt' axis is parallel to the axis containing 
the i-th minimum, i.e. to k‘". The constants 
a and b are the perpendicular and longitudinal 
radii of the orbit, respectively. Their values 
for Ge and Si are given in Table 1. They are 
much larger than the lattice constants. There¬ 
fore, the envelopes F“’(r) change slowly in 
each elementary cell. 

The crystal lattice of Ge and Si has a two- 
atomic basis and can be viewed as two face- 
centered cubic sublattices, penetrating each 


^l^ II p 
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Table 1. Material constants 


Material 

d 

(g/cm^) 

Vi. Vt 

(I0"cin/sec) (lO'cm/sec) 

3s 

(eV) 

3. 

(eV) 

y 

a 

(A) 

Elk 

(meV) 

Ge 

5-4 

5-4“ 

3-2» 

-I0 9‘'-‘* 

16-2- 

0-9495' 

70-8' 

0-0033 

Si 

2-3 

9.2» 

5-4‘‘ 

2 -6--‘'‘ 

8 -6- 

0-8077' 

22 -1' 

0-13 


“SAMOILOVICH A. G. and ISKRA V. D., Fit. tverd. Tela 2. 2827 (1960) (English transi: Soviet Phys. 
solid SI. 2.2517 (1961)1 

‘BAGGULEY D. MS., FLAXEN D.W. andSTRADLlNG R. A., Phys. Utt-l. Ill (1962), 
•^BALSLEV l.Phys. Rev. 143,636(1966). 

‘‘Obtained from the ratio Hd/Hu. 

-See Ref. [29]. 

‘Koenig (private communication). See SHAM L. J., Proc.phys. Soc. Land. 81, 934 (1963), 


Other. All sites in a given sublattice are 
equivalent each to the other. Therefore, we 
can limit our considerations only to the two 
cases: the impurity atom replacing the first 
or the second atom of the basis in a given 
elementary cell. For convenience, we assume 
the origin of the coordinate system at the 
position of the first atom of the basis. If just 
this atom is replaced by the impurity ion, the 
wave function is of the well-known form (3.1). 
The other case has not been considered up 
till now. It can be obtained from the first case 
by an operation exchanging the atoms of the 
basis. Such operation is the space inversion 
connected with fractional translation t. Thus, 
in the second case, we can obtain the wave 
function of the electron on the basis of the 
formula (3.1). It yields 

M(r—t) = {//t}«(r) = 2 F“’(—r + t) 

(3.4) 

The Bloch functions <I>"'(r) are eigenfunctions 
of the Hamiltonian of the ideal crystal. This 
Hamiltonian is invariant under the symmetry 
operation {//t}. Transforming the Bloch 
functions we obtain 

{//t}<h“>(r) 

= exp (—Jir/) exp (it . p*'*) <l)“*(r) (3.5) 
for Ge and 


for Si. Here is the vector from the center 
of the Brillouin zone to the /-th minimum of 
the conduction band. In the case of Ge the 
four vectors are chosen in the directions 
of the nonprimitive translations t"’ which 
transform the first sublattice to the second 
sublattice, so that p"’. t"’ = Jtt. The sub¬ 
script J in equation (3.6) corresponds to p'^' = 
— p"*. For the orbitals (3.2) are invariant under 
the space inversion we obtain on the basis of 
equations (3.4-3.6) 

«(r — I) = n"*'*exp (—ini) 2) F'"(r—t) 

xct)">(r) exp (/t.p“’) (3.7) 

for Ge and 
tt(r-t) 

== 2) F‘"(r — t)d>‘'’(r) exp (—it . p"’) 

(3.8) 

for Si. These are the wave functions of the 
electron bound to the donor ion at the ‘second’ 
site of the basis. Here the origin of the co¬ 
ordinate system is still at the first site of the 
basis. Now we shift the origin of the coordinate 
system to the position of the impurity atom 
(i.e. to the ‘second’ site of the basis, so that 
r' = r — t). Thus, for Ge we obtain 

«(r') = /i~''*exp (—ini) 


{y/t}<l>"'(r) =exp (/t,p'‘')<I>'^'(r) (3.6) x ^ F«>(r')d>“'(r'+t) exp (it.p«>) (3.9) 
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and for Si 

«(r') 

= i F<«(r')4>‘®(r' -f I) exp (-it. p‘«). 

(3.10) 

These functions are represented by the same 
system of the Bloch functions as the wave 
function (3.1) (in both cases the Bloch func¬ 
tions are centered at the first site of the basis). 
This representation is convenient in many- 
center problems which involve calculations 
of matrix elements between different one- 
center functions. If the centers of the system 
do not belong to the same sublattice then the 
functions (3.9) or (3.10) should be used 
together with the function (3.1). In our paper 
we use the functions (3.9) and (3.10) in the 
next section concerning the two-center states. 

Here we obtain the one-center singlet 
wave function corresponding to the donor 
center at the ‘second’ site in the basis. How¬ 
ever, the present method can be applied also 
to other one-center functions. In the next 
paper [23] we discuss the one-center wave 
function in the presence of an external 
magnetic field. 

(b) Two-center states 

Let us consider the system of the two donor 
ions and one electron in Ge or Si crystal in 
an external electric field. Miller and Abrahams 
[ 6 ] solved this problem by a variational pro¬ 
cedure, assuming a sufficiently leirge distance 
between the centers. They obtained the wave 
functions of the electron in the two lowest 
states as linear combinations of the one-center 
singlet wave functions. The corrections due 
to the higher one-center states can be neglected 
because of the ‘chemical shift’ splitting. This 
splitting is much higher than the difference of 
the energy between the two-center states. 

The variational procedure of Takeyama 
et aL[24] leads to another two-center wave 
functions which are incorrect. The trial func¬ 
tions were assumed as the linear combinations 


of the orbitals with the same direction of the 
'Zi' axis. These orbitals were centered on the 
first and the second donor center, respective¬ 
ly. The authors obtained the coefficients of 
the linear combinations and the energy separa¬ 
tion between the states. The energy splitting 
of the states appeared because the direction 
from one center to the other distinguishes the 
orbitals. After that the authors discussed the 
influence of the ‘chemical shift’ potential. As 
a matter of fact, this potential splits the states 
stronger [25-28]. Because of that the ‘chemical 
shift’ potential should be taken into account at 
an earlier stage to choose correctly the trial 
functions. The correct trial functions were 
assumed by Miller and Abrahams. They used 
the one-center singlet wave functions in¬ 
cluding the contributions from all the con¬ 
duction band minima. Moreover, Takeyama 
et al. assumed that their trial functions 
diagonalize the ‘chemical shift’ potential. 
However, the assumption that the off-diagonal 
matrix element are negligible is in contradic¬ 
tion with experiment. The same results as 
Miller and Abrahams are obtained if one 
assumes the correct form of the matrix of 
the ‘chemical shift’ potential. 

According to the above considerations, the 
wave function of an electron in the lowest 
two-center state is of the form [ 6 ] 

Ub(r) = C,~Uf(r) -t-Cz^Ur^ir-R), (3.11) 
and in the higher state 

«„(r) = C.X(r)+C*X(r-R). (3.12) 

Here R is the vector from the first to the second 
center of the pair. The subscripts f and 17 refer 
to the positions of the centers in the first or 
the second sublattices. These subscripts are 
mutually independent and have the values 1 or 
2. We write «i(r) ^ u(r) and ^^(r) ^ ff(r). 
If ^ = T}, the vector R is the primitive transla¬ 
tion vector of the lattice. In the opfiosite case 
it differs from the primitive translation vector 
of the lattice by the vector ±t The coefficients 
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of the linear combinations in equations (3.11) 
and (3.12) were obtained by Miller and 
Abrahams. They considered only the case 
of i = v- Here we obtain these coefficients 
also in the case of f 17 . They remain real 
and are of the same form as given by Miller 
and Abrahams, namely 

C,* = z^[l+(z^)“ + 2Sz^]-‘'*. (3.13) 
[I + (^=‘)* + 25^^]-‘^^ (3.14) 

where 

z="= (M2W)[\±{\+AWS|^ + AW^^|^^^y>^], 


(3.15) 

W=Wn-^S^ + Z, (3.16) 

W,t^L~SJ (3.17) 

Z.= <Uf(r)|l"a|//„(r-R)), (3.18) 

7=(ttf(r)||/„|«f(r)>. (3.19) 

5' = <Mf(r)|u,(r-R)). (3.20) 

Z= (M<(r)ll^|«„(r-R)> 
-i,V((Of(r)|(^|i/f(r)> 

+ <«,(r-R)lK|«„(r-R)>], (3.21) 

A = <M4(r)lK|M,(r)) 


-<«„{r~R)|l^k„(r-R)) ^ 0. (3.22) 

Here V„ and are the energies of the electron 
in the C'oulombic field of the donor ion a and 
h, respectively; V is the energy of the electron 
arising from the external electrostatic poten¬ 
tial (we assume this energy to be lower at the 
center h). The energy difference between the 
two-center states a and b is 

A£ft„= (1 

(3.23) 

Here we apply the approximation W = 
IVft —iSA. It is true if V is approximately 
linear function of r in the region of the centers 
a and b. If K(r) is exactly linear then Z = 0 
because the orbitals are invariant under the 


space inversion. Moreover, we assume S < 1 
what is equivalent to R > a and is also the 
condition justifying the procedure of Miller 
and Abrahams. Under these assumptions 
equation (3.23) can be written in the form 

A£»„= (A*-f4M^«*)*« (3.24) 

Only the quantities A, 5 and Wn are neces¬ 
sary to obtain the coefficients Ci* and Cj* 
and, also, the energy difference AEaa- Here 
the form of the potential energy V is still not 
specified. Therefore, we cannot calculate A. 
The quantities 5 and for Ge and Si in the 
case of ^ = 17 (both centers in the same sub¬ 
lattice) can be obtained on the basis of equa¬ 
tions (3.17-3.20) and (3.1-3.3). Here the 
factors exp (—/p'" . R) arise in the sum over / 
because of the performed displacement of the 
Bloch functions. In the case of Ge each vector 
p“’ is a half of the reciprocal lattice vector 
and, therefore, the exponential factors are 
equal to cos (p''\R). In the case of Si the 
orbitals are the same for both vectors p'*’ and 
— p‘". Thus, we can add the two exponential 
factors which give also the real factor 
cos (p''*. R). Finally, we obtain[ 6 ] 

■Sloe,SI = “ X exp (- £,/a) [ 1 -f- {Rita) 

-l-i (£(/«)’'] cos (p‘“ . R), (3.25) 

W'/MC.e.Sl ^-7^ 

X ^ c\p[~RJa){{Rla)[{Rila)+ 1] 

-[1 -l-(/?,/a)-l-4(/?,/a)‘']}cos(p'".R), (3.26) 
where 

R.= [/?^+(y/(l-y))(R.k<'>)“]>«. (3.27) 

Here y= {a^ — b‘^)ja^ and e is the static di-' 
electric constant of the crystal. In order to 
compute the quantities L and J, defined by 
the formulas (3.18) and (3.19), we replace the 
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Coulomb potential of the donor ion by the 
potential having the symmetry of the orbit¬ 
als. This approximation is justified because 
the orbitals change much more rapidly than 
the Coulombic potential. Moreover, we use 
the approximation 



for the function J in equation (3.19). There¬ 
fore, equation (3.26) obtained for Wn is also 
an approximation. 

In the case of Ge and ^ i] (the centers of 
the pair do not belong to the same sublattice) 
one has to use also equation (3.9), in addition 
to equations (3.17-3.20) and (3.1-3.3). Thus 
we obtain 

5iiGe = S exp (- Rita) [ 1 -b {Rija) 

-l-i(/«i/a)*]cos (p<''.R±|7r), (3.28) 

- ^ S exp i-Rila) 

X {(/?/a) [(/?,/a)-fl ] - [ I-b (/?,/a) 

+ i(«,/a)']}cos (p"'.R±}7r). (3.29) 

Here the sign ‘-b’ refers to the configuration 
f = 2, Tj = 1 and the sign ’ to = 1 , tj = 2 . 
In both cases the functions exp (— ip*". R jV) 
arising from the performed transformation of 
the Bloch functions are real; therefore, the 
equations (3.28) and (3.29) can be written 
also in a real form. It should be reminded that 
the sublattice named ‘the first’ is transformed 
to the other sublattice by the nonprimitive 
translations t**’ which are parallel (but not 
anti-parallel) to the vectors p“’. 

In the case of Si and 4 ^ V equation (3.10) 
has to be used instead of equation (3.9). The 
obtained results are of the same form as (3.25) 
and (3.26), i.e. Sisi ~ «5iisi ~ *Ssi and = 
^«iisi = ITftsi. Therefore, in the case of Si 
equations (3.25) and (3.26) are valid for 
arbitrary f and -q. 


4 . INTERACTION OF ELECTRON WITH THE 
CRYSTAL LATTICE 

(a) The electron-lattice relaxation energy 
The energy of the interaction of an electron 
bound to an isolated donor center with the 
crystal lattice was calculated in paper I. 
There the lowest, singlet state of the electron 
was considered. Its wave function is of the 
form (3.1). The energy Eui was obtained as 


(47r*d) ' s((o)(o^d<i>, (4.1) 

where 



X J (k"'.n)2(k'J>.n)^ 

^n^dfi (4.5) 
V (47r)-'(k''>.k'>') 



xDu.^i^n)dn, (4.6) 
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= (F“>(r) I exp (/>. r) 1 F<“(r)> 

= (1 -z(« . (4.7) 

with 

2 = >>[1 +4/aV]”‘ 

and 

y= 

The functions Ui, U^, U 3 and U 4 were given 
by equations (37-44) for Ge and Si in paper I. 
Assuming the same values of the material 
constants as given in Table 1 Myszkowski and 
Rogala obtained E^k = 00033 meV for Ge and 
£;,»== 0-13 meV for Si. These figures differ 
considerably from the values of £/j, of 
Myszkowski and G6mutka(29]. They assumed 
only one independent deformation potential 
constant £, = Sd+iS^ and took into account 
the interaction of the electron with the acoustic 
longitudinal phonons only. However, the large 
difference between the results of these papers 
is due to different values of the material con¬ 
stants assumed (mainly of the deformation 
potential constants). Of course, the value of 
Eut does not depend on whether the center 
belongs to the first or second sublattice. 

Analizing the integral in the formula (4.1) 
we found that the main contributions come 
from the region of w = v,Ja in the case of the 
longitudinal acoustic phonons and of o> = 
Vj-la in the case of the transverse phonons. It 
corresponds to the phonon wave number 
T = for both branches. Such phonons 
interact, therefore, most strongly with the 
electron bound to the donor center(21). 

(b) The transition probability 

In paper 1 the general Gummel-Lax formal¬ 
ism was applied to obtain the transition 
probability between the two-center donor 
states of an electron. The wave functions of 
the initial and final states of the electron were 
assumed in the form of (3.11) and (3.12), 
respectively. The considerations were limited 
to the case of i — t) (both centers in the same 
sublattice). The assumption of the weak 


electron-lattice interaction was not dis¬ 
cussed in paper 1 (it is necessary for justifica¬ 
tion of the Gummel-Lax formalism). This 
condition for the two-center transitions was 
given by Blinowski and Mycielski in the 
form [14] 

> 2£i«. (4.8) 

Using the values of E^ obtained in paper I 
we have A£|,o > 0 (X)7 meV for Ge and 
A£fc„ > 0-26 meV for Si. 

We consider here only the adiabatic pro¬ 
cesses for which the frequency of the emitted 
or absorped phonon is higher than the fre¬ 
quency of the phonons interacting most 
strongly with the electron. Using the previous 
results we obtain the condition 

A£fta>^. (4.9) 

With the values of the material constants 
given in Table I, the resulting conditions are 
A£j,u > 0-5 meV for Ge and > 2-7 meV for 
Si. The condition similar to (4.9) with Vt 
instead of Vi, is weaker because > Vt- If 
the electron-lattice interaction is sufficiently 
weak, the transition probability formula con¬ 
tains only the terms proportional to the lowest 
power of the deformation potential constants 
which play the role of the coupling constants 
in the perturbation theory. Then both adiabatic 
and non-adiabatic approximations give the 
same result. Therefore, in this case we can 
ignore the condition (4.9) and use our formulas 
also for the non-adiabatic transitions. The 
conditions justifying this treatment will be 
given below. 

In paper 1 the transition probability formula 
was obtained effectively in two particular 
cases: ‘high frequency’ and ‘low frequency’. 
In both cases the additional assumptions 

A» ^ 41f'„*S» (4.10) 

and 


4Wr^ 


(4.11) 
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were introduced to simplify the calculations. 
These assumptions are satisfied in practical 
cases. 

In the ‘high frequency’ case the wavelength 
of the phonon involved in the transition pro¬ 
cess is smaller than the distance between the 
centers. The probability of the electron transi¬ 
tion from the state a to the state b with emis¬ 
sion of one phonon was obtained in the form 

0 ([A* 4 W's* ] 

X + (4.12) 

Here the function s(<o) is given by (4.2) and 



X j ^ cth (h(i}/2kT)s((t))(ti^d(i) (4.13) 

a = AH2iT^fi(A’-f41V/)d]-' 

X j ^ cth (h(ii12kT)s (to) cDiioj. (4.14) 

The integrands /, g and h in equations (4.13) 
and (4.14) are approximated by /„, g„ and /i„, 
respectively, what is an additional approxi¬ 
mation independent from the previous ‘high 
frequency’ assumption. It is justified, if the 
main contributions to the integrals come from 
the region of to which fulfills the ‘high fre¬ 
quency’ assumption. It is true for almost all 
values of R in the case of equation (4.13), 
but only for R > 9a in the case of equation 
(4.14). Moreover, the function cth {hml2kT) 
under the integrals (4.13) and (4.14) is replaced 
by 1, which is its value at 7 = 0. However, 
this approximation can be used with a good 
accuracy also for T < 'Viihvjka) in equation 

(4.13) and for T < \^{hvjka) in equation 

(4.14) . Finally, the approximate formulas are 

= CA*(A»-I-41T«*)-*, (4.15) 

a « 5A*(A*-(-41f'„*)-'. (4.16) 


The constants C and B were obtained also 
in paper 1 (see Table 2). It can be shown that 
the value of S is very low in both materials 
also if 17 < 9a. On the other hand, the mini¬ 
mum value of the coefficient exp (—a) in the 
transition probability formula is exp(—B). 
Therefore, this coefficient can be neglected 
and the simplified transition probability 
formula can be used for all relevant values 
of R. Now we have to assume only the weaker 
condition on the temperature, i.e. 



which justifies equation (4.15). With the 
values of the material constants given in 
Table 1 the resulting conditions are 7 < 4-5'’K 
for Ge and 7 < 24-6‘’K for Si. 

The inequality a 1 is valid for both 
materials; therefore, we can limit our con¬ 
siderations to the one-phonon processes 
only. Multi-phonon processes are much less 
probable and can be neglected [19-21]. 

Moreover, if the inequality y4«, < 1 is valid, 
there are only terms proportional to the 
deformation potential constants squared in 
equation (4.12). These terms are involved in 
the function j(a>). In this case we can ig¬ 
nore the condition (4.9) and use equation 
(4.12) in more wide range of the transition 
energies. 

In the ‘low frequency’ case the wavelength 
of the involved phonon is larger than the 
distance between the centers. The probability 
of the transition from the state a to the state 
b, with simultaneous emission of one phonon 
was obtained as 

(4.17) 

where 

= [5407Tfi»d] (2t)r‘ + 3t;r-» )H«*^,A» 
xe[(A*-l-41Fj,*)*'*/ft] 
xexp(-a)(l-.4o)*, (4.18) 
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X0[(A* + W„*)‘'VA] 

xexp (-o)(l(4.19) 

Here 

-''io«.8i = 2 COS® (p'® . R) 

X «F'"(r)IF<"(r -R)}f-nS'i,^ „ (4.20) 
o = f /(oj)doj, (4.21) 

/lo = g|*%(oi)clo), (4.22) 

(4.23) 

To obtain the formula (4.19) Myszkowski and 
Rogala used the assumptions (4.10) and 
(4.11). Then, the integrals in equations 
(4.21-4.23) were approximated similarly as 
in the ‘high frequency’ case. The obtained 
results are A„ = —4 (lF/,®/A®)/4» and At = /<„. 
Moreover, the quantity a was obtained in the 
same form as previously in the ‘high frequency’ 
case. 

In the ‘low frequency’ case, as a rule, the 
adiabatic assumption cannot hold. The energy 
of the phonon involved in the transition 
process must be lower than the energy of the 
phonons interacting most strongly with the 
electron. Nevertheless, the formula (4.17) 
can be u.sed for nonadiabatic transition pro¬ 
cesses, if A„ « I and I. In that case the 
transition probability formula involves only 
the terms proportional to the deformation 
potential constants squared[21]. However, 
the last condition together with the ‘low 
frequency’ assumption can be satisfied only 
in a very narrow range of A Ei,a- 
The problem of the non-adiabatic processes 
was examined by Takeyamar21], who took 
into account only diagonal matrix elements 
of the perturbing phonon operator between 
the one-center wave functions (in the ‘site’ 
representation. However, expanding the 


functions /, g and h in powers of r, it was 
shown in paper 1 that also nondiagonai 
matrix elements are important Both in the 
‘high frequency’ and ‘low frequency’ cases 
the transition probability of the reverse 
process (the transition from the state b to 
the state a with simultaneous absorption of 
a phonon) can be obtained easily, replacing 
the function 6(<o) byff(—(o) in equation (4.12) 
or in equations (4.18) and (4.19). 

All the results of paper 1 both in the ‘high 
frequency’ and ‘low frequency’ cases can be 
obtained also if the centers of the pair do not 
belong to the same sublattice. In the case of 
Ge and i r) the two-center wave functions 
(3.11) and (3.12) can be represented in the 
genera) forms (2.5) and (2.6) with the help 
of equations (3.1) and (3.9) if one assumes 

ffc">(r) = C,-F<«(r)-f-CrF'»(r-R) 

X exp (-/p“> .R+iiv) 
and 

F„“>(r) = C/F">(r) -)- - R) 

X exp (—/p"’. R + J/Vr). 

Here the upper and the lower sign in the func¬ 
tion exp (—/p"’.R + iw) correspond to the 
cases ( = 2,rt = i and | = 1, 7/ = 2, respective¬ 
ly (see Section 3). Using the last two formulas 
in equations (2.7-2.9) we obtain the appropri¬ 
ate phonon distribution functions. They differ 
from the functions (67-69) of paper 1 because 
the quantities cos (p“’. R), S and are 
replaced by cos (p‘*‘.R±f7r), and 

respectively (see equations (3.28) 
and (3.29)). Under the same assumptions 
as previously the resulting formulas for the 
hopping probability are similar to (4.12) or 
(4.17-4.19). The only difference is that the 
quantity Wg, is replaced by H'flnce and Xj 
(defined by (4.20)) by 

^ 1 . 0 e=i COS®(P'».R±j7r) 

(-1 

X ((F'«(r)|F»>(r-R)))®-«Sf,Ge. (4.24) 
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In the case of Si and | 7 ^ 17 the one>center 
wave function is used in both forms (3.1) and 
(3.10) (instead of (3.9) in the case of Ge) in 
equations (3.11) and (3.12). Comparison with 
equations (2.5) and (2.6) gives 

F4<‘'(r) = CrF<"(r) 4-Crf=’“’(r-R) 

X exp (— ip"'. R) 
and 

F„<«(r) = C/F<'>(r)-I-Cj+F<‘'>(r-R) 

X exp (—ip'". R). 

Using these formulas in equations (2.7-2.9) 
we obtain the phonon distribution functions 
in the same form as given by equations (67-69) 
of paper 1. It should be reminded here that 
the quantities 5|si and IFaisi ^re of the same 
form as Snsi and respectively. There¬ 

fore, the resulting hopping probability formulas 
are of the same form as (4.12) or (4.17-4.19) 
(see also paper 1). 

The transition probability is a rapidly 
oscillating function of R because Wfn and Xi 
(or ITi,, and A',i) involve the functions 
cos (p“*. R) (or cos (p'*’. R + Jtt). However, 
this oscillating part is unimportant in the 
theories of the macroscopic phenomena in the 
crystal, e.g. hopping conductivity[1-13]. 
These phenomena involve a large number of 
donor pairs distributed statistically in the 
crystal. Therefore, the averaged transition 
probability can be used which does not 
oscillate rapidly, but has only the main, slow 
dependence on R. It is very difficult to average 
directly the transition probability; therefore, 
we use an approximation replacing H'J, and 
A', by their ‘averages’ Wh an d X (and, respec¬ 
tively, W%n and X,, by and X„) in equa¬ 
tions (4.12-4.14) and (4.18-4.19). Using also 
the previous approximation we obtain in the 
‘high frequency’ case 

W'== 6» ([A* -h 4)fV] ''"/ft) [7rft"d ] 

Xf ([A^-f-4HV]‘'Vft)W 


X [l-CA"(A"-l-4lf7)-*]*, (4.25) 
and in the ‘low frequency’ case 

(4.26) 

where 

= [5407rftV]-'e([A"-l-4HV]'«/ft) 

X (2i>;,~* -(- Sur”') Hu*A"^ 

X [H-4CF7(A= + 4TiV)-2]", (4.27) 

= [6nAWd ] -'e ([A“ -I- 4W? ] >«/ft) 
x£,*/?!'F?(A"-t-4F?) 

X [1 -CAMA“'-b4F7)-*]*. (4.28) 

Here the factor exp (—a) is neglected. The 
assumptions (4.10) and (4.11) can also be 
written in the ‘averaged’ form 


A" > 4Tf^, (4.29) 

and 

4WP > A"S^. (4.30) 

Ijn the following we will obtain the quantities 
X and W/ and we wil l p oint out that 
5,2 = 5 f„ X,=-X„ and = FI7, in both 
materials. Therefore, relations (4.25-4.30) 
can be used for arbitrary f and tj. 

Using equation (3.26) for f = 17 in the case 
of Ge and for arbitrary f and 17 in the case 
of Si we can write 

ll^RlGe.Sl ~ S /4u (R) COS (p**’. R) 

Xcos(p”'.R). (4.31) 

Using equation (3.29) in the case of Ge and 
^ 7^ 77 we obtain 

W'L.g,= i /Iu(R)cos(p<".R±j7r) 

i.j=i 

Xcos (p‘^'. R±}Tr). (4.32) 

The functions /4(,(R) in equations (4.31) and 
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(4.32) are slowly-varying functions in the 
relevant range of R, The products of the 
functions cos (p‘**. R) and cos (p**’. R±|ir) 
can be written in another form, namely 

H'i,Ge31 = ^ i /lu(R)[cos({p">+p'^').R) 
+ cos((p”»-p*^M.R)]s (4.33) 

^ 1.J>1 

X [cos ((p'‘’ + p‘^’) . R±|ir) 

-l-cos ((p"’ —p'J’) . R)]. (4.34) 

Consider the case of Ge and ^ = tj. Each 
vector is a half of a reciprocal lattice vector. 
The vector p‘" + p‘J' in equation (4.33) are 
the reciprocal lattice vectors only if i —J. 
The vectors p«' —p'^’ are equal to zero for 
I = j, but for i ¥■ j are not the reciprocal lattice 
vectors. The vector R is an arbitrary vector 
of a primitive translation of the lattice. There¬ 
fore, the function cos((p“’-fp*^’).R)-4- 
cos ((p*" —p'^’) ■ R) in equation (4.33) is 
equal 2 in the case of i = j for arbitrary R, 
but in the case of i ¥= J its value depends on 
R and it runs over the numbers —2, 0, -1-2. 
The same properties has the function 

cos ((p''’+p’-") • Rifir) 

-t-cos ((p'" —p‘^*) . R) 

in equation (4.34) for Ge and f tj. The 
functions y4(j(R) are slowly-varying compared 
with the trigonometric functions; therefore, 
we can average equations (4.33) and (4.34) 
over some volume K{R) (the sphere, for 
instance). This volume has its center at the 
point R and is large compared with the volume 
of the unit cell but sufficiently small to con¬ 
sider the orbitals as approximately constant 
inside it. 

In the integration the terms with /= J have 
to be kept in the sum, but those with i j 
vanish (they change their value and sign mtiny 


times in the integration volume). Thus, using 

(4.33) we obtain 

x[cos((p«'-+p‘J>).R) 

-fcos ((p'"-p‘^’) -R)] 

= W\'\ i '4u(R)-2|^'|8o 

' ’ tj*l 

= i^„(R). (4.35) 

Performing the average in equation (4.34) 
separately for the two configurations f = 1. 
T) = 2 and f = 2 , t) = 1 we obtain the same 
results. Thus, in the case of Ge, for arbitrary 
i and tj, the averaged value of the square of 
the ‘resonance energy’ H'Jo. 's of the same 
form. Comparing equations (3.26), (4.31) 
and (4.35) yields 

(- 2 /?,/«) 

X((«/fl)[(/?,/fl) + l] 

-[\ + (RJa)-\-i{RJay]}\ (4.36) 

In the case of Si the vectors p'" cire not 
whole multiple of a half of a reciprocal lattice 
vector. Therefore, the functions cos((p“’ — 
p<^*) R) and cos((p“’-l-p‘^').R) in equation 

(4.33) are equal 1 for all R only if p'" = p'^’ or 
p(o = —pO) and, in other cases, depend on R 
and run over the range from — 1 to -f 1. The 
resulting average is of the same form as (4.36) 
(the formula for |)Pl* given by Miller emd 
Abrahams is also of the same form). 

The quantities Si* and Xj can be represented 
in a similar way as it was done for ITI, (in 
equation (4.31)), and also the quantities 
5^ and A',i—as (in equation (4.32)). Then, 
performing the average in the same manner as 
for Wm and we obtain on the basis of 
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equations (3.25) and (3.28) for Ge and Si 

57 = = 5^ = 1exp i-lRJa) 

x[l+(RJa)+i(R,layy. (4.37) 

and, on the basis of equations (4.20) and 
(4.24) _ 

T, = :^i = n{n-l)S^. (4.38) 

S. DISCUSSION OF RESULTS 

In this paper we consider the probability 
of the phonon-induced hopping transitions 
in n-type Ge and Si. We use the general 
results of paper 1 for the phonon distribution 
functions and the transition probability [18). 
We consider the system of two donor centers 
and one electron in an external, static electric 
field. We are interested in the probability of 
the electron transitions between the two 
lowest states. Only the transitions involving 
one phonon are taken into account. The 
results of paper 1 for the two-center transi¬ 
tions are generalized to the case of the 
impurity centers in arbitrary substitutional 
sites, i.e. not only in the same sublattice. 
The transition probability depends on the 
difference of the electrostatic energy between 
the centers, the resonance energy and some 
other overlap integrals. If the centers do not 
belong to the same sublattice, the obtained 
formula for the transition probability is of 
the same form as given in paper 1. However, 
the resonance energy and the overlap integrals 
themselves depend in a different way on the 
distance between the centers. 

The general assumptions of the weak 
electron-phonon interaction and of the 
adiabatic character of the process[17] should 
be satisfied, in particular, for the two-center 
transitions. We obtain the appropriate con¬ 
ditions on the energy difference between the 
states resulting from these assumptions. 
However, the adiabatic condition cannot be 
fulfilled in the 'low frequency’ case, what was 
not pointed out in paper 1. Nevertheless, the 


obtained formula can be used if it contains 
the deformation potential constants only in 
the lowest power. In this case the adiabatic 
condition can be ignored, however the range 
of applicability of the formula becomes very 
small. On the other hand, both conditions 
can be easily satisfied in the ‘high frequency’ 
case. Moreover, we discuss the zero-tempera¬ 
ture assumption used in paper I and give the 
upper limit for the temperature of the crystal. 
This condition is well met in the region of the 
hopping phenomena. 

To eliminate the oscillating component of 
the transition probability we perform the 
average over small regions around each of 
the centers. The resulting formulas are 
slowly-varying functions of the vector R 
connecting the centers. They are convenient 
in practical cases, i.e. in calculations of the 
macroscopic phenomena [1-14]. 

In order to extend the transition probability 
theory we obtain the two-center wave func¬ 
tions in the case of the donor centers at 
arbitrary substitutional sites. To do this, 
we perform the transformation of the one- 
center wave function connected with the 
displacement of the donor center from one 
crystal sublattice to the other. Then this 
result is used to generalize the Miller- 
Abrahams[6] procedure. The obtained two- 
center wave functions are of the same form 
as given by Miller and Abrahams, i.e. they 
are linear combinations of the one-center 
wave functions. However, the coefficients in 
these combinations involve the resonance 
energy and the overlap integral which, in 
the case of Ge, depend on the arrangement of 
the centers. 

The results of our paper can be used in the 
theories of the macroscopic phenomena 
induced by the hopping transitions [1-14]. 
The substantial limitation of the theory is the 
adiabatic condition which gives the lower 
limit of the phonon energy. It seems that the 
nonadiabatic processes play a significant role 
at very low temperatures of the crystal. There¬ 
fore, the presented theory of the two-center 
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transitions needs an extension to the non- 
adiabatic case, which was started by Takey- 
aTna[2I]. 
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CHARACTERIZATION OF RbOH-GROWN QUARTZ 
BY INFRARED AND MASS SPECTROSCOPY* 


O. C. KOPP 

Metals and Ceramics Division 
and 


P.A.STAATS 

Physics Division. Oak Ridge National Laboratory, Oak Ridge. Tenn. 37830, U.S.A. 

(Received 24 October 1969; in revised form 22 December 1969) 

Abstract—Infrared frequencies of RbOH-grown quartz include bands at 3200, 3300. 3350. 3396, 
3438, 3475, 3500, 3515, 3555 and 3580cm'' in the region 3200 to 3600cm‘'. An unusual time- 
(or temperature-) related phenomenon causes an increase in absorbance in the region 2900 to 3550 
cm~' when crystals are examined over intervals up to several hours while held in a liquid nitrogen 
cell. The band at 3580 cm*' is not affected. A linear relationship exists between average growth rate 
and extinction coefficient (ajsHo/cm) which is influenced by the temperature of the growth zone. 
Typically, the extinction coefficient decreases (and presumably the crystal quality improves) as 
the growth temperature increases for a given growth rate. Impurity ions such as Li'^, Na^ and K* 
present in the RbOH solvent are taken preferentially into the quartz structure because of their smaller 
sizes. Aluminium and iron present are derived from the nutrient and vessel liner, respectively. The 
ratio of Fe*” and Al*" to total alkalies is close to but slightly greater than one. 


I. INTRODUCTION 

Considerable effort has been made to perfect 
the growth of high-quality quartz which is 
essential to many piezoelectric devices. Some 
studies [1] have related the internal friction 
(anelastic loss) for synthetic quartz to its 
growth rate. More recently, Dodd and Fraser 
[2] have shown a relationship between the 
anelastic loss and the infrared extinction 
coefficient at 3500 cm~'. Crystals of good 
quality have low anelastic losses and low 
extinction coefficients. Dodd and Fraser[2] 
state that since there is a correlation between 
« 35 oo of the broad background absorption due 
to bonded OH and the 5 me anelastic loss 
at the peak near 100°C, it is very probable 
that this peak is due to hydrogen bonded OH. 
Shifts in the spectral patterns of quartz grown 
from D20[3,4] appear to confirm the im¬ 
portant role of OH bonding on the infrared 
absorption bands in the region from 3000 to 


•Research sponsored by the U. S. Atomic Energy 
Commission under contract with the Union Carbide 
Corporation. 

(Consultant from the Department of Geology, Univer- 
.sity of Tennessee, Knoxville. 


4000 cm”'. The piezoelectric quality of quartz 
has been improved by adding impurities to 
the growth solution[5,6], 

Most synthetic quartz has been grown in 
solutions of NaOH or NajCOj with or with¬ 
out dopants. Only recently has any attention 
been given to the growth of quartz from sol¬ 
vents of the less common alkalies [7]. The 
purpose of this paper is to report further on 
the growth of quartz using RbOH solvent and 
to present the results of infrared studies on 
these crystals. A relationship is shown to 
exist between growth rate and infrared extinc¬ 
tion coefficients at 3580 and 3500 cm”' which 
appears to be influenced primarily by the 
temperature of the growth zone. We agree 
with the basic conclusion [2-4] that the in¬ 
frared absorption bands in the region 3000 to 
4000 cm"' for a-quartz are due to OH. How¬ 
ever, the results of the present study do not 
permit us to assign specific peaks to any 
definite OH configurations or associations. 

2. SYNTHESIS AND CHARACTERIZATION OF 
RbOH-GROWN QUARTZ 

A description of the typical procedures used 
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for growing quartz hydrothermally is given 
by Laudise[ 8 ]. Further details concerning 
the growth of quartz using RbOH are given 
by Kopp and Clark[7], In all cases 0-5 N 
RbOH was used as a solvent and the auto¬ 
claves contained low-carbon steel liners. Since 
that report was prepared, a large number of 
crystals have been grown for infrared study. 
A summary of the growth conditions for all 
the crystals used in this study is presented 
in Table 1. The seeds used were AT-cut 
oscillator plates. 

A crystal from experiment number 170 was 
analyzed using a spark source mass spectro¬ 
meter (except for Fe which was analyzed by 
emission spectroscopy). The results are 
reported in Table 2. 

While additional analyses would be desirable, several 
factors make reliable analyses of quartz difficult to obtain. 
Foremost among these is the fact that the concentrations 
of impurities are not uniform throughout its volume. 
Variations may be observed outward from the seed(9J 
and also along specific growth directions! 10). Examin¬ 
ation of analyticEil data presented by l.audise, Ballman, 
and King [ 111 suggests that a crystal analyzed by the same 
method in different laboratories (or by different tech¬ 
niques) may give considerably different results. For 
example, the iron concentration of a crystal grown in I-O 
M NaOH was reported to be 97 and 50 ppm SiO, by 
independent spectrochemical analyses and 870 ppm SiO^ 
by activation analysis. 

Perhaps more significant than the actual 
values reported in Table 2 are some relation¬ 
ships among the value.s. The RbOH-grown 
crystal contains traces of Li, Na and K, while 
Cs is very low. Analysis of the 0-5 N RbOH 
solvent used for growth reveals the presence 
ofO-S/ag/nM. Li; 53^g/ml.Na; 68 ()/xg/ml. K; 
and 45()Mg/ml, Cs (by flame photometry 
considered to be accurate to ±5 per cent of 
reported values). The smaller l.i^ and Na^ 
ions, and even the relatively large ion 
(which has the same size as the OH" ion) may 
be incorporated more readily into the struc¬ 
ture than larger ions such as Rb^ orCs+. Kats 
[3] was able to electrodiffuse plus one ions 
up to potassium in size into quartz crystals, 
but failed to incorporate the larger Rb+ or TL 
ions in this structure. 

Another interesting relationship is that the 


ratio of total Fe+® and A1+* to the total plus 
one ions is close to (but slightly greater than) 
one* for both the nutrient and RbOH-grown 
crystal. This suggests that electrical neutrality 
within the crystal structure is being maintained 
by the following mechanism: each time a plus 
three ion substitutes for a silicon ion in the 
lattice a plus one ion is also incorporated. 

Kats [3] observed that the total amount 
of alkali impurity was equal to the sum of A 1 
and Fe^® in synthetic quartz. Cohen and Hodge 
[ 10 ] observed that the concentrations of 
lithium and sodium followed the same order 
of concentration as aluminum in the various 
zones of synthetic quartz crystals. The re¬ 
lationship between plus one and plus three ions 
raises an interesting question concerning the 
role and position of (OH)"[2,3,4] ions in the 
quartz structure. Hydroxyl ions might be 
located on oxygen sites (of tetrahedra where 
Al^* or Fe'^^ has substituted for a Si^^ion), 
in which event a link in the three dimensional 
framework would be broken, or they might 
reside in the open space of the crystal lattice 
in the vicinity of plus one ion impurities. 
Unfortunately, the chemical analyses and the 
interpretation of the infrared data are not 
precise enough at this time to determine the 
extent to which each mode operates. 

Based on the chemical analyses, we believe 
that the aluminum present in the RbOH- 
grown crystal was inherited from the nutrient. 
The iron was added to the system by the cor¬ 
rosion of the low-carbon steel liner of the 
hydrothermal vessel. The development of 
rubidium iron silicates [7] on the walls and 
internal parts of the vessel kept corrosion 
from becoming excessive. 

3. INFRARED STUDIES OF RbOH-GROWN QUARTZ 
While the infrared spectrum (at liquid nitro¬ 
gen temperature) of RbOH-grown quartz is 
generally similar to that of natural or synthetic 
quartz grown from other alkaline solvents. 


* Ratios ranging from I - 2 to 1-9 were obtained for several 
crystals grown in various alkali hydroxide solvents. 



Table 1. Summary of growth conditions and extinction coefficient determinations for RbOH-groM'/i quartz 
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Table 2. Chemical analyses of nutrient and RbOH-jroM'/i quartz (ppm SiO*)* 










Total 

Total 



Al 

Cs 

Fe 

K 

Li 

Na 

Rb 

alkalies 

Fe + Al 

Ratio+3/+I ions 

Nutrient 

70 

<1 

<3 

10 

<20 

10 

<1 

<42 

<73 

-1-7 

RbOH-grown 
(No. I70M) 

70 

<I 

50 

30 

20 

10 

40 

<101 

~I20 

-1-2 


*Spark source mass spectrometer, sample size 300-500 mg, bismuth carrier (except Fe which was done 
by emission spectroscopy). Values fall in the range ix^2x (e.g. for Na = 10 ppm. several analyses of the 
same sample would normally fall in the range 5-20 ppm) and are believed to be accurate within the limits of 
precision. 

Table 3. Infrared frequencies of RbOH-gron’/i quartz in 
the region 3200 cm“'-3600 cm"' at ~77*K 


Frequencies 

(cm“') 

Intensities 

Notes 

3200 

Medium; broad j 

1 

Overtone or combination band 
of Si-O vibrations. These bands 
are found in both natural and 

3300 

Medium; broad J 

synthetic quartz and are not 
affected by growth method, ion 
impurities, etc. 

3350 

Medium 


Characteristic of RbOH- and 

KOH-grown quartz. This band 
appears in nearly all synthetic 
quartz spectra. With the exception 
of CsOH-grown crystals, the 
intensity of this band increases 
with ionic size from Na* to 

Rb*. 

3368 

Weak 


Band from natural seed plate. 

This band is one of the strongest 
absorption bands of natural quartz 
in this region. We have observed 
it from our seed plates alone and 
have removed it from the spectra 
of RbOH-grown quartz by slicing 
the crystal at the seed plane. 

3396 

Strong 


Characteristic of synthetic quartz. 
These bands are found in all 
synthetic quartz crystals. They 
seem to follow the same intensity 

3438 

Strong 


relationship mentioned for the 
band at 3350 cm"'. 

3475 

Weak 


These bands have been attributed 
to the presence of various alkali 

3500 

Weak 


ion impurities[2,3). However, 
we have been unable to find any 

3515 

Weak 


direct correlation between these 
bands and the alkali used in the 

3555 

Weak 


solvent. 

3580 

Strong 


See note for 3396 above. 
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differences do exist in the region from 3200 
to 3600 cm"'. A summary of frequencies 
observed in this region is presented in Table 
3, and an attempt is made to correlate these 
bands with those observed in the spectra of 
natural and other synthetic quartz specimens 
[2,3]. Some of these bands have been attri¬ 
buted to overtone or combination bands of 
Si-O vibrations, while others have been 
attributed to the presence of various alkali 
impurities [2,3]. However, we have not been 
able to assign any definite band with a specific 
alkali used as a solvent although this was one 
of the objectives of this study (see Table 3). 

During the course of examining the infrared 
spectra of a large number of crystals it was 
observed that an unexpected time- or perhaps 
temperature-related phenomenon was caus¬ 
ing an increase in absorbance in the region 
3550-2900 cm~'. The maximum change 


occurs at about 3250 cm"’. See Fig. 1. This 
increase in absorbance was not anticipated 
and made early attempts to relate extinction 
coefficients to the various growth parameters 
difficult. The causal relationship between 
time (or temperature) and variation in absorb¬ 
ance is being further investigated. We believe 
that the observed variation in absorbance is 
due to a change taking place within the crystal 
and is not the result of condensed water vapor 
or any other gases. When wanned to room 
temperature, the crystals return to their orig¬ 
inal state. Fonunately, the first significant 
band at 3580 cm"’ appears to be largely un¬ 
affected by this phenomenon and it was used 
in the comparisons to be made later. Dodd 
and Fraser[2] related the extinction coefficient 
at 3500 cm"’ to the anelastic loss for a number 
of resonator plates and observed a direct 
relationship between these parameters. 



Fig. 1. Effect of time (or temperature) on spectrum of RbOH- 
grown quartz in region 2900-3550cm'’. Uppermost curve run 
one half hour after crystal was placed in holder and liquid nitrogen 
(~77°K) added. Lowermost curve was run 5 hr afterward. 
Intermediate curves were run at intermediate times. 
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(Although the absorbance at 3500 cm"’ is 
affected by time or temperature (Fig. 1), the 
effect is still relatively small.) The lower the 
extinction coefficient the lower the anelastic 
loss. For purposes of comparison with the 
data of Dodd and Fraser[2], we also deter¬ 
mined the extinction coefficient for the back¬ 
ground at 3500cm"'. These values were gen¬ 
erally lower than those determined at 3580 
cm"' by factors ranging up to five (see Table 
1); many of the values are comparable to the 
best crystals reported by Dodd and Fraser 
[2]. We prefer the values at 3580 cm"' which 
are not affected by time (or temperature) as 
discussed earlier. Plots of extinction coeffi¬ 
cient against average growth rate seem to be 
more clearly related for absorbances deter¬ 
mined at 3580 cm"' than for those determined 
at 3500 cm"'. 

4. RELATIONSHIP BETWEEN EXTINCTION 

COEFFICIENT AND GROWTH CONDITIONS 
FOR RbOH-GKOWN QUARTZ 

When the extinction coefficient at 3580 
cm"' is plotted against average growth rate 
a direct relationship can be observed. In 
determining absorbances the base line was 
taken tangent to the spectrum at approxi¬ 
mately 3650 and 2900 cm '. The crystals 
from which the infrared spectra were obtained 
were grown under a wide variety of experi¬ 
mental conditions of temperature, gradient, 
pressure, duration, etc. However, among 
these, nine crystals had duration as the only 
significant variable. The results are plotted 
in Fig. 2. A linear relationship between ex¬ 
tinction coefficient at 3580 cm"' and average 
growth is observed if the growth rate is deter¬ 
mined for the direction along which the 
infrared beam was transmitted. 

The following explanation is offered to account for the 
relationship observed between the extinction coefficient 
at 3580 cm ' and the growth rate expressed in the direc¬ 
tion of transmission of the infrared beam. For smaller 
crystals the beam is passed nearly normal to the/fT-cut 
seed through the entire thickness of grown material. 
For the larger crystals, the beam is passed at an angle 
of approximately 3.5° to the original seed surfaces. 

The growth rate of quartz varies with crystallographic 
direction and is slowest (among the common faces) 
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in the direction normal to the prism faces. Hence, when 
a crystal reaches a thickness normal to the prism de¬ 
termined by the size and orientation of the seed, its 
apparent growth rale normal to the prism decreases 
markedly. Note that crystals 170(7, 197(7, 211(7, 213(7, 
2I6M, and 216(7 all have thicknesses normal to the 
prism of 0-74 ± 0 03 cm regardless of how much additional 
material was added normal to the seed. (Crystals 163(7 
and 16517 were grown using smaller seeds, but the same 
argument would apply). 

In obtaining the infrared spectra the area through which 
the beam passes includes the seed, but only a portion 
of the grown material added on either side of the seed 
for the larger crystals. Since material added to the 
rhombohedral ends of such large crystals is not irradiated 
by the beam and cannot influence the values determined 
for extinction coeificients, it seems reasonable to exclude 
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Fig. 3. Plot of relationship between growth rate (measured in the direction 
of transmission of the infrared beam) and asujem for all the crystals ex- 
amined in this study. Note the effect of increasing temperature in the 
growth zone. Boundary lines represent approximate limits of extinction 
coefficients vs. average growth rates observed in this study. Same symbols 
as in Fig. 2. Temperature of growth zone in parenthesis. 


this material when computing the average growth rale. 
If average growth rates normal to the minor rhombohed- 
ron are used, the values all fall above and to the left of 
the line shown on Fig. 2. 

In addition to excluding the material grown lute in 
the run, u.sing the growth rates normal to the prism serves 
a second purpose. The beam must pass through layers 
of added material at an angle of approximately 35°. 
In determining the growth rate normal to the prism, the 
growth rate normal to the minor rhombohedron is 
‘corrected’ by the same angular factor. That the effect 
of determining the extinction coefficient normal to the 
prism seems to be offset by concomitantly determining 
the growth rate at that same angle to the minor rhom¬ 
bohedron appears to be borne out by the plot of values 
shown in Fig. 3. 

Obviously, growth rale data for such larger crystals 
are less accurate because of the change in growth rate 


that occurs when the prism faces are developed. How¬ 
ever, since an essentially linear fit was observed in Fig. 2. 
data for these and other large crystals were plotted in 
Fig. 3. Omission of these data points would not influence 
the conclusions reached concerning the relationship 
between extinction coefficient and average growth rate. 
They are included to demonstrate that extinction coeffi¬ 
cients may be determined by passing the beam either 
normal to the seed or the prism, provided the average 
growth rate is measured along the same direction. 

It was anticipated that crystals grown more 
rapidly would have higher extinction coeffi¬ 
cients; however, an essentially linear re¬ 
lationship was not anticipated since growth 
rates diminish with time[7,8]. 




2476 


O. C. KOPP and P. A. STAATS 


Two factors seem primarily responsible for the de¬ 
creasing growth rates during the course of a run. First, 
the effective ratio of the surface area of the nutrient to 
the surface area of the growing crystals decreases with 
time, and second, the solvent normally decreases slight¬ 
ly with time as it becomes incorporated into other phases 
in the system|7]. It might be added that growth rates 
are measured linearly, while the addition of material 
to the growing crystal takes place on a volumetric basis. 

When data for all the crystals prepared 
are plotted (Fig. 3) in a similar manner to 
Fig. 2, the values at first appear to be scat¬ 
tered. However, when the growth tempera¬ 
tures of the individual crystals are considered, 
the results fit a reasonable pattern. Crystals 
grown at higher temperatures have lower 
extinction coefficients at 3580 cm'* than those 
grown at the same rate at lower temperatures. 

5. CONCLUSIONS 

Several conclusions can be drawn from this 
study. First, and possibly most important 
(assuming that infrared absorbance measure¬ 
ments are a good indicator of crystalline 
perfection), RbOH-grown quartz crystals 
appear to be of high quality. Crystals grown 
at about 450'’C, at rates up to 0-6 mm per day 
normal to the seed, have a^^oo/cm less than 
0-3, comparable to some of the best crystals 
reported by Dodd and FraserflJ. Actual 
measurement of anelastic losses for RbOH- 
grown crystals will be necessary to confirm 
this view. 

Second, study of the plot of the extinction 
coefficients for all RbOH-grown crystals 
versus their growth rates (Fig. 3) reveals 
that crystals grown at higher temperatures 
are significantly better than those grown at 
lower temperatures for the same growth rate. 
If this is also true for crystals grown with the 
typical sodium-based solvents, crystals of 
comparable perfection could be grown in 
much less time if higher growth temperatures 
were used. 


Third, the infrared spectrum of quartz in the 
region 2900 to 35(X)cm'' is affected by the 
length of time that the crystal is held at Uquid 
nitrogen temperature. A study is underway to 
try to determine the cause of this phenomenon. 

Fourth, evaluation of the chemical analyses 
(Table 2) strongly suggests that the growing 
crystal preferentially incorporates smaller 
ions such as Li**^, Na'*^, and even the relatively 
large ion, although these are present in 
only minor amounts in the RbOH solvent 
used. In addition, the total amount of iron 
(added from the liner) plus aluminum (in¬ 
herited from the nutrient) is approximately 
equal to the sum of the plus one impurity ions. 
We are now attempting to grow ultra-high 
purity quartz, using high purity RbOH solvent 
and SiOj (which contains less than 1 ppm 
total Fe plus Al) in an inert liner to be used 
in further studies relating chemical compos¬ 
ition with the infrared spectrum and to 
determine the effects of impurities on physical 
properties. 
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Abstract— Semicontinuum and continuum models ere used to treat the electronic states of interstitial 
ions and atoms in insulating crystals. The Hartree-Fock-Slater approximation is used to treat the 
internal structure of the ions, in cases where such structure exists. Three systems are considered, 
namely, Na” in Nal, the U, center in KCI. and Ca* in KCI. In the second case, our results are some¬ 


what at variance with those of Schechter, and cast 
lowest excited state. 

1. INTRODUCTION 

In contrast to the large amount of literature 
extant on substitutional impurity calculations 
in alkali halide crystals [ 1 ], comparatively 
little theoretical work has been performed on 
interstitial centers. In fact, most of the experi¬ 
mental work has focused on interstitial 
hydrogen (the Uj center) [ 2 ], although a fair 
amount of work has been performed on Z 
centers [3], thought by some to be interstitial 
alkaline-earth ions, and recent interest has 
developed in interstitial Na" in Nal [4], 

Wang(5] has performed calculations on 
interstitial Ca+ in KCI, proposed as a model 
for the Z 3 center, while more recently Schechter 
[ 6 ] has presented calculations on the Uj 
center, using various model potentials. From 
his work, Schechter has concluded that a 
vacancy-centered model of the lowest 
excited state of the Uj center is tenable. 

In this paper, we use both semicontinuum 
and continuum models to treat three cases: 
interstitial Na" in Nal, Ca+ in KCI, and H® in 
KCI. In the first two cases, the internal 
structure of the ions is treated in the Hartree- 
Fock-Slater approximation, using the com¬ 
puter routine of Herman and Skillman [7]. 

We find that semicontinuum and continuum 


* Research supported in part by a grant from the 
Office of Naval Research. 


some doubt on the vacancy-centered model of the 

models yield quite different results. We argue 
that the semicontinuum model is an accept¬ 
able theoretical alternative to the continuum 
model, and conclude that our results on the 
Uj center cast doubt on the vacancy-centered 
model for the lowest excited state. Our 
results on Ca^ are in poor agreement with 
those of Wang, who used a quite different 
model, and are far from the experimental 
results for the Z 3 center. We conclude that 
interstitial Na" should have a strong absorp¬ 
tion in the near infrared; this result is dis¬ 
cussed in connection with the work of Van 
Sciver et al. on the Q center [4]. 

2. THE SEMICONTINUUM MODEL 
AND CALCULATIONS 

We consider a continuum model to be 
one in which quantities such as dielectric 
constant and effective mass are continuous 
functions of r, while in a semicontinuum 
model there are discontinuities at some value 
ofr. 

While a semicontinuum model was used 
in a calculation on interstitial Ca^ by Wang(5], 
no discussions of its relative merits as com¬ 
pared with continuum models for interstitial 
systems have appeared. 

This has not been the case for substitu¬ 
tional imperfections. Here, although some 
work has been based on continuum models. 
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it has generally been conceded that the region 
of space comprising the impurity atom needs 
special consideration!!]. While the semi- 
continuum model has been successful in 
some ways in describing such systems, it is 
not our intent to defend this model on an 
absolute basis; clearly, more sophisticated 
models, such as developed by Wood and 
6pik[8], are preferable. Rather, we wish to 
present it as a reasonable alternative to 
various continuum models. 

It has long been recognized[9] that in 
impurity calculations special attention must 
be paid the central-cell region. This fact is 
indeed the basis of the HermansonflO] and 
other dielectric functions used by Schechter. 
However, it is not clear that this treatment of 
the central-cell region is complete, or in all 
cases, correct. For example, in the Hermanson 
approach, little attention is paid to the elec¬ 
tronic polarization energy about the positive 
charge, an important quantity which can be 
computed classically[9, 11], In the semi¬ 
continuum approach, on the other hand, this 
quantity is explicitly included, as is the 
electrttn self-energy through the electron 
affinity. 

If one reviews the arguments made in the 
derivation of the semicontinuum approxima¬ 
tion [9, 11, 12|, there seems to be no point 
at which a substitutional impurity is demanded. 
In fact, using Mott and Gurney's procedure, 
one can in the interstitial case define an effec¬ 
tive cavity radius in terms of the electronic 
polarization energy. With these remarks in 
mind, we write down a simple external semi¬ 
continuum potential for an electron on an 
interstitial atom: 

F{r) = IF-x r < R„ 

where W is the electronic polarization self¬ 
energy [9,11 ] 



X is the electron affinity and is the high- 
frequency dielectric constant. 

X and €» may, in principle, be determined 
from experiment; the other terms depend on 
Ro- Ro, however, may be obtained from a 
result of Mott and Gurney [9]; they calculate 
W for interstitial positions in several crystals, 
and from their calculated value, Ro may be 
obtained. 

Their results for IT are about the same for 
NaCl and KCI, and since for the substitutional 
case the results for Nal are close to those for 
NaCl and KCI, we take for Nal the same 
result as for NaCl and KCI, namely, W = 3 08 
eV. Even with these approximations, the 
uncertainty in W is less than that in x: we 
took X = —0-04 a.u. for all cases considered [9]. 

For Nal, then, where €* = 2-93, /?□ is 
2-91 ao. smaller than the corresponding 
number for substitutional impurities. 

The potential of equation (I) is shown in 
Fig. I. The dashed line represents the poten¬ 
tial that one would u.se in a similar continuum 
calculation (i.e. /?»= 0). One can note, then, 
that the semicontinuum external potential is 
less repulsive than a continuum external 
potential. 

We have also made calculations using 
other assumptions: (a) equation (I) but with 
a static dielectric constant; (2) a potential 
for r > R„ used by Schechter and due to 
Hermanson [10]; (c) same as (b) but with 
Ri, = 0 . 



r CO.) 

Fig, 1, The potential of equation (1) for an interstitial in 
Nal tsolid line). The dashed line from r = 0 to r = 2’91 o, 
plus the solid line from r = 2-91 ao to infinity represents a 
corresponding simple continuum potential. 
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We also computed oscillator strengths for 
the lowest s -* p transition in several cases. 

In the case of Na® and Ca+, the internal 
structure of the ions was treated using the 
Hartree-Fock-Slater approximation with 
the computer program of Herman and 
Skillman[7], suitably modified for our prob¬ 
lem. This approach has been extensively 
used in energy band calculations. For these 
cases of one electron outside a closed shell, 
we felt it justified to make an invariant core 
approximation for the lowest excited p state. 


3. DISCUSSION 

The several external potentials produced 
rather different results for the cases con¬ 
sidered. For Nal, for example, predicted 
3^-3p transition energies range from 0-4711 
to 0-9403 eV, and oscillator strengths from 
0-1167 to 0-5908. From an experimental 
point of view, however, this range is small 
enough that Na® absorption in Nal should be 
detectable, and the absence[4,13] of such 
absorption indicates either that interstitial 
sodium is not present in particular cases 


Table I. Optical absorption o/Na“in Nal. Column / con¬ 
tains results obtained with the external potential of equa¬ 
tion (I) with a high-frequency dielectric constant; Column 
II is the same with a static dielectric constant. Column III 
contains results obtained from Schechter’s continuum 
potential a Id Hermanson; Column IV is the same, except 
for r < 2-91 a„u constant potential o/0-15a.u. is used 



1 

II 

111 

IV 

Energy n .r 

-0-09888 

-0-03939 

-0-04592 

-0-07168 

(Ryd) (3p 


-0-00479 

-0-01026 

-0-01054 

tsEa.i-ip)eV 

0-9403 

0-4711 

0-4714 

0-8315 

Oscillator strength 

0-5908 

0-1167 

0-5312 

0-3241 


Table 2. Optical absorption ofH in KCl. Columns /, //, 
///, IV are labeled as in Table I. Here R,) = 2-34a,, 




1 

II 

III 

IV 

Energy i 

[U- 

-0-69983 

-0-69039 

-0-51731 

-0-69295 

(Ryd) 1 

I2p 

-0-05899 

-0-01187 

-0-02716 

-0-01147 


-2p)eV 

8-715 

9-228 

6-666 

9-268 


We tested these approximations by computing 
the transition energy and oscillator strength 
for atomic Na. The results were within 1 per 
cent of experiment, suggesting that our pro¬ 
cedure was acceptable. Results for Na“ in 
Nal are shown in Table 1, those for H in 
KCl in Table 2, and those for Ca+ in KCl 
in Table 3. 


Table 3. Optical absorption of Ca+ in KCl. 
The potential used was of the form of equa¬ 
tion (I) with a high-frequency dielectric 
constant 


Energy f4i ~ 0-3372 

(Ryd) [4p -01921 

a£(4j-4p)eV 1-97 
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where it is expected to be, or the sodium is 
ionized (Na^). 

For H°, we found transition energies gener¬ 
ally higher than those predicted by Schechter 
[6], and higher than experimentally observed. 
It might be argued that this invalidates our 
semicontinuum model, although we feel that 
this model is tenable. It is interesting to note, 
from the last column of Table 2, that even 
when we use the Hermanson potential used 
by Schechter, we obtain a transition energy 
higher than Schechter's (and experiment) by 
about l-5eV. We feel that this difference 
arises because we solved the Schrodinger 
equation numerically, with rather high 
accuracy, while Schechter used a variational 
approach. If the variational approach intro¬ 
duced similar errors in all of his calculations, 
then all of Schechter’s models would when 
.solved more exactly predict a transition 
energy too large. Thus we feel that, irrespec¬ 
tive of the merits of semicontinuum vs. con¬ 
tinuum theory, the vacancy-centered model of 
the Uj excited state is open to doubt. 

For interstitial Ca^ in KCI, we obtained a 
transition energy of 1 -97 eV, and an oscillator 
strength very nearly unity, using our semi- 
continuum model. This result is not very close 
to that of Wang(51, nor to the experimental 
absorption energy of the Zj center (2-53)[3]. 


Acknowledgements—'Nt thank Ors. A. Barry Kunz and 
Wesley J. Van Sciver for helpful discussions. 
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ON THE DICHROISM OF TOURMALINE 
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Department of Energy. Mines and Resources, Mines Branch. Ottawa, Canada 
{Received 17 October 1969; in revisedform 5 December 1969) 

Abstract—The dichroism of tourmaline arises partially from charge-transfer transitions within next- 
nearest neighbour cations through shared octahedral edges in the 001 layer. Similar structural features 
occur in the sheet silicates, and charge-transfer spectra in these structures are discussed. 

1. INTRODUCTION jmjj c-site ions are displaced by 1-2 per 

Tourmaline Na(Mg, Fe, Mn)3Al*B3St«027 cent of the c parameter above these planes. 
(0H,F)4 has a complex structure[l], but for The b-site ions are octahedrally coordinated 
the purpose of discussing its optical absorp- to four oxygen ions, and two hydroxyl groups, 
tion spectrum it is necessary to consider These octahedra each share two edges with 
primarily only two octahedral sites, i.e. the the adjoining octahedra in the trigonal plane 
b site, which can contain Mg. Fe and Mn. and and two edges with c-site octahedra. Each 
the c site, which contains Al [2,3.4]. c-site octahedron also shares two edges with 

As shown in Fig. 1 the A-site ions lie in adjoining c-site octahedra forming, in effect, 
trigonal planes perpendicular to the c axis, spiral chains in the c-direction. 


015 015 



Fig. 1. A (001) projection of (Mg.Fe.Mn) ions (black circles) in b sites, and Al ions (open 
circles) in c sites, in tourmaline. Figures indicate fractional distances above the zero plane. 
Short metal-metal distances, representing directions across shared octahedral edges shown 
as solid lines between (Mg,Fe)-(Mg,Fe) and as dashed lines between (Mg,Fe-AI) (from 

Faye[8]). 
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The Structure of dravite NaMgjAlgBaSi^OiT 
( 0 H,F )4 has been determined accurately[1]. 
The b-site symmetry is C, with bond dis¬ 
tances Mg-(OH,), 2 063 A, Mg-tOHi), 

2116 A, Mg-O, 2'032A[2] and 2-023 A[2]. 
and bond angles varying from 81-97°. The 
major distortion is tetragonal along the 
OHi-OHj axis at an angle of about 63° to the 
c axi.s. The c-site symmetry is also C,. 

The absorption spectra of pink [3,4], 
blue[2,3], green[2,3], brown[3,4], Fig. 2, 
and black tourmaline have been recorded. 
The brown and black tourmalines fall on 
the dravite schorl (Na(Fe, Mn);,AlflB3Sin027 
(0H,F)4) join. Wilkins et a/.[31 assigned two 
prominent absorption bands in the 9000- 
14,000 cm~' region to the ’Tj —» 'E transition 
of Fe*+ in the h site with a tetragonal splitting 
of of approximately 5000 cm~‘. An 
alternative assignment of the 14,000 cm"' 
band to an Fe''^ -* Fe"' charge-tran.sfer 
transition was proposed by Faye et a/.[2j. All 
U.V., visible and near i.r. bands (apart from 


OH vibrational structure) in the tourmaline 
spectra are markedly dichroic with maximum 
absorption occurring for Elc. 

The colour and pleochroism of many sil¬ 
icates in which there are layers or groups of 
edge-sharing octahedra has been attributed in 
part to —» Fe®+/^e* charge-transfer. 

Such transitions are allowed when £ is in 
the plane of the octahedral layers con¬ 
taining the Fe inter-nuclear vector[2.5-7]. 

In the present work the origin of the dichro- 
ism of the tourmaline u.v. bands is considered 
using a qualitative one electron molecular- 
orbital energy level scheme. The nature of 
the visible dichroism and band splitting is 
shown to be consistent with the C, point 
group of the b and c sites 

2. DISCUSSION 

It seems likely that the visible absorption 
band in the 14.000 cm"' region in tourmaline 
ari.ses from the d-d Fe^+ ^'TjC/V) -» *E(rV‘) 
transition, rather than from an Fe^*^ Fe^+ 



Fig. 2. Polari.sed absorption spectrum of dravite recorded at room temperature (from 

Manning, 1969). 
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charge transfer transition since the ratio of 
intensity of this band and the 9000 cfn~' band 
remains approximately constant in a range of 
tourmalines of varying Fe*+/Fe“+ concentra¬ 
tion [3, 8 ]. An alternative suggestion [3] for 
the origin of this splitting, as the dynamical 
Jahn-Teller effect, may readily be discounted. 
This interaction raises the degeneracy of the 
*E term in octahedral symmetry; a splitting of 
5000 cm“* would be equivalent to a Jahn- 
Teller energy of ~4eV whereas a typical 
Jahn-Teller energy of an ‘e’ hole is 0-5 eV [9], 

Since a strong Fe“^(/V^) 
charge-transfer absorption (/— 10 “^) occurs 
at -14-18,000 cm~' in other ferromagnesian 
silicates with intercationic distances of simitar 
magnitude, the absence or low intensity of 
this band in tourmaline points to a low con¬ 
centration of adjacent Fe*^-Fe®^ ion pairs. 
There is a strongly dichroic absorption shoul¬ 
der at 17,500cm'' in the spectra of certain 
blue-green tourmalines, and this may well 
represent Fe'’^ -* Fe'"'interaction [ 8 ]. 

Wilkins et al.[3] did not discuss the dichro- 
ism of the tourmaline u.v. bands, but suggest¬ 
ed that the Fe^^ “Ta —»"E transition borrowed 
intensity from these bands through the odd 
terms in a series expansion of the crystalline 
field. They noted that crystalline field split¬ 
tings are due to even and odd terms, whilst 
intensities are due only to odd terms, with 
the major portion due to the largest odd terms. 
Analysing the coordination of the metal ions 
they considered that the largest odd field term 
was a trigonal field in the ( 111 ) direction of the 
b octahedron, almost coinciding in direction 
with the c-axis of the lattice. From this, in 
spite of the large tetragonal splitting of the 
'‘E term, they attempted to describe the inten¬ 
sity borrowing by using C 3 symmetry for the 
b octahedron. 

In discussing this model it firstly should be 
made clear that whilst the ( 111 ) axis of the b or 
c octahedron is almost parallel to the c-axis 
direction, it is not coincident with the 3 fold 
symmetry c-axis. The latter is situated at the 
centre of the brucite triangle not on one of the 


b ore site cations. Fig. 1. If a Hamiltonian is 
constructed from Wilkins model we obtain, 
3if = ^ cubic -f Sff odd-trigonal -F ^ even- 
tetragonal and evidently neither this Hamil¬ 
tonian nor its eigen vectors transform accord¬ 
ing to the operations of the Q group. Because 
of the high distortion of the bore octahedron, 
termination of the series expansion of the 
crystalline field at terms linear in the distor¬ 
tion parameter, ignoring even and higher 
order odd terms, which in effect is equivalent 
to Wilkins concept of a pseudo-trigonal field, 
would appear to be a poor approximation. 

Since there is no unique axial distortion of 
the b or c octahedron along the c-axis direc¬ 
tion, the observed dependence of the absorp¬ 
tion intensity on the relative orientation of 
the electric vector with respect to the c axis 
must arise either from next-nearest neighbour 
interaction or from the symmetry in the 
composite absorption of the 3 b and 6 c sites 
about the 3 fold axis at the centre of the brucite 
triangle. Fig. 1. The latter contributes to the 
dichroism if transitions within individual fc-site 
octahedra are polarised, e.g. along the 
OHj-OHj tetragonal axis at 63° to the c-axis. 
The resultant absorption from 3 different b 
sites is then polarised with respect to the c-axis, 
and the ratio of absorption intensity (a) for E 11 
oricisl ^ 1-73. Similarly the composite 

absorption from the 6 c-sites and the 6 silica 
tetrahedra in the hexagonal ring centred on 
the c-axis in the 001 plane below the brucite 
triangle, may also contribute to the dichroism; 
the latter through polarisation of O"' -♦ Si, 
3s, 3p, u.v. transitions within the silica 
tetrahedra. These contributions give most 
intense absorption, for a particular transition, 
for £ II or X c depending on the anisotropy of 
the lattice phonon interaction and sign of the 
crystal field splitting. 

Next-nearest neighbour interaction on the 
other hand unambiguously leads to maximum 
absorption for £ 1 c. Figure 1 shows that the 
number of possible pair interactions between 
next-nearest neighbour ions in b and c sites 
in the 001 plane outnumbers the interactions 
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at approximately 60° to the 001 plane in the 
c-site spiral chain by 2 : 1. 

Some evidence for next-nearest neighbour 
interaction in dravite has been noted by 
Manning [4]. He assigned a prominent mark¬ 
edly dichroic absorption band at 22,000 cm"' 
in dravite containing 115% Ti, Fig. 2, to the 
charge-transfer transition Ti“^ —» Ti‘+. Many 
intervalence charge-transfer transitions have 
been observed in the solid state[5,6,10,l 1] 
and this type of transition is now discussed. 

Mulliken [ 12] has derived an approximate ex¬ 
pression for the oscillator strength of a charge- 
transfer transition. The wave functions of the 
isolated donor and acceptor ions are denoted 
'Vd and 'I'a respectively. Mixing of these gives 
the more general wavefunctions. 

ypd' ='l'd+Kad'f'a 
'i'a' ='i'a-hUa'i'd 

'i'd' and 'i'a' are orthogonal giving Sad = 
-(>^ad + kda) where Sad = (^'i'd*\'i'a\. The 
electric dipole oscillator.strength, yit/'n', for 
transitions from 'Vd' —* 'i'a' is given by: 

fd'a' = l-OSSx 10'V(£'c/'«')“-(i) 

where Kd'a' =‘ Eda + eKaa'aii’ c is the elec¬ 
tronic charge, the internuclear distance, 
V the transition frequency and Eda the electric 
dipole moment, ^'l'd*|r|'l'a). 

Robin[ll| has calculated the degree of 
delocalisation between donor Fe*^(r*)'/4, 
ground state and acceptor Fe^’*^(r*e*)*/4i, 
excited state from the observed oscillator 
strength in cubic Prussian Blue. He assigned 
the observed strong band at 14,000 cm~‘ to a 
ho tia transition and the weaker band at 
24,000 cm' to a t^a e„ transition. He pointed 
out that, because of local orthogonality be¬ 
tween the Fe^^/i and Fe^^e^ orbitals, the 
ha eg transition is forbidden to first order. 

In tourmaline and many of the sheet sili¬ 
cates, adjacent octahedraily coordinated 
cations share octahedral edges, resulting in 
trigonal brucite-like fragments throughout the 


structure. Figure 3 shows a portion of the tri¬ 
gonal brucite unit, where Mi and Mi an tab 
sites, and may be two similar or different 
transition metal ions of the same or differ¬ 
ent valencies, one transition-metal ion 
and one AF"'' or Mg*+ ion, or two AF+ or 
Mg*+ ions. Figure 4 shows a qualitative mol¬ 
ecular-orbital energy level scheme for the 
brucite fragment assuming initially an idealised 
Cit symmetry, where both A/, and M^ are 
transition-metal ions. The depicted relative 
order of the low-symmetry splittings of the 
molecular orbital levels is quite arbitrary 
but does not affect in any way our general 
conclusions. Energy splittings from metal- 
metal interaction occur in second order and 
are negligibly small, whilst orbital admixture is 
a first-order interaction and contributes to 
the intensity of intercation charge-transfer 
transitions. 

As an example we consider an M, donor ion 
in a A site with ground state predominantly of 
3dx>’ symmetry. The discussion applies 
equally to ions in c sites. The 2p orbitals of the 
bridging oxygen ions. Figs. 3,4 form lA^ and 
2Bi molecular orbitals. 1/1, and IB, rrbond 
with "idxy Af, and the other orthogonal pair 
with 3<£cy M.^. Consequently, in this case for 
90° bonding as approximated by tourmaline 
and many silicates, metal-ligand-metal over¬ 
lap is zero. 

The cr-bonded tisdxy orbitals of the M, and 
Ml ions. Fig. 3, are symmetric with respect to 
a 2-fold rotation about the M^-M^ internuclear 
vector. As a result, transition [1] Fig. 4 is 
allowed,/— 10~^, for the symmetrical elec¬ 
tric-dipole vector component, i.e. for £|1 the 
internuclear vector. Simil 2 U'Iy for rr-bondcd 
antisymmetrical orbitals the moment is non¬ 
zero for E\\Mi-Mi. Values of overlap, dipole 
moment and approximate oscillator strength 
computed in the tourmaline lattice for A4, = 
Fe*+, Ml — Fe®+ using simple analytical wave- 
functions [13] are listed in Table 1. 

The t* —» e forbidden transition [2] has not 
been observed in silicates but recently [6] a 
weak absorption band in partially oxidized 
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«,y -local oac* at M,, Mf 


Fig. 3. Fragment of the trigonal brucite unit of tourmaline, showing 3 Mg fr sites. One dxy orbital lobe is 

shown on each of two of the cations. 


vivianite in the 24,000 cm~‘ energy region, 
polarised for £l has been assigned to 

this transition. In vivianite, the symmetry of a 
pair of Fe*^ and Fe^^ ions sharing an octa¬ 
hedral edge in site (2) is Cj„ where the b axis 
is the principal 2-foid symmetry axis. In this 
point group the / ^ e transition is no longer 
strictly forbidden and may occur, for £|| or 
since the Sd/j and ‘ide configura¬ 
tions are split into At,A 2 ,B 2 and Ai,B, respec¬ 
tively, with the "idt^Ai and 3deAi admixed in 
the crystal field. The selection rules for fz e 
intercationic transitions are then Aj-»/!,— 
£■116 and . 4 ] Bt,B 2 -^ A„ AtB, — E^-b, 

and if the assignment is correct the Fe*^ 
donor orbital ground-state must necessarily be 
of Bi orA 2 symmetry. 

Transition [3] Fig. 4 between <r-bonded Af, 
3dxyAi* and M24sAt* is allowed,10"®, 


for £||Af,-Af 2 in contrast to transition (6) 
M,3d —*■ M,4s which is parity forbidden. 
Transition (4) 3dxy -* 4px, 4py, f ~ 10"* is 
allowed for £||Af,-Af* through mctal- 
ligand-metal tt-o- overlap and direct metal- 
metal a overlap. The former is less than one 
half of the latter, 0125, in tourmaline. Transi¬ 
tions [7],[8] and [9] are strong oxygen -* metal 
transitions, f ~ 10"', allowed for both 
£llAf,-M* and £ JL Due to mixing of 

A4j4s and 4p orbitals in the B^ A, bridging 
0 1-2 bonding orbitals, some of the intensity 
of[7] arises from the integral {^M,*\E\M 2 ). 
Thus transition [7] should be partially polar¬ 
ised with maximum absorption occurring for 
£||Af,-Af*. Similarly, transitions (3) and (10) 
will be partially polarised due to overlap of 
Mi4p, 4s and M24p, 4s orbitals. The energy of 
t-* t charge-transfer transitions between 
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r-ig. 4. Molecular-orbilal scheme for (he brucile unit with W, and M^'id Iransifional melal ions in h siles. Molecular 
orhiials of the bridging O, , atoms aie shown in the centre of the diagram below the atomic orbitals. Some possible 

transitionsf I -10] are indicated. 


identical ions i.e. Fc'" -♦ Fe'^ is absorbed 
completely by the lattice phonons. Partial ab¬ 
sorption of the tran.sition energy by phonon 
modes results in transitions 12-4] being 
generally of higher energy than the corres¬ 
ponding intra-cationic transitions[5,6 and lOJ. 

We make no attempt to relate the cal¬ 
culated higher energy charge-transfer traas- 
itions to experiment since detailed experimen¬ 
tal data in this energy region are almost 
non-existent. The results of Table I should not 
differ greatly for any combination of trans¬ 
ition-metal ions, and infer generally that the 
M, —f M-i transitions as discussed here con¬ 
tribute significantly to the observed u.v. 
dichroism. The point group C, of the site 
does not contain the inversion operation, and 
consequently, crystal-field mixing of the 
Ml 3de states with excited states of trans- 
itions-[2-4,7-10]-partially polarises the 
visible Fe*^®T 2 (fV*) —» transition (i.e. 

when Ml = Fe^+) giving maximum intensity 
for£||Af,-A/*. 


The marked dichroism of the u.v. and vis¬ 
ible spectrum of colourless tourmaline. Fig. 5, 
where no more than 0-1 and 0-2 per cent of the 
total available b + c sites are occupied by Fe 
and Mn respectively*, may result either from 
statistical distribution of the Fe and Mn in the 
3b and 6c sites, and subsequent polarisation 
of the combined absorption about the c-axis 
as discussed earlier, or alternatively from Mn 
and Fe transitions terminating on AF* or Mg'^* 
3s,3p excited states. 

Contrasting optical properties are shown by 
the monoclinic amphi boles where there are 
strips of octahedrally coordinated Fe atoms 
in the b.c. plane [ 14]. At right angles in the a.c. 
plane the visible Fe“* —» Fe®* and u.v. charge 
transfer bonds are strongest for E at approxi¬ 
mately 10° from the component of the Fe®* — 
Fe®* internuclear vector ||c[14]. This results 
from the polarisation of the CH?Fe®*, Fe®* 
u.v. bands about the 2-fold symmetry b axis 
and an axis in the ac plane 10° from c de¬ 
termined primarily by the distortion of the 
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tS *t'5 » ITS IS 


Wovclsngrh , cm-< x (O'* 

f ig 5 Polarised absorption spectrum of colourless tourmaline with 0-1 and 0-2 per cent of 
the available h and <■ sites occupied by Fe and Mn respectively, recorded at room tempera¬ 
ture, by ti. H. Faye. 


Fe-” oxygen octahedra. The sense of 
polarisation of the Fe'^' —» Fe^* transition is 
determined in this case by intensity borrowing 
of the latter from the u.v. bands. 
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THE EPR SPECTRUM OF TRIVALENT TITANIUM 
IN ORTHORHOMBIC SYMMETRY IN MgO* 

J. J. DAVIESt and J. E. WERTZ 

Department of Chemistry, University of Minnesota, Minneapolis, Minn. .S5455. U.S.A. 
{.Received December 1969) 

Abstract-An orthorhombic EPR spectrum is observed in litanium-dopcd MgO at 20°K and lovrcr 
temperatures. The effective electronic spin S = i. and the principal g factors are: 

4’aDIO) = l-8487 i00007 
gv[IIO]= I-9464 + 0 0007 
j?z[001] = l•7670 + 0•0007. 

Hyperfine structure due to observed with the magnetic field in the z direction; for this direc¬ 

tion the hyperfine coupling constant Ay. — 12-5 X I0^^cm~'. The titanium ion is ascribed to the tri- 
valent st^e; the orthorhombic symmetry is ascribed to association with a positive-ion vacancy in the 
[ 110] or [ 110] direction. 


1. INTRODUCTION 

Paramagnetic centers of tetragonal sym¬ 
metry have previously been reported in 
titanium-doped magnesium oxide [1,2]. 
Observation of ‘•Ti and ‘‘“Ti hyperfine struc¬ 
ture [2] unambigously identified the element 
responsible, and the effective spin S = i 
established the irivalent state for the (3t/') 
titanium ions. We report here an additional 
electron paramagnetic resonance (EPR) spec¬ 
trum, observed at 20°K and lower tempera¬ 
tures in Ti-doped MgO. This spectrum also 
corresponds to 5 = i, but it shows ortho¬ 
rhombic symmetry; it is considerably more 
intense than the tetragonal spectrum observed 
at 77°K. 

2. EXPERIMENTAL PROCEDURES AND RESULTS 
Titanium-doped magnesium oxide crystals 
grown by the arc-fusion method were obtained 
from the General Electric Company; the melt 
contained 2 per cent by weight of Ti02. The 


specimens used were the same as those in 
Ref. [2]. An A'-band (9-4GHz) recording of 
the EPR spectrum taken at 20°K with the 
external magnetic field along the <100) 
crystal axis is shown in Fig. 1. The dominant 
lines arise from: 

(a) Mn*^ and Cr^^ impurities. 

(b) A center with orthorhombic symmetry 
and effective spin S ~i. The lines from this 
center are denoted by /?, and Ry. 

(c) Centers of symmetry lower than ortho¬ 
rhombic, which give sets of lines in the 
region 3400-3900 G. 

Rotation of the magnetic field in the (001) 
and (011) crystal planes establishes the 
orthorhombic symmetry of spectrum (b). 
The line positions at three microwave fre¬ 
quencies (9-4, 17-5 and 35 GHz) can be 
described by an effective electronic spin 
S = i. The spin Hamiltonian may therefore 
be written; 

^ = ggPSzHg + Mx^HxSx + gy^HySy- 


*This research was supported in pan by the U.S. 
Air Force Office of Scientific Research under Grant No. 
AFOSR-69-1692. 

tPresent address; Department of Physics, University 
of Hull, England. 


The Z-axis is taken along an [001J crystal 
direction, X along [110] and Y along [110]; 
the relative choice of X and Y is arbitrary. 
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Fig, 1. The A'-Band EPR spectrum of a MgO .Ti crystal at 20°K. The magnetic field is along an [001] 
direction. The lines /?, and arise from a Ti“^ center with orthorhombic symmetry. Lines B through 
F denote five of the six octahedral M = i «-> —J hyperfine components of Mn*^. Y denotes a Cr“* 
line. U denotes a low-symmetry titanium line (see text). 


The g factors for the principal crystal direc¬ 
tions are given in Table 1. These values are 
measured relative to the /y-value of DPPH, 
taken as 2 0()36±0 0(X)3; they are seen to be 
self consistent to well within the uncertainty 
of the g factor of the reference. At 20°K 
we find; 

1-8487 ± 0-0007 

1.9464 ± 0-0007 
gx = 1-7670 ± 0-0007. 

The effective spin 5 = 1 and the known 
high concentration of titanium suggest that 
the ion responsible for the spectrum is Ti'*^. 
Attempts were made to observe hyperfine 
structure due to the magnetic isotopes '"Ti 
(nuclear spin J, natural abundance 7-3 per 
cent) and ^"Ti (nuclear spin i, natural abun¬ 
dance 5-5 per cent). The ratios of nuclear 
moments to nuclear spin for the two isotopes 
are almost identical [3j; hence the inner six 
of the eight ^'*Ti hyperfine components are 
expected to coincide with the six components 
of ^^Ti; the predicted intensities of the 
hyperfine satellites as percentages of the 
intensity of the central (even isotopes) 
line are 0-8, 2-3, 2-3, 2-3, 2-3, 2-3, 2-3, 0-8. In 
practice, unfortunately, the large number of 
intense lines precludes investigation of hyper¬ 
fine structure unless the magnetic field is 


along the Z-axis of the center (corresponding 
to line Ri of Fig. 1). The g factor here has its 
minimum value, and this line is well separated 
from others. Experiments at each of the three 
microwave frequencies showed evidence of 
hyperfine satellites of the correct intensity, 
with spacing of about 15 G, as shown in Fig, 2. 




1_I_I_L 



35 GHZ 



■ » I 1 1 I 1 


Fig. 2. ^'-^Ti hyperfine structure at three microwave 
frequencies for the gz line (field along Z-axis of the 
center). The values of the hyperfine coupling A, are 
respectively 15-5±1, 15-5* 1, 14-51-5 0. The 3.S GHz 
sweep is non-linear, owing to magnet saturation. Mag¬ 
netic fields increase towards the right. 
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Table 1. Measured and calculated g factors for the ortho¬ 
rhombic center in MgO at X-band and 2QPK 


Crystal axis 

Factor 

^-Factors 
Measured value 

Calculated value 

(110) 


1-8487 




V9464 




1-8339 

1-8338 

(100) 

Sz 

1 7670 




1-8979 

1-8982 

(III) 

lY-S-T 

1-8218 

1-8219 



1-8884 

1-8885 


The hyperfine coupling constant for the Z- 
direction of the orthorhombic spectrum is 
therefore 

1/4^1 = 12-5 X lO'"* cm“‘. 

The large number of lines of low symmetry 
have not been analyzed in detail. 
hyperfine structure is readily observed on 
those lines which are sufficiently well separ¬ 
ated from other signals (e.g. line 1/ of Fig. 1). 
Experiments at 9-4 GHz and at 35 GHz show, 
however, that these spectra cannot be 
described by 5 = i; indeed, there is little 
correspondence between the low-symmetry 
spectra which are observed at these two fre¬ 
quencies. There appear to be several distinct 
centers, in some of which the only symmetry 
property appears to be reflection in an (Oil) 
plane. 

3. DISCUSSION 

The tetragonal spectrum observed at 77'’K 
was identified as originating from the center 
Ti^ —O —[=][1,2]; in this representation 
only deviations from the normal site charge 
are shown; the brackets denote a magnesium 
vacancy. Centers of this structure have pre¬ 
viously been reported for Cr®+[4], Mn^^[5] 
and Fe^'^[6]; the cation vacancies provide 
compensation for the excess positive charges 


on the impurity ions. For Cr“+;JVIgO, charge 
compensation is believed also to occur 
through formation of the orthorhombic centers 
indicated in Fig. 3(a) [7]. Since the titanium 
impurity in the present samples was origin¬ 
ally introduced in the tetravalent state (as 
Ti 02 ), a large number of positive ion vacan¬ 
cies arc expected. Thus a Ti®"^ center such as 
that of Fig. 3(b) could be responsible for the 
spectrum reported in this paper. We discuss 
this possibility below. 

Figure 4 shows the energy levels of a Ti’+ 
ion in an octahedral field. The notation is 
that of Griffith[8]. A vacancy in the [110] 
direction (the direction x = y of Fig. 3(b)) 
would reduce the site symmetry to Cj,,, 
removing the degeneracy of the octahedral 
levels. If the effect of the vacancy is small 
compared with that of the original octahedral 
field, the levels will split as shown in Fig. 
4(b). The slates |J> and |0> are mixed by 
the orthorhombic components of the crystal 
field; this is represented by writing the 
eigenfunctions as 

I a > = I { > cos 4) 4-1 > sin 

I > = 1 d > cos (|> — I ^ > sin </) 

where cos <#> = 1 for octahedral symmetry. 

For small orthorhombic field components 
the ground state will be 2“’'*(|f >4 -|t 7 >) = 



2492 


J. J. DAVIES and J. E. WERTZ 



Eij! 1 (a) The onhoihombic Cr'" cenlei reported in 
Rer, (71 Only deviations Irom normal site charge are 
shown in the diagram I .arge circles represent O* . while 
the square indicates a magnesium vacancy, (b) Possible 
model for ihe Ti’" spectrum reported in this paper. The 
uses jcv are those used in Ref. |H| to describe Ihe octa¬ 
hedral basis functions, They should ntit be confused with 
the expcrimenlal axes A'V, in which X and Y lie along 
(I l(l| or iTlOl crystal directions. 



Ib> 

|e> 

la> 

1^—n>/y? 



big. 4, Energy levels of a .Id electron in (a) an octahedral 
field and (b) an octahedral field with small orthorhombic 
component produced, for example, by a vacancy on Ihe 
line x = ,v of Fig. 7(b). The figure is not drawn to scale. 
Our experiments cannot distinguish between 2~''H\i> + 
In-*) and — \v>) as ground states; hence the 

two lowest levels may be interchanged (see text). 

i|»M — jT)>) 9^ i/r_, or \a>. We may 

eliminate \a > as a possible ground state 
by considering the hyperfine interaction. 
Expressions for A z may be obtained by using 


the methods of Abragam and Pryce[9]. With 
or ifi- as the ground state we find 

/tz = P(-»c + f) 


while for |a>: 


Az = —y(cos'‘<;>-sin^d>)}. 


Spin-orbit coupling admixtures have not been 
included (see below). Here P = 2y„/3/3„(r''’>3d 
and K represents the core polarization con¬ 
stant (e.g. Ref. [8]); the values found for the 
tetragonal Ti'*^ center[2] will be used; thus: 

K = 0-72±0-05, |P| = (19-3± 10) X lO-^cm''. 

For or i/;_, the predicted value of \Az\ is 
then 8-3X 10"^cm '. For |u> the value of 
\Az\ is (2-9-F22 cos" d>) X I0~''cm~'. Since 
cos"(^> is expected to approach unity, the 
experimental value of about 12-5 x 10"‘'cm“' 
suggests that either tjj^ or i|/_ is the ground 
state. This conclusion is strengthened by 
inclusion of admixtures due to spin-orbit 
coupling (see below). That i1j+ or i)/- should 
lie lowest is reasonable, since the lobes of 
|fl> (taken to consist mainly of |$> ~ U>’> 
point directly at the vacancy, which has an 
effective negative charge of magnitude —2e. 
In Griffith’s notation[8], U>~>’Z and 
|t)> — zx (see Figs. 3(b) and 4(b)); from 
electrostatic considerations, one would 
expect i//_ to be the ground state if the vacancy 
lies along the line x = y and if it lies along 
x = -y. 

The g-shift results from admixtures to the 
ground state by spin-orbit coupling. If i|/- 
lies lowest we calculate (to first order in 
perturbation theory) 


= 2 - 0023 -^-^ 
gv = 2 {) 023 -|^ 
gz = 2 0023-^ 
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where the energy separations are defined in 
Fig. 4. X is the spin-orbit coupling constant, 
which we take here to have the free-ion value 
of I54cm~' (e.g. Ref. [ 8 ]). If the positions of 
the two lowest states of Fig. 4 are reversed, 
the above equations are again obtained, but 
with gx and gy interchanged. Since the experi¬ 
mental assignment of these axes was arbi¬ 
trary, we cannot distinguish between the two 
cases. 

The energy gap between and <//_ is 
found from the equation for gz to be about 
1300 cm"'. If gy for is taken to correspond 
to gy measured experimentally, we find 
£2 5500 cm"'. The departure from octa¬ 

hedral symmetry is therefore large, since 
otherwise E.^ would have been of the order of 
A, expected to be about 20,000 cm"'[10]. The 
alternative choice of gy gives an even bigger 
value of Ej. We cannot calculate the remain¬ 
ing energy parameters £, and E-j from the 
third g factor without further information; 
if £3 is given the approximate value 30,000 
cm"', then E, is calculated to be about 
3300 cm-'. 

When spin-orbit coupling admixtures are 
included with (//+ or i//_ as ground state the 
value predicted (or A;, becomes 




With the values of the energy separations 
obtained above, this now gives a calculated 
value \Az\ = 12-3 X 10"''cm"', in better agree¬ 
ment with experiment. The major correction 
term is that in ( 6 )"'. 

It is a little surprising that a vacancy could 
so greatly distort the original octahedral 
field; it is possible that the orthorhombic 
splitting is enhanced by displacement of the 
Ti^''^ ion towards the vacancy. Association 
of the Ti^+ with other metal ion impurities is 
considered improbable since these are likely 
to be in a high charge state (e.g. Ti^+, AP'^) or 
paramagnetic (e.g. Mn^+, Fe®"'). 


4. CONCLUSIONS 

An orthorhombic spectrum ascribed to 
Ti"^ is reported; the observed departure 
from octahedral symmetry is Irirge. Charge- 
compensation considerations suggest that the 
Ti®+ may be associated with a positive-ion 
vacancy in the [110] direction. From the 
hyperfine structure the ground state is shown 
to be either 2 -''*(|f>-I-| tj>) or 2 -''’'(|f>- 
!•»)>). The energy difference between these 
two states is found from the g factors to be 
about 1300cm"'. 

An alternative explanation to distortion of 
the octahedral field by a cation vacancy could 
be provided by the Jahn-Teller theorem. 
Since the ground state of Ti“+ in an octahedral 
field is orbitally degenerate, the system could 
distort to lower its energy. Considerations of 
the behavior of an orbital triplet have sug¬ 
gested that the stable configuration would 
be of trigonal or tetragonal symmetry, rather 
than orthorhombic[l 1]. That this is not 
necessarily the case, however, has been 
demonstrated by recent EPR experiments 
on Cu^'^ in CdF 2 [ 12 ], where the orbital trip¬ 
let ground state is believed to undergo a 
Jahn-Teller distortion to an orthorhombic 
configuration. 

With the available information it is not 
possible to distinguish between the two 
possible models. However, since charge 
compensation leads one to expect vacancy- 
associated titanium centers, the structure 
proposed in Fig. 3(b) does seem the more 
likely. 

We note finally that we have found no evi¬ 
dence of a corresponding orthorhombic 
spectrum in a crystal of calcium oxide doped 
with 0-1 per cent by weight of TiO-^. 
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Abstract—The compounds HgTe, HgjInjTegand HgjiniTci constitute a series in which the concentra¬ 
tion of vacancies, sited regularly on the lattice array, increases progressively from zero. To assess 
the effect of vacancies on the mechanical properties the propagation of 10 MHz ultrasonic waves has 
been studied in these compounds. The elastic constants show a regular trend through the series, 
namely that the stiffness decreases as the vacancy concentration increases. In particular, the reduced 
bulk modulus is found to be directly proportion^ to the number of vacancies present. Bordoni-type 
relaxation peaks occur in all three compounds and are consistent with dislocation motion on the 
{111} and {110} slip planes. The activation energies for kink formation and the Peierls stresses, 
calculated on the basis of the kink nucleation theory, show that dislocation motion becomes easier 
with increased vacancy concentration and takes place more readily on the {111} slip planes. 


1. INTRODUCTION 

Much interest has been aroused in the band 
structure and electron transport properties 
of HgTe and its pseudobinary alloys with 
other II-VI compounds or IIIjVIj com¬ 
pounds. HgTe itself is a semimetal in con¬ 
sequence of a small band overlap. Progressive 
addition of another telluride, such as CdTe 
or InjTe,, causes the energy overlap to 
decrease until it goes through zero; the closer 
the band edges are, the smaller is the carrier 
effective mass and the greater is the carrier 
mobility. Narrow band gap alloys find use 
in fabrication of tunable long wavelength 
infrared lasers or detectors. Addition of InjTes 
to HgTe reduces the band gap linearly with 
lattice parameter until the composition 
37-5 mol. % InjTca is attained [1]; the zero 
gap alloy has a composition corresponding 
to 4 mol. % InjTes. Compounds HgjInjTes 
and HgsInjTeg are extant respectively at 
37-5 mol. % InjTes and 50-0 mol. % InjTej 
in HgjTesIZ]. Direct energy gaps in these 
compounds are 0-61 and 0-78 eV respectively 
[31. 

Although the electronic properties of these 
compounds have been examined extensively, 
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few complementary details of the lattice and 
mechanical properties are available. The 
present concern is to report the elastic and 
anelastic properties of HgslnjTcg, measured 
by the pulse echo technique. Results are 
compared and correlated with those of HgTe 
[4] and HgglnjTeJS]. These compounds 
provide an interesting series in which the 
zincblende structure of HgTe is modified to 
a defect tetrahedral structure of the same 
basic mould. HgglnjTeg and HgjIngTeg have 
incomplete lattices; while the formulae are 
stoichiometric, not every available lattice 
site is occupied. A vacancy can be designated 
□. Then HgslnzlUTeB has one vacancy in 
every eight cation sites and Hg 3 ln 2 CJre 8 
one in every six cation sites. In both com¬ 
pounds the charges are balanced; HgslnjQTes 
can be thought of as being formed by replac¬ 
ing 3 Hg*"^ by 2 In®"^ plus one vacancy and 
HgsInjDTes similarly. Furthermore, both 
compounds can be produced with ordered 
lattices; in each case the vacancies and the 
mercury and indium atoms form an ordered 
superlattice on those sites occupied by mer¬ 
cury in HgTe itself. One aim of the present 
work has been to assess the way in which the 
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presence of vacant lattice sites on an ordered 
array affect the elastic properties of materials 
in general. 

I'he presence of vacancies on a large scale 
should also affect the ultrasonic wave damp¬ 
ing, in particular that associated with disloca¬ 
tion movement. Previously, ultrasonic wave 
propagation has been studied extensively 
in HgTe, with the object of assessing both 
intrinsic properties anti the effects of material 
imperfections(61. I')islocation damping was 
shown to play an important role; Boidoni-lype 
relaxation peaks resulting from intrinsic 
dislocation clfccts were obscived. Similar 
peaks have now been observed in Hg,ln./Tre,i 
and Hg.lndJIeK und are reported here. 
Results have been interpreted on the basis 
of the kink nucletilion theory[7|; the activa¬ 
tion energy for kmk formation and the 
Pcierls energy hariicr to dislocation motion 
on the slip planes have been estimated for all 
three compounds. It is found that the presence 
of vacancies profoundly modifies not only the 
elastic properties hut also the basic dislocation 
motion parametei s. 

2. KXI'KRIMKMM. DETAIt.S AND KESll|,|S! 

Single crystals of the compounds were 
grown by the Hndgman technique from 
elemenis ot W Uuq per cent purity contained 
in evacnaled (10 'ton) quart/, lubes. To 
ensine mixing and complete reaction before 
ciyslal giowlh and to prevent excessive build 
np of mcicuiy vapour pressure, the furnace 
Icmpeialiire was liist increased slowly over 
seveial days to 750‘’C'. A solid state, polenlio- 
metric. stepless controller employing Pt-13/^ 
Rh sensing thermocouples, controlled the 
tempeialine. A gradient of 35°C/cm was 
maintained at the freezing interface. Crystals 
were grown fiom the conical tip of the lube 
by pulling through the temperature gradient 
at I mm/hr. Specimens cut I'rmn the main 
body of (he houle showed no veinous or 
cellular structure and. as evidenced by lack 
of spot splitting or spreading on I aue back- 
reflection photographs, no mosaic structure 


or strain. Any grain boundaries were revealed 
by an etch (one part each by volume of 
concentrated HCl and HNO 3 and two 
parts distilled water) followed by washing 
with concentrated HCl and then distilled 
water. 

During this work an order-disorder trans¬ 
formation has been observed in Hg 3 ln.QTer,. 
Further details will be discussed elsewhere. 
Samples quenched rapidly in liquid nitrogen 
after annealing at high temperatures (between 
350-600'‘C) give Debye-Scherrer powder 
photographs which closely resemble those 
of HgTe and demonstrate a point group of 
43/jr, the lattice spacing u,, is 6-289±0-0()2 A. 
Two interpenetrating face centred cubic 
lattices relatively displaced one quarter of the 
distance along the cube diagonal, comprise 
this structure; the tellurium atoms occupy 
one of these face centred cubic sublatticcs. 
while the mercury and indium atoms and the 
vacancies are disposed in disordered array 
on the other. Slowly cooled specimens 
(" 3'’(' per hr) and samples annealed at 3()()"(' 
for about 200 hr give Debye-Scherrer 
pht)tographs with superlattice lines also. 
The lattice spacing based on the zincblende 
cell IS 6-2W-"' O'OOl A. which is identical 
to that in the disordered compound. Back 
lellcction photographs verify the cubic nature 
of the orilered compound to within the 
expel imenia) error of ±0 5”. The calculated 
X-ray density (7 (),s ± 0 01 g.cm ') is in 
reasonable agreement with that mettsiired 
by Archimedes principle (7-10± 0 ()5 g.cm ■'). 
Studies reported here concern the ordered 
compound to allow direct comparison with 
ordered Hgr.lnJ J re„ and HgTe. 

The single crystals were aligned to within 
±0 5 ° of the [110] crystallographic axis by 
use of 1 aue back-reflection X-ray photo¬ 
graphs. Two (110) faces were cut with a 
diamond wheel and lapped flat and parallel 
to each other to better than 0-(K)02cm to 
avoid ultrasonic diffraction and phase 
sensitivity effects. Ultrasonic wave transit 
times were measured to an accuracy of ± 1 
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per cent by the single-ended, pulse-echo 
technique. To assist adherence of the trans¬ 
ducers, the surfaces were lightly etched by 
the grain boundary etch. Resonant, gold- 
plated quartz transducers (fundamental 
frequency 10 MHz, A'-cut for longitudinal 
and V'-cut for shear waves) were used to 
excite the ultrasound. The temperature range 
of the shear wave measurements was limited 
because the bonding material used (10“ 
centistoke silicone fluid) was unsatisfactory 
above about 220°K. However the ultrasound 
velocities were almost temperature indepen¬ 
dent. Both veUicity and attenuation were 
measured at a carrier frequency of 10 MH/, 
attenuation at higher frequencies being tot) 
high in the ternary compounds to allow 
satisfactory pulse-ccho (rains. Nevertheless, 
at 10 MHz numerous pulses were observed 
and the decay was exponential. 

Measurements were taken from IT^K 
upwards in a cryostat described elsewhere 
|8|. To prevent development of a tem¬ 
perature gradient, the sample was immersed 
in a non-flammable, five component, txganic 
mixture of \i-y/( chloroform. 25-.^“’< 
methylene chloride. ,TT4C^ ethyl bromide 
10-4% transdichloroethylene and 16 ’ 
Irichloromelhylene. rempeiatures '■ 
read from copper ctmstanian thermocoin 
adjacent to the sample. 

Ultrasound velocities c, of longiliidin.il 
slow and fast shear waves propagated a! 
the [110] direction were measured. In (I., 
case 

pr,-= pe-long ^ (C,, I f j^ + 2C’,,)/2--U„; 

q, along 111()|; 

pec = pe- sheart I) — r'n; q_, along [001 ); (I) 

pe,,-= pe-shear(2) = (C,, = C'; 

q^, along [I 1()|; 

where p is (he sample density and q is the 
polarisation vector. All three clastic constants 
C’li, and C\, arc obtainable from this 


data. But the three elastic constants C„, C.,, 
and C have direct physical significance and 
it is these that are plotted in big. I. The results 
shown here have been obtained by a line of 
regression curve fit by computer to a large 
number of data points. Elastic constant data 
for all three compounds may be compared 
in Table 1. For completion. Table 2 gives the 
elastic compliance constants 5,j obtained’ 
by the transformation 

(-1)'^^a;^/a' (2) 

where A' is the determinant of the C,j terms 
and A' is the minor of the element C,.. 

bigure 2 illustrates the temperature de¬ 
pendences of the attenuation of longitudinal 
and transverse waves propagated down the 
1110) direction in Hgiln./jl'e,). Pronounced 
peaks at l()9°K are observed for all three 
types of ultrasonic wave. In each case 




50 lOO ISO 200 250 300 


TEMPERATURE ("Si 

Eli! 1 I he tcnipcialiire depentlcriLe of ihe linc.ii coni- 
hinalians itf ihc clastic conslanis iii Uiiiln..! JEc., 7 he 
lines diawn .irc the computed hues oT tepression tioui 
numerous data poinls in each case Ihe iinils ,iie 10” 
dyncin - 
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Table 1. Comparison between the elastic stiffness constants of 
HgalnjOTCfl, HgslnjDTes. HgTe atlTK. Units are 10" dyn cm“'^ 


Elastic constant 

Hg,,ln,[Trc„ 

HgsIniClTe, 
(Ref. [51) 

HgTe 
(Ref. [4]) 

(C'm +C„ + 2r„)/2 

5 48 

6-25 

713 


0-846 

0-84 

0-88 


1-99 

2 08 

2-21 

Cu 

4-33 

502 

5-80 

r,. 

2 64 

3-33 

404 

(f'li + 2C,i)li- Bulk modulus 

3 20 

3-89 

4-62 

t 'ljt- ii' Cauchy relation 

1-33 

1-60 

1 83 

2Cn/(C|, — C|j): Anisotropy ratio 

2-.36 

2-48 

2-51 

1 allice spacing ((i|,)(A) 

6 289 + 0 401 

6-33±001 

6-462 ±0 001 A 

Density (gem '') 

7 10 

7-.30±0()l 

8-081 ±0-005 

Debye lempcjiitHrc 

I47±4°K 

142±6‘'K 

141 ±4‘'K 


Table 2. The elastic compliance 
constants at 77‘'K in units of 
10 "cm-dyn ' 



Ilg.lOil lie,, 

Hg.,ln,l lTe„ 

Hgle 

V,, 

0 429 

0-426 

0 4 ,39 

.V,, 

- 0 163 

-0-170 

-0 1M> 

.V,, 

0 503 

0 481 

0 452 


another peak also occurs; at I45°K for the 
shear wave with polarisation vector q along 
the [I00| direction and ;»t I64°K for Iwlh 
the other shear wave (q parallel to fIH)|) 
and the longitudinal wave. The temperature 
at which each peak occurs is the particular 
concern here and only the relative attenuation 
need be considered, I'he peaks can readily 
be separated from the background arising 
from intrinsic ci ystal damping losses and such 
ctfccls as dilfi action and bond losses. With this 
proviso, the relative attenuation losses are 
measured to an accuracy of better than 
5 per cent. 

3. DISCUSSION 

Details of the propagation of ultrasonic 
waves in ternary compound semiconductors 
are sparse. The present work furnishes an 
insight into the effects of extremely high 
vacancy concentrations on both the elastic 
and anelastic properties through the com¬ 
pound series Hgiln^LlTes, Hg^InjOTeH 


and HgTe. As the vacancy concentration 
increases, a marked decrease in crystal stiff¬ 
ness ensues (see fable 1). Comparison be¬ 
tween the clastic constants of the com¬ 
pounds is best effected through a normalisa¬ 
tion procedure. The elastic properties 
ultimately derive from interactions between 
the electrons and the lattice ions. I herefore 
Kcyesl9|. to compare dilferent materials 
with the zincblendc structure, has reduced 
the elastic constants to a set of dimensionless 
parameters by using an elastic constant 
equal to e'^ld^. where e is the electronic 
charge and cl is the nearest neighbour atomic 
distance. Then the reduced bulk modulus 
and shear moduli are 

(C,,+2C,.)/3r„ 

rr, = C4,/c„ (3) 

(7 = (c,.-c,.,)/ 2 r„ 

and the reduced average shear modulus is 

C’ - (r,,-C„-t 3C,J/3C„. (3a) 

The reduced moduli for the three compounds 
and ZnS are presented in Table 3. For HgTe 
and ZnS these reduced moduli fall directly 
into the range occupied by /.incblende 
structure. II-VI compounds, namely ~ 
11 to 1-2, C;, - 0-6, C7 ~ 0-2 and C* ~ 0-4. 
HgTe itself shows no anomalous elastic 
behaviour[4]. But this is not so for Hg^- 
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I in. 2. The IcmpcuiUiie ikpi. 
ludiniil and Ir.insverNC iilii.isoiii^. 

propagated down the |lll)| direction in Flg.ln-.JIe,, Some sub 
slrncture was obscived in the 109 K peak I'oiind lor alteiiualion 
of the longitudinal wave, the envelope only is show n here 

In.jQl'eH and Hg^lnanTcM. The reduced unit hydrostatic pressure have direct 
moduli, like the actual moduli, decrease physical signilicance and are the simplest 
smoothly through the sequence HgTe, properties to discuss. I ike the other stiffness 
Hg,ln.,nTe„, Hg.In, □Te,;. Such a decrease moiluli, the bulk moduli increase through the 
in the stiffness would follow naturally from the sequence Hg iln^UTCii, Hg-Jn^l JTc\. Hgle. A 
increasing vacancy concentration. The bulk plot of the reduced bulk moduli H' against 
modulus (C ’,1 + 2C|2)/3 or its inverse the the percentage of vacancies (big. .3) produces 
compressibility— the proportional decrease a fact of fundamental import; the hulk 
in volume of a crystal when subjected to modulus is a linear function within experi- 
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Table 3. The reduced elastic stiffness moduli, ionicity and force con¬ 
stants oj Hg;,ln;,nTe,i, Hg,-,ln.jGTeH and HgTe. Parameters are based 
on the elastic constants Cu measured at 77°K 



Hg,Injure, 

Hg.lnJ lie. 

Hgle 

ZnS 

(Ref. 19]) 

Reduced moduli. 





(■ 256c'/W;,. 

4-19 + 0 02 

4 08±004 

1-76-f0()l 


(Cm t „ 

0-76 ill (12 

0 9.5 ± 0 (11 

1 21 iO 01 

I'ti 

( ,J(\, 

0 48+0 0! 

0 51 +0 02 

0 fi0±0‘0l 

O'.56 

(f,, <u)/2(„ 

0 20 to 01 

0 21 to 02 

0 24-L 0-02 

0 24 

i (,, -<•',, + tr 

0 ^7 + 0 01 

(l■.19 + ()■()4 

0-45 i(l ()2 

0-41 

Ionicity (c' ) 

1 ofLO conslunts (Hoin model) 

() 17 ± 0 04 

0 47 ± 0 05 

0 65 + 0-05 

0 65(Rcf. |ll|) 

<t 

2 4 ' 10* 

2 9 ^ 10* 

1-S V III' 


li 

1 >),- 10' 

2 4 < 10' 

3 2 X 10' 


4( ,,lff',.1/(1",, 1 

0-84 

0 85 

0 80 



(hiiin si.ihiiily coniliUon) 



PERCENTAGE OF VACANCIES 

I ij; ^ Ilk* K’dikcJ hulk moduliK plollcd ;i^;uns( the 
v.k.iiKV pcn-ciil.iyc in c.k li v.ornp4UinJ 

menial eitor of Ihc nuinlici of vacancies 
present. 1 tins the change in redneed bulk 
modnins \IV. or ils inverse the reduced 
compressibility AA ', can be expressed in 
terms of the vacancy percentage (tj) by 

A«' - 0 0.53 T,. (4) 

Haeh additional vacancy increases the 
compressibility by the same amount. This 
suggests a general law for the change in 


compressibility due to an ordered array of 
vacancies. 

If the line in big. 3 is extrapohited out to 
higher vacancy concentrations, the reduced 
bulk modulus becomes zero at 23-3 per cent 
vacancies, or 709r InJe., in Hg:ire,|. A 
solid with a zero bulk modulus cannot be 
stable and the crystal structure must change. 
In fact, the phase di;»gram[2J shows that at 
7197 ln..,Tc.i at 6.‘'irC'. the cubic phase no 
Uinger exists at all and a new phase, centred 
about 7.597 In.jTc-, (that is HglnoGTe,), 
occurs, which hiis a ehalcopyrite structure. 



O 10 20 


PERCENTAGE Of INDIUM ATOMS 
I ig. 4. I he ionicity e* as a function of ihc percentage of 
indium atoms in each compound. 
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Between 54% In^Te^ and 71% In^Te;, a two 
phase region is extant containing both 
Hg-iInaDTe,! and HgIn 2 lJTe 4 . It is tempting to 
suggest that the two phase region is stabilized 
because the high compressibility Hg^InaOTe,; 
grains are surrounded by a matrix of HgInaD 
Te., and that when the bulk modulus of the 
former grains goes to zero, they can no longer 
be held and all the material transforms 
completely to the Hgln-jOTe,, chalcopyrite 
structure. While the reduced bulk modulus 
shows a rapid decrease with vacancy con¬ 
centration, the shear modulus changes are 
much less pronounced: the crystals are not 
unstable to shear but to the bulk dilatation. 

Comparison between the interatomic 
binding in the different compounds can be 
made by reference to the two Hooke's law 
constants o and /3, arising from radial and 
angular forces respectively, in Born’s model 
and obtainable from[l()| 



Calculated values of « and /3 arc given 
I able y. and demonstrate that these in 
atomic forces decrease through the sequei 
Hg’I'e. Hg^ln^n i e^. Hgjln^l rre,,. I his i\si. 
constant model is based upon central forces 
and is not strictly valid here; if it were, then 
the Born relation 

[4C,,(C,,-C,.)J/(C',, + C,.)-- I (6) 

should hold. This parameter is rather less 
than unity for each compound (see fable 3) 
but the deviation is not excessive and the 
model is tolerable. 

Deviations from the central force model 
in these compounds arise from the mixed 
covalent-ionic nature of the interatomic 


binding. Potter[ll] has given an approximate 
relationship for cubic crystals between the 
ionicity e'‘ and the ratio C,,/C| a 



While extension of Potter’s work to ternary 
compounds must be treated cautiously, it 
does show (see fig. 4) that the trend is for 
the ionicity to decrease linearly with replace¬ 
ment of mercury atoms by indium. Plausibly 
this arises because the polarization of the 
In-Tedll-VI) bonds is less than that 
ofHg-Te(ll-Vl)bonds. 

The Debye temperatures of the three 
compounds, calculated by the graphical 
method of I eibfried[ 12], are essentially the 
same (see fable I); (he hittice vibration 
specint are probably similar. 

Now to turn to the problem of the peaks 
in the iittenuation (fig. 2). Peaks have also 
been observed in ultrasound attenuation in 
Hg-.lnOTe,; the authors are grateful to N.(l. 
Pace for supplying (he data on this compound, 
which is eolleetei.1 in f.ible 4 logellier w ilh Ih it 
r,,. ’ 


a Kl¬ 
in (he close packed cr\‘<tal directions \ 
small stress, in the present ease resulting fro"i 
(he passage of the ultrasonic wave pai^kel. 
produces a bulge in the dislocation line; 
kinks are formed where the disloe.ilion line 
crosses from one Peicrls valley to the neigh¬ 
bouring one. I hiis, to force a disloe.ilion over 
the Peierls potential barrier, an activation 
energy (If) is required for the foimation of .i 
kink pair. Experimental studies of the Boidoni 
peak constitute ;i piactical w.iv ordelermiiiiiig 
the Peierls stress. The task remaining is to 
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find the fundamental parameters involved for 
the three compounds. 

Kink pair formation in a dislocation line 
is a collective process, and the Arrhenius 
equation is not strictly applicable. A more pre¬ 
cise treatment [7] follows from the stochastic 
process derivation of the kink production 
rate. Then the frequency v and the activation 
energy IT for the formation of a kink pair is 
given as a function of temperature by 

In (W/) = F,(/-:a). (8) 

The parameter y? can be approximated as[l4] 


Z 


n'^k 

fj)' 



(9) 


and can be obtained froni experimental data 
for the temperature (/„,) at which the peak 
maximum occurs and the appropriate shear 
modulus (Cf) and Burgers vector (b). Hence, 
substitution of and Z into (8) gives F,{r.n). 
This function given graphically 

by .Seeger, Donth and Bfafr[7|, is defined in 
terms of dimensionless variables r and <•. 
where 


r-2//,/A7 


Then r and hence ///,. the additional enci, 
associated with a single kink in a dislocation 
line otherwise parallel to a Peierls valley, 
can be calculated. In the ultrasonic experi¬ 
ments the strains encountered arc of the order 
of 10 the applied stress cr is very small 
compared to the Peierls stress <r„'’: o in equa¬ 
tion (II) is very close to unity. Knowledge 
of a and r leads directly to the activation 
energy (W) for kink pair formation through 
the relationship; 

W ^kT . F.ina) (12) 
d (1 /A' / ) 


using the graphical plots given for F.^ina) 
by Seeger, Donth and Pfatf[7]. Furthermore, 
the Peierls stress (rr,,") can be obtained from 
114] 


2 / 2 \ F2 

= .GhHiT,^iaV'\ (13) 

This procedure has been followed for the three 
compounds studied here and the values for 
H' .ir/ and Hk are collected in Table 4. 

One problem involved in the analysis is 
to choose the correct slip plane, fhe experi¬ 
mental data help to resolve this. In zinc 
blende lattices both {110} and {111} planes 
can be slip planes. The resolved shear 
stress component of the ultrasound waves 
differs on the two forms of slip plane, and the 
activation energies and the temperature 
(7,„) of the peak maximum should also be 
different. The experimental attenuation 
results are consistent with this view and. 
further, suggest which peaks should be 
assigned to a particular slip plane. Figure 
.5 illustrates the situation for the {110} slip 
planes when ultrasound waves are propagated 

do".. '''O' • '1,^. ,!ir 1 hMS'. (f 


I' 

for these two possible (.lislos.iiii.ii mob 
the peak temperatures should refiecl ihis 
They ilo. Peaks occur at 1(S4 K m the attenim 
tion of both the longitudiiiiil wave itnd ihe 
transverse wave with q parallel to the | I lOi 
direction, while the petik for the other she.ii 
wave is found at I4TK. All three types of 
ultrasound wave give a peak in the attenua¬ 
tion at 109''K (see Fig. 2); this can he as¬ 
sociated with dislocation motion on the 
{III} slip planes for which the activation 
energies will he independent of atomic 
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1 ly. l o sh('w foru'd disloL'afion on Ihc |lld| 

planes V, and q, a»o fhc uluascuiic wave vcIcKidcs and 
polansatjon vc«.lois respectively as given in equation 
(I) The vcetois p, .uc the directions along v^hlch the 
<lis)<Kaii<Mis are lofccd and (he bowed lines icprescnt 
the kinked tlislocalion lines Jhc Huigeis veclois b, for 
eilee dislocations are (ij\ 2 I’oi pi tinJ pi and </,» for p^. 
anti vice vei sa for pin c sciew disloviiln.»ns 


iiunion (Jiicctioii. I’urc edge disloeation 
inutioii has been assiiined and ihe appro- 
pi iate Burgers vceliir used. The results shown 
m I able 4 subsUuitiale the basic model 
used tor the slip planes and the dislocation 
motion directions. I nr example, for the three 
dill'erent ultrasound wave propagations m 
Hgl'e, Ihe suggested {III} plane component 
in each ea.se give.s the same activation cneigy 
and fV'ierls stress vv/fhin expcniuenliil eiror. 
Direct eompai ison between Ihe three materials 
can now be made. I'hcre are general trends 


in the activation energies and Peierls stress 
for a given slip plane when the material is 
changed; both these parameters decrease 
through the sequence HgTe, Hg,-,In. 2 nTes, 
Hg..,In 2 nTe,i, This trend follows the changes 
in elastic properties. Thus in the most easily 
compressed material, namely HgijInanTe,, 
with its high vacancy concentration, disloca¬ 
tion motion is most easily got under way. 
Vacancies which are sited regularly in an 
ordered lattice structure do not produce 
localized stress and should not pin the 
dislocations in the same manner as ordinary 
vacancies. In all three compounds the activa¬ 
tion energies and Peierls stress are lower on 
the {111} planes than on Ihe {110}; dislocation 
motion is easier on the {111} planes. 
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DETERMINATION OF VALENCE AND 
COORDINATION OF IRON IN OXIDIC 
COMPOUNDS BY MEANS OF THE IRON 
X-RAY FLUORESCENCE EMISSION SPECTRUM 

A. S. KOSTER and G. D. RIECK 
Technical University. Findhoven. The Netherlands 

{Ri'CfivcJ 24 July 1969, in rcvist dform XO November 1969) 

Abstract—The dependence of the X-ray fluorescence iron Kji spectrum of oxidic iron compounds on 
chemical and crystallographic structure was studied. The position of the line Kji,, is mainly deter¬ 
mined by the valence of the iron, the position of is also influenced by the coordination of the 

iron ions. I he satellites occuring in the Kfi spectrum give, in a qualitative way. additional information 


about structure. 

1. iNTROnUTl ION 

The X-ray emission and absorption spectra 
of an element are affected by the chemical 
bond which that element has formed. In emis¬ 
sion. chemical influences cause the formation 
of additional peaks and also lead to line shifts. 
In absorption spectra, these influences change 
the position of the absorption limits and alter 
the appearance of the fine structure of (he 
absorption curve, usually present at Ion;’ 
wavelengths than the absorption limit, 
present, information about the bond type < 
be expected to be more easily drawn In- 
emission spectra, since an absorption linn, 
more difficult to localize than the maximum 
an emission band. The theoretical intcrprct.i 
tion of the absorption edge and its fine struc¬ 
ture may also be doubtful, our knowledge of 
the absorption process still being far from 
complete. The X-ray emission lines, on the 
other hand, generally arise from transitions 
between well defined energy states, and at 
present their interpretation is generally clear. 

A drawback of the method, however, is 
that the efi'ects involved are only small and 
can only be measured with a well stabilized 
apparatus capable of high resolution. So it is 
only in the last few years, that a number of 
■contributions have been made, especially 
regarding elements of the third row of the 


periodic system (aluminium, silicon, sulphur). 
For elements of the fourth row the method has 
been considered by Vainshtein. Ovrutskaya 
and Kotlyarfll, who determined the valence 
state of manganese in complex oxide semi¬ 
conductors, and by Kolobova. Nemnonov and 
Agapova[2). who studied iron X/3 line shifts 
in some oxidic compounds 

-y' ■ ■ . I I 


coi; , 

of being present in variable oxidation state anU 
coordination, the method might be useful. The 
feature of being a non-destructive measure 
ment in the solid state is one in common with 
other methods employed for the determination 
of spinels, like Mdssbauer spectroscopy I'-51 
and X-ray absorption spectroscopy [6]. 

2. EXFERIMENTAI. 

The iron spectra were recorded on a 2 kN' 
Philips semi-automatic spectrometer PW 1220 
by step scanning with intervals or 0 02'’2B. 
They were plotted by computer in order to 
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reduce subjective and statistical bias. Scaling 
was carried out by means of the integrated 
intensities of the Fe/fa line. The counting 
time during step-scanning was so selected that 
the standard deviation of an intensity measure¬ 
ment never exceeded 1 per cent; generally 
it was 10 min for points in the region and 
1 min for the /C/3i..i region, using a chromium 
tube operated at 50 kV, 40 mA. Thus the 
spectrum was recorded in about 10 hr. No 
deterioration of the samples could be detected 
after this period. A scintillation counter with 
fine slits was used for recording the iron Kfi 
spectrum, in the angular range 119-122-7° 2W, 
on a LiF analysing crystal in the 2nd order. 

The position of the maximum of the Fe 
band (hereafter to be called for brevity 
/C/3|) had to be determined with the highest 
accuracy attainable, the shifts of K(i, being 
small. Therefore, this measurement was 
carried out relative to a standard substance, 
which was chosen to be analytical grade 
(v-Fej(),|. Four samples can be accommodated 
in the spectrometer simultaneously. The 
position of the peak was roughly estimated, 
and then 5-6 measurements were made at 
both sides of the peak, manually increasing 
the 20 value by () ()l° each time. In each mea¬ 
surement, the four samples, one of them 
being FCaO,, were irradiated one after another. 
Only (he uppermost part of the curve was 
scanned in this way, where the intensity had 
not tiropped below 90 per cent of the peak 
intensity (Fig. I); the shape of this part of the 
band coidd be described quite adequately by 
a parabola, as was shown by subsequent 
calculations. C'are was taken not to extend 
the region too far, the Fe A/a, band in the 
compounds studied being rather asymmetric. 
A parabolic fit was computed by means of 
least squares for the 10-12 intensity values 
obtained for each substance, and the maxi¬ 
mum of the parabola was calcidated. By this 
procedure, systematic errors were avoided, 
while too large random errors could be 
detected by means of the correlation co¬ 
efficient of the fit. The correlation coefficient 



Fig. I. t he Ec Kji\ I hand in « - Fed),. The points used 
in the parabolic lit of the top of the band are indicated 
Analysing crystal LiF in the 2nd order. 

generally was between 0-9998 and 1. so the 
parabolic fit was Justified. The statistical 
u.se of the data in this way allows a relative 
precision of 0-001° in 20 to be obtained, in 
contrast to the actual resolving power of the 
instrument, which is 0-01°. It was necessary 
of course, that the four specimen positions 
were reproducible, which was carefully 
checked. 

The positions of the other peaks of the Fe 
Kfi spectrum could not be measured with 
this precision. The A'/B,-, line is superimposed 
on the high energy tail of A'/B,, so its apparent 
maximum is not the true maximum. As, again, 
the relative positions are the more important 
quantities, the position of A/3-, with respect 
to A/3i was established as carefully as pos¬ 
sible for the standard o-Fe.^Oi, and the other 
A'/3-, peaks were determined relative to the A/3r, 
peak of it-FCiO.,. This was done graphically, 
the error being 0-005° 20. 

The other peaks in the Fe A/B spectrum, 
customarily called Kfi'. (to the low energy 
side of A/B,), Kfi" (to the low energy side of 
A/Br,) and A/B'" (to the high energy side of AjO^) 
were also graphically determined. Their 
precision is 0-02° 20. 

The compounds used were either com¬ 
mercially available materials of analytical 
purity grade, or preparations in our laboratory. 
Their purity was checked by means of Debye- 
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Scherrer diffraction patterns, and for some 
compounds a chemical analysis for the Fe=*^ 
content was performed. 

3. RLSlll.TS 

(a) Linearity of peak shifts 

It was one of the aims of this study to relate 
the peak position of Fe/f/3, and/or Fe K/3:, 
to the valence of the iron ions present. If the 
peak position for Fe-' is different from the 
peak position for Fe"^, the resulting curve is 
a superposition of two curves, and its maxi¬ 
mum is related to the averaged valence of iron, 
which may be anything between 2 and 3, 
although the valences of individual iron atoms 
can only be 2 or 3, of course. The peak posi¬ 
tion of such a compound curve was con¬ 
sidered. It was examined experimentally as 
to whether a change of chemical composition 
changes the shape of the parabola representing 
the uppermost part of the emission band, 
since peak heights may he influenced by self¬ 
absorption or valence. All spectra were scaled 
by means of the integrated intensities of the 
Fe Ka line, and the height of Fe A'/3| proved 
to be remarkably constant, the deviations 
being no larger than 5 percent while the shape 
of the parabolas was the same in all cases ' 
good approximation we can assume the pa- 
bolas representing the top of the Fe A 
spectra to have equal shape and inagnitne 
The approximation is slightly less good foi o 
top of the Fe K/3 , profile, but the accuracs v 
the peak position of Fe Kfi:, is also less. 

The linearity of peak shift is demonstrated 
as follows: let the curve ccirresponding to 
valence 2 be given by 

y .2 -x- + 2b.x i c. (I) 

The top of the parabola is at .v = h. The curve 
corresponding to valence 3 is shifted over 
an amount Ah in horizontal direction with 
respect to curve (1); thus its representation is 

y.-, - — (.v-l- Ah )--t- 2h(.v-t- Ah ) f c 


The top of this parabola is at .x = b—Ab. 
Let the compound curve consist of a times 
curve (I) and (1 — a) times curve (2), where 
0 < rt < 1; we obtain 

= —ax- -h 2hnx -F co — {1 — o )x'^ 

+ 2(h — Ah)(l—aix-t-f/d—a) 

— —x- f 2jr (h —Ah I oAhl-f-c. 

Thus the compound peak is at h —(I — a)Ah, 
which had to be proven. 

It should be kept in mind that the addition 
of two parabolas from spectra essentially 
asymmetric like the Fe spectra under con¬ 
sideration. will be valid only when the upper¬ 
most regions of the curves are employed, as 
was staled in Section 2. and when the shifts 
are small in comparison to the regions used. 

(b) Lite shijt of’Le Kfi:, 

In a former study by kostei and Mendel [7] 
It was shown, that for the transition metals of 
the iron group the shift of A/F, is in first 
approximation determined by the valence of 
the metal ion. while the much smaller ship 

i-r ' 


the cllein ic«U V. I iV.’11 1 *. it’ iv'iiC'* ' ■ .1- 

mixed oxide Fe,0| being I e.' I e- 0,.we^.in 
assign to the iron ion an overall valence ol 
2-(>7. Thus IX0 b7. and we calculate for 
the FeK/i-, shift of Fe,(),. using Table 1 
(I -0 67) X AA|8-,(FeO-Fc,0,) - ()• tt x 0 (14 = 
()-OI3°, observed O-OT. In the other com¬ 
pounds. the valence of the iron preseni is 
seen to be the mam factor determining the 
position of Fe Kp:,. In FefTaOj. where Fe’ 
is present, the Fe Kji, shift is 0-04° as in FeO, 
whereas in ZnFcjOj. C'dleT),. FiFcTTh, 
MgFe..(), and BaFe,X),.,. where only Fe'' is 


= — A'- -F 2 (h — Ah ) X -t- d. 


( 2 ) 
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Table 1. Shifts AK/Sj = FeK) 8 | (compound) 
— FeK/SiCFCaOj) and AK/3s = FeKy 95 (com¬ 
pound) -FeK/SslFeaOa), expressed in degrees 
Id for the analysing crystal LiF 2nd order, 
and in eV. Peak positions for FcjOg are, for 
K/3, 121-470°,/orKAi 120-10° 



A A/3, 


AA/35 

AA^, 

Compound 

(20) 

(eV) 

(20) 

(eV) 

Fe20i 

0 

0 

0 

0 

Fe,,0. 

+n (X)3.S 

40-12 

4001 

40-4 

FeO 

+()()06 

40-21 

3 0-04 

41-4 

Znl-ejO, 

-o-oo.s 

-0-17 

40 00 

400 

CdFCiO, 

-0 004 

-0-14 

40(X) 

40-0 

I.iFe.O, 

40 000 

40(K) 

40 00 

too 

l.il-ej.O» 

) o oot 

) 010 

4 0 01 

40-4 

MgFe./),(l.tOO°l 

-()0()2 

-()()7 

40(X) 

40-0 

MgFe/J, (660") 

'0 001 

-0 03 

4 000 

400 

Mgl-e2(),(360 ) 

O-OOl 

0 03 

4000 

400 

c;cFc.20, 

-O-OO) 

-oot 

4 0 03 

41-1 

FeCr^O, 

) 0 ()20 

( O'OO 

4004 

4 14 

HaFci.O,., 

-OOOS 

-0-17 

to 01 

40-4 

error 

.to 001 

±003 

-4()(K).S 

-r()-2 


present, the Fc Kfi-, peak position is the same 
as in Fe./);,. In partly reduced LiFcr.On (de¬ 
noted in Pablc I by LiFej.O„K where the 
valence of iron was chemically determined as 
2-71. the shift was -t -0 01 “ (calculated -t-()-012“). 
In CjeFe^Oi the valence of iron was 2 40; the 
shift was -(-0 ()3° (calculated (K)24°). 

We can thus conclude that ilic shift of 
Fe A'/L, is a measure of the valence of iron; 
the accuracy, however, is rather low, the 
valence determination being accurate to about 
1 5 per cent. 

(c) The shift of Pe Kfif 

The FeA'/3| shifts are more complicated. 
It is seen in Table I, that Fedocs not 
shift linearly with the mean valence; for Fe-,0, 
we calculate ()-33 x A A'/SifFeO-Fe-^O)) “ 
0-33 X 0 ()06° ^ 0 002 °, while the observed 
value of 0 003.5° is significantly larger, I'hiis 
the oxygen coordination around the Fe ion 
influences the shift, Fspecially important are 
the octahedral and tetrahedral configuration, 
as found in spinels /!"■"■[/? 2 '’°'IO 4 , The sub¬ 
stances were so chosen as to represent several 


configurations while leaving no doubt about 
the valence of the iron. 

Experiments in the soft X-ray region, for 
instance by Holliday [10], indicate that valence, 
far more than coordination or crystal struc¬ 
ture, determine emission band-shift. This is 
especially true for the transitions where 
valence electrons are involved, as was shown 
by our own FeK/Sa measurements. In other 
transitions, however, the influence of valence 
has decreased; the effects due to local struc¬ 
ture have become relatively more important, 
and thus detectable, thanks to the high 
accuracy of the measurements. 

In the first place, it was postulated, that only 
the oxygen coordination and the valence of 
iron would influence the peak position. To 
check this, the Fe positions of ZnfFejJO, 
and CdlFe .2104 were compared; they were 
the same within experimental error, and so it 
was assumed that the position of the peak was 
independent of the other cation(s). 

Octahedral iron. In ZnFe ,204 and CdFe 2()4 
there exists octahedral Fe*L while in FeO 
the FV+ ion also occupies octahedral sites. In 
fable 1 we see that the shifts are -0 005° for 
Fe'^ and 0 006° for Fe'^L always with respect 
to (t-Fe,Oi. The compound BaFei-O,.) has 
not the spinel structure, but is hexagonal; 
this structure can be described as consisting 
mostly of octahedrally surrounded Fe^+ ions, 
and thus we would expect a shift value of 
about —0'005°; the observed value is —0-005°. 

Tetrahedral iron. A value x for the tetra¬ 
hedral Fe'^ shift is obtained by means of 
Fe:,Oj, in spinel notation Fe'’'[Fe'^''Fe'‘' 104 . 
Assuming additive peak shifts, the peaks over 
the range where shifts occur being parabolic, 
we have [x +(octahedral Fe-' shift) +octa¬ 
hedral Fe'" shift)]/3 = (x + O-OOO —0-(X)5)/3 — 
0-0035 and thus the tetrahedral Fe" shift x is 
T0-(X)9°. With this value we can compute the 
Fc A/3, shift for LiFe^OH, in spinel notation 
Fe./"lLiFe.,'*'^10„; calculated (0-009x2- 
0-005 X 3)/5 = 0-0006°, in good agreement 
with the experimental value -H 0 - 000 °. 

If we assume that the shift between tetra- 
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hedral Fe^' and is 0 011°, just as the 

shift between octahedral Fe*^ and Fe'*^, we 
expect for tetrahedral Fe“+ a shift of +0 020°. 
This value is indeed observed in FefCrjJO^. 
We may conclude that the shifts with respect 
to a-FCaO.) are+ 0-009° for Fe“‘ and +0-020° 
for Fe^^ 

Determining the coordination in some 
spinels. After determining the valence of the 
iron, we can employ the Fe/f/ii shift for an 
indication of the coordination. In a-FcaOj, 
there exists a slightly distorted hexagonal 
close-packing of oxygen ions; three Fe O 
bonds are substantially larger than the other 
three (2-06 resp. 1-91 A). It stands to reason 
therefore, that the Fe K/3, shift (0 per defini¬ 
tion) is somewhere between -0 005° and 
+0-009°, and rather more in the neighbourhood 
of the first, octahedral Fe'^ value. It would 
be difficult to calculate the value exactly, the 
figures given being derived from spinel data. 

The expected Fe /t/S, shift in LiFej.OK 
(mean Fe valence 2-71) with respect to 
LiFer,0« (Fe valence 3) is (1 -0-71) x 0-011 = 
+ 0 003°, observed value 0-003°. 

The magnesium iron spinels are known lo 
be partially inverse. The amount of inversa-' 
depends on the tempeniture al which 
spinel is heated and whence it is qiiencl 
(Allen[8|). The products heated at 130"' 
660°C and 360°C are reported to be inve 


for 63, 75 and 85 per cent respectively. In 
these cases we calculate the shifts as follows: 

MgFe^O^ (1300°): 0-315 x 0-009 + 0-685 
X -0-005 = -0-001 °; observed -0-002° 
MgFe.,Oj(660°): 0-375 X 0-009 + 0-625 

X -0-005 = +0-000°; observed -0 001° 
MgFe,0, (360°): 0-425 X 0-009 + 0-575 
X -0-005 = +0-001°; observed -0-001°. 

It follows that the findings of Allen are gener¬ 
ally in agreement with ours. A shift of 0-001 
means that a compound is more inverse for 
10 percent. 

According to Durif-Varambon. Bertaut 
and Pauthenetl91, the spinel notation of 
GeFe-iO, is GelFcjlO^. From the FeXft 
shift and the chemical analysis it follows that 
the iron is for 60 per cent present as Fe-*. 
Assuming all Fe to be in the octahedral sites, 
the A')3| shift should be 0-60x0-11—0-005 — 
+0-(K)l°; the observed value is -O-twr. which 
is the same, experimental errors being taken 
into c-iwisi()pr'iti(->ti 


Table 2. Relative positions andpeu.. 




/{X73T 

Compound 

(cV) 

KKP,) 

Fe.O, 

I4',t 

0-U7I • 

Fc iD. 

13-S 

0 074 

LcO 

13-4 

0-0<>3 

7.nFc.j04 

14-4 

0-077 

ClIFCaO, 

14-4 

0 07f> 

I iFesO, 

I4() 

0-073 

l.lFCrO. 

13K 

0-068 

MgFe.O,(l30n°) 

14-1 

0 074 

MgFe;0,(66(n 

14-2 

0-073 

MgFe/T(.16(n 

14-4 

0068 

(ieFe.jOi 

13-S 

0-071 

FeCraO, 

14-4 

0-074 

BaFe,iOi» 

14 8 

0 077 

error 

jlO-3 

_l0(X)3 


Pt 6h ' 

/ t 1 

a ' r\ / ' ' > 


(eV) 

/(Aftt 

(A) 

liKp-.i 

13-8 

018 

13 6 

0 20 

14-2 

016 

IV ague 1 

U 0.3 ■ 

14 4 

0-17 

not obverveJ 


14 1 

015 

13 4 

6 22 

14 1 

015 

13 4 

6 22 

14 1 

015 

no 

0 15 

14 2 

0 IS 

Ivaguel 

1) 03° 

14 1 

0-20 

i: 4 

0 16 

14-4 

o:o 

12-7 

0 20 

14 4 

0 :i 

12-4 

0 17 

14 1 

0 16 

(vague 1 

0 03’ 

14-8 

015 

15 8 

0 18 

14-1 

0-14 

16 4 

0-22 

+ 0-.5 

jlO 03 

±0 5 

±003 
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tail of ^f/3, or Kfi.,. Consequently the error 
both in position and intensity is rather large 
and the use of these lines for analytical pur¬ 
poses limited. Yet some interesting features 
may be pointed out. 

The origin of these lines is discussed by 
Koster and Mendel [7]. The satellite /C/3' is 
explained by the promotion to the conduction 
band of unpaired 3c/ electrons not forming 
part of the chemical bond. The energy for this 
process is supplied by the A')3, quanta, which 
arc accordingly decreased in energy. All of 
the compounds dealt with have semiconductor 
character, and the energy differences between 
/C/i, and A./3' is related to the position of the 
conduction band. Thus it can be explained 
that there is no obvious relation between 
structure of the compound and the energy 
separation A(A'/S, ^ A'/i'l; it is to be noted, 
that this separation is larger for compounds 
with large d.c. resistivity at room temperature 
like BaKcijOi.i and He .O , than for compounds 
of lower resistivity, like Fe.,0, and FeO. 
.Since the number of unpaired 3</ electrons to 
be promoted is for Fe" and 4 for Fc-'.thc 
ratio of the A'/3' intensities shouki be about 
()'8 for Fe-' and Fc‘' containing substances; 
the mean relative intensity observed for Fe" 
is ()()75, the relative intensity for FeO is 
thus this ratio is experimentally found 
its 0-84. 

I he hue K'/J" is due to the cross-over 
transition of an oxygen 2.v electron to an iron 
l.s vacancy; since A'/3-, is mainly determiner! 
by the trttnsition of an oxygen 2p electron to 
;in iron I .v vacancy, we m;iy expect that the 
separation between A'/3-, and A'/3” is netirly 
constant, being the septiration between the 
oxygen /.| and the oxygen /-n.,,, level. I'his is 
indeed the case; furthermore, the relative 
intensity is also rather constant. 

The origin of A'j3"' is ascribed to the tnmsi- 
lion of an electron in the conduction band to 
an iron I ,v vacancy ;tnd it is seen that this line 
is of rather variable position and intensity. It is 
significant that this line is not or only vaguely 
seen in compounds of relatively low resistivity 


like Fe 304 and FeO; there is a relation 
between the Kp' and /C/3"' lines and the con¬ 
ductivity. which is the subject of further 
study. 

4. CONtTAJSIONS 

(1) The valence of iron in oxidic com¬ 
pounds can be deduced from the position of 
the Fe/C/3s peak, with an accuracy of about 
15 percent. 

(2) The Fc /C/3, peak position contains 
information about the valence and the co¬ 
ordination of iron; in spinels, the following 
scheme gives line shifts with respect to 
rt-Fe.,0,: 


Degrees 20 for 
I iF 2nd order 
(c\') 


oclahcdral Fc" 

-0-005 

-0-2 

ocl.ihedial Fe" 

1 0 (X)6 

+ 0-2 

lelrahcdral Fe" 

+ 0-009 

+ 0-3 

(etrahedral Fc- ’ 

1 0-020 

1 0-7 

accuracy 

O-OOI-O 002 

0 05 

The lines K(3'. 

K/i" and A /3'" 

can hi 


be used for quantitative solid-state analysis 
due to their low precision, but contain impor¬ 
tant qualitative information about structure 
and resistivity. 

,l( kni)» ledi’t mi-ni Wc .iie umIlTuI to Mrs T. ( van 
V ocIcn-Homm.in for hci help in this mvesligalion. 
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Abstract— The K/i emission spectra of calcium, titanium, chromium, manganese and iron and oxidic 
compounds of these elements were investigated by means of the nuorescenl method The origin of 
the five main A'/i lines is discussed, their wavelengths are given and used to construct composite 
energy schemes, The dependence of the level positions on the chemical bond is discussed 


I. INTRODUCTION 

11 HAS been shown by Ershov and I ukirskii 
[1] on StO^, by l'omichevl21 on AU), and 
by Mendel and Koster(3| on NaCI, NaOH, 
MgO, MgEj, Al..,()„ .SiO^ tind Si(', that the 
energies involved in electron transitions in 
these compounds, when excited by means of 
X-rays or electrons, can be used to construct 
a composite energy diagram. This diagram 
consists of series of energy levels that hcl. 
to the various constituting atoms or 
and it represents the energetic state ot 
compound. During emission of X-ray qii " 
transitions are possible not only bct\' 
levels of the same species, hut cioss i> 
transitions can also occur. I he /'ero Icvci 
of this scheme can be chosen arbitrarily, for 
instancc[ll at the edge of the conduction 
band, but then it should be remembered, that 
the position of the conduction band with 
respect to the I'ermi level is different for 
different materials. It is also possible[21 to 
deduce an absolute scale for the scheme Irom 
X-ray absorption measurements and measure¬ 
ments of electron affinities. In our former[,l| 
and in the present study we have chiefly made 
use of photo electron data as given by 

^Prescnl address: Dcp.uimcnt for Organic C’hcmisliy. 
University. Ibadan. Nigciia 


Siegbahn and coworkers [4-7 j. As the energy 
levels are closely connected with the type of 
chemical bond, their evaluation is important 
from a physical and chemical point of view, 
and it may be expected that X-ray spectra 
can offer help to obtain information concerning 
the charge and coordination of the ions and 
the covalencv of the bond I he main dinicnlo, 
I. 


In the present p.ipei, results aie given toi 
cidciuni. littiniiini. chromium. ni,ingaiie-o 
iind iron. Many d:Ua concerning these clem 
ents arc available in the literaiiire, but ihev 
still lack a common theoreiical basis. I he 
Kfi spectra occur in the regutn 3-1 7 A. 
which can conveniently be explored by means 
of a commercially available spcclrograpli. 
('alciuni is not a transition metal m the strict 
sense of the word, but was included because 
the structure of the outer energy bands is 
not basically different from that of the transi- 


:si 1 
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tion metals, the sd configuration being close 
to the ground state configuration Krom 
cobalt onwards the wavelengths become 
so short, that shifts and satellite lines are 
hard to detect reliably due to the limited 
resolving power of our apparatus. Cobalt, 
nickel and copper were included in our 
experiments, and the results did fit the notions 
set out in this paper; the precision being 
substantially lower, however, than in the case 
of the other elements, we did not use this 
information in explaining the Kfi spectra. 
I or these elements, the L lines should be 
used preferably. 

2. EXPERIMENTAL 

All chemicals were of the purest quality 
commercially available and checked by means 
of Debyc-Scherrer photographs. Calcium 
metal was embedded in mounting resin, 
polished on a dry disk and placed rapidly into 
the vacuum chamber of the spectrograph. The 
amount of oxide on its surface can be assumed 
to have been very small. I ithium permanganate 
and iron (II) oxide not being commercially 
available were prepared in our laboratory. 

1 he spectra were recorded on a 2 kW 


Philips semi-automatic spectrometer PW 1220 
by step scanning and printing out. They were 
plotted by computer in order to reduce sub¬ 
jective and statistical bias. Scaling was 
carried out by means of the integrated inten¬ 
sities of the Ka line. The counting time during 
step-scanning was so selected that the standard 
deviation of an intensity measurement never 
exceeded I per cent. The spectra are shown in 
Figs. 1-5; as the AC/Ss band is much weaker 
than the Af/3, band it is plotted on an enlarged 
scale. 

Accurate peak positions of were 

obtained by measuring with respect to sub¬ 
stances whose AfySi.:! wavelength may be 
considered as reliably known [8]; these were: 
calcium oxide, 3 0897 A; metallic titanium, 
2-5139 A; metallic chromium, 2-0849 A; 
metallic manganese, 1-9102 A; metallic iron, 

I -7566 A. The peak positions of the other 
lines were measured with respect to the A’/S,.;, 
line. Peak positions of the five main lines of 
the Af/i spectrum are given in Table 1; by 
we denote the doublet AC/:l|.i. by Af/3' the 
peak to the low energy side of Af/a,. by K^” 
the peak to the low energy side of A'/Sr,, by 
K^"' the peak to the high energy side of 


Tahit' 1. Hi'dk positions in dcftrees 2W and in e V 



Kp"' 

Kp, 

Kp" 

Kp. 

KP' 

Kp- 

KP. 


KP, 

Kp' 

( 


120 10 


121 15 



4033-7 


4012-7 


< .tO 


120 20 


121 15 



4031-5 


4012-7 


11 


174 20 


145 <13 



4962-7 


4931 8 


11(), 


1 u:4 

14 5 OH 

1 V5 



4962 0 

4946-8 

4931 ft 


( 1 


\42 45 


144 77 



59K6-2 


5946-.5 


t r.O, 

141 (.7 

14: 

143 35 

144 75 

145-72 

6000-2 

5983-8 

5969-9 

5946 9 

5931-1 

Cii), 


14: 4S 

143 2ft 

144 83 



59K7 5 

5972-0 

5945 5 


Mn 


140 S7 


143 15 



6535-3 


6490-7 


MnO 


140 97 


143 (W 

143 95 


6533 2 


6491 8 

6475-7 

MnO. 

140-1 ft 

140-90 

141-58 

143-14 

14 3 94 

6549 8 

6534-7 

6521-0 

6490-9 

6475-9 

MnO, 


140 7ft 

141 48 

143 20 



6537-5 

6523-0 

6489-7 


It; 


120 06 


121-49 

121-75 


7108-4 


7058-2 

7049-2 

l-cO 


120 13 

120-54 

121 48 

121-87 


7105-9 

7091-5 

7058-5 

7045-1 

le,(), 

119'7() 

120-11 

120 52 

121 47 

121-88 

7121 4 

7106-6 

7092-2 

7058-8 

7044 8 

Fc,(), 

119 72 

120 10 

120 49 

121-47 

121-89 

7120-6 

7107-0 

7093-1 

7058 9 

7044-6 




X-RAY Kfi EMISSION SPECTRA-1 


2513 



hig I. A/3>peclraof( aaniK aO 


AT/Sr,. The estimated error in/C/3| is 0'2 cV, in tli, ’ i . r iiir cn('r‘'\ leveK nv 

the other lines 0-4-()-6eV. I he analv' 

crystals were for ('a, ADP 3rd order 

5-321 A); forTi, topaz lstorder(t/= 1-3''' 

for Cr, PET 4th order (t/ = 4-375 A); foi 

and Fe, l.iF 2nd ordertc/— 2-01335 A). 


.1. ORI(;iN OK HIE Kft FINES 
Fhe Kji^ line results from a 3p-1 ,v transition. 
As the and K levels containing the 

3/2 and l.v electrons are completely filled, the 
shifts in A/S, allow us to draw a general 
conclusion as to the shifts of these levels 
when increasing the valence of the metal 
ion or changing the covalent character of 
the chemical bond. In the iron oxides, which 
have about the same covalent/ionic character, 
we notice a shift of Kfi^ toward higher eV 
values when we increase the valence of iron. 
This means that the Af|i,i,i and the K level 
move away from each other, and as the re¬ 
moval of an outer electron can only increase 


mentally found. In the manganese coaipuUi.tK 
we notice a K^i^ shift to lovser eV \ allies 
when we compare MnO,' (formally containing 
Mn^') with MnOj (Mn^M and MnO (Mn- ). 
fhe same effect can be observed in ihe 
chromium compounds. It is generally recog¬ 
nized! 10] that the bonds in the permanganate 
ion and in the chromate ion or chromium 
trioxide are mainly covalent in character, so 
we conclude that upon increasing the co¬ 
valency of the metal-oxygen bond, the 
A-/|,j,| and K levels shift toward one another, 
which can only mean that the A/,,,,,, level 
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changes more strongly to higher values than 
the K level I rom a chemical point of view, 
this is very plausihle; we tnay assume, that 
the K level changes but little. 

I he same .irgumenls for level shifts hold 
foi' the energy levels in oxygen, but acting in 
opposite direction. As oxygen is formally 
present as ()- ions in till compounds inves- 
ligtited, we may asstime that shifts of the K 
level due to change in valence are at most 
1-2 cV; in our former paper|3| it was found 
that the binding energy of () I .v electrons is 
.532-,3.34eV when the residual charge is 
- I S to 0 9 electron units respectively. The 
oxygen /.nm level also changes somewhat to 
higher absolute value, so the resulting shift 
in K'(v wavelettgth is small. I tirthermorc we 


may expect ;i shift due to change in ionic/ 
covalent character. As a matter of fact, 
I'ischerl I 11 found in a large number of oxides 
always about the same oxygen A'tr wavelength, 
corresponding to an energy of 525 * I eV. He 
did not metisure Mnt), and C'rf).,, however; 
from our observtitions it can be inferred, that 
in these compounds the separation between 
the oxygen and /,, levels is increased by 
about I eV. T his is in agreement with the fact, 
that the covalency of the bond is increased. 

The K/i-, line of the pure metal results from 
the 3r/,4.N-l,v transition, the overlapping 
/W,v.v and /V| levels being spread out into 
valence and conduction band. In the com¬ 
pounds. two cases must be considered; when 
all valence electrons are used in bond forma- 
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lion, (he K/i-, line arises from ihe trar 
between the level mainly charaeten/i 
2p wave functions of oxygen and the K ' 
of the metal, as is demonstrated by the results 
for Mn()| and C'rO ,. When on the other hand 
there are extra id electrons, as in the case of 
the iron compounds, the level of the 3(/elec¬ 
trons of the metal and the level of the 2/t 
electrons of oxygen have about the same 
position in the valence band, and the transi¬ 
tion might be called a .I;/(metal), 2p(oxygen)- 
l.v (metal) transition. 

As regards the so-called satellite lines 
K/i', K/i". and K/i'", it has already been 
recognized [12-14) that the K/i" line to the 
low energy side of K/i:, arises from the cross¬ 
over transition of the 2.v valence electron of 


dillcicnce ociv\s’eii ;s,o, anu /\ . 
remain constant m liist approximation It 
is immedi«itcl> seen in ihe recording of ihe 
spectra, that the intensity of l\/i" insreaves 
with increasing amount of coordinated 
oxygen. This satellite oecurs also m oxides in 
Ihe previous row of the perii'dic table, for 
instanee m Al,0:,|2). .SiO,|l|. P.Or' ■ SO,- 
115). as a low energy satellite of K/i. m tables 
it is generally called K/i'. but actually corres¬ 
ponds to K/i" presently discussed. 

1 he line K/i' only appears when there are 
partially occupied 3;/ orbitals present in the 
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cotnpi/iincls; while it is visible in MnO, MnCX, 
nnil ( l A),, it disappears in MnO, and C'r(), 
where the 3</ electrons are all engaged in 
boniling. In I e^O, and MnO with 5 holes in 
the orbitals, this line shows up most 
strongly. As this is a line to the U)w energy 
side of Kfi,, its existence could be due to a 
splitting of the A/n.m level due to chemical 
interactions, but its large distance to Kfi, 
makes this assumption most unlikely. Splitting 
of levels due to spin-orbital interaction, giving 
lise to the doublet A'/B,/,, is also impossible, 
this splitting being at most I -3 e V. Men’shikov 
and Nemnonov[16, 17] ascribe the formation 
of Kfi’ to the exchange interaction between 


the electrons of the open 3cJ shell and those 
of the inner shells; they note a certtiin linear 
dependency of the energy gap between Kp, 
and Kp' on the atomic number for the 
elements Mg to Cl and Ca to Ge. Their 
interpretation of Kp' for the elements Mg to 
Cl is incorrect, however, Kp’ being in reality 
Kp" as is explained above. The dependence 
for the other elements was not found in our 
experiments. The only regularity in our spectra 
was noted for the intensity of Kp', which 
is roughly proportional to the number of 3d 
electrons with uncompensated spins. The 
formation of Kp' is thought to be due to 
promotion of Btf electrons to the conduction 
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band, these substances all having sci. 
ductor character; the energy for this tr.in 
is supplied by the self-absorption of 
quantum, whose energy is accoo 
decreased by the same amount, livuk 
for this explanation is the fact, found by 
Vainshtein et r//. fl3J and by ourselves, that 
the integrated intensity of the band 

remains constant in a series of compounds. 

The Kli'" line is observed rather clearly 
in iron oxides on the high energy side of Kfi;,. 
Blokhin [18J explains this line by the double 
transition 2p3d-2p \ s. While this explanation 
is possible, attention should be drawn to 
the fact that there is a marked correspondence 
between the intensity of K/i' and Kfi'", not 
only in the spectra presented in this paper, but 
also in those to be published in part II of 
this study. It is not clear, why double ionisa- 


elecirons to reduce the liteirmc ol .in .imii! in 
the double ionisation slate can not he valid, 
since nonconducting covalent non compounds 
also miss this Kfi'" line. I urthermore. it has 
been found [201 that multiple ionisation occurs 
mainly in primary excitation; the intensity of 
short wavelength satellites with the secondary 
method of excitation is very small compared 
to the intensity with electron excitation. The 
formation of Kfi'" is thought to be due to 
the transition of an electron brought into the 
conduction band to the K level. Experiment¬ 
ally this fits very well. 
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In the above a general outline was given 
of the formation of the five principal lines 
of the Aw/3 spectrum. It follows that it is not 
proper to divide these lines in diagram lines 
and non-diagram lines or satellites; all of 
them are of equal interest and fit into a 
diagram, which, however, for compounds is 
somewhat more complicated. Very probably 
the number is not restricted to five, since 
weaker interactions such as ligand field 
forces, will also cause splitting, but with 
the present means no greater resolution can 
be obtained. 

We will now describe individual spectra 
and try to determine the energy levels of 
the constituting atoms. As it is felt that it 
is not possible with the present state of the 
theory to calculate levels with a precision 
better than I eV, the energies of the X-ray 
lines have been rounded off to an integer 
value. No attempt has been made to correct 
the spectra for instrumental distortion in 
order to obtain hand widths. 

A few d;tt;i were taken from the literature; 
this rcgtirds some A'/i' ;uid Kfi'" lines which 
we expect from the present theory to be 
extremely weak, furthermore d.ita concerning 
oxygen spectra by l ischerl I 11. and K- 
iibsorption edge datii. 

4. KLSI I IS 

(;i) C'dit iiiDi. cU’ilion coiil't^uialum ls-2s-2p'’ 
.3s-2p"4s- 

1 he spectra of metallic ctilcium and calcium 
oxide were rectirded (1 ig. I), We observe 
a marked shift only in A/f-,. I he binding 
energy t/3 A.) of l.v electrons of ( a in ('aO as 
determined by Hagstriim and Karlsson[4| 
is 4t)28cV with respect to the 1 ermi level, 
fhe energy of O Kix is .52? eVl I 11. Hie energy 
of A/j., is 403 I eV. I'hus the oxygen /-u.ii] 
level is situated at 7 eV, and the B.E. of O in 
('aO is 525 f7^ 532 eV, which is in good 
agreement with the value 532 eV measured 
in MgO ;ind Al.d)||4, 5|. I he residual charge 
on the oxygen ion is about equal for the three 
compounds (in electron units: — 1.8 for MgO, 


— 1,6 for AIjO.t, —1,8 for CaO). The line 
A/3'' at — 15 eV with respect to A/Ss, available 
in the literature[21|, is explained by the 
2A(0)-ls(Ca) transition; the A, level of 
oxygen then is situated at 22 eV; from elec¬ 
tron spectroscopy this value is 23-7 eV [5], 
The line Aj8' is given in[21] at 4003 eV; the 
difference with the A/S, energy, 10eV, is 
used to promote an electron from the valence 
band at 5-7 eV to the conduction band, which 
then is centered at 4 eV above the Fermi 
level. This is in accordance with the position 
of the K absorption edge at 4041 eV in CaO 
121]. The A/3' line is very weak, however, as 
we were not able to detect it. Two satellite 
peaks at 527 and 528 eV are visible in the 
oxygen spectrum as reported in[lll; these 
can be explained by the valence band transi¬ 
tions 3(/(('a)-li (O) and 4.s-(Ca)-I a (O). The 
calcium oxide diagram is given in Fig. 6. 

The calcium diagram is also given. The A 
absorption edge given in the literature. 
4038 cV [211 is probably not quite correct, 
as this is the same value as the B.E. of l,v 
electrons in (.'aO. On the basis of experimental 
evidence on the other metals the B.E. in Ca 
is thought to be about 4036 eV. This is in 
accordance with findings by Finkelshtem 
and Nemnonov[22|. I he levels of the C'a 
Iv and 3p electrons shift over the same 
amount when comparing CaO and Ca, which 
demonstrates the partly covalent character 
of the Ca-O bond, as a puiely ionic bond 
would shift the A level more than the Mii,,,, 
level, 

(b) Tilaniam. oka Iron confii^aralion ls-2s' 
2p'’3s“3p''3d-4s- 

Fhe spectra of metallic titanium and 
titanium dioxide, rutile, were studied. The 
oxygen K(x in TiO^ is measured at 525 eV 
[I I j. Assuming B.E. l.vtO) to be 532 cV, the 
residual charge on the O ion being — 1,5 
electron units, we calculate B.E. l.s(Ti) as 
7 + 4962 == 4969 eV. In titanium metal, B.E. 
l.> is 4966 eV [6]. KB" is due to the transition 
2i(0)-lA(Ti); again, the oxygen A, level 
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I-in fi. ['loposed c-ncigy levels in . ' 

I or the sake Dl'tlarily, ihc nol.iii. 
diagrams, upper left eorner of ihe ' 

Ihc eonduilioii ' 

is situated at 22 cV. According to tlicoi 
computations by F.rn and Switendickl2 
TiO there is a 2s(0) level at 22 eV from ilic 

Hermi level. In[21] is reported the line K/f (lilt omUc .o.s. . 

at 49l6eV; its difference with Kfi,. l.'ieV, taken, the spectra of KjCiff, and Kd r i 

is used to promote a valence eleetron at 7 eV were also reconled. hut proveit to he identic.il 
to the conduction band at 8 eV, in satisfactory to the spectrum of CrO, wiihm the piesent 
agreement with the value found for the A' experimental accuracy. 

absorption edge; 4976 cV. As in CaO, the The oxygen Ko m CrA), is measuied at 
metal-oxygen bond is partly covalent, the 525 eV|lll; again assuming 6.ft. IvtO) to 
Mii.iii level and the A level having both shifted be 532 eV, the residual charge on the () ion 

about 3eV, and the /V/,, ,,] level even a trifle being —1.6 electron units, we can plot the 

more than the A' level. I'his in agreement composite diagram for t'r.Oi. I he A absorp- 
with the well known fact[24| that titanium is tion edge is at 5999 eV, in good accordance 
more electronegative than calcium, and with the scheme. In CrAl, there are three 
consequently forms a more covalent bond. unpaired 3J electrons; the transition prob- 
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ability to promote these electrons into the 
conduction band is greater than the transition 
probability for valence band id (metal) or 
2p(0) electrons taking part in the chemical 
bond. Consequently we observe the Kfi' line 
rather clearly in Cr^O.,, whilst it is extremely 
weak in CaO and TiO.^. In CrO,, on the other 
hand, all id electrons are shared, and Kfi' 
again disappears. The oxygen spectrum in 
C'rO:, or K^CrO, is not available, but there 
is the following indication in our own data 
that the oxygen levels will not be very 
different. The energy gap between and 
Kfi” is recognized as the energy gap of about 
15cV between the levels Lii.in and T, of 
oxygen; for Cr.O., and CrOa it is 14 and 15 5 
eV respectively, for MnO^ and MnO,' 14 
and 15 eV. Thus this gap is about 1 eV wider 
in ( rO, and MnO, . We may assume that 
the oxygen K and /., levels shift over about 
I to 5iic'V and 23 cV respectively, the 
residual charge on the oxygen being—1,1 
electron unit. Thus the level will be at 
about 7eV, in both CrO., ;tnd MnO, . On 
this basis the composite diagram of CrO., 
is plotted. I he K absorption edge is at 6004 
eV|21| for K.,CrO,. the ( rO, data not being 
found in the literature, thus the conduction 
band will have its edge at abitut 9-10 cV. 

The energy level diagram of metallic 
chromium is plotted using the photo elec¬ 
tron data of Nordberg cl n/.16|, HE. I.v 
is 5989 eV. 

rhe K level shifts 2 eV for Cr,0„ and 5 
eV for CrO,; the /.,|,||| level shifts 2 eV for 
Cr..,(f., and 6 cV for CVO,, indicating that the 
Cr-O bond in Cr;,0-, is partly covalent and 
m CrO, mainly covalent. 

A very faint KH'" line at 6000 eV is obser¬ 
ved in ( r.O,; it is thought to be caused by an 
electron promoted to the conduction band 
falling back to the K level. As long as the 
selection rules holding for sublevels in the 
conduction band are obscure, this explana¬ 
tion is proposed. The KH'" line is more 
prominent in ionic manganese and especially 
iron compounds. 


(d) Manganese, electron configuration ls^2s“ 
2p«3s23p®3ds4s2 

The materials examined were metallic 
manganese, green cubic manganese (II) oxide, 
manganese (IV) oxide or pyrolusite, potas¬ 
sium permanganate and lithium permanganate. 
The latter compound was used to study as 
carefully as possible the part of the MnO^” 
spectrum, which is somewhat obscured by 
the first order potassium Ka band. The Kfi, 
bands of lithium permanganate and potassium 
permanganate were identical. 

The only oxygen Ka energy availab e 
[11] is determined in MnOji 525 eV. We may 
assume, by analogy with chromium, that the 
oxygen levels L,.,,, and K are situated at 
7 and 532 eV respectively for MnO and MnO,, 
and at 7 and 533 eV for MnO, . Now we 
can plot the data in level diagrams. As regards 
the diagram for metallic manganese. B.E. 
li(Mn) was determined as 6539 eV by the 
photo electron method by Sokolowski[7|. 
The value 6538 eV fits better with our data, 
however, since this corresponds with K 
shifts of 2. 4 and 6eV for Mn-^ Mn^+ and 
Mn^*^ respectively, whilst otherwise these 
shifts would amount to 1.3 and 5 cV, which 
is less in accordance with the results on the 
other metals reported here. The B.E. deter¬ 
mined from the K absorption edge is 6538 eV; 
possibly the mtiterial used in Ihe photo 
electron data contained oxide. 

The conduction bands in MnO and MnO-, 
are centered at 7-8 cV; they must be rather 
wide since these compounds to some degree 
conduct electricity. This is in some agreement 
with the values found for the K absorption 
edges: 6543 and 6546 eV [2 11, although these 
data may not be too reliable. The absorption 
edge in KMnO^ at 6554 eV indicates a large 
forbidden gap; no unoccupied id electrons 
can be promoted to the conduction band and 
Kfi' does not appear. 

The spectrum of Mnf),~ strikingly illus¬ 
trates, that /C/3o is essentially due to an oxygen 
f'li.iii —manganese K transition, since the 
manganese A/|v,v level would have shifted 
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at least 7-8 eV, the A^ii.ni shifting 7eV, and 
so would have caused a line with energy 
6544 —(3 + 8) = 6533 eV; instead we observe 
a line solely at 6538 eV. In the case of MnO 
and MnO .2 there are unoccupied 3d electrons, 
which could give a peak in the neighbourhood 
of Kji:,. No splitting of peaks can with any 
certainty be observed, which, however, is 
also caused by the limited resolving power 
of the spectrograph. There could be an indica¬ 
tion in the oxygen spectra. The oxygen Ka 
band in MnO^ is nearly symmetrical and thus 
the manganese Miv,v level will be situated 
at about 7 eV. This means a shift of 4eV, 
which is quite reasonable, the /V/u.m level 
shifting also 4 eV. The MnO oxygen spectrum 
is not recorded; we would expect an extra 
peak, if any, at the high energy side. 

(e) Iron, electron conjipurntion 1 s'‘^2s^2p'*3s- 
3p'’3d“4s- 

The spectra of metallic iron, iron (II) oxide, 
iron (11,111) oxide or magnetite and «-iron 
(III) oxide or hematite were recorded. In 
order to obtain the Kfi' position, the line 
profile of the hand was separated into 

its constituent parts by means of a stand. 
Kft, profile, for which was chosen the Kj' 
iron carbonyl FelCo)-,. a compound wr. 
purely covalent bond. Metallic iron ■ 
shows a broad band superimposed on (he 
energy side of Kfi,. 

The oxygen spectra of I e,0, and I ej(', 
were recorded [ I 1 ]; both show a peak at 
525 eV. We assume B E. oxygen l.r to be 
532 eV, B.E. oxygen 2p 1 eV, and take B E. 
l.v in metallic iron as 7llleV from photo 
electron data(25|. The energy level diagrams 
can now be constructed. The he:,(), diagram 
is not given in Fig. 5 as it is quite similar to 
the Fe.,0:, diagram. The iron K level is seen 
to shift proportionally with the positive 
charge on the iron ion: 2 eV for I eO, 2-7 <4' 
for Fe;,0,. 3 eV for FejOii. The line Kfi' is 
quite pronounced in all three oxides; most in 
F'e.4):i. least in FeO. Its intensity is highest 
when the id shell is half filled, i.e. when 5 


electrons with parallel spins arc present, as 
follows also from the manganse spectra, 
MnO having 5 3d electrons and MnO^ 3 3d 
electrons, and from cobalt and nickel oxide 
spectra. It stands to reason, that in this case 
an electron is most easily promoted to the 
conduction band, the energy for which is 
supplied by the Kfi, energy. The energy 
difference between Kfi, and Kf3', in the 
compounds studied about 13-15 eV, should 
give rise to a peak in the absorption spectrum 
at the corresponding energy, i.e. at a wave¬ 
length of 800-900 A. Unfortunately, practic¬ 
ally no data are available in this region, so 
we have not been able to check this directly. 

The Kfi” lines are weak and only poorly 
resolved. The Kfi'” lines can be clearly 
observed, especially in Fe..O,; its position 
at 7121 eV agrees well with the value calcul¬ 
ated if we assume it to he a AT-conduction 
band transition: 7114 1-7— 7121 eV. In FeO. 
Kfi”' is so weak as to be nearly invisible: 
possibly the lifetime of an electron in the 
conduction hand of semiconducting l eO is 
so long as (o ilecrease (he relative transition 


<-■ M .. 

compounds with an accuracy of I e\ . 

(2) Fhc metal K level changes to higher 
absolute values if the metal is hroughi into 
a higher oxidation state; for the oxides, this 
shift amounts to about I eV lor each unit of 
formal positive charge. The charge in reality 
operative is less, covalent-ionic resonance 
redistributing the charge on the atom and its 
surroundings, but we can assume t>n the basis 
of the experiments that the resultant charge 
is in first approximation proportional to the 
formal charge for the same class of compi'unds 
(oxides). 
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(3) The M levels containing the valence 
electrons also shift but in a more complicated 
way, both charge and bond character exerting 
influence. The shift to higher absolute values 
is largest for covalent compounds. 

(4) The oxygen levels are subject only to 
small variations. Due to cross-over transitions, 
rather complicated oxygen spectra can arise, 
however, as is demonstrated by F'ischer 
[II], who recorded 28 oxygen K bands, but 
was unable to ascribe the difference in shape 
to any solid state properties. Only a carefully 
constructed composite diagram can explain 
or predict the oxygen spectrum. 

(5) Since in the oxidic compounds the 
line is essentially an oxygen 2/>metal 

l .v transition, its position is determined mainly 
by the metal K level, and consequently mainly 
by the valence of the metal ion. Hence we 
predict a linear dependence of the shift of 
the A'/T. maximum on the valence of the transi¬ 
tion metiil (the highest valences 6 and 7 
excluded), f or hi-, tri- and tetravalent titan¬ 
ium this was already found by Blokhin and 
Shuvacv[26|, and for bi- and tri-valent iron 
by Kolobova, Nemnonov and Agapova [ 19). 

(6) No such dependence can exist for the 
A/f, line, resulting frttm a metal 3/>-metal l.v 
transition; we can only expect a linear depen¬ 
dence, if the bond character and coordination 
remain approximately the same. While the 
A'/fi shifts are more complicated than the 
Kfi:, shifts, the intensity is much larger 
(40-lot) times) than the Kfi^, intensity; for 
the determination of valence and coordination 
both lines have their own merit. 

t< knitw Wc aic gralcCiil to l*iorcssar 

l>i Ci I) Kii’ck foi his imcresi m the work’and his 
rcinaiks One of us (H M ) wishes to thank (he tinitcvei 
Kese.iieli I aln»ia(oiy tor a temporary assij»nmen( at the 


Technical University in Eindhoven, where this research 
was carried out. Thanks are also due to Professor Rieck 
for his hospitality during this time. 

REFERENCES 

1. ERSHOV O. A. and LUKIRSKII A. P., Fizika 
nerd. Tetu 8, 2137 (1966). 

2. l OMICHEV V, A.. Fizikn tverd. Tela 8, 2892 
(1966). 

3. MENDEL H. and KOS tER A S.. J. Phys C, in 
the press. 

4. HAfiSTROM S. and KARL.S.SON S. E . Ark. Ev.v. 
26. 451(1964). 

5. EAHI MAN A.. HAMRIN K , NORDBERG R., 
NORDI ING C. and SIEGBAHN K , Ph\s. Kev. 
1,11 14, 127 0 965) 

6. NORDBERG R , HAMRIN K , I AHI MAN A.. 
NORDI ING C and SIEGBAHN K., / Phys 
192,462 0 966). 

7. SOK.OI.OWSKI E .alrk Ev.r 15,10958) 

8. BEARDEN J. A . Ref. mod Pins .39,78 0 967). 

9. SHLIVAEV A I' and ( HEC'HIN (i M, Izv. 
Akud N,mk .\.S.SR 28, 8.38 (1964). 

10. BAI I HAUSEN C. J . hiliodiK lion lo I iniind 
Field Theorv. McGraw-Hill. New York 0 962). 

II EISCHFRD WJ.chein /Viw. 42, 3814 (1965) 

12. VAINSHIEIN E F . BRII' M N and .S'l'ARYI 
I v../rr. Akiid. Niiiik SSSR 20, 784 0 956). 

13. VAINSHTEIN F. F. . OVRUTSKAYA R. M and 
KOTI YAR B. 1.. Fizikn irerd EWu 7, 2 120 (1965). 

14 BFS'I'P F .d.Oiem./'/iva. 44. 3248 0 966) 

15 MFNDFI H . Pro, K Ned Akud We! 70, 276 
(1967) 

16, MEN'SHIKOV A. and NFMNONOV S A., 
Iiz.meudl. 14. 187 0962) 

17 MEN'SHIKOV A / and NFMNONOV S A. 
Fiz.melnll 19.57 0 9671. 

18. BI.OKHIN M. A. /h ek^/, leoi Fiz. 9. 1515 
0939) 

19. KOI OBOVA K. M, NFMNONOV S A and 
AGAPOVA E V . Fizikn n erd. Fein 10, 729 (1968) 

20 MEN'SHIKOV A././■(.- Melnll 14.3960962) 

21 . I ANDOLI'-BORNSl EIN. Z.ihlenwertc und 
Fiinklionen Vol 1. p. 4. Springer, Berlin (1955). 

22 I INKEI SH I FIN I , D and NFMNONOV S A., 
I iz melnll 22.843 0 966) 

23 FRN V. and SWIFENDK K A. C Pins Her. 
137, 1927 0965). 

24. PAUI ING 1 . The Nninre of llie Chenurnl Bond 
Cornell University Press, Ithaka. New York (1948) 

25. BFARDFN J A and BURR A. I ,Rci mod Phys 
.39, 125 0 967) 

26 BI OKHIN M. A and SHU VAFV A. T., Izr Aknd 
Nui/k 5.S.y« 26. 429 (1962). 



J. Phys. Chem. Solids Pergamon Press 1970. Vol. 31,pp. 2523-2530 Printed in Great Bntain. 


X-RAY Kp EMISSION SPECTRA AND ENERGY 
LEVELS OF COMPOUNDS OF 3D-TRANSITION 

METALS-II 

NON-OXIDIC COMPOUNDS 

A. S. KOSTER 

Technical University, liindhovcn, I he Netherlands 
and 

H. MENDKE 

University of Ibadan. Nigeria 
(Pci l ived l(< l>i hibcr 1969) 


Abstract —The Kfi emission spectra of various calcium, titanium, chromium, manganese and iron 
compounds were investigated by means of the Hiioresceni method. The ongni of the lines found 
experimentally is discussed, their energies arc given and used to construct composite energy diagrams 
The dependence of the level positions on the chemical bond is shown, and an extrapolation is carried 
out to determine the charge on the metal ions in the pure metal 


1. INTKOIHKTION 

In part 1 of this studyllj the X-ray Kfi 
spectra of calciuni. titanium, chromium, 
manganese, iron and a number of the oxidic 
compounds of these elements were discussed. 
These spectra were obtained by the niton,- 
cence method employing an apparatus co 
mercially available, ( ompostte energy le- 
ditigrams were derived using these meastin 
ments; they were put on an absolute sc.i 
by means of pholoeicctron data. In lit, 
diagrams, the shifts of the levels are clos, 
connected to bond type and valence. U 
order to obtain further confirmation of the 
theory, expounded in part I, a number of 
non-oxidic compounds were examined, and 
the results of this investigation arc given 
here. Special attention was given to com¬ 
pounds of rather extreme bond type, such 
as the carbonyl and cyanide complexes 
which contain covalent bonds, while fluorides 
are examples of essentially ionic substances. 

2. EXPERIMENTAL 

The samples used were either compounds 
commercially available or chemically anal¬ 


ysed preparations of our own laboratory. 
Their purity was at least 96 per cent, except 
calcium carbide which was about 80 per cent. 

The method of obtaining the spectra and 
the xv:is described m pait 


to 

Kfi', the peaks lo the low eovo-, mi.. 
Kfi-,, and by Kfi"' the peak to the high energ\ 
side of Kfi-,. 

I he csliiii.itcU emir ui Kfi, is 0 2 e\ 'ii llic udiei Iiiks 
0 4-0 6 cV I or c.isc of eonipiiiison iho U.ila for t .it) 
TiO.. C r_.0,. MnO ,ind 1 c4), .iro mclujcd .is thc\ ippc ir 

in(l| 

3. RESt I TS 

(a) Ciill iulii 

The spectra of calcium fluoride and calcium 
carbide were recorded, in addition to the 
spectra of metallic cttlcitim and calcium oxide 


2X23 
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which were already given in[lj. Shuvaev, 
Zyryanov and Gorskii have also investigated 
the fluorescent Ca spectra in CaO, CaFj 
and CaC 2 [ 2 ], and their experimental results 
on /C/3i are in agreement with ours. Iheir 
reported shifts of A’/3r, differ from our obser¬ 
vations, however. In order to draw the com¬ 
posite diagram for CaF., it is necessary 
to know the binding energy {H.E.) of an 
electron in the compound. The energy of 
I- Kct has been measured by fischerl.^): 
677 eV, and H.E. of fv electrons of fluorine 
in NaF is given by Hagstrdm and Karlsson 
|4]: 685 eV. The residual charge of the 
fluoride ions in Naf' and CaF_., calculated 
according to Pauling using electronegativi¬ 
ties, is —0-97 and “0-95 electron units res¬ 
pectively, and thus the binding energies of 
F l.v electrons can be expected to be equal 
within the accuracy of I eV. The same 
argument was used to determine the com¬ 
posite diagram of MgFa in[5|. The levels 
K and /.u in for the F“ ion arc placed at 
685 and 8 eV respectively. I he (.';t-F 
bond being mainly ionic, the line stems 
from a 2/; (F)-I.s(('a) transition, and thus 
the whole diagram can be construcicti 
(Fig. 1). The K level of Ca is at 4038 c'- 
which is at about the sttme position .r- 
CaO. As a matter of fact, the residual ch.ii. 
on the Ca ion are almost equal (I I 
electron units (e.u.) for CaO. I 1-90 ■ 
for CaF.^). Fhe K level in bi)th componr 
being at almost the same pt)sition. the sm.ni 
shift of Kfi, reflects a small shift of the 
level, which in ('aF^ is slightly lower 
in absolute value than in CaO due to a less 
covalent bond. This is in agreement with 
the conclusions of our former paper 111. 

There are two closely spaced high energy 
satellite lines in the fluorine spectrum of 
CaF,, which also can be found in other 
fluorides[3. 6. 7|. Their intensity seems to 
depend on the metal ion present; in the series 
FiF-NaF'-KF their intensity decreases. 
As long as the experimental evidence is 
scanty, nothing can be said about the origin 


of these lines with certainty. They could 
be due to neutral atoms of fluorine as is 
suggested by O'Bryan and Skinner|6|. 
Their decreasing intensity in the series of 
the alkali fluorides, where the structure type 
remains the same (NaCI type), depicts the 
influence of the cation radius; the same 
clfcct can be observed in the series CaO- 
SrO-BaO (NaCI type), where the same 
satellites seem to occur in the oxygen Ka 
spectrum. 

The position of Af/J, in CaCj is nearly 
the same as in CaO. as was noted by Shuvaev 
el <//.; they could not explain this fact. Fol¬ 
lowing the line of our previous arguments 
regarding the shift of the Ar/3, emission line 
as depending upon bonding type (part I). 
we would expect the Ca ion to have a residual 
charge roughly equal to the charge in CaO. 

I'his can be understood by assuming the 
C;i(4.v) electron to have a large overlap with 
the lone electron in the C(.s/.>) hybrid giving 
an electron pair. 

I his is in accordance with the crystal 
structure, which is a distorted Na(.'l packing 
with a linear ( a-( a arrangement 

Til. ' ' 1 I' on ih' 


the .. , , 

atoms have a small negative residual ch.ag^ 
[5|. laking/f.T. I s ((') m di.imoiul ,is 283 e\ 
It follows that the/f E. Fit ) ol the aceiv leiiiL 
caiboii atoms must he less dian 283 eV 
Assuming the li.l.. G (Ca) in ( aC. to be 
equal to the H E. in the oxide, the uppei 
level of the K^i-, emission line is 4()38- 
4032 -6eV. I hiis the C A'n line is expested 
to be less than 283 0 — 277eV No C Aa 
spectra m an acetylenic compoiiml have been 
determined; other tvpes of carbides |81 
give a value of about 277 eV 
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Eig 1 !*ropi)scd energy IcvcK in elcelron volt. Eor the sake ot clarity, the 
ntHaiion of the dtagrainc is only indicated in the CaF^ diagram. Ei is the Fermi 
level; the valence hand and the conduction band are denoted by hatching. 


{b)Ht<uiiiini the same, and thus purely represent the 

The compounds NaoTih',, and K/FIFb TiF,;'*'ion. 
were studied. These spectra are exactly The presence of fluoride ions gives rise 
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to the formation of /C/3", which is a 2i{F)- 
l.v(Ti) transition. The separation between 
/CjSs and /C/3'' is 20 eV, corresponding to 
the separation between the /.n.m and L^ 
levels of the fluoride ion. The separation is 
the same in all fluorides, including MgF -2 
which was investigated earlier[5]. 

Because of the strongly ionic character 
of the Ti-F bond, the residual charge on 
F being — 0-9e.u. we can place the fluoride 
K, L, and T|,,,|| levels at 685, 28 and 8 eV 
respectively, thereby defining the composite 
diagram of the TiF,-,'*" ion. It follows that 
the titanium K level is at 4971 eV, which 
is 2 eV higher than the level at 4969 eV 
found in TiO^; this is in agreement with the 
residual charge on the titanium ion (in TiO,: + 
.3-0 e.u., in I'il'ii'^ ; + 3-5 e.u.). 

The band /Cj3,, can be separated into two 
components; the strongest, called /C/3,-,, 
can be assumed to be connected to the 
2/7(F) level, as 88 per cent of the 3t/ and 
4s electrons are removed forming the Ti" 
ion; the other much smaller peak, called 
K/3r,', is thought to arise by the transition 
of the remaining 12 per cent of electrons 
mainly characterized by metal 3J, 4,5 
functions. Thus there arc two rather dr 
levels in the valence band, separate 
about 5 eV. This splitting up of the 
band is hard to detect in the TiO_. spei' 
because A'/S" interferes there, but 
seems indeed to be somewhat broader i. 
in the fluoride. There are faint indications 
that A/3,-,' also occurs in the chromium and 
manganese fluorides. In CaF^, however, 
there is no trace of it, although the resolving 
power of the apparatus would allow its ob¬ 
servation; this is to be expected, no 3</ 
electrons being present. In FeF,, it can not 
be detected due to the limited resolution. 

(c) Chromium 

We investigated CrF, and K,Cr(('N),;, 
both of which contain unpaired 3</ electrons 
with parallel spins. In CrF^ of mainly ionic 
type there are four of such electrons. The 


complex ion [CrCCN/eP- is of covalent 
type, involving octahedral bond orbitals; 
two 3d, one 4j and three 4p orbitals are 
available for use as bond orbitals, which 
leaves three unpaired electrons in the 3d 
orbital. According to the theory explained 
in our former paper(l], the energy of A/3, 
is partly used to promote these unpaired 
electrons from the valence band into an 
excited state, which we can call the con¬ 
duction band. The reduced A/3| energy 
appears as a peak to the low energy side 
of A/3,, and the difference between A/3,' and 
A/3, is connected to the gap between valence 
band and conduction band. The line Kfi' 
should show up in both compounds, as is in¬ 
deed the case. The intensity of A/3' is found to 
be proportional to the number of unpaired 3d 
electrons, as is fully confirmed by the data 
given for Mn and Fe compounds. Unfor¬ 
tunately. however, the bands of A/3, and 
A/3' overlap each other, which makes a 
reliable measurement difficult. As a 'standard 
profile' for Cr A'/3| we used the band of 
CrO,. which theoretically should not be 
u'iih a A'/3' hand, and which. 


A,', 

on the chromium urn being iicmiv ' ' 
in Cr.jO., <md CrF._. (-l-2'2 e.u. and -b 1 8 e.u. 
respectively), we can place the Cr A level 
at 5991 eV; this results in the following 
value of A/J,; 5991-8 ^ 5983 eV (observed 
5982-5 eV). As to A/3,, in CrI-j the energy 
of the /-„,,„ level decreases slightly as the 
Cr-F bond is less covalent, thus we expect 
a small shift to higher eV (observed shift 
is-F 0-6 eV). 

Indicating the energy levels in mainly 
covalent compounds like the complex cyan- 
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ides is a more difficult task, because of a lack 
of carbon or nitrogen spectra and photoelec¬ 
tron data; furthermore the charge on the 
central metal ion is as yet only very imper¬ 
fectly known. Pauling[9| assumes that in the 
cyano complexes the metal ion carries a 
slightly positive charge. Tentatively we 
would suggest to place the metal K levels 
of these covalent compounds approximately 
at the height of the metal K level of the 
metallic element, the atoms in the metal 
alst) carrying a small positive charge, as will 
be explained in a later section of this paper. 
I'hus. the chromium levels K. and 

M|vv in K,,Cr(CN )ii arc placed at 5989, 
42 and 4 e V. 

(d) MdUj’unc.'ie 

I he spectra of Mn.S (synthesi/ted frttm the 
elements). K|MnH,,, K_,lVlnb,, and K.|Mn(('N),, 
were recorded. 

The intensity ul'/C/T relative to the intensity 
of Kjii is the same in MnO and Mn.S; both 
compounds contain 5 impaired Tn! electrons. 

I he relative intensity of Kfi' in K,Mnl-,; 
(4 T/ electrons), in K.MnI „ l3 3</ electrons) 
and in K|Mnl( N ),, (2 .T/electrons)decretises 
111 this order, in accordance with the hypot¬ 
hesis. All these compounds have a large 
forbiildcn gap. 

The tliioridc (2.s)-manganese (l.v) tran¬ 
sition, clearly visible as A'/J" in the spectra 
of K;Mnl „ and K.^Mnl,,. and the fluor¬ 
ide |2/U-manganese (Is) transition enable 
us to construct the composite diagrams 
of these compounds. Again plotting fluoride 


A", L, and L„,ii, at 685, 28 and 8 eV, we find 
for B.E. l.v(Mn) in K.jMnFs 6544 eV, in 
K..Mnl-„ 6545 eV, which is in good ag¬ 
reement with the residual charges calculated 
for these compounds and the oxidic com¬ 
pounds: (Table 2), 

The lines K^'" can be seen clearly in the 
spectra of the complex fluorides, whilst they 
are invisible in the spectra of MnO and 
MnS. As was stated in part l[l], they are 
thought to be due to the transition of the 
electrons in the band of the excited states 
to the K level. These electrons were brought 
into this band by the absorption of X-ray 
quanta, for instance of quanta, which 
gives rise to the formation of Kfi'. The salts 
of the complex fluorides being nearly perfect 
isolators, the lifetime of these promoted elec¬ 
trons is very short, and Kji'” shows up rather 
strongly. In compounds of higher conduc¬ 
tivity, like MnO and Mn.S, this transition 
is less likely to occur. 

In order to plot the composite diagram 
for MnS, we determined the position of the 
sulphur Kji maximum and found 2466 eV 
(elementary sulphur: 2464 eV). According 
to Nordling and SiegbahnI 10], the change 
in B E. of sulphur l.v electrons is 4-5 eV 
per unit residual charge, and since the residual 
charge on the .S ion is about —()-6e.u., we 
may expect tbc S K level to have shifted 
from 2472 eV in elemcntiiry sulphur|4] 
to about 2470cV in MnS. Thus the valence 
band conttiining the sulphur 3p electrons 
is at 2470-2466 = 4 eV. and the manganese 
K level is calculated at 6534 + 4 = 6538 eV, 


I dhlv 2 


('uiiipound 

residual chaii'e 
on Mn 

(e w.) 

position 
of K level 
(eV) 

Nhil't of K level with 
respect to the metal 
(cV) 

MnO 

1 1 8 

6540 

t 

MnO, 

+ 2 4 

6542 

4 

Mill 

+ 28 

6544 

6 

StnO, 

+ .1 0 

6544 

6 

Mnl 

-1 3 7 

6545 

7 
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which is in good correspondence with the 
residual charge on the Mn ion, +0-6cV, 
as compared with oxides and fluorides. 

The manganese levels in K.,lVln(CN),; 
are given with the same restrictions as the 
chromium levels in K,,rr(('N Although 
MnS is also markedly covalent, the energy 
of Kfif in K-,lVIn(CN)ii is 1 eV less than in 
MnS, which points to a much more covalent 
character of the former compound, the 
charges on the metal ions being about the 
same. 

(e) Iron 

We present results for FeF:, and Fe,S 
as partly ionic compounds and for FeSj. 
K,lc(CN),„ K,,Fc(CN),i and Fe(('OF, 
as mainly covalent compounds. 

Again, the intensity of Kfi' is seen to be 
connected with the number of unpaired 
3(/ electrons; this band is present in FcF-, 

3</ electrons). FeS (4 3t/ electrons) and 
K|l'c(C'N)i; (I 3cy electron), while it is absent 
in I cSj, K|Fe(CN)„ and Fc(CO)-,, where 
all electrons are engaged in dsp hybridisation, 
('areful comparison of the A'/9,/3' profiles of 
K,,Fe(rN)„ and K|Fe(('N),i. scaled upon 
each other, enable us to determine 
contribution of one 3</ electron. The a 
width of le(C())-, is of somewhat su 
width than those of I c.S^ and K,l c(< 
indicating that in the latter substaiA 
minor contribution of another bond 
IS realized. 

The construction of the composite diagrams 
of FeF:( and FeS can be carried out as 
for the analogous manganese compounds. 
The fluoride being mainly ionic, the residual 
charge on I being —0-9e.u., wc take 
H.E. \s (F) as 68? eV and H E. 2p (I ) as 
8 eV, thus R E. l.v (Fe) is 7108 + 8 = 71 l6eV. 
The energy gap between A'/S, and Kji' is 
l6eV and this energy is used to promote 
the 3</ electrons to the conduction band, 
centered at —8 eV. When these electrons 
fall back to the K level from this band (not 
necessarily from the centre of gravity of this 


band), A/3"' is generated. In FeF,. this line 
is very pronounced. 

We determined the energy of sulphur-A/3 
in FeS as 2466 eV, The residual charge on 
the S ion is about -()-5e.u. and thus we 
may place the sulphur A level at 2470 eV. 
As in MnS. the valence band is at 4 eV, and 
thus the iron A level is found at 7107 + 4 = 
7111 eV, which is consistent with the other 
data on iron compounds. 

In the mainly covalent compounds, the 
A/3r, band is sharper and the ratio UK/i-jl 
1( A/i,) is higher than for the ionic compounds. 
Obviously, due to covalent bonding more 
electrons of a sharper difmed energy level 
arc available than in the case of the ionic 
compounds where part of the electrons 
are removed to the anion sites, whence 
cross-over transitions are less likely to take 
place. Furthermore, occurrence of both 
one-atom transitions and cross-over tran¬ 
sitions as in oxides blur out the sharpness 
of A/f-,. In the oidcr leSj. K,lc(CN),,. 
Fe(C(3)-, the energy of A/i-, is seen to de¬ 
crease. pointing to an increasing degree 
of covalency. 

.."’ii.il hindine cncreics ,iie 


is then 2471-2467 -4 c\. .oiah , 
the iron A level at 7 11)7 + 4 = 71 1 1 eV. 
in agreement with the idea that the meial 
A level in the covalent compounds is about 
equal or somewhat lower than the level 
in the pure metal. Tentatively vve indictite 
the B.E.'s in the other iron compounds 
in Fig. I. The decretive in A'/i-, energy for 
the more covalent compounds is seen to 
be mainly caused by increase of the A/n,\ 
energy. I he iron atom in K,l etC'N ),; is seen 
to carry a somewhat higher charge than 
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in K,Fe(CN)B because the separation between 
the and Mu.m ievel is larger. 


4. DISCUSSION 

(1) It has been shown by Nordling and 
Siegbahn[10], that the experimentally deter¬ 
mined K shell binding energies when plotted 
against the residual charge on the atom fall 
approximately on a straight line. For sulphur, 
this line has been a slope of 4-5 eV per unit 
residual charge. From our paper on a number 
of oxides [5] it can be inferred, that the slope 
is about 3 eV/e.u. for oxygen. This correlation 
procedure can also be carried out for chrom¬ 
ium, manganese and iron, where a sufficient 
number of substances has been investigated. 
These graphs are given in Fig. 2; indeed, 
straight lines can be drawn with a slope of 
about 3eV/e.u., when the shift of the K 
level with respect to the pure metal is plotted 
against the residual charge in electron units. 
The lines do not pass through the origin, 
which means that the metal atom in the 
elementary stale carries a small positive 
charge, between +()'8 and -I-10 e.u. This 
is in accordance with the notion that the 
metallic bond is described by an electron 
gas, moving between metal cations, F from 
the graphs can be deduced (he K shell 
binding energy of a free metal atom with 
zero charge; we find for ('r, 5987 eV; for 
Mn, 6536 eV; for Fe.7109eV. 

(2) Cienerally, the ideas advanced in part 
I of this study are fully confirmed by the 
findings described in this part. F’specially. 
the concept of the composite diagram enables 
us to explain facts at first sight contradictory, 
for instance, that Kfi^, should shift to lower 
energy when comparing CaF._, with CaO 
and to higher energy when comparing 
I el with Fe.Oj, or (hat Kfi, should shift 
to lower energy when comparing MnF,;'‘ 
with MnC) and to higher energy when com¬ 
paring FcF., with FeiO,. The results of 
about thirty Kfi spectra thus fit together in 
a consistent unity. 



Eig. 2 (iraph of Ihc rc'-idual charge (in electron iinils) 
plotlcd against the shift of the K level (in eV) with 
respect to the metal. 
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Abstract— 1 he relationship between time lag and applied field was investigated at high leinpeialures 
for NaC'l crystals by applying a single I . 80(Mt/tsec impulse to each ci ysial. ot sulfitienl magnitude to 
cause breakdown. The observed time lag cannot be satisfactorily explained in terms of joule healing 
alone and an ionic space charge mechanism is proposed 


I. INTRODUCTION 

The kei AiioNSHiP helwcen lemperalurc and 
the electric strength of alkali halide crystals 
consists of two regions. At low temperatures 
breakdown is considered to be clcclromc in 
nature and the electric strength increases 
slowly as the temperature is raised, in qualita¬ 
tive agreement with the theories of l■■rohlich 
11] and of von Hippel|21. while at high tem¬ 
peratures the electric strength dci ■ 
comparatively quickly. The transiiM' 
perature between these two region'- 
sharply defined; it is influenced by ih- 
I'orm of ihe applied voltage and may i 
pletely suppressed over the lc/ni 
range investigated by using steeply . 
impulse voltages, in which case the cIcctiK 
strength continues to rise(.^-.‘'|. Also, for a 
given voltage wave-form the transition 
temperature varies widely with the type and 
degree of impurity content of the diclcctrie. 
Cooper, Higgin and .Smith|61 found lhat when 
0 022 per cent of lead, a divalent impurity, 
was added to KCI the critical temperature 
was depressed from about I l()°C to — I20“C. 
Monovalent impurity, however, had little 
effect. In view of these effects it is not sur¬ 
prising that complete agreement between Ihe 
results of different studies is difficult to obtain. 


The existence of a high temperature region, 
where the electric strength of alkali halides 
decreases with rise in temperature, is pre¬ 
dicted by brohlich's high temperature theory 
of clecironie breakdownf7| It can also be 
explained bolh in teims of impulse theimal 
breakdown iluc to the increase in ionic con¬ 
ductivity at high icmperalurcs. or as a con- 
• • -r a,,,;,, charge \shich en¬ 


tile me.isiircd lime lag^ wen. m im. , . . . 

a few micioseeonds. indicating that .it least 
up to 220‘X' impulse thcrm.il hreakdowi; docs 
not take place. The effect of divalent impurities 
on the transition temperature, however, 
showed the important role of ionic con¬ 
ductivity, and bretikdown above the ciitical 
tempentture was concluded to be conviitioned 
by the onset of tonic space chaige. At higher 
temperatures Heyes and Watson [8] dis¬ 
covered time lags of the order of milliseconds 
in the impulse breakdown of Na('l. Ihe 


2-SH 
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variation of time lags with applied field was 
similar to that of impulse thermal breakdown, 
although at the higher fields the time lags were 
too short to be directly explicable in terms 
of energy input alone. Thus the high tempera¬ 
ture region has not yet been satisfactorily 
explained. The purpose of the present 
investigation was the determination of the 
relationship between time lag and applied 
field in the high temperature breakdown 
regain of Na( I in order to throw further light 
on the mechanisms leading to breakdown. 


room temperature before the specimens were 
placed in the furnace. 

I'he specimens were allowed to stand in 
the furnace at the operating temperature for 
18 hr before application of the test voltage, 
when the temperature of each specimen was 
within yC of the required value. 

A single stage impulse generator was used, 
giving a I ; 8000 /usee voltage wave-form. The 
relationship between charging voltage and 
output voltage was determined by means of 
sphere gaps. 


2. I•.XI*KKIM^;^^,\I. MEIMOI) 

I he specimens were cleaved cubes of NaCI 
about 2 cm sitic. drilled liom two opposite 
faces with a Iwisi dull leaving a gap between 
the two iiT-lmc recesses. A sphciical end to 
each lecess was made by hand with a dentist's 
round huir of 0•64 mm dia. I his operation 
was earned out under <i microscope which 
enabled the gap between the recesses to be 
reduced to 0 ()7 mm to an accuracy of±(MM).‘i 
mm. lo form silvei eleclro<.les in intimate 
contact with the crystal a colloidal silver 
preparation w.is painteil onto the surface t)f 
each icccss, and this was allowe(.l to diy at 


.3. EXPERIMENTAL RF.Sl ITS 
The multiple impulse breakdown field was 
determined by applying a series of 1:8000 
fisee voltage impulses, starting at about 
50 pel cent of ihe expected breakdown 
voltage and increasing in increments of 
0-5 kV. The mean value for about 6 specimens 
at each temperalure is shown in Fig. I which 
also shows the minimum impulse thermal 
breakdown field calculated from equation 
(.5). Above 27(TC' the agreement between the 
e.xpcrimental and calculated breakdown field 
is quite good. 

I he time lag to breakdown, from the crest 
of Ihe impulse wave to the collapse of voltage. 



tig 1 hlccinc sUength oC N.iC I as a funclion of lernpcraluic. 
I lie vcitieal tines mdicaic the langc of incasincU values X Multiple 
impulse bieakdown () Single inipulsc, hreakOown nc.ir crest of 
wave. (1) Calculated impulse ihcinial breakdown field. 
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was measured to an accuracy of 0-1 fiscc 
on a 10 MHz counter-timer, and its value was 
checked against an oscillogram of the impulse 
voltage wave-form at breakdown. Below 
240°C only time lags of a few microseconds 
were measured, indicating that breakdown had 
occurred near the crest of the voltage wave. 
At 240°C some specimens registered time 
lags as long as .2000/asec. and at higher 
temperatures almost all the time lags were of 
this order. T hese long time lags, together with 
the rapid fall in electric strength, could be 
considered indicative of impidse thermal 
breakdown. 

The relationship between time lag and 
applied field was investigated at .200 and 
220"C by applying to each specimen a 
single l:8000/asec impulse voltage large 
enough to cause breakdown. Most speci¬ 
mens broke down on the wave tail and the 
time lags for these are plotted against the 
peak value of the applied Held in l ig. 2. The 
calculated time lag for impulse thermal 
breakdown is also shiiwn for the put pose of 
comparison. It c;in be seen th;it as the Held 
was incretiseii the expenmenia! lime lags 
decreased tar moi e rapidly th;ui the calculated 
values. 

At higher Helds specimens broke dow 
the crest of the impulse wave, and hrea' 
for these was considered to he cTeelis 
nttture since time Itigs of a few microti 
are too shoit for thermal breakdown. 

T he average values r)f electric slieiu , 
such specimens, included in I ig. I at 2(H) .uiu 
2.‘i()°(\ indicate that the elcctionie strength 
of Na(T continues to rise with mcrctising 
temperature when the processes leading to 
long time Itigs tire inhibited. 

4. Dl.St ILSSION 

The impulse thermal breakdown sliongth 
can be estimated assuming that he.it loss by 
thermal conduction is negligible. T he Kite of 
rise of tempertitiire is then 

d« E~ ( 2i\ { h\ 

™exp(--j,r„exp(--j (I) 



(ti) 




Peak value of applied field,MV/cm 
I iii 2 rune l,»es fiM- sin^ile nnpiiKc hre.ilsJown ot 
N.j< J .tl fcwnpeiuItiKN (.iJ ^Ol) C iIm ^^1)( . (I) ( ji- 
ciiljitevl foi impulse iheimul hieukdou n. i2» ( .tic iiLiled 
tot sp.n.e khaiiie konlu>lleil bie-ikdiny n meeh.inisni, 
■ I \ pel iinenl.il v .tliic s 
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where 

fexp^-y^ 

is the exponentially decaying applied field, s 
is the specific heat per unit volume and 
<r„e\pi{-~hlf)) is the law relating electrical 
conductivity to the absolute temperature 
0. If h > 0 equation (1) can he integrated to 
give approximately 



1 1 

2.V 



Here /,„ is the time required for the tempera¬ 
ture to reach l),„, the value at breakdown, and 
W| is the ambient temperature. Since heat 
losses have been neglected, the lowest value 
of at which the temperature rises to 0,„ is 
found by prrtting l,„ —* y: tn equation (2). 
The lowest impulse thermal breakdown 
field is then 

(zfi,)' 

bor NaC.I rr,, —()■.“>H ‘cm ' and 1(),<KK) 
|9||l()|; .v-=2Wcm and putting /'= 8,0<X) 
/isec the following values of are obtained: 


occurs in a relatively short time[ll]. It may 
well be that final breakdown takes place 
before the melting temperature is attained 
either due to a fall in the electronic strength 
at high temperatures or to the enhancement of 
the field by ionic space charge due to the 
sudden increase in ionic conductivity. 
Thermal run-away may not be responsible 
for initiating final disruption of the dielectric, 
although breakdown must be associated with 
a significant rise in lattice temperature because 
of the long time lag involved. At fields higher 
than Emin the impulse thermal time lag is 
given by 



(4) 


I he impulse thermal lime lag plotted against 
the peak value of applied field, in big. 2. was 
calculated using values of Emm obtained from 
equation (3). At 2 MV/cm the calculated time 
lag is of the order of hundreds of micro¬ 
seconds. Such a high field should, however, 
give rise to electronic breakdown with time 
lags far too short for thermal breakdown. In 
fact, in the high temperature region, if break- 


loinpciiiUiic ( :(KI 22.S 2 S(> 175 roo iss 150 175 4(K) 

/■.(MV/cni) (vl IX 2 5 17 12 0-8.5 0 64 0-46 0 37 


Mils dialactcristic is shown m big. I. 

Ill view of the high fields required for 
impulse Iheimal breakdown at low tempera- 
lures It IS most likely that lielow abmil 27t)"( 
the eleeliic strength of Na( I when deleimined 
by applying a scries of I :8()()0/asec voltage 
impulses of slowly increasing magnitude will 
be eleclionie in nature. Abi>ve 270"(' the 
expelimenlal values agree quite well with 
those predicted by equation (3). I his agree¬ 
ment must, however, be viewed with caution, 
bhe impulse thcimal condition only requires 
that the temperature is raised sutficienlly to 
produee an order of magnitude increase in 
the electrical conductivity and about 90 
per cent of the pulse lime is taken in achieving 
this. I he further rapid rise in temperature 


down at low fields is tiue to thermal instability, 
ihe relation between time lag and applied field 
should be described by equation (4) until the 
field is high enough to cause electronic 
breakdown when a sharp discontinuity would 
result as Ihe lime lags drop to a few micro¬ 
seconds. In cimtrasl, the experimental lime 
lags fell continuously as the field was in- 
ereaserl. from a few thousand microsecrinds 
ut Emin h* Ic'ss than one microsecond at 
fields high enough to cause wave-crest break¬ 
down. Unless the electrical conductivity is 
strongly dependent on field strength it is 
diltieiill to see how the impulse thermal break¬ 
down theory could explain the measured 
lime lags. 

it is possible that Ihe field within the speci- 
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men is distorted by the formation of an ionic 
space charge if the rate at which ions are 
transported to the electrodes exceeds their 
rate of discharge. A positive space charge 
may thus accummulate close to the cathode 
because of the greatly increased mobility 
of positive ions at the temperatures of this 
investigation. The space charge therefore 
enhances the field in the cathode region 
causing electronic breakdown when the 
cathode field reaches some critical value. 

A possible type of relationship between 
time lag and applied field, associated with such 
a breakdown mechanism, may be determined 
by assuming that the space charge is uniformly 
distributed within a layer of thickness x 
adjacent to the cathode. 

If at any instant the average field Ihroiigh- 
out the specimen is £,,v. the field at the 
cathode is E,. and the field in the neutral 
body of the specimen is E.j. then 

E.,,d^E,cl t-(/•;,-/•„) I 


where <1 is the distance between the aiiode 
and the cathode. When the total chaigi- 
cumulated in the layer of thickness .t 
cathode is </, then. 


hence 


and 




t.S) 


( 6 ) 


The rate at which charge accumulates at 
the cathode may be assumed to be:- 


d£/ 

d/ 


Tjirt'a 


where tr is the electrical conductivity and 17 


is the fraction of the total charge transported 
to the cathode which is not immediately dis¬ 
charged, Thus 




Qx \ 
e(i 6 r 2d) ■ 


The fields E, and E.^. however, vary with 
time due to both the build up of space charge 
and the exponential decay of the applied field, 
which has the form 


E,„. = E exp 

where E is the peak value of the applied field. 
I hcrefore 


dl e,e,2d T 


thus 


Ti<rk 


<1^ 


exp 




_l__ 

r \.7<=~>d 


(7) 


L 7</ii 


I hese expressions show that tlie chaigc and 
and the cathode field rise to maximum 
values thereafter falling as the spesimen 
discharges. 

It IS now assumed that breakdown is 
initiated when the cathode field leMches some 
value I wo extreme eases are eonsideied. 
the first being that the peak value of applied 
field IS almost as great as E„. and the cathode 


I rjif-X 

I e„e, 2(7 



2536 


n. B. WATSON and W. HEYFS 


field rises (o the breakdown value in a very 
short time. The equation relating short time 
lags with applied field is then obtained by 
using the first two terms of the I'aylor series 
for the exponentials in equation (8), and 




The linear relationship of Fig. 3 between 
the rccipiocal of applied field and the experi¬ 
mental time lag up to about I.^O/asec h;is. 
therefore, the gradient 



I he values of /n are 720 and 370/asee 
MV enr ' at 300 and 3.^0°C respeetively, and 
the eorresponding values i>f at zero lime 
lag are 2 5 MV/em and 2 7 MV/em. .Sinee 
F8000/xsee the term 1/7' is negligible. 
I bus 



(• 7 ) 


wheie h'li aiul in aie expeiimenlally deiived 
quantities. 

In the seeoml case an order of magnitude 
estimate of the unknown ratio v/2c/is obtained 
by considering the lowest applied licid 

exp 

that will cau^e bieakdown. I he total cliarge 
IS at Its maximum q„i.ix ‘‘t some time l' where, 
by equating to zero the time deiivalive of 
equation (7), 

. ( Oi 

'/m.is ^ ^0 ^1 ^ ‘ni S‘XP ^ 

If it is assumed that F, reaches its maximum 
value /•’„ at the same time then, using equation 

(.5), 



03 04 05 06 07 03 04 05 06 0 7 


I/E, MV'em l/E.MV'cm 

hig X Relationship helwei'n sinyie impulse time lags anil 
reciprocal ol applied field ai lemperatines. (a) 3(H)”C‘. 
(b) 35(r(' 


A' 2</,. ( t'\ 

h-H - expl-y 1. 

Hence 

Id E„ 

where 

£■; -- /q, exp 


( 10 ) 


Using equations (9) and (10) the general 
relationship of equation (8) between lime 
lag t and applied field E exp (—t/T) can now 
be written 
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The longest time lags /' are about 3000 fjusec 
and the values of Ea are 10 MV/cm and 
0-55 MV/cm at 300 and 350°C respectively. 
Substitution of the experimental values of 
m. Eg, Eh and T in equation (II) gives the 
relationship between time lag and applied 
field shown in Fig. 2, which compares 
favourably with the experimental lime lag 
distribution. 


5. CONt I.DSION 

The time lags are not satisfactorily ex¬ 
plained in terms of joule heating alone and 
the proposed ionic space charge mechanism 
gives results in reasonable agreement with the 
experimental values. It is concluded that the 
formation of an ionic space charge leads to 
breakdown in a time too short to allow the 
relatively large temperature rise required for 
impulse thermal breakdown. At the highest 
breakdown fields very little joule healing 
takes place, but at the lowest breakdown 


fields the time lags are sufficiently long to 
allow appreciable heating before the space 
charge enhanced field reaches the critical 
value, and the distinction between this 
space charge mechanism and impulse thermal 
breakdown becomes less marked. 
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FERROMAGNETIC AND SPIN WAVE RESONANCE 
AT HIGH PRESSURE* 

T. A. 

Case Wcstcin Reserve Universily, Cleveland, Ohio 44 106. U S A. 

(Received I 9 December 1969; in revisedftirni I 9 Fehruiirv 1 970) 

Abstraet— I he ptessuie dependence of (he inagneli/ation (+0-10^%/kbar). .e value (+0-09447/khar). 
and evchange stiffness O (I 0 054%/kbar) have been measured by ferromagnetic and spin wave 
resonance tioin one bar to five kilobats at room temperature in SO-20 peimalloy. Since the him is 
evapoiated on a sapphire substiate, the film is not deformed hydrostatically hut is strained 0 0293'^'f/ 
kbar in thickness and — O-OIObCf/kbar in the tiansveise directions. When the piessure dependence of 
the inagneli/ation is compared to hydrostatic determinations, the magneti/alion is lound to be an 
anisotropic function of strain. Using the general flcisciiberg model, the hydrostatic strain dependence 
of D (+0 0679f/kbai) is derived from the eypeiimenial lesults. I or the nearest neighboi Heisenberg 
model, the atomic distance dependence of the interaiomic exchange (dtlnd l/ddn u) - is 

calculated fiom the results and coinpaied to the pressure dependence of the Cm le tempeiatuie. and the 
magnetic Giuneisen factor I he spin wave lesonance results aie also analysed using the short range, 
single band itinerant election model to determine the strain dependence of the band splitling para¬ 
meter A (t fl'048'7/kbai I. 


1. IN7RO0UC I1ON 

'I'hf. maciNETIC properties of the fcrromp.gnctie 
transition metals as it function of atomic 
spacing is of theoretical and experimental 
interest. Kecent theoretical pttpers inclii.b 
hand slruclure calculations for copiKi 
function of lallicc spacing! 1) ;ind the iii 
electron theory of the pressure depemlc: 
the Curie tempertiture[2|. Expenmen' 
broiid range of ferromagnetic effects 
been measured as a function of presstn 
strain: Curie tempeialure[3-,5], sponlancous 
magnetization [4-71. anisotropy constants 
17,81, coercive lield[8], and domain striicHire 
[81. Magnetic resonance studies vs. pres¬ 
sure have ineluded nuelear magnetic reson- 
ance[9], parallel ferromagnetic resonancel l()|. 
and just recently spin wave resonancel 1 I ]. 

In this paper we present the results and 
analysis of pressure dependent ferromagnetic 


* this resemeh was supported in part by ihc Air I oicc 
Office of Scientific Research under grant At -At OSK- 
68-1484 

tPreseni addiess. Bell telephone I .iboialoiies, 
C olumbus, Ohio 4.3213, tJ..S, A, 


and spin wave resonance for the m;igncti/.a- 
tion, ,e-vidue. tmd exchanges stiffness of per¬ 
malloy at room temperiilure. ( I he stimple 
Mil'.. . i.'d 1 .. nii'ssiir.' IS ,1 nerrn.illov blm 


sical I lei I ing-Kittel cgtiiitioii 1121. 

y y'' 

where 

//„ - lesoiiiuit mttgnelic field of /ith 
mode 

(u ^ microwave frequency in rads./ 
sec. 

y — magnelomeeh.inical ratio 
4itM ^ stituralion magneti/tition 
/) ^ exchiinge stillness 
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k„ — nnll — wave vector of nth SWR 
/ = thickness of film. 


The experimentally measured quantity is the 
pressure derivative of each resonance. 


dH„ 

dP 


oj d(ln y) 
y dP 


+ AnM 


d(ln AttM) 
dT 


O JddnD) d(lny) ^ddnAj] 

yti"[ dP dP dP J’ 

( 2 ) 


where 


d(lti/.„) ddn n) d(ln/) 
d/^ ■ 


In pcrfoiming the ditferendation between 
equations (I) and (2), it is assumed that the 
frequency oi is independent of pressure. Dur¬ 
ing the experiment, the frequency changed 
slightly (,^f/j/27r.M) MHz out of (ojln = 
8-7.1()CiH/) Thus the experimental resonant 
fields are corrected to a common frequency of 
8-7.^0GHz. I'he pressure dependence of n is 
assumed to be zero twhieh follows if the 
magnetization remains strongly pinned at the 
surface). 

I he first two terms in equation (2) are simply 
the pressure dependence of the so-called 
uniform tor A — 0) peipendicular resonance 
and involve the pressure dependences of 47rM 
and y. A second relationship can be obtained 
between these parameters from the pressure 
dependence of the parallel resonance field //^ 
as given by Kittel’s equation (13), 


- \'H 1.(11,’ +AttM). 

y 


o) d(ln y) 
y dP^ 


Wu,.(ti,, + AiTM) 


ddn //,.) 

r^p~ 


(3) 


+ 


1 

H^VAuM 


/d/7,. 

d47rA/\ 

\ dP 

dP /, 


(4) 


Thus the pressure dependence of y[or g = 
2y/y(g = 2)] and AttM are determined from 
the parallel and perpendicular uniform 
resonances versus pressure. 

The last terms in equations (1) and (2) 
describe the separation of the spin wave 
spectrum from uniform resonance. Its pres¬ 
sure dependence (equation (2)) involves the 
pressure dependence of D. y. and /. Thus to 
isolate d(lnD)/dP, one must obtain d(ln-y)/dP 
(from uniform parallel and perpendicular 
resonance) and d(ln/)/dP (from a mechanical 
analysis of the film thickness as done in the 
next section, or ideally from direct measure¬ 
ment during the experiment). In the previous 
study of SWR vs. pressure by Gustafson and 
Phillips [111, the pressure dependence of y 
was ignored, and the quoted results lumped 
the pressure dependence of D and / together 
as d{ln (/3//-)}/dP, We have taken all these 
effects into account and obtained dtin D)tdP. 

Our result is correlated with the results of 
other pressure experiments (in particular the 
C.'urie Temperature 7',.) using the Heisenberg 
and itinerant electron models. The use of the 
Heisenberg model for a metal is of course 
suspect, but it gives a straight forward method 
of comparing results using one parameter (the 
exchange energy J for a nearest neighbor 
model). I hus the Heisenberg model is useful 
for comparing dllnZ))/dP measured by .SWR 
and d(ln 7,.)/dP. and gives an order of mag¬ 
nitude agreement. 

I'he itinerant electron model is much more 
reasonable for the metallic ferromagnet. but 
at the expense of increased complexity and 
results that depend on several parameters 
except in special limits. The results are 
analyzed to give the pressure dependence of 
the band splitting A using a single parabolic 
energy band whose effective mass tensor 
varies with applied strain. This result is 
consistent with the theoretical range predicted 
using Kanamori’slow density limit for U^fj\\A] 
(see Section 2). It is currently difficult to 
extract any further information (such as the 
ratio of the intra-atomic exchange to band- 
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width) from the SWR pressure results because 
sufficiently realistic theories are not available. 

Before giving a more detailed discussion of 
the experiment, results, and analysis in Sec¬ 
tions 3-5 respectively; the Heisenberg and 
itinerant electron theories of D for the experi¬ 
mental nonhydrostatic conditions will be 
developed m the next section. 

2. THEORY 

Mechanically the film strains are deter¬ 
mined by the film being thin compared to the 
substrate, and by the surface dimensions of 
the film being completely determined by the 
substrate as if the substrate was unconstrained 
under the hydrostatic pressure. Assuming that 
the film and substrate both obey a linear 
isotropic stress-strain relation, the film strains 
can be derived [15] as 




= 






Si'rriiin + 'rnim )/i sUll 




!5) 


where 


— transverse strain 
8. = thickness film strain 
F — pressure 

Asuh volume compressibility i 
strate 

tfihn — Young’s modulus of film 
"■nim “ Poisson's ratio of film. 


Using the bulk elastic constants for an 
80-20 permalloy film 116] and a sapphire 
suhstrate[17J (as used in this experiment), the 
strains are 


6, = - | .()6x 10 ^kbar '/' 
8,. = -2-93X 10 'kbar '/'. 


( 6 ) 


while the hydrostatic film strain would be 

8,, = -2 08x lO-^kbar ' P. (7) 


Heisenberg model 

For the Heisenberg model, the strain de¬ 
pendence of D is found by starting with the 
general Hamiltonian, expressing the magnon 
energy for small q in terms of the strain 
tensor, and performing a polycrystalline 
average to obtain D(8) for a polycrystalline 
film. 

Assuming only translational invariance 
from site to site, the general Heisenberg 
Hamiltonian in the presence of a magnetic 
field H in the z direction is [ 18] 

'f' = -S 7A.S,,„-2 m// S 5,... (8) 

Mt I 

where 

= inteiatomic exchange between 
spins separated by the vector a 
Sj ^ the spin on the /th site measured 
in units of h 

p. = (.g/2)M« = the magnetic moment 
per unit fi of spin 

Pn the Bohr magneton {ehl2mc) 

H ~ internal magnetic field in c direc¬ 
tion 

.5,- — the component of the spin on ’he 


If the fci romagncl l^ ^Il,lined umli)inn> \vilii 
no sheai. the position vectors it hetuecn siie-, 
are 


w here 


« = ( I 8 )«„ 


I 10) 


8 the strain tensor 


8 , 0 0 
0 8 , 0 
0 0 8 , 


«„ = the position vectors between the un¬ 
strained sites. 
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The magnon energy for this strained mag¬ 
netic crystal is found by expanding the magnon 
energy to first order in small strains, 

+ V„./„.^.«„(q. «())■] + l/xH. (II) 

I his gives the magnon energy for a strained 
single crystal Heisenberg ferromagnet. But the 
experiment is perfoimed on a polycrystallinc 
sample. Thus it is necessary to average the 
magnon energy over all the random grain 
orientations, l-or propagation in the r dircetion 
(observed in SWR) and for the interattrmie 
exchange ./„ varying as the magnitude of « or 



(/£) model will be restricted to the short 
range, strong correlation, one band model with 
no interatomic exchange. I'he Hamiltonian 
[ 19} for this /H model is 

= S + t/ 2 n,„ , (15) 

k.a II 

where 

k = momentum or wavcvector of 
electron 

ft — band energy of the electrons 
n^;r = number operator for electrons of 
momentum k and spin ir 
tilt,, = number operator for electrons on 
the Wannier site R with spin ir 
U — effective intra-atomic exchange. 

In the random phase approximation, the IE 
model gives the integral equation for the 
magnon energy 120] 


the pi)lvcrystalline magnon energy is 

tio,„ - 2/1II -b /)„( 1 I b (-b i,%)A )<i\ 

(I.H 

whet e 


,1 



I he pieeeding diseussion is for a general 
non-nearesl neiglihor Heisenberg ferromagnet 
of ai bili ary crystal symmetry. Kor a simple 
cubic, lace centered cubic, or body centered 
cubic solid with nearest neighbor exchange, 
the parameters and A arc evaluated as 


l)„ 2S.I<i\ 

A d(in./ )/d(ln u). 


(14) 


where n is the lattice constant and J is the 
nearest neighbor exchange. 

Ilincniiil ciccinin model 

I his discussion of the itinerant electron 


^ ^_ til, t ' til , ' <t._ _ 

6;. + A- 


( 16 ) 


where 

N„ — number of atoms 

/V,, — ntimber of electrons of spin tr 
N ~ Ni I /V'J - total number of elec¬ 
tions 

A/, -- Nt — M - number of excess up 
spin electrons 

III.,, ~ number of electrons of momen¬ 
tum k and spin ir 

A — UiNJN,,) -= the hand splitting. 


As the ferromagnet is strained, the energy 
bands are deformed. Heine (2 11 has theoreti¬ 
cally delermineil that the widths of eneigy 
bands should vary as ti ■\ where a is the lattice 
constant. Recent energy band calculations for 
copper as a function of lattice spacing by 
Davis, I'aulkner and Joyfl] verify that the 
energy ditferences do vary linearly with 
lattice spacing and the variation is a 
This discussion is restricted to a ferromag¬ 
net with a completely aligned ground slate and 
a single energy band which is spherical for 
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zero strain. As the ferromagnet is strained, the 
energy hand is assumed to become elliptical 
while remaining undistorted in the k plane 
perpendicular to the strain. Thus the energy 
band is given by 


e/f = ^k.^.k. (17) 

where ^ is the strain dependent reciprocal 
mass tensor. Since (the momentum at the 
zone houndry) varies as « ' and the band 
width (the energy difi’erence between k~0 
and Anijix) varies as a the reciprocal mass 
tensor is assumed to be 


where 




/ 


intra-atomic exchange 
C/'(e) 


1 f" 

1 

- J t. 


N,,e 


d€ 


'/•(e) = electronic density of states for 
a single spin 
W = hand width. 


Taking the density of states of the parabolic 
band as for e less than IT and zero for e 
greater than W. the band splitting is 


A = 


/V, 

,V., 



-m 


yji' 


( 22 ) 


^ (1 38), (l«) 

where is (he unstrained etrcciivc mass. 

I'or this band struclurc. the strain dependent 
l-'crmi energy C/- is 

e, - I -‘1'8, ;8,-). (14) 

where 

t, ■■ , (<i/r-//l 

" 2iu„ 

n eleetronie ileiisily. 

I he integral equation for (he m,. 
energy is solved for small q giving 


The inini-atomic exchtmge is practically 
independent of strain since it is the overlap of 
wavefunctions loc.ili/cd on the same site, and 
,V,//V„ IS consttint foi our single strong ferro¬ 
magnetic band. In addition the strain depend¬ 
ence of IT and e, should be equal since the 
aveiage siiain dependenee of H' over all states 
IS required, I hus the only remiiining (or non- 
eancelhng) str.im ilependenee is in the I/IT 
t.ii toi 111 tile denominaioi Depending on the 


fioi.i 


fijA 

2 m,; 


1 


4ei 
5 A 


38,)</-. (20i 


where the strain depenilenee ol ty is given 
above and the strain dependence of A will be 
determined experimentally. 

I'o obtain an idea of the expected piessuie 
dependenee of A. let us consider a low elec¬ 
tronic density and use Ranamori's approxi¬ 
mation for the effective exchange iJ \ I4|. 


U 


I + u„l 


( 21 ) 


• as II iloes Using Kan inion ^ .ippioxiiMi.i ip 
the pressure dependence ol I i.ind thus Ai is 
bouiuleil by Iik piessuie deoeiHlence ot ( , 
( ()) ami the pressure dependence of II . 

,3. I)K.S< RIPTION OK KXl’KRIMKM 

I he heart of this experiment is a heis Ilium 
copper pressure vessel containing a sapphire 
microwave cav ity (1 ig- 1). I he idea ol using .i 
conical sapphire microwaxe cavity to seal one 
end of a piessuie vessel and to iidmit micro- 
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wave radiaiKin to a picsMiii/ed ^anlple was 
oiiginatod hy Cioodiich, Hverott and I awson 
\22\. Hut tor spin wave resonance, the conical 
sapphire design is chiinged so that the sample 
can he oiiented perpendicular to the magnetic 
lield. I his is ilone hy increasing the sapphire 
si/e ;md placing tour polished Hats parallel to 
its axis. I he permalloy tilm is evaporated on 
one of these faces which allows the magnetic 
held to he oiiented either perpendicular or 
parallel to the him. To maintain a high Q and 
to coniine the microwave helds to the sapphire, 
the entire sapphire (except for the circular 
driven end) is coated with a layer of copper. 

The microwave spectrometer is a standard 
reflected power .V-hand spectrometer which is 
set up for ‘derivative traces’ using held modu¬ 
lation (^l) Cj peak to peak at 24 H/) and lockin 
detection. The klystron frequency is stabilized 
to the sapphire cavity's resonant frequency 
and the actual frequency is monitored by a 
micrometer driven wavemeter. 

I he permalloy him (80% Ni-20% Fe, 3500 


A thick) i.s vacuum evaporated onto the 
heated sapphire (250°C) through a 5-mm dia. 
contact mask from an aluminum oxide coated 
tungsten wire basket (to avoid alloying). The 
film is annealed at 250°C for 2ihr under 
vacuum to remove stresses and other imper¬ 
fections. Finally the copper coating is added 
by evaporating a thin layer of copper and 
electroplating the remainder. 

4. EXPERIMKNTAl. RESULTS 

The experimental data is analyzed as out¬ 
lined in the introduction and the results are 
presented in Table I. The pressure depend¬ 
ence of D is found to be best determined by 
fitting the pressure dependence of each re¬ 
sonance to equation (2) (the pressure deriva¬ 
tive of the SWR equation), rather than 
computing 1) for each pressure and then 
determining the pressure dependence. Using 
this method, the pressure dependences t)f 
modes 1-4 deviate from while only modes 
below .1 deviate appreciably from the quad¬ 
ratic dependence of their resonant fields H„ at 
any particuhir pressure. 

During the experiment, the measured pres¬ 
sure dependences were not entirely repeatible. 
They decrease with pressure cycling and for 
e:ich cycle are greater for increasing pressure 
than decreasing pressure. These effects are 
believed to be due to various mechanical 
relaxiition processes and work hardening 
associated with the nonhydrostalic film strain. 

Tahlf I. ilxi>eriinfnlal rvMiltx for the strain 
conditions 8, = — 2-93 H x 10 ■* kbiir"' and 
6, = - I 06 P X 10 ' kbar ' 



at In .Y> 

ddn.Y) 



(Itln t') 

.Y 

.V(/*- 0)110 'kb;ir ' 

) 

Z/(p.ii.il!cl) 

0-79 kOc -25 

3 5-0 

//(perptmiieulai) 

13 l9kOe )h0 

- 1-19 

AttM 

10-23 kOc + 10-5 

-2-02 

<r,„ 

3-5-5 

- 108 

H 

2-11 394 

- 1 80 

1 ) 

41-5 X 10 '“ 3 5-4 

- 1 07 


er^-ciii“ 
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5. DISCUSSION 

The zero pressure values of AttM and n 
agree with the bulk values of Borzorth(23] 
and Kittel[24], and the zero pressure ex¬ 
change stiffness D compares favorably with 
other spin wave resonance determinations 
[25-27). 

While there is no data to compare with the 
pressure dependence of c', the experimental 
nonhydrostatic pressure dependence of the 
magnetization can be compared to the hydro¬ 
static pressure dependence of the magnetic 
moment per atom (or per gram) fr,„. For 80-20 
permalloy, Kbert and Ktissman found d(ln (r,„)/ 
d(lnT) = +0-7. 'I'he present experimental 
value is - 108. This dilference is due to the 
fact that the magnetization is not just a func¬ 
tion of volume, but is an anisotropic function 
of strain. {A much greater difference (as 
would be expected) has been observed by 
squeezing a pure nickel disk directly by piston 
action, which gave d(ln tr,„)ldP — T ,360 x 10 ' 
kbar '|28| compared to - 28 x 10'' kbar ' 
for nickel under hydrostatic pressurefb).) 

Heisenherf) discus sion o/'D 

The general Heisenberg theory of .Section "! 
(equation (1.3)) is used to compute the li 
static pressure dependence of/f (see To' 

Tabic 2. /iefairs asint; the Heisenberg M 
[starred data Jar the nearest net- 
appro.xiination) 


I lydrosl.ilii. 7 ■ Id ’ kh.ii 

dt L” J) - 5 s ' 

d(ln«) 


Our value for the hydrostatic pressure 
dependence of the exchange stifl'ness i) is in 
agreement with the values found by (liistalson 
and Phillips [11) for the nickel iron alloys. 

For the nearest neighbor Heisenberg model 
with cubic symmetry, d(ln7)/d(ln n) is com¬ 


puted from the experimental results and also 
from the pressure dependence of the Curie 
temperature. Since the Curie temperature 7',. 
is proportional to7[24), 

■l\^Y^S{S+\)JN„. (23) 

where 

k = Boltzmann constant 
N„ --= number of nearest neighbors, 

the fractional change of T, and 7 with pressure 
are equal provided .S is constant. Using the 
interpolated Curie temperature results of 
Patrick]3) for 80-20 permalloy. d(ln7 )/d(ln a) 
is — 1-6 while this experiment gives —5-2. This 
poor agreement is titti ibiited to neglecting long 
range exchange clfects m the nearest neighbor 
iipproximtition. 

The nearest neighbor Heisenberg model 
also gives a relationship between the pressure 
dependence of 7 and the 'magnetic Ciruneisen 
factor' y,„ as given by White[29|, 

y,n - limCKK'm 


( magnetic specilic lie,it 

This experiment gives y,„ - 1-7 whicli is m 

gtH>d agreement with the total Cirimeiscn 
factor h>r permalloy between i and 2 (liom a 
crude interpolation of White's|29) \aliies of 
+2 () for nickel. II for 4()Ni6l)|-e and - 20 
for f.SNih.Sl e). 

Itinerant etei tron discussion ofD 

It IS very ditlicult to obtain leasonable and 
consistent estimates ol the (lauimeters in the 
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IE model developed in Section 2 because of 
the simplified single parabolic band model 
t hus the experimental results are analyzed 
using the magnon energy equation of Thomp¬ 
son and Myers for nickel|30]. Assuming the 
same pressure dependences as calculated in 
the s/mple theory, the Ihompson Myers 
equation for /) is 



It 


1 - 0 - 70(1 


MS) 

A(S) 


(I-3SJ. (25) 


Table 3. Results using the itinerant electron 
model withAcyl^^ ~ 0-487 at zero pressure 


mtdm. 

14-7 

d(ln€,/A) 

3-6 X 10-'kbar ' 

d(lll£f) 

d/' 

X'4x 10 'kbar ' 

tl(ln A) 

dP 

4-K s 10 ' kbar ' 


where 


//i,l Im -- 

- 

A(0) =- 

( h> 

A (o’) 


5-71 

e/„(l 

0-540 eV 
0-783 cV 

0-(i0. 


It is Motci.l that the t's numerical factor m 
oqualion (20) has been replaccil by 0-706 in 
I hompson Mycis equation (25) Isecaiise ofthe 
nonpai abolic nature of (tie actual bands. 

Using ihe calculated str.iins (equation (6)). 
the piessiiic dcpeiulcncc ofthe I einii energy 
is 8-4-V 10 ' kb.ii and (he ospeiimcntal 
icsiilts give the clfcclivc mass and pressure 
dependence of the band splitting tabulated in 
1 able ^ 1 he incasured pressure de|icndenec 

o( A(4-7 < 10 ' khar ') lies within Ihe pie- 
rlicleil laiige (Seciioii 2) belwceii /eio and (he 

pressiiie depenilence ol ey( 8-4 X 10 ' kbar ')- 

I o eoncliide Ihe ihseussion of D. one might 
ask what eontribuiion the volume dependence 
of /) has on the temperature ilcpendence of/) 
ihroiigh (he Ihermal expansion coellicient 


1 d/) 

, ddn /)) 

1 .)/ 

i>;n 

, ' ddn l')' 

/ .IT 


(26) 


Using I anncnwald ami Weber’s (I//)) 
((■)/)/(')7 )|/. 5x10 'TV for 81-19 perm¬ 

alloy at room temperature[25] and Ihe ihermal 
expansion eoellieicnt of 80-20 peimalloy 
(12-3 X 10 '7'( ) (|6|, the constant volume 
( I//))(<•(/)/()/■) value is -4-6 X 10 V°U. thus 


Ihe volume dependence has only an 8 percent 
contribution to the temperature dependence 
of 1) at constant pressure and room tempera¬ 
ture in permalloy. 

6. CONC LUSIONS 

Ihe pressure dependences ofthe magneti¬ 
zation AttM. g value, tind exchange slilfness 
/> have been measured IVom I atm to 5 kbar at 
room temperature in 80-20 permalloy (see 
fable 1). I he him was not deformed hydro¬ 
statically due to its constraint to the substrate, 
but was strained - 2-93 x 10 ' kbai ' in thick¬ 
ness and — I-06X 10 ' kbar ' in the transverse 
direction I bis is in conlrasi lo the isotropic 
strain of a hydrostatically deformed film of 

2-08 X 10 ' kbar 

The results displayed a hysteisis with 
pressure and a deereasing pressure depen¬ 
dence from iim to run, I hesc are allribiiled to 
the elfecls of long lime constant mechanical 
relaxation processes in the tilm possibly due 
to Ihe nonhydroslalie applied stiain. Possible 
solutions to these problems are to lloat the 
film or lo evaporate the film on a low shear 
strength substrate so the film is subjected to 
hydrostiitic conditions. 

I he experimental pressure dependences of 
the magnetization and exchange stillness aie 
compared with other pressure results and 
theoietical models. When the magnetization 
results are compared with the hydrostatic 
measurements of d(ln (7,„)/d(ln U). it is ob¬ 
served that Ihe magnetization is a highly 
anisotropic function of strain (i.e. the mag- 
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netization is not a function of volume only). 
Similarly it would not be unexpected if f; were 
also an anisotropic function of strain, but 
there is no data available for comparison. 

F'or the mulli-neighbor Heisenberg model, a 
general relationship is derived between the 
isotropic and anisotropic strain dependence 
of D (Section 2). Using the nearest neighbor 
model, d(lny )/d(ln (/) is calculated from the 
experimental results (—5-2). I his is used to 
calculate the magnetic Ciruneisen factor (I-7) 
which compares favorably with White's|29| 
value between 1 and 2. But the nearest neigh¬ 
bor Heisenberg model gives poor agreement 
between our result and the pressure depen¬ 
dence of the Curie remperature (which gives 
d(ln7 )/d(ln </) — — I •b)[31. 

The Itinerant electron analysis using a single 
parabolic hand is based upon the eneigy hand- 
widths varying as u ' as predicted by Heine 
[211 and verified for copper energy hands by 
Davis, I alkncr. and Joy[l|. Using estimates 
of the I errni energy and hand splitlingat 1 atm. 
the pressure dependence of the hand sphilmg 
is ciilciilated from the c\perii7)en(;il results 
(4-8 X |()-^ kbar '). and ccunparcs favorably 
with the expected theoretical range. 
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THE BOLTZMANN EQUATION FOR (111) VALLEYS 

IN GERMANIUMt 

S. CHOU 

Division of Rngineenng and Applied Physics, Harvard University. C'ambndge. Mass 02 1.38, U.S A 


(Received!^ Jidy 1969; in revist*d form 29 Janunry 1970) 

Abstract —A numerical solution is presented for the usual model of electron transport in (I 11) valleys 
in n-Ge, with electric fields in the 1100) direction. Calciilalions are for 77"K, with optical and acoustic 
deformation potential intravalley scattering considered The ctfects of acoustic energy loss are quanti¬ 
tatively examined. 


I. INTRODUCTION 

The ‘usual model’ of electron transport in 
the (111) valleys in n-Cie has been described 
in the review book of Conwellf 11. The Boltz¬ 
mann equation may be reduced to a set of 
coupled differential equations (equations 
(5.5.3) and (5.5.4) of Ref. f I]). These equations 
have in the past been given only approximate 
treatments for the case of high fields. In parti¬ 
cular, the work of Reik and Risken|2) is 
based on certain assumptions regarding the 
form of the distribution functions, from which 
current saturation is predicted at high fields. 
In this paper a more rigorous solution is given 
to the same equations. 


where z is taken in the (III) direction. 

We consider the case of electric field in the 
(100) direction, so that in a coordinate system 
defined by .v, y and 

E = <— v'H, 0. Vl) E (where E — |E|) 

Ak= AA',>. (3) 

Transforming to a momentum space such that 
constant energy ellipsoids become spheres, as 
was done by Reik and Risken[2], wc can intro¬ 
duce an ‘effective field' and an ‘effective wave- 

, . ■ I ,r. . IK, 


2. THE BOLTZMANN EQUATION 
In this section the notation used is 
marized. The assumptions involved i. 
formulas are discussed in Ref. [11, and w. 
be repeated here. 

Four (111) parabolic minima with m, — lot 
nio and m, = 0-082 w,, arc assumed. 1 citing the 
zero of energy be the bottom of the (III) 
valleys, and defining 

Ak = k ^(111), (I) 

the energy-wavevector relationship is given by 


expanded iit legeiiun. luu , > . 

^(Ak. E ■): 

/(AkM --./;,(e)+.!,'(e) P, (cos.lAk^K‘) 

+ terms not'-onsidered. (6) 
I he formal Boltzmann equation is 



(AA)/ 1 (AA)/1 

<-) -yE-V^Alk) 1 


+ 

'd/' 

1 m, 

mt nif 

h k ' ' ' 


nr 

d! 


- 0 


(7) 


tRescaich siippoi tcd in part by Joint .Services C'oiitr.iol 
920-7309-2. 


tWe choose i - 1/\9,(2 I I ). \ - 1/V :(() I 1 1 . - 

l/\3(lll) 
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where e is negative. In the square brackets are 
represented col/ision terms due to acoustic 
and optical deformation potential scattering. 
Equivalent interva/ley scattering need not be 
considered when each of the (III) valleys is 
equivalent with respect to the electric field, 
since it is weak. We need only solve for the 
distribution functions and drift velocities for 
one of the valleys. 

Each collision term may be written 


Table I. Numeri¬ 
cal values used in 
calculations 


mi — 1 -64 Wo 
m, = 0082 m„ 
p — 5-46 g/cc 
III = 5-4 y lO'^tm/sec 
f) — 4 X 10“ eV/em 
=„- = 900(eV)2 
= ,^= 1.51 (eV)^ 

- k (430°) 


and the second term is used to define a 
momentum relaxation time rie); 


(lul _ 

.0/ T 


(9) 


1 or optical phonons, 

_l_ _ IP mim,''^ 
T„i, VlTTh'pOh, 




potential scattering at 77°K. It is seen that 
I/t,„. is always several times greater than 1/T„p. 
For e < ^coii, I/t„„ can certainly be neglected. 
For hoi electrons (fields above about 1 kV/ 
cm), the effect of t„„ is the same as multi¬ 
plying T,„.(e) by a constant factor. In this paper 
l/r„„ was not included, but this is not expected 
to affect any of the conclusions. 

For energy relaxation terms we have 


3A. 

.at. 


D'^ niiiU i'''^ 

VlTTh'^pUJ,, 




X {e'’"“'"‘'7(i(e -t -/ole)} + ff - 


-I-(N,i ( (10) 

where 

lintii optical phonon energy, p — density of 
(ie. and /V„ - {o'*'""" ''- l| ' neglecting dis¬ 
persion 


rhe teim involving (e -fiwi,) is present only 
for e fiM». The deformation potential con¬ 
stants used in this calculation are taken from 
Ref fl) as gathered from experiments of 
several kinds. They are tabulated in Fable 1 
together with other relevant data. For acoustic- 
deformation potential scattering, a single 
relaxation time exists when equipartition is 
obeyed [11, and can be written 


[ ^ ^2 5,7<An,)' -'-AT 

T,„. TT b'plli^ 


(ID 


Figure I shows the momentum relaxation 
times due to optical and acoustic deformation 


X{y;,(€-fua„)-c'"""'«yi,(e)}] (12) 

where the term involving (e —fiw„) is present 
only lore > and 

r '*(<,>1 --- 

li>r TT ft^p 

where the primes denote differentiation with 
respect to t. Again energy non-equipartition 
has been neglected. 

For electron energies below about lOfica,, 
the optical mode scattering determines the 
energy loss. Above that however, acoustic 
mode scattering lakes over as the main source 
of energy loss [3]. 

After matching the coefficients of E,, and 
/’, upon substitution of (6) into (7), we obtain 
the coupled equations 





2552 


S. C HOU 


+ 

+ 


i! _J__ 

2 5-58 

1 


48-2 


t+ 

\/t(e-^- I) 




-5-38 V€(€~“l) y;,(6)+5‘38\/d6+ I) 


X /;,(€ 4 1 ) + Ve(e- !),/;,(€- I) = 0. (17) 

The drift velocity of electrons in the (100) 
direction is given hy 



I 

3 


lik' 


^|Ak*| 


w„ 


( 6 ) 


{EM 

f; 



/,,(€) Vide 


I he denominator in the last line ol'(IX) is a 
noimali/ing constant for the distribution 
function. Upon substitution of (I.S) into (18) 
and evaluating numerically, we lind 

V'ed. 

X()-513X 10^ cm/sec (19) 


If Tf = T, which is the case for very low fields, 
(20) predicts a T~' * temperature dependence 
of the low field mobility. Equation (20) gives a 
low field mobility of 39,500 cm'VV-sec at 
77°k. For higher temperatures the inclusion of 
optiatl phoncm momentum relaxation be¬ 
comes necessary and a departure of the low 
field mobility from a ^ temperature depen¬ 
dence results. Next, supposing that in the case 
of hot electrons the distribution functions 
should again be adequately represented by 
Maxwellians. with electron temperature T,. 
increasing as E'^. then (20) predicts a field- 
independent drift velocity. 

3. NUMERICAL SOLUTION 
At E* — 0. the solution is 

,/;,(€)= const, e-’■’'** (21) 

which is a Maxwellian at 77'"K in our notation. 
For low fields./;,(e+ I) differs from ,/„(e) by 
several orders of magnitude, so that it is not 
possible to expand/)(€ 4 1) in a Taylor series 
about J'„(e). A finite difference method is used 
as follows. Using 

de , 2A (22) 

and 


— All f+A 


(23) 


where F* -= |K^| 2-89 F. 

Equations (16) and (17) arc to be solved for 
various values of E'*, and (19) is then used to 
lind the field dependent drift velocity. 

'I here are some simple consequences t»f 
(19). If we assume a Maxwellian distribution 
over the entire energy range having a tempera¬ 
ture 7,. where is in units of 77°K. then (19) 
gives 




X 0-513 X 10’ cm/sec. 


( 20 ) 


we can wi ite down a series of simultaneous 

equations for /J ../„1). arising from 

the evaluation of (16) and (17) at e = 0, A,. . . 
2. There are about I/A to the nearest integer 
unknowns in excess of the number of equa¬ 
tions. At low fields, all significant parts of the 
distribution function for e S 2 may be rep¬ 
resented by a Maxwellianl2, 4]. This is justi¬ 
fied, since fore < 10 acoustic energy relaxation 
may be neglected. Hence in order to solve the 
equations it was assumed that the distribution 
function was Maxwellian with some charac¬ 
teristic temperature 7,. for all energies above 
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€ 2. (-OI (.Mcli value til' electric field, this 

lempeiatiiie was deterinmed hy trying out 
diirerent values of 7,. until the correct analytic 
behavior of /ule) near e — 0 was achteved|2|. 
I he tlilference A was chosen to be 0 01, and 
thus a large number of simultaneous equations 
were generated. With the use ofa huge memory 
computer it was easy to solve the equations 
with all the standard precautions regarding 
ovei lltiw/imderllow td’coeflicients. 7 here was 
no dilliculty m finding 7’,. to at least ^ signifi¬ 
cant places, since the behavior of the distri¬ 
bution functions near e — 0 was very sensitive 
to I',. I'oi higher fields ( _’ 1 kV/em) it is 
possible to expand ./i,(€ f 1), and thus it is no 
longer necessary to assume the form of the 
distiibution function over a unit energy inter¬ 
val. After determining the slope of the distri¬ 
bution function at f ■ 3 it is then possible to 


continue integration of the differential eqti;t- 
tion up to energies such that the ilistribution 
function becomes insignificant. 

The standard test for finite difference 
methods was used. The difference interval A 
was decreased (but not below such values that 
roundoff errors would occur), and a limiting 
form of solution was found. It was found, as 
expectcdfl, 2], that the electron temperature 
at - € — 3 did increase as the square of the 
electric field. However the distribution func- 
tion.s obtained were not completely Max¬ 
wellian. Figure 2 presents the distribution 
functions obtained for various fields. The drift 
velocity did not saturate (Fig. 3), because the 
distribution functions fell off faster than 
Maxwellians for energies above e “ 10. 7'hus 
fewer electrons get into the higher energy 
region where momentum loss is greater. The 
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whole calculation was repeated with acoustic 
phonon energy relaxation (Ho'*) halved. It was 
found that the distribution functions did not 
differ from Maxwellians as much as they did 
as shown in Fig. 2. The ‘Druyvestyn’ type 
distribution function (oc e obtained at 

higher energies (e > 10) is thus due to acoustic 
phonon energy relaxation. The drift velocity- 
field curves obtained are shown in Fig. 
together with the experimental curve of 
Elliot, Gunn and McGroddy [51. 

4. DISCUSSION OF RESULTS 
The chief conclusions to be drawn from this 
calculation are as follows. (I) The usual model 
of electron transport in the (III) valleys in Ge 
does not yield current saturation but a rather 
large positive differential conductivity at high 
fields, because of the effects of acoustic energy 
loss. This has in the past been noticed by 
Meyer and Jorgensen[6], but here a more 
quantitative feeling is given to this effect. 
Using the accepted parameters listed m I able 
1, this model gives a form of drift velocity 
field curve in agreement with experiment only 
up to 2 kV/cm. (2) The optical deformation 
potential should not be inferred from !' 
saturation drift velocity as given by Red 


Risken’s theory. It can however be deduced 
from the quadratic conductivity at low fields 
as given in this model. (3) The distribution 
functions obtained in this model at high fields 
(>2kV/cm) are essentially Druyvestyn, 
rather than Maxwellian as assumed in Ref. 
[2]. (4) For fields of about 2 kV/cm and above, 
the distribution functions obtained indicate 
that the effects of higher minima need definite¬ 
ly to be considered, because of the large over¬ 
lap of the distribution functions over energies 
greater than e(A,). 

Aikmnvle<tf;e/nfnl', — The aiilhor wishes to thank Profes- 
soi H Brotiks for his guidanee. anti is mdebleti to him tor 
many discussions and a enlical rcadiii): of the manuscript 
He IS also grateful to the Information Processing t enter 
of the Massachusetts Institute of Technology for the use 
of Its IBM andothci facilities 

REFERENCFds 

1 <'ONWl-| I H M , A/ig/i I'lt'UI I rari'.port in Si-ini- 
<<tndiHl«ri. SuppI ') Solid Sidle P/om'is. Academic 
Press, New Voi k 11967) 

2 RHIK H (. and KISKEN H./Viv' Kee 124,777 
(IVhltand 126. 177711962), 

7. (ONWl.M.I- M.P/i.s Hei 1.75. A I I 7S ( I 964 1 
4 B(.ll)l) II. I’rin Ini Coni l’hy\ Seinii ondin I . 
K\oio.p 421) ( 1966) 

s I I I lOI 17 I ,(HJNN I B and MctiROODY I ( 




J.Phys.Chem. Solids Pergamon Press 1970. Vol. 31. pp. 2557-2561. Printed in Great Britain. 


OPTICAL ANISOTROPY OF A^B^CV CRYSTALS 
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Abstract— 1 he existence of synchionisni directions in ('d(iel\ crystals has been icvealed and the 
short wavelength synchronism boundary for A ^ 1 -75 /Lt (/»/-e- 0-7eV) has been dcleimincd from 
measiii cmcnts of the indices of refraction of the ordinary and cxlraordinai y beams 

I he synchronism condition lor /nSiP.., ('dSiP^ and /n< »cPa is satisfied in the crystal transmission 
region due to the large value of the birefringence (A/ij. 

The value ol the linear electrooptical elfeci /„ in ( dUeP. has been estimated In the ci ysial trans¬ 
mission region it was found that r^, ^ 20x 10 ”in units ('(iSK. 

We have lound cxpei imentally the dependence of the birefringence on the cation tetrahedral ladii in 
7nSiP,;.CdSiP,i, /n<ieP,. ( dCieP. crystals 

1. INTROIHIC'TION 

In RECEN'i years clue to the progress in non¬ 
linear optics, an interest in optically aniso¬ 
tropic materials with nonlinear polarizability 
has developed! l-.^j. 

The investigations presented in this paper 
were spurred by the fact that in a number of 
compounds the second h.irmonic 
generation has been found with iub\ ' 
illumination |4] 

If. in optically anisotropic materials.' 
crystals belonging to the pom 
metry group 42m, i.c. the same as fo, 
the condition 


length synchronism boundary has been deter¬ 
mined. 

Apart from the application of ('dfieP., to 
nonlinear optics, we have considered an effect 
connected with the display of the nonlinear 
properties in this crystal. I he value of this 
linear eleetrooptical effeet was estimated 
■ ■■' I'fv ii'.' nioi^iiicd a,I and n, anil tl.c 


where and are the indices t)f refiaetion 
of the ordinary and cxtr.iordinary beams res¬ 
pectively. at the frequency Ir. and ii„r is the 
index of refraction of the ordinary beam at the 
frequency i'. is satisfied. I here exists the 
synchronism direction, along which a signifi¬ 
cant increase of the second harmonic power 
can be obtained. 

In this work from the measurements of 
indices of refraction of the ordinary n„ and 
extraordinary beams, the existence of the 
synchronism directions in the C'dCicPj 
crystals has been found and the short wavc- 

2SS7 


.. I ..V4 I .IV i « t I .. 

I\)i moasuicmcnls of the icliaclioii indices 
/I,I .ind II, and also for mc.isiiicmenls ot tde 
maximum birefringence it was noccss.iis to 
have crystals oriented about the optical axis 
(I hree orientation methods .ipplied h> us lo 
dilferent crysials aic given heloxx 

/n.SiP., and t'dSiP.j single ciysl.ds wcic 
produced by the vapour transport reaction 
technique and had the foim of platelets and 


'/nSiP, and CkiSiP. ci\slsiK bcun gun's!! b> 

^u A Valov. R I IMcklikoLind I N I shalsusa 
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faced needles with well made face (112). It is 
known from X-ray investigations that the C 
axis in ZnSiPj and CdSiP^ makes an angle of 
- 35° and 37°, respectively, with the (112) 
plane, according to the relation a = arctg 
a ^/ijc (a and c are the lattice constants). 

For this reason in transmitting light through 
crystals with E||, (112) we measured the bire¬ 
fringence An,;, of ZnSiPj and CdSiP. 2 . The 
angle between E and C axis projection on 
(112) was equal to 4.5° (Fig. 1), since it was the 


The CdGePj crystal orientation about the 
C axis was carried out by the optical method. 
From the single crystalline ingot we cut out 
initially a platelet (1 in Fig. 2) arbitrarily 




\ I ()iie(itatit>n u! the pianc-pt»lan/cd lij;ht about C’ 
axis in /nSiPj rind ('dSiP» ciystaN 

host condition to oh^ci ve the polaii/.cd light 
iiileifeience [ 5 ] . I'o calculate (he maximum 
bircrringencc we used ihe relation(6) 

An = -^- (2) 

sm'^ ip 

where ip is the angle between the wave normal 
n and the C axis direction. 

TdGcP... has been produced^ by the directed 
recrystalli/ation technique in the form of 
unfaced single crystalline ingots, hence the 
crystal orientation method given above could 
not be used. 


Fig. 2 The optical method of the C'dGeP^ crystal orien- 
lation about C axis. 

oriented about the growth direction. Then the 
platelet was placed between parallel polaroids. 
By rotating the specimen and observing ex¬ 
tinctions and clear spaces in passing light, we 
found the direction of the C axis projection C' 
on the specimen I plane and the direction 
perpendicular to it. The two mutually perpen¬ 
dicular directions could be distinguished due 
to the well pronounced dichroism of the 
C'dCieP. crystals. 

As is known from the theoretical calcula- 
(ionsl?) and the experimental results of the 
chalkopyrile band structure investigations [8], 
the intensity of the light passing through the 
crystal is larger for E||C than for EXC’ near the 
absorption edge. This gave us a means of 
determining the direction of the C axis projec¬ 
tion. Thus, after we had determined the direc¬ 
tion of Ihe C axis projection C on the platelet 
1 plane, we cut Ihe next platelet 2 in such a 
way that C” lay in the cut plane, the latter 
having been perpendicular to the platelet I 
plane, rherefore, in specimen 2 the C axis lay 
in the platelet plane (within an accuracy of 
L 21 . 

ZnGePx single crystals have been producedt 
by the recryslallization from a small-crystal- 
line powder by means of the vertical Bridge- 
man technique. We could not use the CdGeP 2 


*(\lGePj has been grown by A. S Boischevski and 
Y. K Und.ilov 


tZnCiePj has been grown by 1. M. Ivanova and V. D. 
Prochukhan. 
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crystal orientation method for the ZnGePj 
crystals since their weakly pronounced di- 
chroism which was probably due to impuri¬ 
ties, did not permit determination of the direc¬ 
tion of the C axis projection on the specimen 
plane and the direction perpendicular to it. 
For this reason we initially cut out from the 
single crystalline ingot a platelet oriented 
arbitrarily about the growth direction and 
measured An^ for it. Then we cut out the plate¬ 
let, whose plane was perpendicular to the 
first platelet plane, and measured for it. 

From these values wc could determine the 
angle between the C axis and the specimen 
plane and calculate the value of the maximum 
birefringence with the following relations: 


An^ — All sin'^ 

An^ f 90 '' cos''® ip 


= arctg ’ 


HAi 

V An^ 


O) 


To determine it,, and //,. the interference from 
the planeparallel platelet at ElC and E||c was 
observed. The and ii,. determination acciir- 
acy is ~ 5 per cent and is limited by the ■ • 
men thickness measurement aceurae\ 
case (22 L 1) /a. We could measiin 
/!,, only for CdGeP.,. 


To determine the birefringence, we observ¬ 
ed the polarized light interference [5] on 
ZnSiPj, CdSiPj, ZnGePj and CdGePj crys¬ 
tals. The accuracy of the An measurement, 
which was determined by the device resolu¬ 
tion. was no worse than 0-4 per cent since the 
minimum specimen thickness was (363 ± ]) /jl. 

3. KXISTENCE OF THE SYNCHRONISM 
DIRECTIONS AND APPLICATION PROMISE 
OF THE ELECTROOPTICAL EFFECT 
IN CdCePz 

The refractive index values in the crystal 
transmission region at hi/=l-2eV (Fig. 3). 
n„ = 3-8, and n,. = 3-6 are in a good agreement 
with the birefringence value A/i = 0'18 at 
/if=I'2cV (Fig. 4). At /if = 0-4cV. An = 
O'il. Consequently, in the photon energy 
range (1 ■7-0'4) eV CdGePj crystal is negative, 
i.e. tta > n,.. At 0-4 eV s: hi' ■s 0-7 eV con¬ 
dition (I) is realized indicating the existence of 
the synchronism directirtns in CdGeP,. 

It is more likely that the condition (1) is also 
fulfilled for the far i.r. region of the spectrum 
at /tF<0'4cV and at the absence of the 
refraction index inversion. The synchronism 
.■,,o.iiii,^n M t i, iioi t'liKdled ai hi' 0-7 eV due 


50h 


4 0 


3 0 


0 4 



I 0 


hK, eV 


Fig. 3. I he dependence of the refraction indices of the ordinaiy /lo and c\iia- 
ordinaiy n,. beams of C'dGePj upon photon energy fir - from mea¬ 

surements of the interference fiom a plane-paitdlcl platelet - from me.isuie- 
nients of the birefringence A« 
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hi); 4. I ho ilcpondcnce of the biiefringencc of A'B^CV ory'-laK upon 
pholon enoigy hv- 


also riilfilled in the ciystal llan^mission region 
due to the large value of 

fhe eleclruoptieal efrect is known to exist 
in crystals without the inversion center. If the 
ion mechanism docs not participate in the 
process of second harmonic generation, then 
the elements of the linear eleetrooptical effect 
tensor t„ and that of the nonlinear suscepli- 
hility tensor )(,j are related hy the equation|91 

T„ “ -8Tr.-(,Xo (4) 

where .I, ~ n,. A, — ti/, . . . /I,; — a, ■ a.,: 
(I I///,- are polaii/ation constants (/— 1. 2, 
-1). 

I o estimate t„ in C'dCiel'j ;it A — I /x (i.e. m 
the ciystal transmission legion) we used the 
value xii measined in the vicinity of the main 
.ihsoi ption edgel4| at A - 694.^ A. 4'aking into 
account the dispersion of Xu near the absorp¬ 
tion ctlge|l|, we used for the cryst;il trans¬ 
mission region the value of Xu from[41 de¬ 
creased by a factor of five *. The eleetrooptical 
coellicienl obtained in this way is ~40x 
10 {units (Xi.Sfi). 

* I-or CMimplo. for UuAs the vuliies ol v., m ihc absorp¬ 
tion region (694t A) and in the transniission icgjon (10 6/r) 
difl'ci by aracloror2 S 5|A|. 


4. BIREFRINGENCK IN A'B'Cj" CRYSTALS 
Measurements of |An| in ZnSiP^, CdSiPa 
and CdGeP,; crystals revealed the following 
rcguliirities. If the change of the absolute 
value of |Aa/| ( fable I) is considered, it is seen 
that in substituting for the first (Zn -> Cd) or 
for the second (Si (Je) cation in pairs of the 
compounds: 

ZnSiP.. ZnCieP, 

CdSiP,-♦ CdficlU 
ZnSiP., — CdSiP, 

ZnCieP., — CdCfeP, 

the birefringence value increases (Fig. 5) with 
increasing cation tetrahedral radius. 4'he ion 
tetrahedral radii in A-B'C/' compounds[10] 
arc close to the tetrahedral radii calculated by 
Pauling. However, in subslituting for the 
second cations Si —» Ge in the pairs shown the 


VVi/j/e I 


( ompolind 

1 ctruhedru} 
compicssion 
2-0()-c/;i 

The birerungcnce vm)uc 
m the crystal 
t/ansmissjon region 
|An| 

ZnSiP.. 

007 

0 03 

1 

t dSiP, 

0-16 

0 05 

1 

ZnGePj 

0-04 

0 09 

1 

( dGcPj 

012 

Oil 

.3 
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01 



Si Ge 2ri ^ 

I 0 15 

R . A" 

Fig 5 The ilepemlenee ol' ihe biietringcncc o( A-UH 
crystals on the telraheilial ladii W of cations ol the sccoiul 
and lout I h groups of the periodic system 

change of |A/i| is more pronounced than th;il 
lor the first ctitions 7.n —* Cd.cven though the 
tetrahedral radii increase msire consideiiibly 
in substituting /n for C'd than Si for Cic. I iie 
dependence of |A«| on the cation telriila 
radii for phosphides of ternary ctinii 
obeys the equation 

|A/i| = KJ<, + KJis-'4 

where Rf tind K., arc the tetrahedral lauu • 
cations of the second and the fourth giotiii. 
As’, =0118 A K., - 1-2 A '.A - 1-53. I he 


difference in magnitudes of K, and K-^ re¬ 
flected by different slopes of |An| =/(/?) 
curves, can be explained by the effect of the 
electron shell structure of atoms on the optical 
anisotropy of the crystals. The structures of 
electron shells of Zn and Cd are similar to 
each other and differ only in the main quantum 
number. The difference between Si and Ge 
atoms is more essential since Ge. unlike Si. 
has the filled up d-states. This is apparently 
one of the reasons why the birefringence 
increases more considerably in substituting Si 
for Ge in the pairs considered above than in 
substituting Zn for C'd. 

AckmmU-JfH-mitils — The authors uif giuteful to t; F 
tjfoss for his constant help in the work anil helpful ilis- 
cussioiis. to V n Prochukhan I'oi the discussion of the 
results .ind to Ihe gioiip of colloborators mentioned in Ihe 
p.ipor loi the production of cryslals foi measurements 
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GALVANOMAGNETIC EFFECTS OF HOT ELECTRONS 
IN rt-TYPE GERMANIUM* 
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Institut rur Angcwandte Physik der Universilat A-1090 Vienna and Ludwig-Biill/mann-I nstitut 
I ur Keslkorperphysik. Vienna, Austria 

(/?<■( <'||IC</ 12 SepU’mher 1969) 

Abstract — Numerical calculations oil he magncloconduclivily of n-tie in the (100) and fill) crystallo¬ 
graphic directions were performed at SO^K and for field strength up to 5 kV/cm. It is shown that it is 
necessary to eonsidet the dependence s>f the population of diffetcnl valleys on ihe magnetic field in 


order to get agreement with espenmcnial results 
I. INTROIIIIC'TION 

As IT is well known, Ihc conduction band of 
gefmaniuni exhibits 4 equivaleni spheroidal 
energy minimti oriented along the {III)- 
axes in A-spttee. An tippliciition of a high 
electric field results in heatingof the elections 
which may be dilTerent in each valley if the 
electric field docs not point in a (KK)) diiec- 
lion. I'his dilfcrcncc of the mean cncrov 
t)f the electrons is responsible lor the 
that there are more electrons in the 
valleys. Ihe application ol a titni' 
magnetic field has two effects on the c.i 
(1) it reduces their mobility and f. 
resulting Hall field causes a deviation . 
electric field, '['herefore, due to the m.iss 
anisotropy of the electrons the energy g;im 
from the electric field is changed. I his 
causes a repopulation ot carriers depending 
on the magnetic field. In this way the galvano- 
magnetic behavior may be changed con¬ 
siderably. 

A model following the ideas outlined above 
was developed recently by Heinrich and 
Kriechbaum[l] (hereafter referred to as 1 ). 
It was assumed that the electrons in each 


‘Work supported by bonds /ur borderung dcr 
wissen'schilftlichcn Forschung' Austria 


valley obey a Maxwcllitm eneigy distribution 
with a temperature which may be different 
in each valley. Then the mobility tensor is 
solved exactly in the mtignetie field B accord¬ 
ing to the transport theory of Hi'iring and 
Vogl(2J. For further references see I. Ihe 
electron temperatures are determined by the 
method of energy balance. I he numbei of 

O I r,T i n,,, ! .jri 


K()”K which have heen icpoiiLU ilv., 
IVIoveh:m[.tJ. 

2. Nl'MERirXI. UAl.t I I-ATIONS EOR n-ltc 
I he mobility in n-tJe at S()°K lattice tem¬ 
perature is mainly determined by acoustical, 
optical, and intervalley phonon scattering 
and ioni/.ed impurity scattering. Influences 
of the higher conduction band rninimti 
tilong the {100) axis are not taken into account, 
and therefore the results derived in the follow¬ 
ing are applicable ;is long ;is population 
of the upper valleys is not appreciable. The 
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acoustic relaxation times are given in Ref. [2] 


and are: 

1-31 ( 

=^V+ 1-61 

l-Oll 

(la) 

i=H 

\ 

\-24(i 

^U/ 

2-32 

J 

-I-1-221 

(lb) 

I’ll 


=«/ 



with A given by equation (I, 6). The optical 
and intervalley relaxation times are given 
by equations (I. 7) and (I. 14) and by Conwell 
[4| equation (3.6.11). For ionized impurity 
scattering the relaxation times are given by 
Hagics and Edwards [51 as 


Cln(4/) 

')|t,|-4()-4 

(2a) 

f’ln (41) 

')lr^ = 3-61 

(2b) 


with and D defined in equation (1.8). 

As in 1, the energy loss for acoustic, 
intci'valley, and optical phonon scattering 
and the particle number in the different 
valleys were calculated. The parameters 
used for the calculations are summarized in 
lable I. The results for the transverse 
magneloconductivity with and 

|{j||llO| are shown in Fig. I for H ~4kG 
and 6kCi, and ii ~ 10'’’cm Fhc dots and 
triangles are experimental points by Movehan 
|3| for /;=-l()''’cm ‘ and /i —41()"cm ' 
respectively, obtained at a magnetic (icld- 
slrenglh of 6k(j. Unfoiinnately, no absolute 
values are given in that paper. Wc therefore 
normalized them arbitrarily to the calculated 
(3hmie values. Also included in the figure is 
the calculated Ohmic value of the magneto¬ 
conductivity for n —4-10" cm *. The 
experimental results show a stronger de¬ 
pendence on earlier concentration than the 
theoretical ones. It can be seen that the model 
is able to explain the unusual magneto¬ 
resistance behavior qualitatively, that is, a 
legion of negative magnetoresistance. 

For B = 0 and j|(l I 111 two different types 
of valleys arc present. Fhe valley on the 
[111] axis has the lower effective mobility 


Table 1. Parameters used in the 
numerical calculations. The data are 
taken from Ref. [2] if not stated 
otherwise 


Efleclive mass 

milm„ 

1-58 

ratio 


0082 

Dieleclric constant 

K 

I6§ 

Density (g/cm‘) 

f> 

5-.15 

FJaslic 

Cl 

1-573 X 10' 

constants 


0-53 X 10'" 

tdyn/cni') 

i 44 

0-680 X 10' 


(■♦ 

-0-534 X 10' 

Deformation 

“rf 

-9 07' 

potential constants 
(eV) 

= 

19-3* 

Coupling 

tK„ 

4 X I0“t 

constants 

(cV/cm) 

o., 

1-021 

C haraclcrislic 

(eV) 

430{ 

phonon 

tcmperalurcs CK) 

T 

* If 
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♦Ref. [4J page 170. Ref (26.1) 
tRef (4) page 171. Ref (264). 
tRef (7)page 100. Kef [lOOJ. 

§Ref. HI page 1.1.1. 

E/xE/E'-. E being the electric field and fj. 
being the mobility tensor, 'f herefore, the elec¬ 
trons in this valley remain cooler than in the 
other minima and their number exceeds the 
Ohmic value. After application of a magnetic 
field pointing in the (IIO) direetion three 
differently heated valleys are present (the 
valleys [111] and [111] have the same 
electron temperatures). The Ffall field 
points in the [112] direction so that the 
electrons in the [111] valley can take up more 
energy from the field. The (emperature in 
this valley raises therefore and electrons are 
transferred to the other valleys. As one may 
expect from the particular arrangement of the 
conduction band minima in A;-space the 
difference in electron temperature of the 
valleys on the [III] and the [111] axes is 
small compared to the difference between 
the temperatures of the valleys on the 
[III] and [III] axes. The relative changes 
in occupation number of the [111] valley for 
different magnetic fields arc shown in Fig. I. 
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Fig I, Calculaled magnetoconduclivity vs. electric held 
sticngtii at 8(EK lattice temperature for j|||lll| and B|| 
(I Id] for 4 and 6 kG and a cairier concentration of n -- Ki'"' 
cm The dash-dotted curve indicates the Ohmic value for 
« = 4 IO'‘cni ‘ The solid dots arc experimental values 
for n = l()''’cni ' and the triangles for n ^ 4- ID" viii ' 
and B - 6kG, taken Irom Ref 15|. 1‘hcy are normalised to 


the theoretical Ohmic value 
eluded are the thcoictical lel 
the valley on lli. 

For 6 kG and low electric fields the popii' 
is lower than in the Ohmic case, I he f 
for this can be seen from Fig. 2. The 
field has about the same magnitude as 
externally applied field so that the total 
electric field points in the [221] direction. 
The energy gain in the [111 ] valley is therefore 
higher than in the fill] valley contrarily to 
the case when no magnetic field is present. 
The influence of the Flail field can also be 
seen in Fig. 3, where the ratios of the electron 
temperature of the [111] valley to the lattice 
temperature and of the [111] valley to that 
on the [III] axis are shown, f-or small 
electric fields the temperature of the [111] 
valley is lower than in the [111] valley if a 
magnetic field of 6 kG is applied. 


foi n — *. AKo in- 


B L t) thei'c are Ivso types oi i.m.ljs 
4 shows also the relative change of the 
occupation number of the [III] -vtilley to its 
equilibrium number which is equ;d to that 
of the [111] valley. For comparison experi- 
menttil values of Movchan[3] are indicated 
in Fig. 4. As in case of Fig. I they ate nor- 


’‘The measuring leehniquo useef to ohlain these 
values was essential the same as Jctciihed in (I) The 
samples had an electron conccnftation of 4 > lt)'*cin ’ 
and dimensions of ahoiil 1 ’< 1 <7mm* Cimlacts were 
prepared by As-ditfusion and Ni-plalmg 





Fig 2, Kano of Hall field lo electric field vs. electric field 
.strength for j||!Illl and B|||irO|. lattice temperature 
is 8()”K. 


malized to the theoretical Ohmic values. In 
this configuration both experimental and 
theoretical values exhibit only a positive 
magnetorcsistance. 

3. DIS('LIS.SION 

It has been shown that (he model is able to 
explain qinilitatively the negative transverse 
magnetoresisiiince. In the following we dis¬ 
cuss the vtilidily of the ttssumptions made 
in the calculations. I'or electric field strengths 


up to 2000 V/cm the electron temperatures 
raises in the cooler valley to 3.50°K and in 
the hotter to 1700°K as can be seen in Fig. 3. 
According to the criterion of Frohlich 
and Paranjape[6). equation (J, 1). the mini¬ 
mum carrier concentration for establishing a 
Maxwellian distribution at 6(KFK is 10'’ 
cm As shown in Fig. 1 most of the carriers 
at 2000V/cm arc in the valley on the (111) 
iixis and the current is mainly determined 
by the mobility in this valley. It is therefore 



Fig t. k.ilio lit oleclron leiiipcralurc ol the [till valley lo 
lattice tempeiatiirc K()"K, and ratio of electron temperatures 
of two dilfeient valleys v,\. electric field strength 

for jllltlll and B||[II0| The dashed curve indicates 
where these two lemperaluies are equal. 
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Fig 4. Calculated magneloconduclivily vs electric field 
strength at HirK lor j||[l(M)t and B||10I0| for 4 and 6 kCi 
and a carrier concentration of /i —4 I0'*cm ’ The dash- 
dolled curves indicate the Ohmic values for n= 10*'’cm"'. 
The crosses are experimenia! values for B — and 
n — 4-10'^ The triangles are experimental values taken from 
lef. [3) tor /I — 4 10“cm * and H--(>kG They are nor¬ 
malized to the theoretical Ohmic values Included is the 
theoretical relative change in electron population of the 
valley on the (111 |-axis tor n = 4-H)'^cm"' 


justinccl to use a Maxwellian distribution for 
samples with a carrier concentration of lO'-' 
cm or larger. As in I we neglected the 
energy exchange between electrons of 
different valleys due to intervalley sciuier"' ■ 
processes in the energy-balance equation 
again this contribution is small coni| 
to the energy exchange with the lattice 
conclude that the negative transverse ma; 
resistance may only be explained if ab 
dependence of the electron distnbni;. 
among different valleys on the magnetic field 
IS taken into account. 

Ac knoivlfj^cmcnts — \[ is a plcasu'c to thank Piotcsstus 
Dr K. haumann and Di K, Sccgci toi helpful dis¬ 


cussions and Dr H Pieici for a ciitical leading of ihe 
manusenpt thanks arc due also to the Inslitut lur 
Statistik dor I’nivctsiial. Vienna. It'r making available 
their computer 
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THE CRYSTAL STRUCTURE OF V.,0, AND 
(V,,„,ioCr„.„,H)20, NEAR THE 
METAL-INSULATOR TRANSITION 


P. I>. DKRNIKR 

Hell I elephone l-aboraU>ries. Incorporalcd Murray HilL N J ()7*J74. U.S.A. 

{Rctvnvd Scpti'tnhci 

Abstract-The substitution of C‘r*‘ in the V'.O, lattice results in a Mott met.il-insulator transition 
at room temperature with no change in space group symmeiry Slrucluial refinements ot single crystals 
of VjO and (N ,, .,„jC'r„ by X ray ditiraclion lcchnit|iies show .m increase in the short vanadium- 

vanadium distances at the transition, while the vanadium-oxygen dist.mces remain essentially 
unchanged. I he vanadium-vanadium dist.ince across the sli.ired tictahcdial face increases trom 
2-697 0 001 A to 2 746 0 001 A and the vanadium-vanadium distance across the shared octahedral 

edge increases tioin 2 SH2 0 001 A to 2-9IK -• <) (X>l A when proceeding from pure V ,0, to the Cr ‘ * 
doped crystals 


I. INTRODICTION 

Bf.causf. of its metallic cotuluctivity and 
high hexagonal chi ratio at room tcmpenitiire. 
V...O| stands apart froni the other isostructural 
oxides Alj()|. Fej(.)|, o(ja.;0,', 11,0-,. ('r.,0,, 
In.jOiit, TljO|t, and RhoO,. The siibstilution 
of approximately I per cent (.'r^' iii V.O, 
causes a sharp drop in chi from 2-S.^ to 2-78 
while the electrical resistivity increaves 
several orders of magnitude! 1.2|. I be- 
ratio then decreases smoothly down 
value of 2-74 as the chromium cunceiu. 
increases from I to 100 per cent. Win' 

Cr+’ doping of pure VX),, causes a 
increase in electrical resistivity, the a| 
tion of pressure on the same sample can-, 
first order transition at lOkbar which is 
accompanied by a decrease in electrical 
resistivity of several orders of magnitude |-1|. 
This metal-insulator transition appears to be 
an example of a Mott transition in which the 
electrons localize on the ionic sites but no 
change in crystal symmeiry occurs[4| In 
order to determine the changes in interatomic 
distances associated with this transition, the 
crystal structure of V^O., and (V,, ,„,jCr„ 
have been refined. 


2. F.XPKRIMFNIM. 

The intensity measurements of both V.O., 
and (V„,„,.,,rr„single crystals were 
taken with a papei t.ipe controlled, fully auto¬ 
matic. General F’leciric XRD-5 X-rav dittrae- 
tometer. An S" take-oH'angle was used along 
with a scinlillaiion counler, decade scalar, 
and single /r-filtered MoK radiation. I he 
ill! ■ ' n "I’ \Ki-i ' ohl'iineil hv us,’ of 


spheres of l.ldll 0 Oln and U a. I 

tively. The orientations of these sphcies m 
the same order, were Mich that the |T 10] md 
11 lOj zones wcie parallel to the i/- ,t\is of the 
goniostat. It was expected that these oiienta- 
tions would lend to minimize the inlniiMe 
multiple diirraelioii cn'ects|7| 

All rellections in the upper hemisphere of 
reciprocal space in the region 2 0 % were 

measured by peak-height technique [8j. A 
standaril rellection was also monitored so as 
to keep a running check on ciystal oiienta- 


^ Quenched high picssure rnodificalion[61. 
IQucnchcd high pressure iTiodificMlKinsI?!. 
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tion. The total number of observed indepen¬ 
dent reflections for V.,0;, was 203 and for 
the Cr^-^ doped specimen, 216. Before the 
final refinement 15 reflections for pure V,0, 
and 8 for the doped crystal were eliminated 
because of background errors and/or 3-20 per 
cent secondary extinction correctionf9J. In 
sequential fashion the intensities of equi¬ 
valent reflections were first averaged and 
then corrections for the Lorent/, polarization, 
and spherical absorption elfects were applied 
( 10 , 111 . 

I'hc final refinement procedure was identi¬ 
cal for each crystal. The scattering factors,/, 
used were for neutral atoms and the A/' and 
A/" values were for Mo Ko radiation! 12. 131. 
In the case of the 3 8 mole per cent substi¬ 
tuted crystal, weighted averages were cal¬ 
culated for the /'values. No adjtistments were 
necessary for A/' and A/". The starting values 
for the positional parameters were those 
reported by Newnham and de Haan|14|. 

I he first trial refinement was carried out by 
a least-squares program with the ctipability of 
refining the secondary extinction parameter 
f'll5). All observed independent reflections 
were used. I he positional parameters, iso¬ 


tropic temperature factors, scale factor, and 
C were refined simultaneously. Anisotropic 
temperature factors were introduced before 
the last twelve refinement cycles were carried 
out by the program ORFI.S|16]. 

X RESlilTS 

For the pure and doped samples respec¬ 
tively the statistical residual or /? value, 
(i|/-'„„s-/-/ak |/^|/'ni,s|). was 0-019 and 0 020 
with isotropic temperature factors, whereas 
it was 0-018 and 0-019 with anisotropic tem¬ 
perature factors. The actual function being 
minimized in both programs was X ir(| -- 
IF, I )^- The weighted /< values, for the final 
anisotropic refinements were 0-025 and 0-030 
respectively. The final parameters are listed 
in Table I. In addition, a list of observed and 
calculated scattering amplitudes can be found 
in Table 4. 

'I'he lattice parameters for the two com¬ 
pounds. reported in Table 1. were obtained 
by measuring 20 values for at least 10 reflec¬ 
tions in the back-reflection region of powder 
photographs taken at room temperature with 
a Norelco camera of 114-6 mm dia. utilizing 
('rKo radiation (Ko — 2-29092 A. Kci-i— 


7 iihh' I . ('rY.sl(illii,i;niphif tltiln lor V titui ( V„ i,M,.-wbf T, 
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2-28962 A). The refinement of the parameters 
was carried out with a least-squares program 
of Mueller, Heaton and Miller[17]. The appro¬ 
priate final parameters listed in Table 1 were 
input to the program ORFFE which calculated 
the interatomic distances and bond angles 
reported in Table 2 as well as the root-mean- 
square thermal displacements and orienta¬ 
tions in Table 3|18|. Equivalent interatomic 

Table 2. Interatomic distanc 


distances and bond angles tor I i.iT,, cr.UT 
and «Ga.jO, have been included in Table 2 
for comparative purposes. 

4. DISCU.SSION 

Both V_,0,i and (V„ (,,;._,C'r,) are Ko- 

structural with oALO,,. space group R'ic. 
with approximate hexagonal close-packing of 
the oxygens and the cations occupying ? of 

('.V (A) and bond anttles (deg) 


llT), 

(Ncunh-mi 
and de I (:i<in) 
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Table 3. R.m.s. 1 hernial displaienient.s (A) ana ... 

component of thermal displacement alonp prim ipal a.xis ( R) //( Anpstrom 
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the octahedral sites. If V.^O., were to have the 
ideal hexagonal arrangement, the positional 
parameters would be 0, 0, i for vanadium and 
i, 0, } for oxygen. From Table I, one can 


immediately see that the atoms in VjO;, are 
displaced from the ideal structure but the 
substitution of chromium has the effect ol 
displacing the atoms even more. The mosi 
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Striking effect of the Cr substitution is the 
unexpected expansion in the inter¬ 

atomic distance across the shared octahedral 
face from 2-697 to 2-746 A. (See Fig. 1 and 
Table 2). This occurs despite the contraction 
of the Cl, lattice parameter and the substitu¬ 
tion of Cr^^, an ion of smaller radius than 
In addition to this, the interatomic dis¬ 
tance across the shared octahedral 

edge increases from 2-882 to 2-918 A or 
approximately 1-2 per cent which is compar¬ 
able to the 1 per cent expansion in the «« 
parameter when proceeding from pure V.^Oa 
to the Cr doped sample. Also in keeping with 
these increases in cationic distances, the 
unit cell volume of the Cr doped sample is 
1 -5 per cent larger than pure VjO,. 

It seems plausible to attribute the distor¬ 
tion of the oxygen octahedra to the increase 
in the vanadium-vanadium distances. In 
order to maintain reasonable cation-anion 
distances the oxygens of the unshared octa¬ 


hedral face expand their interatomic distances, 
from 2-955 to 3-(X)4 A, whereas those 
of the shared octahedral face, 0‘-0“K con¬ 
tract from 2-675 to 2-664 A. At the same time 
the distanee between the parallel, shared and 
unshared octahedral faces decreases from 
2-334 to 2-319 A (see Fig. 2). The umbrella¬ 
like distortion of the oxygen octahedron 
allows both the M‘-M“ and dis¬ 

tances to increase while maintaining essen¬ 
tially fixed cation-anion distances. In addition 
this mechanism explains the rather dramatic 
decrease in the c,, parameter from 14-003 to 
13-912 A. and the expansion in the a,, para¬ 
meter from 4-9515 to 4-9985 A. Also, one 
could expect from a simple view of a Mott 
transition that both vanadium-vanadium 
distances would necessarily expand resulting 
in a localization of electrons when proceeding 
from metal to insulator. This is in complete 
agreement with the actual distortion observed 
when comparing pure V.Ojto( V„ .„aCr„ oaJst )j. 



Fig. 1. A projection of the V^O, structure on a plane perpendicular to 
the 1110| axis. The V atoms are at zero height and the heights of the 
oxygens are given in angstroms above and below the plane of projection. 
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V = METALLIC STATE VjOj 
I = INSULATOR STATE (Vq.jjj Cro-osslj O3 

l it;. 2 All (lliisliiilion of the ■iinibrellii-like’ dislorlion of ihc 
oxyxcn oi.l<itic<Jia m V ,(), due (o the (.'r* ‘ Mibstiliition and the 
expansion in the vnnaduim-viinadiiiin distanee across the shared 
octahedral face 


I'ho ihci mal iiiolion of Ihc oxygon titoms in 
bolh Ihc pure and doped Mimplcs shows a 
distinctly anisotropic character, which in most 
lespects agrees well with the proposed 
disltirtion mechanism. For example, in Table 
the r.m.s. thcrmitl displacements of the 
cations are nctirly identical rellecting the 
unchanged cation-anion distances. On the 
other hand, the oxygen displacements arc 
somewhat different, I he larger vibrational 
displacements of the oxygens in the f?r doped 
sample are indicative of the increased oxygen- 
oxygen distances of the unshared octahedral 
face. 

It has been observed that V^O:, is unique 
among the re-corundum oxides with respect 
to the M'-M'" distance across the shared 
octahedral edge. This mctal-metal distance 
was shown to be anomalously short for V^O;, 
in a plot of A/'-M"' vs. the eflective ionic 


radii of A/I.SJ. In fact. V.,0| is the only member 
of the scries to achieve this while maintaining 
;i high (id ratio. The Af'-A/'" distance in the 
( r doped sample is not anomalously short. 
Nor is this the case for pure Cr^O.i. However 
for all three crystals the M‘~M“ distance 
across the shared octahedral face remaim 
anomalously short. This strongly suggest! 
that the short M'-M'" distance in V.^O-i a 
room temperature is associated with it; 
metallic properties. 

From Table 2 and Fig. 1 it is clear that th 
interatomic angles, metal-oxygen-metal, ar 
markedly different for metallic VjOj than th 
rest of the isostructural series. In particula 
the bond angle Af'-O "'-A/ across the share 
octahedral edge is 1° smaller than the sam 
angle in the Cr^'* doped specimen and 2°-^ 
smaller than the equivalent angle for th 
rest of the members. Also the M'-O'-M 
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angle across the shared octahedral face is 
smaller than the Cr doped equivalent and 
smaller than the others with the exception of 
Ti^O^. As it is known that the band structures 
of the transition metal oxides are strongly 
dependent on hybridisation effects between 
the metal and oxygen atoms [19], one could 
argue that these interatomic angles are as 
significant as the short metal-metal distances 
in determining the metallic character of V T).. 

5. ('ONCl.t SION 

It has been observed that the Mott transi¬ 
tion in the Cr^O.i-VnO, system, in which the 
conduction electrons localise on their ionic 
sites, is accompanied by a discontinuous 
expansion in unit cell volume and decrease 
in rju at room temperature. The distortion 
of the structure can be attributed to the fact 
that all the nearest neighbor V-V distances 
increase while the V-O distances remain 
unchanged, Hinally, the anomalously short 
V-V distance across the shared edge of the 
oxygen octahedron in pure V^O, is clearly 
associated with its metallic properties, 

4i Wk aiMhdr itmnks A. S. ( 
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TECHNICAL NOTES 


Non-stoichiometric defects in sapphire 

(Receivedli August 1969-, in revised foriii 4 May 1970) 

A RECENT investigation of the literature by 
the author has indicated that the defect 
structure of sapphire is somewhat in doubt. 
Pappis and Kingery[ll investigated the varia¬ 
tion of the electrical conductivity and thermo¬ 
electric power with oxygen pressure and 
temperature above 870°K and concluded that 
sapphire equilibrates with the atmosphere 
above this temperature. They proposed that 
aluminum vacancies are formed in high oxygen 
pressure (1 atm) and either interstitial alum¬ 
inum ions or oxygen vacancies were formed in 
low oxygen pressure { < 10 '' atm). Their four 
probe technique, however, while showing that 
contact resistances to platinum were small, 
is very susceptible to conduction along the 
surface and through the gas phase. In fact, the 
activation energies they found at the highest 
temperatures, .^•.‘i-S-SeV are very close to 
that found by Loup and Anthony [21 foi 
phase conduction (5-7 eV). In ail' 

Lallan ei «/.[3.4] have shown that in sa;' 
there exists a region which extends fio' 
surface into the specimen as much ,l^ 
and whose conductance changes rapidi. 
the atmosphere. Thus Pappis and King, 
results may reflect the changes in this rcgu'n, 
in the surface, and in the gas phase, with 
changing atmosphere and temperature. 

With this in mind the author has initiated 
a study of the defect structure of sapphire 
at high temperatures and its equilibration with 
the atmosphere. The technique employed is 
to heat treat disk shaped specimens 1mm 
thick by 10mm dia. in high and low oxygen 
pressures at a temperature of 2070°K, and to 
quench in any defect structure induced by 
such treatments. Lhe conductivity of the 
quenched specimens is then measured at 


much lower temperatures, by a three terminal 
technique, there being both electronic guard¬ 
ing and physical guarding to eliminate con¬ 
duction along the surface, through any sub¬ 
surface layer and through the gas phase. A 
pokari/ation technique|5] was employed to 
separate the ionic from the electronic conduc¬ 
tion processes where at all possible. Details 
of the quench rate, and measurement tech¬ 
nique will be available in forthcoming paper. 
The quench rale was. however, at least I00°K 
/min. 

Figure I shows the preliminary results of 
the conductivity measurements for two spec¬ 
imens. one heal treated in an oxygen pressure 
of I atm for 4 hr (i.e. ’oxidi/ed') the other 
in a vacuum giving an oxygen pressure of 
at most 10"atm. for 4 hr tie. 'reduced'). 
Because of the extremely low electronic 
conductivity of the reduced specimen com¬ 
pared to the oxidi/ed specimen, its ionic 
conductivity could not be determined, li 
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should be noted that for the ionic conductivity 
of the oxidized specimen, the product <tT is 
plotted against MT. The activation energies 
for the three conductivities are 1-5 ±0-03. 
2-6 ±0-5. and l•2±0■3eV for the electronic 
conductivity of the oxidized specimen the 
reduced specimen, and the ionic conductivity 
of the oxidized specimens, respectively. 

There would thus appear to be some dif¬ 
ference in the electronic conductivities due to 
the different heat treatments. I here ;ire 
several possible explanations. (3ifierent 
impurity levels between the specimens could 
explain the differences noted. I he specimens, 
however, came from (he same boulc, and care 
was taken to avoid impuiity pickup from (he 
furnace, The specimens were analyzed by 
a mass specirographie technique for transition 
metal ions. l hese arc the most likely impurities 
to be picked up. Table I shows the results of 
this analysis, fantalum and tungsten were 

Tdhic I. Mass spccirof’inphicul 
<1 /Id lysis of sdppliire .s/>C( iiiic/i.s 


I kini.’iil', S.unple lui 4’ S,in\plomi V 


11 

Nt) 


NI) • 

5 


NI) ■ 

s 

NI) 

5 

( I 

NO 

1 

NI) 

1 

Mil 

NI) 

1 

NI) ■ 

1 

1 v 

:(i 


2(1 


( 0 

NI) 

10 

NI) 

10 

Ni 

NI) 

s 

NI) 

5 

{ II 

:o 


20 


(.t 

NI) 

1000 

NI) ■ 

1000 

W 

NI) ■ 

500 

NI) 

500 

' ('onci*nli.ilu>ns im ppm 



N 1) lUil ilvU’Ct.ihIc 




ncludcd 

since 

the 

vacuum 

heating 


elements were tungsten, while the heat 
shields were tantalum. No significant dif¬ 
ference in impurity levels is apparent. 
Intrinsic .Schottky-Wagner or b'renkel defects 
can also be formed and quenched in. I hesc 
defects, however, depend solely on tempera¬ 
ture foi their creation, and the evidence seems 


to point to the atmosphere having a strong 
eflect. Thus, intrinsic defects can be elimina¬ 
ted. Variations in the quench rate permit 
another possible explanation. If there was any 
variation it was the reduced specimen which 
had the faster quench rate which would imply 
that more defects would be quenched in, 
contrary to the conductivity evidence. Possible 
electronic trapping effects were eliminated 
also by measuring the electronic conductivity 
after irradiation with X-rays. No change 
was detected. 

It would thus appear that none of the 
above explanations is likely, and that the 
difference in atmosphere between the two 
specimens is the predominating factor. It is 
proposed therefore that at least partial equi¬ 
libration of the bulk of sapphire has occurred. 
Further, it is tentatively suggested that defects 
are created in the bulk of sapphire when 
heated above 2()()()°K in an oxygen pressure of 
I atm. From the present evidence, no defect 
structute can be suggested for the redueed 
specimen. The most probable defects which 
can be created in a high oxygen pressure are 
aluminum vacancies. Associates of these 
defects with impurity ions such as the iron 
shown in fable I e;in also occur, but the 
present evidence is not sufficient to separate 
these (wo possibilities. However, the exist¬ 
ence of associates implies a sufficient concen¬ 
tration of aluminum vacancies to form the 
associates, so the following argument is not 
negated by their creation. Only the mechan¬ 
isms and (he defects will be different. Alum¬ 
inum vacancies will be created according to 
the reaction. 

-f r;; + 3®; A£ 

where Kroger's notation|6] has been employ¬ 
ed. AT is the energy for the reaction. Fully 
ionized vacancies are shown in the reaction 
(I) but their ionization state at lower tempera¬ 
tures is uncertain, since Kroger has shown 
from his galvanic cell [7] data that the assump- 
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lion of the normal valence for intrinsic defects 
is not necessarily true below MOO^K. Thus 
the source of the activation energy for elec¬ 
tronic conduction in the oxidized specimen 
could he the ionization energy from one of the 
lower ionization states to a higher one. 

burther evidence for the creation of alum¬ 
inum vacancies comes from the activation 
energy of the ionic conductivity of the oxidiz¬ 
ed specimen. I he dilfusion data of Kingcry 
ft u/.|8,9|, addmittcdly in polycrystalline 
alumina, has been interpreted as giving an 
energy for the motion of aluminum tons of 
0-91±l-0eV. I he similarity between this 
value and that found for the ionic conductivity, 
l•2eV, thus appears to veiify that aluminum 
vacancies exist at the lower temperatures, 
and predominate in the ionic conduction 
mechanism. 

If the above argument holds, then, on as¬ 
suming a reasonable value for the hole mobility 
of l-Ocni'/Vsec. the concentration of the 
quenched in vacancies, ,V,, which act as 
acceptor sites may be determined I'utm the 
standard relation for conductivity Inking 
(T ■= 10 ’(iicm)"' at KKKf’K. one Imds ih.n 
N, -■ I O'* cm' which is of the same ■ 
magnitude as the claimed concen 
impurities. This concenlraiion of ip. 
aluminum vacancies implies a de\i 
stoichiometry at 2070"K ol I p 
during the heat treatment. VcstllOl ' 
from the lack of iheimogravimetnc o 
a wide range of lempeiatuies and os\^>. 
pressures that if there is any deviation from 
stoichiometry it is less than .1 parts in 10*. 
.Since his maximum tempeiature was how¬ 
ever. I87(rK. it is thus possible that a concen¬ 
tration of non-stoiehiometrie aluminum 
vacancies of !()'■ cm ‘ is created at the higher 
temperature of 2()7() 'ls.. 

Thus the present work indicates at least 
partial equilibration of the bulk of sapphire 
with the environment at temperatures above 
2()0()°K. Non-stoichiometric aluminium 
vacancies are postulated as being the pre¬ 


dominant defect at these temperatures in high 
oxygen pressures. 
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investigating immeU'U s s. . ,,, ■ 
c.ises, the syiimelis has been ( (/ ... or 

cubic symmetry in which the gadoliimim ion 
was simoiindeil bv eight anions sueh as m 
< al- .. In some cases the speciruinol gadolin¬ 
ium was investigated m a six-coordinated 
compound such as in CaC) and in SrO. In 
these crystal hosts with six suirounding oxy- 
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gen ions it was found that the cubic field was 
small, smaller than in the eitht-coordinated 
compounds. It is, therefore, of interest to in¬ 
vestigate the spectrum of Gd'*+ with other 
ligands in octahedral coordination. The com¬ 
pound CsaZrCls is convenient for this pur¬ 
pose since rare earth ions easily replace the 
Zr ion, and the rare earth ions are surrounded 
by six Cl ions. 

The spin Hamiltonian for a ion in a cu¬ 
bic field is 


:r = + +/I/O.,' + 


+ fl/0/=^S.I (1) 

where the 0„"‘, properly normalized, are 
operators which transform, as the spherical 
harmonics Kn'"; B„"‘ are coefficients dependent 
upon the crystal field, which are to be deter¬ 
mined by experiment; S is the electronic spin 
operator with S — 7/2 and I is the nuclear 
spin operator. Gd" has two unpaired isotopes 

Table 1. Measured and calculated 
Gd" of AM ~ r*: I lines 

Q band X b.ind 


// esp. 

// calc 

H exp 

ft calc 

L5<i 


±0-50 


12815 

I2817-5 

3805 5 

3804 3 

12072 

12670-5 

3659 9 

3658-5 

12613 

12613-5 

3599 8 

3599 0 

12423 

12423-0 

3407-4 

3409 2 

122.35 

12232-5 

3220-0 

3219-3 

12174 

12175-5 

31580 

3 159-8 

12032 

12028-5 

.3015-2 

3014 0 


I he magnclic field in (100] dneclion .iie 
given in Giiuss 


of nearly equal abundance, 15 per cent, and 
nuclear magnetic moment, both having / = i. 
Therefore, there are seven allowed electronic 
transitions (AA/ = ±1), and each one must 
split into two unresolved sets of four allowed 
hyperfine lines (Am = O). 

The spectra were measured at Q band and 
X band. The spectrum could be represented 
by a cubic spin Hamiltonian. The charge 
compensation, as often found for S state ions, 
must be far away. Only the central line | -f-i) 
|—i) was flanked by the hyperfine lines. 
The other lines apparently were too wide and 
the hyperfine structure was not completely 
resolved. The coefficients of the spin Hamil¬ 
tonian were calculated from the Hamiltonian 
by first order perturbation theory, using equa¬ 
tions 2 and 3 along the 1100| direction. 


H 


M'i 



/G3,2 = //o + (-12V+14V’) 

//±5;2= + - 14 V) 




( 2 ) 


60 


o 1 — 12 ^“' 12 ^'* 

DO —_!_ I, n 

1260'" 


^ b„ 


60 


(3) 


Table 2. The spin Uamiltoniun parameters 


*F l> R 


bpcctio- 

mclcr 

band 

Temp. 


IM 

IVI 

lfl.1 

IfidI 


Ifl.'l 

Q 

room 

1 9921 

18-52 

0-57 

0 3086 

1-543 

(4-5 ±0-2) 

(0-93 ±0-02) 



±0-0003 

±0 02 

±0-02 

±0-0002 

±0-002 

X lO-" 

X 10-^ 

X 

rtX)m 

1-9923 

18-57 

0-65 

0-3095 

1-548 

(5-2±0-2) 

(l-l ±0-02) 



±0-0002 

±0-02 

±0-02 

±0 0002 

±0-002 

X 10 < 

X 10 * 


Only the relative sign of V/h,,” is found and is negative The parameters arc given in x 10 * cm ' units. 
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where //* are the magnetic field to the \ ±M 
> -* I ± M + I > transitions. 

The measured and calculated field values 
for the AM = ± 1 transitions are given inTable 
1. The agreement is satisfactory using the first 
order perturbation theory. In Table 2 we list 
the calculated parameters of the spin Ham¬ 
iltonian of equation (1) inferred from the val¬ 
ues of Table 1 both for X and Q bands. T he 
deviations at X band may be, in part, due to 
the neglect of second order perturbation. 

An important inference from the gadolinium 
data is for the interpretation of the Ad and 5d 
group elements in the crystal field systems of 
A-iBXfi. It is well known that these ions show 
a very large crystal field splitting leading to¬ 
wards a breaking of Hund’s rule. It may be 
conjectured that this results in part from the 
nature of the Ad or $d wavefunction and in 
part from the crystal field set up by the crystal 
hosts. The results of our data indicate that 
the crystal field compared with other octa¬ 
hedral complexes containing gadolinium is 
not very large and hence the main factor for 
the diflFerent magnetic behaviour must reside 
primarily in the 4dand .“ic/ions themselves. 
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The magnetic susceptibilities of hexagonal 
Tc-Ru, Tc-Rh, and Ru-Rh Alloys* 

(Received^ tebruary 1969. //i revised form ^ March 1970) 

Booth [I] has determined the magnetic 
susceptibility, x- ^ series of 4f/ transition 
metal alloys with the hexagonal closepacked 


‘This work was performed under the auspices of the 
United States Atomic Energy Commission. 


(hep) structure, namely Mo-Ru, Mo-Rh, 
and Ru-Rh. Ho and Viswanathant2] meas¬ 
ured the electronic specific-heat coefficient, 
•y, of Mo-Ru and Mo-Rh alloys. From the 
results of magnetic susceptibility and elec¬ 
tronic specific-heat measurements. Booth and 
Ho el al. concluded that to a large extent a 
rigid-band model provides a good description 
of these hep alloys. We report the results of 
magnetic susceptibility measurements on 
Tc-Ru, Tc-Rh, and Ru-Rh alloys. 

The alloys investigated were prepared from 
ruthenium and rhodium of 99-999 per cent 
purity. The elemental technetium was 
obtained from the Oak Ridge National Lab¬ 
oratory, and further purified by repeated arc 
melting to remove the volatile oxide impurities. 
One gram alloys were prepared by arc melting 
on a water-cooled copper hearth in a helium- 
argon atmosphere, and were homogenized 
at )000°C. Since no weight loss was detected 
after preparation, the nominal composition of 
the alloys is assumed to be correct. X-ray and 
metallographic examinations confirmed that 
the alloys were homogeneous and had the 
hep structure. 


over the entire temperature ana iii,i^u,^in. 
field range. Hence, only the x values at 3C0 K 
are shown in Fig. 1 as a function of avciage 
group number (AGN). The .\GN is numer¬ 
ically equal to the total number of .r- and d- 
electrons per atom outside the krypton core. 
This, for technetium equals 7-0 and for 
mthenium. equals 8-0. The susceptibility 
results for the technetium alloys show an 
AGN dependence similar to the molybdenum 
alloys[ll. and the absolute values for Ru-Rh 
alloys are almost identical. 
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Kig I. Molar susceptibility al 300''K of Tc-Rii. Ic-Kh and ku-Rh alloys 
as a function of average group number. 


1 he measured susceptibility of transition 
metals and alloys is the sum of the contribu¬ 
tions from (a) the di.tmagnetic susceptibility 
of the core and conduction electrons, (b) 
the orbital paramtignelism of the </-elcctrons 
[3]. and (c) the spin susceptibility of .v- and 
(/-electrons, as expressed by the equation 

Xm.Ms -= + x<ai,+ j 

where Xii ' ) is the Pttuli spin 

susceptibility, </> is the electron-electron 
interaction, A'(fcV) is the density of states at 
the Kcrmi level for one direction of spin, and 
^Ji|, is the Bohr magneton. The diamagnetic 
contribution of the core electrons of tech¬ 
netium may be estimated from palhidium data 
[4|, and the value obtained is -27 x 10 “emu/- 
mole. The diamagnetic contribution of d- 
electrons may be neglected because of their 
high effective mass. The contribution of the 
.v-electrons, calculated on the basis of the 
free-electron model, is about -2 x 10 lemu/- 
mole. Hence, the total diamagnetic contribu¬ 
tion x,i,„ for technetium is estimated as 
-30 X 10 '‘emu/mole enhanced (tV), value. 


The orbital ptirtimagnetism of (/-elec- 
trons is difficult to calculate, but for technet¬ 
ium an estimated value of 60 x 10 •'emu/mole 
was derived from Knight shift datal.S). When 
the estimated values for the diamagnetic 
susceptibility and orbital paramagnetism were 
combined with the measured value of I20X 
10 '’cmu/molc. 

To separate the enhanced spin-susceptibility 
into an enhancement factor. 1/1 
and spin susceptibility the density of states 
N{ES,) must be known accurately. In the 
absence of an ticcurate N{E^) value an 
estimate of the order of magnitude of the 
enhancement factor may be made based on 
an derived from the electronic specific 

heat coefficient y. Using this method the 
assumption that electron-phonon interactions 
play only a minor role in the spin suscepti¬ 
bility enhancement must be noted. A measured 
y value was not available for technetium, but 
a y value for a Mo-Ru alloy of AGN equal to 
7 0 was employed to estimate N(E,.) and the 
spin-enhancement factor. An enhancement 
factor of 1-5 for the spin susceptibility was 
estimated in this manner. 

Since the measured susceptibilities were 
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temperature independent, one may conjecture 
that the density-of-states curve is only slowly 
varying over the energy range represented by 
these alloys. Therefore, the spin-susceptibility 
enhancement factor was assumed nearly 
constant over the alloy composition range. By 
using the measured electronic specific-heat 
coefficient for ruthenium|2] and the estimated 
spin-enhancement factor for the alloy with 
AGN equal to 7, we calculate an enhanced 
spin susceptibility for ruthenium to be 60 x 
10"'‘cmu/mole. When this value is combined 
with the measured susceptibility and the 
estimated diamagnetic susceptibility, the 
calculated value of Xdiii lutheniiim is 

10 X 10 ''emu/mole. 

In summary, the present magnetic suscepti¬ 
bility results for Ru-Rh alloys arc in excellent 
agreement with the results reported 111. 
Comparing the measured susceptibility values 
forTc-Ru and fc-Rh alloys with that of Mo- 


Ru and Mo-Rh alloys reported by Booth [1], 
it is apparent that the magnetic susceptibility 
of hep alloys of the second long period is only 
a function of AGN and is independent of the 
actual alloying species. 
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CARL WAGNER: Diffusion processes during the uptake of excess calcium 
by calcium fluoride. J. Phys. Chem. Solids 29, 1 925 ( 1 968). 

The author regrets that in Table I on page 1929: 

(i) The value of ««“^,^for In a = 0-39 is 179-5 instead of 175-9. 

(ii) The value of — (dyldX.)j.,a for In a = 0-35 is 11-95 instead of 10-95 and that for 
In a = 0-41 is 52-27 instead of 50-27. 


M. V. RAO and W. A. TILLER; Excess free energies in the (ie. .Si and Ga 
binary systems- The a-ParitmcIcr Approach. J. Pins. Chc/u Solids 31. 191 
(1970). 

T he auihor regrets that in Eig. 7, page 198: A/-',", should read Sf'\l in the 
coordinate and in the hguie caption 


A. I KUSH IMA: Anisotropy of: 
temperature../. Phvs. Clwni. Solid 

The au i hor regrets that on page '>45 the uumein-ai . . i. 

reiid, r ,, — 1()4. — 0-86. c,-, — ()-8L On the same page in column 2 the sentence 

beginning on line one should read. " I he angle 0 takes an imagmary \alue vehile 
0 == 45 •0°." 


K. L. VANDER LUGT. J. COMAS and E. A. WOLK KL Co loration of Lil- 
produced by 3-0 MeV "'Ar ions../. Phys. Chem. Solids 30. 2486 (1969). 

The authors regret that the calculation of the penetration depth of ihe 3'0 MeV 
"’Ar ions into LiE is in error by 20 per cent. T he value given was LM/x; the 
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correct value is 2.053 /x. This correction decreases the F-center concentrations 
given by 20 per cent, e.g. saturation of the F-center concentration occurs at 
3-4 X I0'“ F-centers/cc. 


C. M. HURD and E. M. CJORDON: The electronic structure of some copper 
and silver alloys with heterovalent solutes. J. Phys. Cheni. Solids 29, 2205 (1968). 


The authors regret that their derivation of equation (4.3) is incorrect. The 
problem arises from the assumed energy dependence of the residual resistivity, 
A/j. In its form (2.2) an energy-dependent term has already been evaluated 
through the substitution k,'— 3TT-Nlil. where the symbols have their usual 
meanings, and hence (2.2) is not suitable for the evaluation of Ax by direct 
substitution into equation (4.2). When all the energy-dependent terms are retained 
up to the did'erentiation in (4.2), the correct expression for A.v becomes 


A.t =- -F 



'miix 


^ / sin 2(7},. 

/-I 



anixii 

()E BE/ 




'2 I sin'-^ (t},_,-t},) 

I -1 


(Note that in any case our (4.3) contained a misprinted exponent in the numerator, 
although our calculation had been carried out with the correct sin 2 (t;, , Vi) 
factor as given above.) 

Our calculated values of SrIT given in Ttible 4 have to he modified in the 
following manner: for ( u-based alloys the absolute value of A',./7' in units of 
10.9i'/°K- is increased by 5.21, while that for Ag-based alloys is increased by 
6.66. We emphasise that the ph.ase-shifts ami solute structures are unaffected by 
this collection, but the relatively good agreement between the experimental and 
calculated values of S^IT is lost and the arguments of Section 4 arc thereby 
considerably weakened. 

Dr. Farrell of this group has asked us to point out that the same error was 
carried over into his calculations for some Ni alloys (Pliys. Rev. 174, 564 (1968)). 
However, in that work the consequences are less serious since less emphasis was 
placed upon quantitative comparison between the results of experiment and 
theory. 

We are grateful to Dr. W. H. Young for pointing out this error to us and for 
useful correspondence. 
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R. K. CROUCH and T. E. GILMER, JR: Thermal ionization energy of lithium 
and lithium-oxygen complexes in single-crystal silicon. J. Phvs. Cheni. Solids 30, 
2037(1969). 

The author regrets that Dr. R. K. Franks. Appalachian State University. Boone, 
North Carolina, U.S.A., was omitted from the list of authors. 
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MOsSSBAUER sSPECTROSCOPY OF ”Fc AS A 
MAGNEflC IMPURITY IN HEUSLER ALLOYS 

B. BJKNSJO. B. SOI.I.Y* and P. WIKKKELDT 
( h.rimer s Uni\er sriy of (eehnolopy. Dep.iilment nf Physres, C lolhenhirrp, Sw eden 

24 Ni)vt'/nht‘r 1969. in ri'i i\t‘J form MiManh 1970) 


Abstract—Mossharrer absorplrorr spectra have been t>btarned I'tirni ’"I e rrs an rrnptrrrly at the Mn 
sites rn the Heirsler alloys CtiAln M and CioMnSn as I'linetions i>f temper.itirre, I be hyper tine held 
at I - IS —200 .ind — l96kCi tor < ii.MnAI ami ('UjMnSn. respeetrvelv 1 he rsorner shift satires 
at loom tempei'atuie are - 0 20 and 0-47 inm/see relative to natural I e .uul rndie.ile a loeali/ation 
ot eontiuelion eleelions to the .At aial Sii .itorns I he v.diies ot 7/,.,^ are consistent vsidi Ihc RKkY 
theory for spinalensily oscillations 


I. IN I RODUC'I ION 

The Hiiisi.rH tilloys hti\c ihc form 
C'u...MnX whore ,V = Al. In, Sn, (ic|l-?l 
anti in (he ortlotoiJ slate, are siionjtly fer- 
romagnclic. The stiuoliire of these alloys, 
which was determinctl hy Bi ittlloy anti Rotigors 
|4| for the case of ( iijMnAI, ts shown in 
Fig. I, The nitignelio properties of these alloys 
are not properly iintlerslootl tintl they htive 



recently been restiitlietl e\pei imentally. 
Oxley ef o/. [3] httve eat tied out nie.isurements 
of mtignelie propeities and Sugibuchi and 
Endol^l have mettsiired the hyperfine fields 
iit the Cii tinti Mn mielei by metiiis of NMK. 
The Mdssbauer elfeet using ""Sn as the 
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Mdssbauer titom htis also been used to study 
hyperfine fields tit the .Sn nucleus in CUjMnSn 
|6,7| Fin thcrinore. ( tiroli and Blandin[8] 
caleiihited the hyperline fields ;ii ihc t'u and 
Al atoms in CUsMnAI due to the Mn tiioms 
Using the model of virtual bound states 
suggested hy F'riedel tint! Anderson. 

The tiinis of the present experiment vteie 
threefold: 

i.ii lo ascert.iin whelhe sncfi allots e.in be 


2. HXPERIMENTXI. ME I HOD 
A mixture of spec pure Cu and Mn .nul H) 
per cent eniiehed ‘‘I o vtas melted logelliei 
m ;m iiltimina crueihle in .t high-freqiieney 
furnace and m tin tirgon tilmosphere. .Al vt.is 
then tititled to the ingol and the mixline was 
leinelleJ and then quenehed. I he piopoitioiis 
were such ;is to give ;i nominal eomposition 
(■u.,„Mn.MAI.,,-’M e,. I he resulting ingot was 
placed in a sealed silieti tube in tin titmosphere 
of extiii-pure He. tind homogeni/ed 4 </ al 
770'C and quenehed. I he tilloy was then 
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pulverised to a grain size suitable for both 
Mossbauer spectroscopy and X-ray powder 
diffraction (i.e. ~ 25 /im). This powder was 
annealed ihr at 770°C in a He atmosphere to 
remove cold work and then quenched to 
room temperature. Part of the powder was 
scaled into a silica tube in a He atmosphere 
and aged 7 at 200°C in order to increase the 
degree of ordering (3). X-ray powder dif¬ 
fraction was carried out on the alloy using a 
fiuinier-Hiigg focussing camera. The reflec¬ 
tions were checked for position and intensity 
against the calculated values. The cellsizc 
was also determined using a least-squares 
refinement computer program, as a check on 
the degree of stoichiometry. When it was 
clear that the alloy was of the desired type 
the composition was determined hy means 
of chemical analysis. A similar preparation 
piocedure was used for ('ir.MnSnr’’Pe), the 
quenching and aging temperatures being 535 
and lOtrC' respectively. Attempts to make 
C'u_,Mnln(''*l-e) were unsuccessful, probably 
owing to the disturbing influence of Fe com¬ 
bined with the narrow r;mge of stability for 
the ( iijMnin phiise. Two large ingots of 
( UoMnAI, one tindoped and one doped with 
natural be, were also prepared and heat 
treated in an identical mtmner to that described 
above. I hese alloys were then examined on a 
powder netilrttn dilfractometer in an titlempt 
to determine the positions of the be atoms m 
the Heiisler alloy structure. 

X-ray powder dilfraction of the alloys gave 
patterns agieeing with the computed ones. 


The alloys were shown to be single-phase with 
lattice parameters 5-948, 6 153 A for the A1 
and Sn alloys respectively. Subsequent chem¬ 
ical analysis gave the compositions Cu 4 H 4 
n^^i-sAl.^s-yFe-^ 2 and Cu^a.jjMnyj.j^Sn-^^.ibe-i i. 
Powder neutron diffraction of the doped and 
undoped A1 alloys yielded different intensity 
relationships between the peaks for the doped 
and undoped alloys. This was to be e.xpccted 
since the nuclear scattering amplitudes of the 
elements involved differ widely. Table I 
shows the calculated and observed values 
of the total structure factor for the first 5 
reflections, each normalized to that of the 
respective (220) reflection. From Table 1, 
the observed structure factors are. in general, 
lower for the doped material than for the 
undoped. The only case giving comparable 
changes in the calculated values is that when 
Fe goes to Mn sites. The quantitative agree¬ 
ment is not conclusive, however. 

Specimens suitable for Mossbauer spectro¬ 
scopy were prepared by pressing the powder 
between 2 discs of spectrographically pure 
Al foil in a mctalographic press. The spectro¬ 
meter was a conventional constant accelera¬ 
tion apparatus. The source was 15 mC of 
•■'’C o in a Pd matrix and was held at room 
tcnipcralures for all runs, bow absorber temp¬ 
eratures were attained in a cryostat capable 
of reaching liquid He temperatures. For 
temperatures above room temperature a 
small heater-stage was constructed enabling 
the specimen to be heated in an inert atmos¬ 
phere or static vacuum to temperatures 


I'dhle I. Ni'nlron iliffim lion irilensitU’x for doped and ondoped 

(loMiiAl 
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\I-V 

hU 
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1 c al 

l-e al 
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('ll sties 
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til 

035 

034 

0-28 

0-34 

0-65 

0-29 

200 

l-ll 

1 07 

0-86 

0-99 

1-22 

0 74 

220 

1 00 

too 

1 00 

1 00 

too 

1-00 

.111 

0-24 

0-2.3 

016 

0 24 

0 26 

0 28 

222 

095 

0 93 

0-72 

0-83 

1-70 

0-68 
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~ 600°C. l.orentzian peaks were fitted to the 
measured spectra by a least-squares computer 
program and from the fitted curves the hyper- 
fine field and isomer shift were calculated for 
the absorber at each temperature. Two final 
runs were made in which room temperature 
spectra were obtained in the absence of an 
external magnetic field and with a field of 
12-6 kG applied to the absorber in order to 
determine the sign of the hyperfine field. 

3. RESULTS 

The Mdssbauer spectra at low temper¬ 
atures had six peaks which, as the temperature 
increased, moved together and finally co¬ 
alesced at the Curie point. (See Fig. 2 for 
representative spectra.) The low temperature 
aging made the Mossbauer spectra ciinsider- 
ably more distinct. I hc fitted curves were 
analysed and the hyperfine field was calcul¬ 
ated as a function of temperature. The hyper¬ 
fine field showed a variation with temperature 



t ig 2. Rc'prcscnliitrvi; Mossh-mci ^pcc^ld tor < ii...MnAI + 
■■’Re. 


similar to the variation of the magnetization 
for temperatures between liquid nitrogen 
temperature and room temperature. These 
values are plotted in Fig. .^. The hyperfine 
field for Cu 2 Mn.Sn was not measured at elev¬ 
ated temperatures owing to the occurence of 
a phase transformation at a temperature below 
the ('urie point (3). If a extrapolation is 
carried out for the hyperfine field values 
for Cu._.MnAI. a value of the Curie point of 
520°K (cf. 630“K in (3)) is obtained (marked 
Tc in Fig. 3). Values of the isomer shift 
relative to natural Fe at room temperature 
and hyperfine field are given in Table 2. The 
application of an external magnetic field to 
the absorber caused a distinct decrease in 
the hyperfine splitting indicating a negative 
field at the f e nucleus. 

CujMn Al- 

Cu^Mn Sn •• 

o 


4. OISC LSSION 

.Since a siruie si\-liiie speciium ^^,ls ob¬ 
tained at low lemperatiiies wc can reasonably 
assume that the Fe replaces only one .Ui'inic 
species m the alloy, most probably the Mn. 
Also, if Fc goes to the Mn sites then an Fe 
atom will he m an enviionment tree from other 
I e atoms out to the 3rd ne.iiest neighbour. 
I hus v.c ciin neglect T*c-Fe inteiactioiis and 
the Fe nucleus will lie in an ensiionment duo 
to the parent atom and a Heiislei' alloy matrix. 
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Table 2. Mbsshauer data as a function of 
temperature 



ru.MnAH-^t-e 

('ii.Mn.Sti t- -”l c 

rrk) 

n..„ 

Isomer sliilt 

//,.„ Isomer shift 


(k(i) 

(min/scc) 

(kfi) (mm/scc) 

4 



-196 

7K 

-196 


- 194 

195 

IKO 


172 

29« 

I6« 

-0-20 

149 -0-47 

411 

145 



451 

158 



455 

150 



471 

- 120 



490 

107 



519 

S 



554 

(1 



594 

0 




I sourer shift 

1 he expciinicnt;il v;i)iies of Ihe isomer 
shift at loom tempeiatiire relative to iiiitiiral 
l e are 0-20 ami -0-47 mm/sce for ( ti^.MtiAl 
ami ( ii^MnSn respeetively. We believe th;it 
the 2 (/ elcetroiis of the Mn and I'e atoms in 
lltese alloys are to he deseiibed by over¬ 
lapping spin split icsonant boiiml slates whieh 
will result in theie being approximately 6 
ami 7d electrons in Mn and be respectively. 
I iiilhei more we shall assume that Ihe number 
of }d electiams per atom of f e dissolved in 
CioMnX is not signilieanlly dilferenl from 
that for an atom in pure iron melal. 

rsperimentally we lind 

Pi,.<(>) •- 

where / 0 |,,.(l)) is Ihe electron charge density 
al an I'e nucleus in natural be andp,(0) is 
the coi responding tpiantity for be dissolved 
in ( UjMnX. I his sequence we believe is 
due to the dilferenl valencies, ('ii and Mn 
have valency I in these alloys and the extra 
charge associated with the trivalent Al and 
quadi ivaleni .Sn atoms must he localised to 
these atoms to provide adequate screening 
of the ions and to maintain electrostatic 
neutrality. As is known there are oscillations 
in the screening charge density and thus there 
can be signilieant density of this screening 


charge at neighbouring atom.s; the isomer 
shifts imply that this latter quantity is greater 
in the Sn than in the Al alloy in keeping with 
the larger valence. 

Hyperfifie field 

The total hyperfine field at the be nucleus 
is the sum of four componentsf9, 10]. In 
ferromagnets with cubic symmetry, the only 
important components aie the orbital con¬ 
tribution. W/,, and the Fermi contact term. 
//,. In Cu.MnAI p ~ 1-993 for Mn (II), and 
hence the crystal field is such that the orbital 
moment is almost completely quenched and 
///, is therefore negligible in these alloys. 

Thus the only contribution of importance 
in the case of the Heusler alloys is //,. the 
Fermi contact term. This term can be con¬ 
veniently separated into two parts: //, =--- H, -(• 
//,. where H,. and H,. arc the fields due to 
exchange polari/.alion of the core .v-shells 
and the outer 4,v conduction electrons, res¬ 
pectively. //,. is given by //, = —Sx,. where 
S is the Bohr magneton number and is 
a measure of the spin polarization. Xr has been 
calculated for the 3(/ transition metals in 
atomic and ionised stales by Watson and 
Frecmanll2|. I hey found that x,(Mn) - 
X,(Fc) and also that x. i'' sensitive to the 
spatial distribution of the 3c/-eleclrons. Both 
the Heusler alloys and natural Fe have a 
bcc structure and approximately the same 
lattice parameler. We shall therefore assume 
X,. I*'* be the same for Fe and Mn atoms in 
Heusler alloys and for Fe in natural Fe, H, 
being decided only by the magnetic moment 
of the Fe or Mn respectively. This means that 
//,. for Mn in Cu^MiiX is numerically larger 
(i.e. more negative) than II,. for be in natural 
be. 

H,<xp,.(0) .p where p,(0) and p are the con¬ 
duction electron charge density and spin 
polarization at the nucleus, respectively(10]. 
In natural Fe, //,. is most probably negative 
113,141 and relatively small. According to 
the KKKY theory, spin-polarization of the 
conduction electrons can be described by the 
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function [sin( 2A>r) - 2k^ r cost Ik,. r)]/( 2Av r)' 
where r is the distance from the magnetic 
impurity atom and A;, is the wave vector at 
the hermi surface. This function has nodes 
at 2Ayr=4-5. 1-1, 11-0. 14-1 as is shown 
schematically in Fig. 4. In natunil Fe. the 



1 4 Spiii-pol.iM/.iUoii ol o'liduslion clcsliv'iis \s 

2A) / shovMnH (lie piisilions Ihe Mn llcll;hl'ollI^. 
op iiZiSii) IS Ihc position III iho ’lid Mil iioielil'oin n\ 
Cu,.MnSii, 

nearest and n.n, neighhotirs gi\e iise to a 
ncgtitive polari/tition at ;t particular atom I ''' 
r.xpcrimcntally the stmt ol the contni'i 
of successive cooidnialion shells is nti.' 
anil for Fe. this sum is negative. In ( o ' 
however, the nearest and n n. neighhi 
a Mn iitom aie ( ii and X respeclivel 
since neutron dilfiaelion measuremenis 
that there is no spin poUiri/ation tissociateu 
with the Cu ;ind X atoms t K'l they do not 
eontribule to the polai i/iition at the le oi 
Mn nuelet. We theiefore expect Ihtit //, is 
positive in C'tijMn.X and th;it its magnitude 
c;m be relatively huge compared with H, m 
Fe. thus, despite the lact that the magnetic 
moment of Fe m t'u.MnX is probably laruer 
than in natuiiil Fe. it is icasonahlc that H,.„Un 
l e in C'u.MnX is smaller in magnitude than 
in naltiral Fe. 

The mtignetic moment of Mn in ( ifMiiAI 
has been measured by Oxley to be 4-1 
Moreover, the mtignetic .moment of Mn m 


CUaMnIn has been found to be 4 0/u,/i|2. .^1. 
More recent measurcmenls| 17] have yielded 
a value of for natural CihMnAI. The 

hitter value agrees more closely with H,.„ for 
Mn in ru...MnAI and ('u.,,Mnln as measured 
by NMR1.‘'| assuming proportionality between 
//hu and magnetic moment. I I here are. in 
lact. eases where the hyperfine iield at the 
impurity atom docs not follow the host 
inagneti/alion. but the rule seems to apply 
in the majority of cases.) I he magnetic 
moment of I e m ('ii.^MnAI is unlikely to be 
greater than I he values of .4/x„ and 3-6 /j,/, 

agree rehitively well with //..ff as measured 
at Fe and Mn in t'ioMnAI[51. 

We have Isomer shift measure¬ 

ments yieki PilOl for Fe in Cu.^MnSn to be 
greater than p,tbl for ( ir.MnAI. If p is the 
s.iine for both .illoys. then H, should be 
gretilci' for ( ii.Mn.Sn than ( ii.MnAl, This 
is not the case since H,,/ is approxinvitely 
the same m both alloy-. Howev er./M t'u Alii.-M) 
■ pK'ii.MnSn) is m agieement ..ilh the 
RKKN' theory. F'ing a lice-eleciron model 
for calculation ol' A, . the neaiest Mn nei'm- 
1-. ■■ ir •' I ■ .! It - ■ 7 >' S-4 X 7 and 


case. IS siill lei lom.iimalu.. hn; liw ... . 

negative cimli ibiiiion of the nn \ln neigh 
hours results m .i value ol /, less than Ihit 
of ('ii.MnAI|8I Mils ilecie.isc in p loi 
(. iijMnSn comp.lied with ( ir.Mn.M ksiiIis 
m H, being approximately the s.ime in the 
two alloys 

S. CONI l.t.SION.S 

Fhese alloys c.iii be doped wilh 'M e .is .i 
Mossbaiier probe and the le .ippeais to 
replace a single atomic species, n.imely .Mn. 
Isomer shift mctisurcmenis are consistent 
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with a localization of conduction electrons 
to the X-atom. 

The measured values of at an Fe 
impurity in these two alloys and the relation¬ 
ship between these values is consistent with 
the RKKY theory for spin-density oscilla¬ 
tions. Any interpretation of such experiments 
must, however, at present, be tentative and 
qualitative owing to the impossibility of 
separating the conduction electron and core 
polarization contributions to 

,4< kniwlrilufmi'ni^ — I he iiulhors wish lo thunk ProfessDr 
H P Mycis tor suygesling this investigation and for 
vahiahle discussions during its development One of 
us. P W , also wishes lo acknowledge the aw-ard of a 
lescaich giant fioni Alt Atomeneigi. Nykoping, 
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SPECTRA 

K. (;KUSS. S. PKRM(M;<)R<)V. V. TRAVNIKOV und A. SKI.KIN 
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Abstract — h'xcil.ition Specli.i (F S ) of iVec escilon emission m UilS ciy sta!s are ineasiiied .il 4-2 and 
77”K both loi /eio phonon emission lines t/i = UI. n - l/i and n — 2/1) and lor line ol esciton annihi¬ 
lation wall simultaneous cic.ition ol‘ I () phonon {A, I Ot Distinctly pionoiinced osciltaling sliuc- 
liire with eneitty period ol I O phonon can he observed in the I- S ol'all cwilon emission lines I his 
sti'Liclurc aiiscs due to kinetic eneiyy lelas.ilion piocesses in evciton banils. the .ippearnnce ot osciln- 
lions IS conditioned by incomplete Ihei inali/ation of excilons dm my evcilon lilc-time (Absei valion ol 
discrete stiucluic m the U S peiniils inie to diavv sonie conclusions conceininy ihe mechanism ol 
exciton toinialKm under optical excitation ( leatnrn of excitons vviih kinetic cnciyies up to tl,2 eV'. 


considerably cxceedmy the bimlinj; eneiyy 0 O.A eV. 
phoncm lice exciton emission is briefly discussed. 

I. INIRODICTION 

Since the discovci y cil'exciton optical spectra 
in Cu^O crystiils I 7 yr aj;o[ 11. a large niiinhcr 
of theoretical and expciinienltil invcsiig.ilions 
on the cxcilon spectra in semiconductor 
crystals [21 have been ctirrietl out. l-ncrgy 
level posiiions tif ;i lice exciton. ihe seioi itoo 
rtiles and oseilhitoi' sirengths oroplic:il ’ 
tions inic) exciton suites, the symmeii 
pcrties of exciton states and the inline 
the external fiekis teleclric. mtigneu 
iini;ixi;il stress) on exciton levels were 
extensively. I hits the considcrtible in' 
tion iiboiit Ihe exciton htind stniclure nc.ii 
Brillouin zone center K ^ 0 was ginned. 

However, up to the present time liither poor 
information exists abxiut Ihe exciton kinetic 
preiperlies such as: formalion under optical 
excitation, rehixittion to the thermiil equili¬ 
brium state and diffusion in erysUils. I hese 
properties are of considerable interest since 
excitons play a significanl role in the processes 
of energy transfer and, to a great extent, de¬ 
termine such phenomena as photoconducti¬ 
vity and light emission in solids. Besides, the 
knowledge of exciton kinetics is very impor¬ 
tant in order to predict the possibility of 


\\ .IS ohsci\cil N(>n-ci.|Uilihi lum ch.u .kIlh i*r /cio- 

observing new properties of exeiion gas such 
•as Bose -condensatiorilj'. 4| and mclalli/a- 
iionf,*'). I hese phenomenii tire expected at 
high exciton concentitilions in crysitiK cooled 
to very low tcmpeiatmcs. 

Some inform,ilion on Ihe lice exciton kme- 


1 ' 

ponding to Ihe strong absoipiion lines on ihe 
edge of liindamcnuii .ibsoipiion Hoih 'he 
minima and mnximti in l-.S. can .ippeai til ihc 
Irequencic's ol absoiption lines[ll|. the 
genertil appeartince of the spcclrti depending 
on the mtenelation between the absorplion 
coellicient, the dilfusion length ami Ihe rate of 
siirftice recombination ivf photo-exciled Iree 
carriers ore\citons[ 12, n|. 

In some cases Ihc F.S. ol photocondiiclivity 
and emission tilso show the leguktr oscill.it- 
ing structure which is connected with the 
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kinelics of energy relaxation of elementary 
excitations and does not reflect the structure 
in the absorption spectrum. Such oscillations 
in photoconductivity H.S. in InSb were first 
reported by Stocker ct r;/.[l4| and in ln.Sb 
and ClaSb by Habegger atid Fan! 15). Later 
similar oscillations were also found in the 
photoconductivity H S. of C'dS and C'dSe 
Ilf). I7|, /n'le[lk], Ci;d*fl9|, diamond 
(2I)|. t ic and (11(1(2 I ]. Oscilkiting structure 
in the l-.S. of impurity emission was observed 
in diamond(221, (iaP[2t|. /nSe|24| and ( dS 
124-261. In most of these cases the oscillating 
progression of maxima or minima was conncc- 
ted with the ground state exciton level. 

However, both photoconductivity and im¬ 
purity emission anse as a result of interaction 
of free excilons with impiiiilies. .So the 
inforniittion about free exciton kinetics can 
he devluccd from both types of L.S. only on 
the ground of the supplementaly pressump- 
tions tibout the dependence of mobility or 
ctipturc cross-section on kinetic energy. 

Most etuuenienl for the stiuly of free 
exciton kinetics ate the L S. of /iee c\ci(oii 
emission Due to the conservation of energy 
and momentum in the processes of rtidiative 
exciton annihilation every point in the free 
exciton emisMon speeiium is connected with 
a eeitain point of exciton baiKl|7|. I he stuily 
ot' I' S. of this emission can provide direct 
infoim.ition about the exciton kinetics in 
dilfeient points of exciton hand. 

In the present woik we have measured the 
L.S. of free exciton emission in C\1S crystals 
at 4-2 aiul 77 K. 1 or dilfeicnt exciton stales 
(n 1^1. n = 2A and n 1/i) strongly 
pronounced oscillations in the L S. were 
fouiul. the sepalalion between maxima being 
eL|ual to the energy of an 1.0 phonon and the 
position of series depending on the exciton 
state under investigation. I he appearance of 
these oscillations is conditioned by incomplete 
thermali/ation of exeitons during their 
life-lime 

As it follows from our expeiiments, ‘hot' 
excilons, i.e. excilons, the kinetic energy of 


which considerably exceeds the mean ther¬ 
mal value. —can be detected in the K.S. of 
free exciton emission. 

2. EXPEHIMENl'AI. 

Hxcitation Spectr; (E.S.) of exciton 
emission in ('d.S crysials were obtained with 
tin optical system consisting of two prism 
monochromators. The crystal, directly 
immersed in liquid helium or nitrogen, was 
excited by a monochromatic light-beam, which 
W'as selected with the first monochromtilor 
('source') from a continuous spectrum of ;m 
incandescent lamp. I'he second monochro¬ 
mator ('receiver') w;\s used for dispersion of 
the crystal emission. By selecting diflerent 
lines in the free exciton emission spectrum 
and scanning the w avelength of exciting light, 
we determined how the intensity of the exciton 
emission line in question depended on the 
freqiieney of exciting light. It is this depen¬ 
dence which is calleil the Rxcitation Spectrum 
(L„S.). 

All the l-'.S. presented in our paper are origi¬ 
nal recortlings without corrections on the 
spectral distribution of exciting intensity. 
.Such corrections, as our investigation shows, 
do not significantly alter the general appear¬ 
ance ot the obtained L .S 

I he invesiigated ( d.S single crystals were 
thin (l()()-2()()/x) platelets grown from the 
vapoiii phase. Samples with siilliciently 
intense resonant tree exciton emission lines 
at 77‘'k were selected. Lhese ciystals. as ;i 
rule, had a rather weak 'edge emission' in the 
green region and a low intensity of lines, which 
appeared ilue to radiative annihilation of free 
exeitons with simultaneous creation of 1.0 
phonons. In all. more than .K) samples weie 
investigated. L'mission intensity and shape of 
peaks in the l-.S. slightly dill'er in various 
samples. However, the positions of peaks and 
gencial character of the L.S. are the same for 
all investigated samples. 

y. EXl'ERIMKNI At. kESlIl.l S 

I he emission spectrum of free exeitons in 
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CdS crystal contains both lines caused by the 
/ero-phonon annihilation of free exeitons and 
lines arising from annihilation of exeitons with 
a simultaneous creation of 1.0 phonons in the 
lattice. As a result of the momentum conserva¬ 
tion in the emission process, /'cro-phonon 
lines appear at annihilation of exeitons with 
the wavevector and kinetic energy almost 
exactly equal to zero (the bottom of exciton 
band). In LO phonon assisted processes 
exeitons with :my wave-vectors may take 
part, d'hc shape of exciton-phonon emission 
lines reflects the exciton kinetic energy 
distribution in the exciton band.' 

At T = 4,2°K lines of/cro-phonon exciton 
annihihition n~\A (A —48.53 A), I H 
(A = 482.‘iA) and n^-lA (A-^4814 A) 
approximately coinciding with the corres¬ 
ponding lines in the absoiplion spectrum 
[27,281 can be detected in the emission spec¬ 
trum of CdS crystals (I ig. I). Besides, lines 
of n~ \A exciton annihihition with a simul¬ 
taneous cretition of one (A — 1.0, A 4928 A) 
and two (A —21,0. A = 5007 A) l.O-phonons 
iire observed in the emission spectriiml7|. 
In our samples these lines (not shown in 



Hg I, l-inisMon spcciiiim of ( kIS single li>smK .Ji I - 
4,2'’K in Ihe legion ot /cro-phoiion free cveiii>n lines. 
Resonant emission lines n — \ A (.1,1. n - \ li iH,) 
and fi = 2A{A.) me marked by airosss. C»am in ihe k-ll 
part ol'spcelium is ineieased hv the vsideningol spcetial 
slit wiiith 


'The shape of free exciton emission linos and the 
pnncipal legulatilies earned out in the processes ol'e\ei- 
ton radiative annihilation, aie discussed in detail in oui 
previous pa pel [7]. 


rig. 1) are weak and lie upon a rather strong 
background of continuous emission. At 7 = 
4,2“K very intense emission lines of bound 
exeitons arc also present in the spectral 
region of 4860-4890 A [29|. 

I he emission spectrum of C'd.S crystals at 
7'= 77°K is shown in big. 2. It contains 
/.ero-phonon lines \A (A = 4870 A) and 
/;=l/7 (A = 4840 A) ;ind phonon-assisted 
exciton annihilation lines (A — 1.0) and 
(A -21.0). 

We have recorded the r..S. of resonant 
emission lines ii — IA ;ind /i = 1/7 ;tt T = 
4,2°K and 77''K. and line n — ZA at / = 
4.2°K. 1 he characteristic general feature of 
obtained spectra is the existence of an oscillat¬ 
ing structure of shaip maxima, separated in 
the spectra by the energy of an I.O-phonon 
10 0383 cV)'■. The energy position of the very 
first long-wiive maximum in eveiy H S. 
exceeds the energy of the exciton emission 
line under investigation <ilso b> the energy 
of I.O phonon, In big, ami 4 b',,S. of/cro- 
phonon exciton emission lines at / = 4.2°K 
and 77'’K arc given I he maxima positions m 
the ! ‘ ■ ' ' ’ " e.' - - I-"'. 


on- 

ma widtlv increases and then nucnsity do'iis 
In samples with bright exciton emission it is 
possible tv> obseive up to 7 distinct maxim,i 
in the b'.S. of/ero-phtrnon 11 - 1,-1 line Besides 
the oscillating structure, a certain continuous 
background, also diopping to the shoii-vv.ivc 
side, is obsci ved in the n.S. ofn - l.fline. 


In M>mc cases iho minima (m maxima ini the position's 
of the strong absoiphon lines .ne alvo piesenl m the I S 
k)!' iVcc cwiUm emissu>n I his phenx>menk'n is csidenily 
anaUigous (o ihc hehavioiir k>rexciton ahNk>iplion lines m 
photoconduetix il> 113] and is iH>l discussed heie 
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I ig 2, l ico cvcitim emission spocliiim ol CMS single eiyslols iit I' -= 11°K. Besulcs lesonitnt 
emission lines n - [A (/I,) .mil n - \ll {H,). n~ \A eyeiton nnnihiliilion lines with simnl- 
l.ineous CKMiion ol one l.^, I <)) .mil Uio l/f, 21 ()) longiliiilinnl opiic.il phonons e.m he 

ohsei sell in ihe speeirmn. 


I lie sludy of (he maxima shapes in the E..S. 
of olhei /ero-phonon cxeiton emission lines 
is impeded due to the poof resoliititin in these 
wciik spectra. However, as seen in Fig. 3 and 
4, Ihe F...S. of all zero-phonon lines have a 
similar chanieter and do not suffer any drastic 
change on rising the temperature from 4-2 
lo 77''K, 

At / — 77^K in Ihe H.,S. of the A —1,0 line 
an oscillating structure with a 1,0 phonon 
energy period is also clearly seen (l-'ig. 4). 
In this case the maxima positions of the 
equidistant series in the E.S. depend on the 
wave-length, selected by the receiving mono¬ 
chromator. 

Oilferent points of the A —1.0 line corres¬ 
pond to annihilation of excitons with adifferent 
kinetic energy I?]. .Since the spectral slit width 
of the receiving monochromator in our experi¬ 
ments was considerably less than the width 
of the A — LO line, we could separately record 


Ihe emission of excitons with different kinetic 
energies. 

In Fig. 5 Ihe position of the first two maxima 
in the F.S. of the A ~ LO line is given as a 
function of the kinetic energy of ii=)A 
annihilating exciton. I he latter can be evalua¬ 
ted as an energy difference between the 
position of the receiving monochromator in 
the LO speclrum and the point, shifted 
to the lower energy side of the zero-phonon 
emission line by the energy of LO phonon 
(7]. As seen from the Fig. 6, the maxima in 
the E.S. are always shifted by the integer 
number of LO phonons in relation to the 
energy of exciton under observation. 

The same regularities were observed in the 
E.S. of A — 2LO emission line at 77°K. 

We also studied the E.S. of bound exciton 
emission lines in CdS crystals at 4-2°K. 
l.ike the authors of [24] and [26], in this 
case we have also found an oscillating struc- 
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I'lj!. EvcUiUmn spcclia (I- S ) of (Vcc cxciloii cniission icson.inl lines ii — l.-f i, I, i .niJ n 
2A in Cel'' Cl > sl.iK .It I ' ' 


I'cihlc I. I’ositions of maxima 
sei>ara!ions between maxima 


emission lines o = 1 A. '• 


Finission 


liiic(A,cV) M'lxini.ii 


11= l.-l ^ 1.0 1- 21 O 

. i| i) 


\ - 

48.34 

47s: 

4712 

464(> 

438^ 

/: 

= 2 •.354 


2 631 

2 f*(>K 

3-^os : 74 

M. 

(cV) 

0 038 0 03'A OOn 0 0^7 0 0^8 

n — 

IH 

1 1 o 

1 21 O 

1 310 

1410 

A - 

4826 

4755 

4688 

4631 

4353 

t 

2 .369 

2 607 

2 644 

2 683 

3 733 

AKleV) 

0 038 0017 0039 0040 

n — 

lA 

3 LO 

+ 21.0 

+ 31.0 

1 41,0 

A -- 

4814 

4742 

4674 

4(i09 

4546 

r: -- 

- 2 57.3 

2-614 

2 652 

2-6>8) 

2-726 


0 039 0 038 0038 0 036 
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Table 2. Positions of maxima in excitation spectrum (E.S.) and separations 
between maxima AE in E.S. of free exciton resonant emission lines n= I A, 


tt= I Bat 77"K 


i IlllSMOll 

line (A, eV) 


Maxima positions in F.S. (A. eV) 


II 1,1 I I.C) 421,0 4 .4LO 4-410 +51.0 +610 

A -4X71 470X 47W AtM) 45% 45,t2 4471 

- 2 545 2-5X5 2-621 2 6M1 2-607 2-7.55 2-77.5 

A/. (cV| (MI5X 0-0.5H 0 0.50 0 0.57 0-05X 0-05X 

II I ti I 1 O I 21 O -I 51 O (-41.0 I 51 O 

A 4X45 4775 4600 465.5 4.570 4504 

I. 2 .550 2 507 2-6.5X 2-676 2-7)2 2-750 

a;-, (cV) 0 0.5X 0-050 0 0.5X 0 0.56 0 05X 


tore in H.S. of some emissii)n lines. However, discussion 

the H.S. are more complicated for bound The study of free exciton emission E.S. 
excitons than for free excitons. and the in CdS crystals shows that the efficiency of 
maxima in these spectra have a fine striiclure. this emission considerably drops as the 
I his fine siructure. and the conditions of it’s exciting pholon energy increases. The most 
observation will be described in our following effective excitation of the excitons with the 
paper. given energy takes pltice when the energy 



I ig 4 h \cMalion 'ipccija (h S ) of cxciion emission in ( dS eiysialN .n 77'^K for // = 
]A \A,) lesonanl line and fo* Ibc t)F phonon assisted exciton annihilation line 

{A, I ()»tSecte\l) 
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X,„. A 

4940 4920 4900 4600 4660 



I \\i. DopcnOcncc i)t'(HO fiisl ma\ifn;i pOMtn>iis (A. 

iti (he r S, of ihc skikI*-’ phonon iissjsicd cvciion 
ttnnihil.itioti (/'fi —I <)) on kinclK’ energy (/-.Y.iJol obser¬ 
ved exeaon tit ihe (--li 1 O) ^pec(lMln at 77"K. I xperi- 

ineiilal icsulls aic lepiesenlcd h> e^o^se^. <ibstissa being 
the position of receiving monoehu>inaioi in (he cnnssion 
speelium. the tndin.iie -poMlion ol ina\iiinnii in I 
Kinetic energy of annihilating exciton /• m<iy be calcu¬ 
lated in the emission spectrnni as the dilfeience Kiuv 
the detected energy tind the energy displ.iccd bch>\' 

// *■ 1 A losonant line h\ the eiieigv ol one I () plioi • 

of the exciting photons exceeds Ihe enc. 
of the exciton under ohscrvalion bj 
integer number of I ()-phonons. Such 
regularity has been experimentally established 
both for excitons with a zero kinetic energy 
(for resonant emission lines ii — lA. ii— 
\B and n = 2A) and for excitons at a geneial 
point of the cxeiton band (in the l-.S. of 
A ' 1.0 line). 

The positions of Ihe maxima in the I-.S. of 
free exciton emission differ for ditferent 
exciton lines and do not coincide with the 
positions of absorption lines in the region of 
fundamental absorption 130J. Therefore it is 
natural to connect the structure in the 
with the kinetic phenomena in the exciton 
bands. 


In order to explain the observed pheno¬ 
mena, it is most plausible to assume that Ihe 
thermal quasiequilibrium is not completely 
established in the exciton band within the 
time preceeding the radiative annihilation of 
free excitons. 

As can be seen from the comparison of the 

H. .S. of different lines in the free exciton 
emission spectrum, the intensity distribution 
in this spectrum depends on the frequency of 
Ihe exciting light. Such a dependence is 
characteristic of non-equilibrium emission 
processes [32]. 

It may be assumed that excitons. created 
with ;i high kinetic energy, excite 1.0 phonons 
in crystal and very quickly lose excess of 
kinetic energy equal to an integer number of 

I. O-phenons, But equilibrium of exciton 
kinetic energies with Ihe lattice temperature 
cun only occur as a result of excitation and 
absorption of a large number of acoustical 
phonons. This process is far slower than the 
interaction with LO phonons, and is not 
completed during the exciton life-time + 

l igurc 6 shov-s how an incomplele eslab- 

(jvh..- • ■ ..<■ •' ! iiini in cvcilon 


phonons ahov e poiiil /, . i he mw ^ ^ ^ ... 

alion process with the emission of 1.(3 pho 
nous only will lead them to point E . High 
population rate of /■-' in this case will result 
in a high emission intensity of excitons. 
and the maximum in the l'..S. will be obseiwed. 


A similar assnmpiion was ni.iclc b> Ch'U> anil 1 ola 
|31| for explanation of the oscillating stnictuic in I- S. 
ofexciion emission m ( iiHr crystals 

I We assume that the probability ot'cxsiion iniciayiion 
with JX) pluintms is imich higher than vMih acousucal 
ones rheoictical Horks[V^. U| iiisiify this assunipnon 
for ionic scmiconJucloT cry slals 
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ExcOon 



I'lg 6 Schematic representation of successive iA) 
.»iul inconiplelcly successive (/i) I () phonon iclaxation 
piocesses m csciton population of point f' 


Hxcitons, created at point li (Fig. 6), can 
reach /;' point only after the emission of a 
laige number of accousiiciil phonons. There¬ 
fore. a great probability exists that an excilon 
will not reach point during its life-time. 
The excitation efficiency of exciton emission 
from point /•.' will in this case be low (mini¬ 
mum in the H.S.). 

Let us now consider the process of excilon 
formation under optical excitation. 

1 here are two possible ways of exciton 
formation at light absorption in the fundamen¬ 
tal region. Firstly, excitons can be formed 
from free electron-hole pairs, generated in the 
process of interband absorption. Besides, 
the exciton formation is possible by indirect 
exciton absorption. As a result of it an exciton 
and phonon appear in the crystal. The study 
of indirect exciton optical transitions in Cd.S 
ciystals|7, .151 shows that such transitions 
most probably occur with l.O phonon 
participation. 

For the observation of oscillating structure 
in the H.S. of free excitons, in the case of 
exciton formation from free carrieis. it is 
necessary that electrons and holes do not 
thermalize by interaction with acoustical 
phonons before the binding. In such a case 
the binding should take place for particles 


with a rather high relative speed. The probab¬ 
ility of this process is low. A much higher 
binding probability exists for completely 
thermalized carriers with low relative speed.* 
Flowever, no oscillating structure should be 
observed in the E.S. in this case. 

In order to explain our experimental data 
we assumed that the exciton formation in the 
region of oscillating structure of E.S. is a result 
of indirect exciton absorption. The energy 
conservation law for simultaneous optical 
creation of exciton and one LO phonon in a 
crystal is: 

hl>~ lla^F.t^in + huiu ( 1 ) 

where hv is the energy of absorbed photon, 
/:« — the energy at the bottom of the exciton 
band, — kinetic energy of created exci¬ 
lon. —energy of LO phonon, which 
conserves momentum in absorption process. 

As it follows from (I). an indirect exciton 
absorption begins at photon energy liv = 
Fu + ho)„ and passes continuously into the 
high energy region as the kinetic energy of 
created excitons increases. In the region of 
small exciton kinetic energies, the absorption 
coefficient for this- process in propoilional to 
/:ij\'“134. 35], Al high energies this absorption 
coeHicient should drop due to a decrease of 
the exciton-phonon interaction probability 
at large wave-vectors A' [33j. 

Thus, creation of excitons due to indirect 
optical transitions is possible in a wide region 
of the fundamental absorption, the kinetic 
energy of created excitons determined by: 

( 2 ) 

If only LO phonon relaxation is completed 
during the exciton life-time, the formation 
of excitons with some definite kinetic energy 
E' will take place al photon energies 

h ~ iiIioih ( 3 ) 


Binding of curriers inlo the exciton wus discussed by 
l.ipnickl36). 



HOr EXCITONS AND EXCITON EXCITATION SPECTRA 


2603 


where n is an integer, and —minimum 
photon energy, leading to the formation of 
excitons with 

In this case a series of very narrow maxima 
at photon energies, determined by equation 
(3) must appear in the E.S. of exciton emis¬ 
sion. Emission and/or absorption of acoustical 
phonons in the process of kinetic energy 
relaxation will broaden these maxima. Since 
at low temperatures phonon emission is more 
probable than absorption, the maxima in 
the E.S. should be asymmetric with the 
short-wave side wider, than the long wave 
one. 

Investigation of indirect exciton emission 
spectra in CdS crystals[7] showed, that in the 
region of small wave vectors indirect optical 
transitions with simultaneous creation of two 
LO phonons may have the probability com¬ 
parable with that of an one-phonon process. 
This process will cause continuous absorption 
beginning at photon energy 

lu' = E„\-2ho>,, ( 4 ) 

and passing into the high energy region with 
the increase of exciton kinetic energy. In il 
high energy region this absorption, like 
single-phonon one, should also decrease. I 
process of oscillation formation in the t 
due to two phonon indirect absorption di 
not differ essentially from the case of sing 
phonon absorptiem. 

Indirect optical transitions with simultan¬ 
eous creation of 3 or more 1,0 phonons should 
have small probability in CdS crystals. .Such 
transitions were not observed in the indirect 
exciton emission spectrum in CdS crystals 

[71. 

In order to learn the mechanism of exciton 
formation in CdS crystals at optical excitation, 
we have studied the dependence of exciton 
emission intensity on the intensity of exciting 
light in different regions of the E.S. (Fig. 7). 

If one of the maxima in the E.S. is selected 
for excitation, the intensity of exciton 
emission is proportional to intensity 



I 7 OcpctHicncc ot /i • I cscilon cinisMon line m\- 
icnsUy /,,n on itic ovcitmii lijihi /,, .ii I — 

77 K. « c\»-ttrition nici'^tirv line X •- Vsfy /' - 

c\e'« ■■■•»■ '' '111 ( I 


s 11 

optical excitation in the region far above the 
fundamental edge (X - 36b m/x) excitons are 
formed from electron-hole pai's (himoleculai 
process). In this case the concentration of 
cretitcd excitons is proportional to the 
product of free electron concentration n anil 
the concentration of free holes p. and mav be 
proportional to /,\. At optical excitation in the 
spectral region just above the fundamental 
edge, the exciton formation takes place mainly 
due to indirect exciton transitions (mono- 
moleeuliir process). The concentration of 
excitons. created in this process, must he 


JPCSVol.3l,Na 12-B 
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proportional to the intensity of exciting light 

/..X. 

Thus, it may be concluded that in the 
spectral region just above the fundamental 
edge free excitons are formed mainly due to 
indirect exciton transitions. The absolute 
maximum of the E.S. of exciton emission is 
located in this region. On increasing the 
photon energy the probability of indirect 
exciton transitions becomes less, and a drop 
in n..S. is observed. At excitation in a high 
energy region free excitons are formed from 
the thermalized electron-hole pairs. 

We have managed to observe up to 7 
distinct lines in the E.S. of exciton emission. 
If we assume that photon energy is partly 
wasted on the formation of one or two LO 
phonons, the maximum kinetic energy of 
excitons created in our experiments equals to 
0.2 eV. 1 his energy considerably exceeds the 
ionisation energy of a free exciton in CdS 
crystals (0.03 eV) and kT value al 77°K 
(0.01 eV). Thus it may be concluded that in 
the E.S. of exciton emission we observe the 
formation of‘hot'excitons. 

T he appearance t)f oscillating structure is 
entirely connected with the absence of ther¬ 
mal quasi-equilibrium in exciton bands. Since 
the (heimalizalion time can be estimated as 
being less than lO sec in C d.S at 4'2"K[9|, 
it must be presumed that in our samples free 
exciton life-time was of order lO ’"sec al 
4'2"K. .Such sh(»rt life-time is evidently 
determined by great probability of nonradia- 
tivc recombination. 

At lising the temperature exciton thermal- 
ization time becomes shorter. Simultaneously 
the exciton life-time becomes also shorter, 
which can be concluded from the weakening 
of free exciton emission from 4-2 to 77“K. 
Thus, the nonequilibrium distribution of 
exciton kinetic energies can exist up to rather 


jnleiprfCttion of noncquilibriuin exciton emission 
in CuBr Goto and L)ela|.tl| used polariton dispersion 
peculiarilics near point K -(I|.t7|. However, in our 
experiments the short life-time of free excitons should 
be .issumed for all the points of the exciton band. 


high temperatures. Moreover, as our experi¬ 
ments show, the observation of oscillating 
E.S. for exciton emission is even easier at 
77 than at 4-2“K. 

The dependence of exciton kinetic energy 
distribution function on exciton life-time may 
explain the discrepancy between the results 
of this work and our previous measurements 
(71 of equilibrium distribution of exciton 
kinetic energies in CdS crystals. The samples 
used for the latter measurements had a high 
intensity of phonon-assisted exciton emission 
lines. It may be assumed that free exciton 
life-time in these samples was long enough for 
the establishment of thermal equilibrium in the 
exciton band. Samples used for the present 
measurements had an intensity of phonon 
assisted free exciton emission lines 10 to 50 
times weaker than in the previous case. This 
low intensity is evidently connected with the 
short life-time of free excitons in these 
crystals. 

The observation of non-equilibrium exciton 
kinetic energy distribution in the E.S. of 
resonant exciton lines is promoted by the 
existence of strong self-absorption for these 
emission lines in the crystals, as explained 
below. 

In the process of optical excitation of a 
crystal the exciton formation lakes place in a 
rather thin layer near the illuminated surface. 
The thickness of this layer depends upon the 
ab.sorption coefficient value in the fundamen¬ 
tal region, and is about 10 '’cm for CdS 
crystals. Then a ditfusion of the excitons into 
the bulk of the crystal takes place. It is 
accompanied by a simultaneous thermaliza- 
tion of excitons. 

1 he further the excitons move inside the 
crystal, the nearer is their kinetic energy 
distribution to the equilibrium function 
determined by the lattice temperature. If the 
emission, the E.vS. of which is studied, is 
strongly absorbed in the sample, only the 
radiation, which arises in crystal regions close 
to the excited surface, will escape the sample 
and will be detected by the outer receiver. The 
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distribution of exciton kinetic energies in 
crystal regions, examined in such experi¬ 
ments, most strongly differs from the equili¬ 
brium one, and this non-equilibrium distribu¬ 
tion is reflected in the E.S, of observed 
emission. 

Simultaneous observation of zero-phonon 
emission lines, corresponding to different 
exciton bands (/i — I /!, /i = l/i and // = 2/f) in 
the low temperature spectra of CdS crystals 
may be also connected with the non-equili¬ 
brium character of free exciton zero-phonon 
emission, caused by a strong resonant self¬ 
absorption in the crystal. 

5. SUMMARY 

The investigation of E.S. of free exciton 
emission has shown that in many cases the 
processes of exciton emission are essentially 
nonequilibrium. Exciton formation under 
optical excitation occurs most efficiently in 
the spectral region just above the fundamen¬ 
tal edge. In this region excitons arc mainly 
formed due to indirect optical transitions into 
exciton states. As a result of such transitions 
LO phonons and excitons with considerable 
kinetic energy are created. We have observed 
the formation of excitons with kinetic enc 
up to 0'2 eV, which considerably exceed 
binding energy of free excitons () ()3 eV 

The measurements of exciton cmi'-'^ 
intensity dependence on the mtensiiv 
exciting light has shown that at light absi 
tion in the energy region far above the funo.. 
mental edge (\ = 366mgi> excitons are 
formed mainly from the thermalized electron- 
hole pairs. 

We are of an opinion that a critical analyses 
of these results may be used for determination 
of such important free exciton kinetic para¬ 
meters as life-time and diffusion length. 

Though the observation of discrete struc¬ 
ture in E.S. in our experiments is connected 
with the nonequilibrium character of relaxa¬ 
tion processes in the samples studied, our 
results concerning the processes of exciton 
formation under optical excitation should be 


valid for CdS crystals with any free exciton 
life-time. 
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SURFACE IMPEDANCE OF GOLD FILMS ON BULK 
SUPERCONDUCTING TIN* 

H. A. COMBKT 

Centre National d'Eludesdcs Telecommunications. 22-l.annion France 

{Hecfivud 8 Hoi ember 1969; m revised form 6 Mon h 1970) 

Abstract—We have studied experimentally the variations of the surface impedance at 4 GFlz of gold 
films evaporated on bulk tin, as a function of temperature and gold thickness The results for surface 
resistance agree with a recent theory by Flurault on non-local effects in the electromagnetic response 
of superconducting contacts. The data for surface reactance show the phenomenon of anomalous 
penetration predicted by Dc Ciennes and Matricon. The values of the surface impedance when the tin 
is in the normal state, used to normalize the data, are derived from a theory by Meissner predicting 
a 'normal state proximity effect'. The consistency of the experimental results gives a check of all 
theories 


I. IN IRODUCI ION 

In iHE present study, we have measured 
the variations with the temperature of the sur¬ 
face impedance, at ;i frequency of about 4 
GHz, of gold films evaporated on bulk tin 
crystals. We were mainly concerned with the 
superconductivity induced in the normal metal 
gold by its proximity with superconducting 
tin, and with the influence gold hits on s"- 
conductivity in tin. The electrodyn.' 
properties of superconducting contacis 
already been extensively studied in Rcls 
|5]. We investigated the following proi . 

(a) surface resistance as ii function ol 
thickness, in order to check a recent thcoi . 
Hurault(2,31 predicting non-local effects in 
the electromagnetic response of supercvniduct- 
ing contacts, (b) surface reactance, to evidence 
the phenomenon of iimmiiilttus pcnctriition 
predicted by I3e (iennes and \'latricon|6|. As 
far as we know, this elfect was born out only 
by low frequency e\periments|7) or indirectly, 
at microwave frequencies when me;isurmg 
surface resistances in a magnetic field 
As we measured only surface impedance 
variations, we needed to compute the surface 


impedance when tin is in the normal state. We 
used a theory by Meissner|8| predicting a 
kind of'normal state proximity effect’. 

At first let us recall some useful theoretical 
results. The geometry of the system is shown 
on Fig. 1. 


I h t\ 


where K is given by |91 


Log 


/, 






h DsK- 
4n f 



12 ) 


being the diffusion coefficient in ,\: 1)^ — 
U'rv l\. r,. being the bermi velocity and I the 
mean free path. T, s is the critical temper,iture 
of gold. If we assume /' -• 7 , 12) reduces to 


’Partially supported by the Direction des Rcchcichcs 
et Moyens d'Essais 


K '( /) 



(3) 
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1- ly I, Schematic representation of the pair potential. 


\ (D is given as a function of tj = [f.s( T)]lb 
and of the Ginzburg-Landau parameter k of 
the material. 

(b) Normal state proximity effects 

We make the following hypotheses to com¬ 
pute the surface impedance of the plated 
sample when tin is in the normal state: 

(I) extreme anomalous skin effect in tin. For a 
semi-infinite sample, the surface impedance 
may be written; 


and taking i.V \ — 1-4. lO’^cm/scclIOl 
K '( 7 ) 58 f (1V, K in A. T in °K). (4) 

Inside .S' (index .S') we get 1111: 

,5) 

where r/ is given by 


(9) 

(the anomalous skin depth Sv is about 2300 A 
at 41. GHz) 

(2) normal skin effect in gold: for a semi-infin¬ 
ite material we would get; 

Z = ( 10 ) 

with 


log-i-i--='k 


I 4 . 

2^A7tK„T) 'V2 



T he extrapolation length h is given by: 

h-i^^A' -'coth A (7) 

' AI s \- 

A'\ > being the respective densities of states at 
Fermi levels. In the limit 7’—* c. </ ‘ is 
given by 


If we take — (Af,jZ). the surface imped¬ 
ance of the plated material is easily shown to 
be (41; 


^ (Z„+ 1)1- (/o-l) e 

^ (z 7 +TT 


( 12 ) 


or, taking .v = (bjcts) and v — (S.Jc/v) 


limrw,,</ '-0-85(^„ Is)•'’(! 

--fs(F) (8) 

(fo lie s coherence length). 

Fquation (5) predicts a decrease of the pair 
potential in tin near the N-S boundary. Ihe 
corresponding increase in the penetration 
depth has been computed in 16] where the 
ratio of the effective penetration depth X,.f, to 


Z^.ff = /i.„w — [ r,,rr (jr, y) +,/' x^„ (jr, y) j (13) 

r,.„ and .v^,, being two real functions of .v and y 
we have tabulated. 

Using the precedent analysis and a model of 
free electrons, Meissner[4,8] has shown that 
the effective microwave conductivity of 
gold (to be used instead of <ry in equation (II)) 
is given by: 
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IT 2 t/;y 4 t/\' 


log 


l+a(l.s/lA) 

I + a( 1 ,v/1 .\) e xp (- 4t/,v/1 ,v) 


(14) 


a ^ 1 being the probability for electrons to 
travel from tin to gold, without suffering dif¬ 
fusion (experimentally o(ls/lv)~ 10^ so that 
a is not negligible). If the electrical contact 
between tin and gold is bad (a -+ 0), = 

<tk. so that we may really speak of a ‘normal 
state proximity effect’. 

If (/v < I V. (14) reduces to 


A more refined treatment, using the Boltz¬ 
mann equation, yields a formula analogous to 
(15) in the same limit t/y * 1 v( 12). 

Equations (11) and (15) show that .v and y 
are related by 


y.v- 


1 /K\ 

/XoCudy' \<ryj 


( 16 ) 


or taking numerical values for gold at 
GHz 14. 81 


y.v- 


37-5 




,1 

(c/y in A). 


Our procedure to compute the normal state 
surface impedance of the plated sample is 
then straightforward: Jy ttnd y are known; 
from (17) or from the equivalent formulas 
deduced from (11) and (14) when Jy '• U. we 
compute x\ then we finally use (13) and the 
tabulated values of c.frl.v, y) and .tVr^.v. y). The 
results are not very sensitive to the exact 
value of a( ly/1 v)[8]. We take «(1 y /1 y) = 10-. 


2. EXPERIMENI AL METHOD.S 

(a) Measuring let hniqiie 

We use a reflexion spectrometer (or precision .Smith 
Chart plottei) with a rutile dielectric cavity at a frequency 
of about 4 GHz Hhoi/KnTr) 5 X 10 The experimen¬ 


tal set-up is analogous to those already used by Drcssel- 
hauss and others! I.tj and Glosser! 14] for the 
measurement of surface impedance of superconductors. 
The principle is described at full length by Kyhl (I .^1. What 
we measure are the variations of the reflection coefficient 
I' of the rutile cavity placed upon the sample, as a func¬ 
tion of temperature. 

The reduced impedance ; of the cavity, found on the 
Smith Chart as in | i 41 can be written 


Z-=r^Jx^ (?<j + at) j ( 18 ) 

where (J{ coupling surtension coefficieni 

H -1- jX: surfiicc impedance of the sample 

/it,' resistance equivalent to the dielectric losses 

in runic 

A'* coefficient depending upon the exact mode of 
the resonator 

Ao> w — Wu , . j 

— --“ pulsation dissonance 

Starting from /„ • !, ss and a tuned cavity and lower¬ 
ing 7’ ihrttugh /'< wc find the vanalions 

—r« + — Qi R ~ Ru) 

+ /CA A(,V-,V„I ) 2/Ch6(--") (19) 

' 0)„ ' 

fi\> is due to the v.uiatjons of the dielcclric constants 
of rutile with / Uor /' 4‘2‘^K. the dieletiric losses do 

not vary apprccrahlyt '1 he K\o dielcclnc constants t and 
€ having a parabolic vanalion with / m that range a 

plot . ‘ ' ■ ,10 It I 10 


ti.itcd b> { anelii s icsultsl4| ihc luuK ii.'K., j i 

cent tor ^/^ • UKHt A at Ansua^. vse can cci- 

tumly neglect the s>sicinaUc ciior introduced bv ih.ii 
assumption as long as percent 

tbi SttmpU' pri'parafioH 

two plates (tlia 20 mm. thickness: 4 mm) oere spaik 
cut with the same oiicniation fioin the same /one of a 
crystal grown from 99 999 percent pure tin (Hoboken). 
Ill order to avoid anv anisotrops elfcci onI> these two 
plates were used for all samples The plates were electro- 
polished in order to remove the perturbed surface layer 
Just after the final touch of polishing, a plate was mounted 
in a vacuum jar. CJold was evaporated on the plate held 
at amhiant temperature (pressure during evaporation 
5!0 **torr). Afterevuporation. samples were kepiai77’K. 
before mounting in the spectrometer. After completum of 
a run, gold was dissolved and the procedure repeated 
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1 he thickness of the gold layer is inoasiircd by classical 
iiUeifcMoincln'cal methods on the samples and on lest 
layers ev,ipoj,iicd on glass slides at the same lime. 
A/ ( [I 1 s IS deduced as usual, I’loui (he residual ic- 
sisiiviiy ratio (/< /< f< ) of the test samples We lind 
I \ 240 A indepcndenily of dv- 

I he prohleiu of mterdiflusion betsvecn gold and On has 
already been discussed in (41 Neveithelcss, we may noie 
the following points: X-rays diHYaction patterns of sam¬ 
ples agetl during two months at room temperature did not 
reveal the formation of inteiinct.illic compounds I his 
contiasts with llic results of klokhoImjlVl for thin tin 
lilms MoreovcJ. as pointed out by MeissncrlHj. if they 
esisted. the compounds should have the same value of 
l/o .IS piue gold Uillusion etfccls exist, as shown on 
I ig. the ciiiieal lenipej.iliiie J, vs decreases with in¬ 
ti e.iMug f/v I his cannot be expl.uncsl by pixiximity clleets. 
but can be due to the lowering ot U by dilfusion ol gold 
into tin I lie genetal m / /> etfcct on I, for alloys of 
v.uums solutes mio I in has been studied by Set in and 
cowoikeis{2t)|. Using (heir genetal lel.ition between the 
ri.ietional change in /, and tj\y foi elecliopOMlive sol¬ 
utes, we gel an eslimalion of U b’or </v bHK) A we liiul 
;../ls (1-7. Since nunieiically <'iv Ct 2A0(1 A, wc still 

li.ive .1 vciy anomalous skin etreel in tin (see ltB)|. This 
agiees with the i.icl that the assumption of a normal skin 
ellect does not lead to consistent results for (he smfacc 
le.icl.ince (see below). 

Moioovor, nuffyl 16) was .ible to levcrse the decrease 
in y, vs of ,Sn-Au contacts evaporated at rot>m tempera- 
tine by dissolving some of the gold. I his rules out diffu¬ 
sion elfecls as the only mtcipicl.ilion of the observed 
phcnt)inena. On the other hand, since our gold films aic 
alfcady dirty, ddfusion of tin into gold is not mcaningfull 

Since wc must also assume that <r,.rf / lot the coiv 
sjsicncv of the siiifacc icaclance data, the possible oxyde 
la>er on tin docs not play a signilicaiK role Unfortun- 
.ilely. the theory is not sensitive to the exact value of 
<r( K/1 v). so that wc cannot determine « and I ^ separately. 


3. EXPERIMKNTAU RESUM'S AND DISCUSSION 

(a) Siirfave resisionci' 

The values of the surface resistance of our 
samples, normalized as described above, arc 
plotted vs. t = ( I'lTrysiih)) on Fig. 3. For the 
sake of clarity, the curve for unplated tin is 
omitted. It does not differ very much from the 
curve corresponding to c/v = 130 A, 

Figure 4 shows the variations of lAt, (i\) = 
1 vs (/.. i> is normalized to the value 

for unplated tin corresponding to the sdnic 
reduced leinperature (using 7’, \,s(0) = 3-72 
"K) (this eliminates the dispersion in /, w'")- 
I'he full curve is a best fit to the function 
UKd^) where f(ii) - {ir h sir iilhr t ti) 
is deduced from Hinault’s theory as explained 
in the Appendix. From the fit. we deduce K ' 
(7V\s) ' 4,'sO A and from (4), ly ~ 220 A in 
agreement with values deduced from R.R.H. 
measurements (sec Section 2(b)). 

The decay of i> as (K <1,0 - when K i/y ^ 1 
is emphasized on Fig. 3. For t *= 0-98 and 
small d^ values, we are already out of the 
range of validity of the theory which uses 


* t he absolulf crroi in ihe determination of 7 , .,, is 
0-()l“K. but the temperature variations in a given run 
arc more accurately known, and the precision on I is 
belter than 10 ^ 
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Fig 3. Normalized surface resislance vs. reduced lemperalure and gold 
thickness. 


developments in powers of A, but we still find 
a ds dependance for large r/\. 

The fit is obtained though the hypothesis of 
a dirty S material is not verified (the above 
discussion shows that it is not very clean' 
Anyway, any function /(a) such as ./((>) 
and /■(//) '' hr if u ^ would give ne 
such a good fit. 


for tinplated tin. From his results, we may 
admit that at 4 CjHz: 

I. , / I W ; I 


(b) Smjtne nun la nee 

(5ur measurements give the imaginary p.,, 
of the penetration depth ~ XJfji,iio. In 
order to compare it with the effective pene¬ 
tration depth \,.rf( 7’), we should make correc¬ 
tions according to the Kramers-Kronig 
relation [17|; 


S,,v(ru, 7 ) - / 


2(i>’ C' ! )doj' 

77- ■ 

( 22 ) 


Unfortunately, R,s = /U(i<uS,,s' has not been 
extensively measured as a function of fre¬ 
quency for plated materials. Anyway these 
corrections have been done by WaldramlI7| 



Fig. 4 /i(/ lUliiii. U) vs. (A «illi /< 1 the 

ehcoiclic.il CHOC is .1 best I'll to lluKiiiil's ihcois isec 
Appendix) 
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_ I ^(0) 
M T) m dAldO 

and 


^ 1 1-f/i^O 

^ Vz 

where 

+ 2 ^’ 


(23) 

(24) 

(25) 


/•'(<■>', fi, y, z.) being a hypergeometrical func¬ 
tion with: 


hrg ftif. vs. I oganthmical coordinates 

unplatcd tin for which our results agree with 
117). 7] is deduced from (7) and (8) using 
numerical values of N and v,.- for gold and tin 
116) and the 1 \ and K ' values found previous¬ 
ly. As Is is not precisely known, we use the 
trick of taking the largest m.f.p. compatible 
with the theory i.e. I s fo (the same approxi¬ 
mation is done in (5|). The theoretical curve is 
computed from (h). It is parametrically 
defined by: 


.V = 1 4- x/l + and /a = ^ = 0-114 

(we neglect the variation of « with /'). 

We may do the following comments: 

(a) We used the D.G.W, theory for a clean 
superconductor, with l.s 

In the absence of theories pertaining to our 
experimental situation, we may get an idea of 
the uncertainity in the -q values found above 
by comparing the values one would get for 
two semi-infinite materials: 



Eig. A. Anomalous pcnelralion depth 7')/S„(0, 7) vs. 

T) - t-st I'ill’, foi dilfcrenl (/v and I. Theoretical curve according 
to Ref |6| (see text) 
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— D.G.W. theory for dirty identical materi¬ 
als: 

h = K ' and 17 = 1 -57 (26) 


— Zaitsev theory [18] for clean materials 
differing only by the HCS. interaction V with 

Kv = 0 : 


^0 1 -03 

h = — 7 =and therefrom n = — 

V2 vT-t 


(27) 


(26) and (27) do not differ by more than about 
50 percent for t > 0-7. 

(b) Corrections due to the finite frequency 
used may compensate because of the nor¬ 
malisation to 8,s(0. T). 

(c) For most thicknesses, 77 - l/hq 1 so 
the approximation A(-FO) = d»rv( I ) used for 
computing /j in the Appendix is not too bad. 

(d) In all the theoretical calculations, the 
inequality </^ -V: 8 v is supposed to hold' in 
fact our values of Sy deduced from (17) or 
equivalent formulae, range from 8 ^ — 3750 A 
for t/v - 150 A to 8 v - 6000 A for d, = 1000 
A. 
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4. CONCLUSIONS 

The preceding rc.sult.s are in rather goi 
agreement with the theories to which they .o 
compared. The non-local character of il.v 
electromagnetic response of superconducting 
contacts is well born out by the decay of p as 
for large Js- We have obtained also a 
microwave evidence of the anomalous pene¬ 
tration phenomenon. We lack a determination 
of l.v, but we nevertheless obtain a more ac¬ 
curate check of Meissner’s theory than his 
calorimetric experiments, but still on the same 
Au-Sn system. 
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A( HO) ilcponds on </\ thioogh (.‘i) and (7); however, .IS That is not true of the corresponding formulas for 
l>s ■ the depcndance is rather weak The ratio p .W/.V,,. so we did not try to verify (A7). (I he predicted 
(/<„ ■/fs((l//<„) will then depend upon </\ as/( K </x). rise of just below 7', has nevertheless been cvi- 

I oimidae (A6) and (A7) aio leininisccnt of the follow- denced for tin 117)). 
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INHOMOGENEOUS BROADENING OF THE OPTICAL 
SPECTRA OF Yb'+ IN PHOSPHATE GLASS 


J. T. FOURNIER 

( entral Rcseaich Laboratory. American Optical Corporation. Soulhbridgc, Mass. 01550. U .S A 

and 

R. H. BAKTRAM 

Physics Department and Institute of Materials Science. University of Connecliciit. Storrs. Conn 

06268. LI .S A 

{/it < eiii d9 Frhruury 1970) 

Abslracl —The observed widths and asyminetrics of the spectral lines of Yb"^ in phosphate glass are 
attributed to systematic site-lo-sile variations in the crystal field at the rare earth. A model rare earth 
site consisting of a Yh " ion coordinated by three PO, tetrahedra is considcied. A compliant mode of 
distortion of the complex is identified, and it is shown that a distribiilion ot distorted sites can lead to 
lincshapcs which tcptoduce many ol the features of the observed spcctia. Using a point-ion model, the 
ctystal field at the rare earth site is calculated as a function of a single configuration coordinate which 
describes the distortion The electrostatic eneigy ol the complex is also determined as a luntlion of the 
configuiation cooidinate. and the Imeshapes ate computed from the crystal-field levels .issuming a 
Holl/mann distiibinion, Because ol uncertainly m the siriicliiral parameters of the glass ihe etiect on 
the Imeshapes of variations in the dimension of the complex and in the chaige stales of ihe ligands is 
considered. "Ihe crystal-field parameters .nc scaled to compcns.nc dcficiciictcs in Ihe point lon ap- 
proxim.ition. and Ihe effect on Ihe lincsh.ipes ol changes in Ihe scale lactois is discussed 


I. INTRODUCTION 

Rr.CENTLY, Robinson ;tnd Fouinier ini' 
inferred a Irigonally distorted oct;ihedr;il s. 
for Yb'" in phosphate, silicate and german.i. 
glasse.s from a study of Ihe low tenipcniln. 
absorption and emission spectra of the V I 
ion[I,2]. They propose that the rare earth 
coordinated by three IVIOi (M -- R. Si or fic) 
tetrahedral ligands. T wo of the oxygen tons 
associated with etich tetrahedron are tissumcd 
to be non-bridging tons forming ionic bonds 
with the rare earth. The other two oxygen ions 
associated with a tetrahedron arc assumed to 
be bridging oxygens foiming the usual 
M—O—M bonds which link gla.ss-forming 
tetrahedra. Consideration of ion sizes shows 
that the Yb'^ is too large to permit Ihe six 
non-bridging oxygens to form an undistorted 
octahedron if O —O distances appropriate to 
unaltered glass-forming telrahednt are main¬ 
tained. Since covalent bonding strongly favors 
preservation of the MO| geometry. Itirge 


,ii. • 


tui.iyeu noii-i 1 .. 

of each of ihe Ihree lelrahedr;i ihrough ccjual 
distances along the Ihree Iwo-fold axes of ihc 
oclahedum as shown in Kig. I 

The absorplion and emission spectiii ot 
Yb"^ in a lanthanum-metaphosphaie glass ,ire 
shown m Fig. 2. T he 4/ '' ground configuration 
of Yh*' gives rise to "I'rj and T'-, levels 
which are sepaiitted by tibout I ().,‘'00 cm"' 
with the ./— 7/2 level lying lowest. The 7- 
levels are split through interaction with the 
crystal field, and transitions involving the 
maximum allowed number of Kiamers doub- 
Icls ;ire observed. An energy-level diagram 


2(>l V 
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I ig I Proposed i.iic eiirlh site model. In ;i sliueliiic 
hased on iindisloiled MO, leliahcdia uilh oclaheilially 
anayerl non-bii<l(;in(’ oxygons. Ihe cenlral void ol (he 
eoinplev van aeeotimuKi.ile an ion with ionie ladnis ahonl 
hall lhai ol a liivaicnt line oarih ion t-vpansion of the 
voni by lianslalion of the Ihiee MO, leliahedra along the 
Ihiee (aves shown by ariows pieseives the tiiponal 
sy imiieli y of the eomplev. 


viclivcci rrtiin (he peak posilions is shown in 
l ij’. In Ihis ligurc. the eiystitl-lield-splil 
levels are laheletl aeeoixling to the oetahedral 
manifolds from whieh tliey are assumed to 
vlerivel 1.2|. 

Noiahle features of the speetia are the 
widths and ttsyminetiies of the eomponent 
lines I he asymmetries ;ire partieiilai ly evident 
in (he ahsorption spectrum whieh is more 
eletiiiy lesolved than the emission. In this 
aitiele. these speelial features are ;ittribiited 
to systematic distortions of the complex 
described iibove. I his model is based on the 
assumption (hat (he principal Yb" spectra 
arise from a single type of rare earth site. It is 
assumed also that the covalently bonded PO, 
tetrahedron is the prime structural unit of the 
glass. Because lattice vibrations are weakly 
coupled to (he 4/ elec(rons of the rare earths, 
it is usually the case (hal only /cro-phonon 
lines are observed in rare earth spectra. For 
the case of Yb’* in glass, the negligible .Stokes 
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TRANSITION ENERGY tcin’) 


|-ig 2 Absoiiind emission speetia td' Yb‘' in 
lanihamim-mclaphosphale glass at appioximiiicly 20'’'K 
I he ahsoipPnn sa/nple ecn)i;nned Yb'^ 7he 

sample used tor (he emission study contained 6-9 wl/^ 
Vh'‘ and l-Twt'r' Nd^' to sensiti/e the ytterbium 
CMiiission 


shift of the emission is evidence of thisfl.Zl. 
('onseqiiently. the source of the lineshanes is 
sought in variations in the crystal field alone. 

In the following sections a compliant dis¬ 
tortion of the proposed site model is identified, 
and it is shown that a distribution of distorted 
sites can produce lineshapes which reproduce 
many of the features of the observed spectra. 
The calculations involve application of 
crystal-field theory to Ihe model complex. 
Using a point-ion approximation, the crystal 
field ;il the rare earth site is calculated as a 
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Fig. 3 Fncit:y-lcvcl dKigiiim dciivcd IVum die nl 
Yb'^ specir.i, The cry-.I.il-ficld•^plll levels .ne I' 
■leeording lo Ihe oeliihodral manildids tVoin whiib 
are assumed lo den\ e All enei iiies aie gisen men 

fuiK'lion of a single eonfiguratiun coorcliiia: 
describing the distortion. 1 he electrostatic 
energy of the complex is also determined as a 
I'unciion of the configuiation coordinate, and 
the lineshapes are computed from the crystal- 
field levels assuming a Holt/mann distnhuiion, 

2. THE RARE EAR I H SH E MOUKI, 
Prerequisite to the crystal-field calculation is 
the specification of the positions of the ions In 
the complex. Kor rigid, undistorted MO, 
telrahedra a single distance parameter locating 
the tetrahedron with respect to the rare earth 
center is sufiicienl. A convenient choice tor 
this parameter is the Yh-M distance. In the 


work reported here, this distance is estimated 
from a hard sphere model, and the effects of 
changes in the dimension of the complex are 
investigated in the course of the calculations. 
Because of covalent bonding in the MO, 
ligands, it is difficult lo specify an appropriate 
si/e for the non-bridging oxygens. However, 
an effective radius equal to half Ihe O—O 
distance in the MO, tetrahedron seems a 
reasonable upper bound. In lime-phosphate 
glass, the glass-forming tetrahedron has P—O 
and O—O distances of l-.‘i7 and 2-.S6A res¬ 
pectively |.^]. Of course, some differences in 
the dimensions of PO, tetrahedra in Ihe lan¬ 
thanum-metaphosphate glass are possible, 
and the separation between two non-bridging 
oxygens on a tetrahedron may be somewhat 
greater than Z-.SbA. Nevertheless, in the 
absence of concrete data, we employ the lime- 
phosphate dimensions to infer an effective 
radius of 1-2S A for the non-bridging oxygens. 
Since Ihe ionic radius of Yh* is about 10 A. 
each of ihc three tetrahcdial ligands must be 
translated by 0 6 A along the two-fold a.xcs 
shown in I’i" I in onloi' lo accommodate the 


Cl . . ... - ... 

broadening of Ihc optical lines. I he pai licui.ir 
mode of distortion considered here mvoKcs 
Ihe simultaneous rotation of each c)l tlie 
telr.ihedra about the three two-fold axes |o 
describe this motion qiiantilatuely. it is 
convenient to lake as configuralion coordinale 
Ihe angle y formed by the intei section of ,t line 
through txxo non-bridging oxygens asscsci.iled 
with one of the tetrahedra with Ihe plane 
bisecting Ihe complex perpendicular to the 
<txis as shown in 1-ig 4. for the dilated com¬ 
plex deiived by simple translation from a 
structure with octahedially arrayed non- 
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Kg. 4 View i4 a coorclina(ing PO^ (otiuhcdion alongaC'j 
axis. I he configuration coordinate y is defined by the 
inloisection of a line through the two non-brldgingoxygen 
ions vvith a hori/onial plane perpendicular to the (\axis. 

bridging oxygens, y — 55°. T .king the efTcctive 
riidius ol' the oxygen ions to be 1-28 A, hard 
sphere coninet of non-bridging oxygen.s on 
adjacent letrahedra occurs for y tipproximatc- 
ly equal to 30° in the expanded structure, 
l urlherinore, since structtircs with y 90° 
are equivalent to structures with configuration 
coordinate 90° t y, only configurations in the 
range '^O" y 90° need be considered. 

Of course, other degiees of freedom exist, 
and additional modes of distortion could be 
taken into account. A moile of distortion 
involving a slipping of the letrahedra along a 
spherical surface has been considered, but 
within the limits determined by hard sphere 
contact, the effect of such a motion on the 
ciystal Held is found to he insignificant, 
l urlhermore. as iliscussed below, distoilions 
involving expansion or contraction of the 
complex as a whole are much less compliant 
than the twisting mode. A more elabttrale 
model incorporating independent twists of the 
three neighboring letrahedra could be con¬ 
sidered, but. for simplicity, we have arbitrarily 
consliained the (eliahedra to twist simul¬ 
taneously. With this restriction, trigonal 
symmetry is mainitiined, and a single con¬ 
figuration coordinate can he employed. 

fo determine the lineshapcs resulting from 
the twisting distortion, the vaiialion of the 
crystal-field levels with y and the distribution 
of centers with respect to the equilibrium 


value of the configuration coordinate are 
required. Since the calculations arc to be 
performed employing a point-ion model, the 
charges of the ions in the complex must be 
specified. In the absence of an appropriate 
molecular calculation of the charge distri¬ 
bution in the PO, tetrahedron, we seek fo 
assign charges through application of empiri¬ 
cal rules relating the partial ionic character to 
electronegativity ditferenccs. Relationships 
keyed to various molecular properties have 
been proposed, and the predicted ionicities can 
vary widely. In the case of the P—O bond, 
bounds on the partitil ionic character appear 
to be 40 and 70 per cent[4]. In computing the 
lineshapes, the charge distribution is regarded 
as adjustable within this range of ionicities. It 
is assumed that one electron is transferred 
from the phosphorous to the non-bridging 
oxygens and that the remaining four phos¬ 
phorus valence elections occupy bttnds of 
fractioniti ionic character X. The phosphorus 
charge is therefore 1-I-4A' in units of elec¬ 
tronic charge Ic], Bonding of the rare earth to 
the ligands is taken to be purely ionic, and the 
three electrons from the Yb'" arc distributed 
equally among the six non-bridging oxygens. 
Thus the bridging oxygen charge is — A" while 
the non-bridging oxygens cairy a charge of 
t -.Y -1), 

It is found that increasing the ionicity has 
the same general effect on the lineshapes as 
decreasing the size of the complex. Conse¬ 
quently, there arc several combinations of 
charge and size which produce essentially 
equivalent end results. One such combination 
is a Ylr—P distance of 2-6 A coupled with a 
charge distribution appropriate to an ionicity 
of 50 per cent. A plot of the relative electro¬ 
static energy of the complex as a function of y 
for this set of parameters is shown in f ig. 5. 
The curve exhibits a minimum near 49“ and is 
symmetrictil about y = 90°. To estirnutc the 
fraction of centers with a particular value of y 
a Boltzmann distribution with characteristic 
temperature equal to the softening tempera¬ 
ture of the glass is employed. For phosphate 
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Fig. 5. Relative elcctrostalie energy of the rare earth 
complex as a function of the configuratton coordinate y 
for a Yb —P drstance of 2-6 A and a charge distribution 

appropriate to a P—O bond ionicity of .^0 percent. 

glass, a temperature of about 1000°K is 
appropriate and AT = 0 086eV. If the 
probability of finding a site with configuration 
coordinate y is denoted by H^(y). then W(y) 
is proportional to exp (- A/;/0-086), where 
AE = {E(y) - E(ya)) and -y„ is the equilib¬ 
rium twist angle. For (y —yo) = ±6°. IF'(y) « 
0-01. Consequently, the major contribution to 
the lineshapes is expected to come from sites 
with values of configuration coordinate wit! 
a few degrees of equilibrium. For compari 
an increment in the Yb-P distance of ' 
about the 2-6 A value involves changes 
about l•4eV in the electrostatic energy ii 
ing to a corresponding Boltzmann factor ol . 
order of 10'^. Distortions involving expansKm 
or contraction of the complex are much less 
compliant, and we are led to seek the source 
of the observed lineshapes in the twisting 
mode alone. 

3. CRYSTAL-HEU) SPLITTING OF THE Yb" 
FREE ION LEVEL,S 

In the crystal-field theory, an ion in a solid 
host is considered to reside in an electro¬ 
static potential F(r) due to all other charges 
in the material. The form of the potential is 
restricted by the point symmetry, which is />, 
in the case of the Yb^’^ site model. In a coor¬ 
dinate system with Z axis along the three-fold 


axis and X axis along a two-fold axis, the 
relevant part of the potential energy of 
interaction. 

can be written in the form [5] 

I 

T/l/S (35 z,‘'-30/-.V + 3g-) 

I 

+ zt J-' 2 Z, ( — 3jr,y/) 
i 

t 

+ zl/ S (11 r.,'’ - ) (x, ' - 3x,yj-) 

+ /!«« 2 (t"- 1.V.v,-+ 15x,V-.v,"). 

‘ ( 1 ) 

Here, the subscript i denotes electron coor¬ 
dinates. Fhe crystal-field parameters A/”' arc 
defined by the relationship 

I II - 


iu sill CsUllVl I 

■^ 7,2 and ■/ ;>.> levels of \ b' an; separated by 
about i<)..‘i00cm ’, while ciystal splittings of 
only a few hundred wavenumbers are ob- 
seived. Consequently, an appropriate des¬ 
cription of the effect of the crystal field is 

Tahle I. ConMiints k,"' oppcurina 
in equation (2i defining the cry- 
stal-fieldparameters A,'" 


/ 2 4 4 6 6 6 

m 0 U 3 0 3 6 

C" t/2 !/8 105 1/16 315,2 10.395 
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obtained by application of within each 
./-manifold independently. Evaluation of the 
required matrix elements of is accom¬ 
plished through the use of operator equi- 
valentsl6J for the terms of equation (I) in a 
basis of free ion functions \4J'\ ./, M,) 

which diagonali/c 7^. Values of the radial 
integrals </-). (r') and </'’) which occur in 
the resulting matrix elements are taken from 
calculations for the free Yb'" ion performed 
by freeman and Watson [71. 

To determine the variation of the crystal- 
field levels with configuration coordinate y. 
the Ai‘"(y) are evaluated, and the malriees 
\^',-{y)\ are computer diagonalized. With 
regard to the crystal-field parameters, it is 
well known that there arc serious defieieneies 
associated with the point-ion approximation, 
t'oniribulions to a given parameter due to 
exchange, overlap, covalency, and penetration 
of the ligand election clouds are often signifi¬ 
cant |8|. Shielding and anti-shielding due to the 
.^s and 5/1 shells further complicate matters(9|. 
While im attempt to assess the specifie eU'ects 
of these vaiious inteiactions is made here, 
some crude adjustments are made to liike into 
aceount the results of more thorough treat¬ 
ments of other raie earth systems. In the case 
of the sixth order parameteis, for example, it 
is found that experimentally deduced para¬ 
meters are five to ten limes larger in magnitude 
than the pomt-ion values(l()|. I he second 
Older parameter falls otf slowly with dis¬ 
tance. and thus contributions from distant 
ions are significant. .Since ed'ects which depend 
on overlap ol the rare earth charge cloud arc 
less impoilani for ions beyond the first coor¬ 
dination shell, the point-ion contribution is 
expected to dominate. Although shielding can 
strongly alfcet the second order parameter in 
certain cases(9J. the shielding appears to 
decrease with increasing number of 4/'elec¬ 
trons, and should be least effective in Yb" 
[I2|. rhe net elfect of the various interactions 
is apparently strongly dependent on the details 
of the paiticular case considered. In view of 
this, our approach has been to investigate the 


effect on the lineshape of scaling the crystal- 
field parameters. In scaling the parameters, it 
is noted that the calculated ratios arc 

largely independent of the model employed in 
their evaluation[13]. To the extent that this 
independence obtains, the computed ratios 
are valid geometrical parameters. Von- 
sequenfly, scale factors independent of m have 
been applied. 

Crystal field levels for 30° -s; y 90 ° with a 
rare earth-phosphorus ion distance of 2-6 A 
and a charge distribution appropriate to .“iO per 
cent ionicily of the P—O bond are shown in 
big. 6. In l-ig. 6(a), the second order para¬ 
meter is unaltered, the fourth order parameters 
arc scaled by a factor of two, and the sixth 
order parameters arc scaled by a factor of ten. 
As can be seen from Fig. 6(b), if all scale 
factors are reduced to unity (i.e. no scaling of 
(he point ion factors) similar energy-level 
curves are obtained. I he main elfect of the 
scaling is to expand the paltern by increasing 
the crystal-field splittings for any given y. The 
scaling has little elfect on individual line- 
shapes, but causes a vaiiation in the overall 
width of the predicted optical absorption 
spectra. 

4. rttMI'llTA riON OK rilK I.INKSHAPKS 

The contribution .V,(e) of theyth transition 
to the lineshape function is given by 

.V,(e) J )T(y)/,(|e,(7) elldy, (.3) 

where fTty) is the Boltzmann factor dis¬ 
cussed in an earlier section, 6,(y) is the 
computed transition energy, and /,(|e,(y) - e|) 
is an intrinsic lineshape function. In this for¬ 
mula, it is assumed that the transition moment 
does not vtiry with configuration coordinate. 
The intrinsic lineshape function simulates 
the elfects of all strains other than the twisting 
distortion. For purpose of computation. /, is 
taken to be gaussian, 

fj = exp |-«,(|e,,(y) -ti)-]. (4) 
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t ig (' ( I VAl.il-lifW lovols i>r ^ h" .l^ a luiKlmn <>l I he Iujm 
angle y. I he •.eeoci'j, I'ouilli. .iiiel mMIi oulet eiyei.il-held 
(laranieleis are sealed hy C, and A,, lespeelneh I he giips 
liei«een ihe seecnd and ihird kseKorihe,/ - ; in.inilold .nul 

hel«een Ihc tlisl and second le\eh .a o,,. / .i,a ' 

Kulieale ihe elloel oi oiih<‘''’' 
been eonipnted I'oi In. 


The widths employed were ehoscri to I . 
large as possible, compatible with the 
observed features of each line, in ord- 
minimize irregularities in the linesh 
imposed by the finite numerical intcgi.iiiioi 
mesh. 

The computation of the lineshapes is 
accomplished through a senes of steps, ("he 
optical transition energy t(yl. the electro¬ 
static energy E. and the corresponding Boltz¬ 
mann factor W are calculated as functions of y 
in half degree increments. The lineshape 
functions .S',(6) are then determined by 
numerical integration. All .V;(e) arc normal¬ 
ized to equal areas, and the total lineshape 
function .S’(«) is obtained by summing the 
components with each component weighted 
by a factor adjusted to reproduce the 
observed relative intensities. 


c V .uu.ii ilic 

piitcd elecirosialic energy ciii\c has been 
utilized, but the eqiiilibniim has been aibi- 
trarily shifted to optimize the resulting line- 
shape. Kor the case yee haye been considering 
(Yb—(^ distance of 2-6 A and charge rlisiii- 
bution corresponding to a .‘'0 per cent loniciiy 
of the P—O bond) optimum agreement be¬ 
tween the computed and obseiycd lineshapes 
IS obtained for an equilibrium value ol'y equal 
to .^8". 

If the electrostatic eneigy cuiye of I'ig 5 is 
Utilized yv'ith equilibrium shifted to .^8 . then a 
small contribution to the lineshape is obtained 
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from sites with y less than 30°. On the other 
hand, it has been shown in a previous section 
that an effective radius of 1 -28 A for the non¬ 
bridging oxygens and a 1 0 A radius for Yb''^ 
leads to a Yb—P distance of 2-8 A and a hard 
sphere contact value of y = 30°. To simulate 
this hard sphere cutoff, an infinite step has 
been introduced in the electrostatic energy at 
y = 30°. The resulting calculated lineshapes 
arc shown in Fig. 7, and the corresponding 
values of the parameters and Mj are given 
in Table 2. It is seen that one narrow line and 
two broad lines appear in the absorption in 
agreement with the observed spectrum. In 
addition, the shapes of the two broad lines are 
duplicated reasonably well. The skewness of 
the narrow line, however, is not predicted. The 
calculated emission lineshape has similar 
features to the observed spectrum, although 
detailed agreement is not obtained. Since the 
highest energy emission line is strongly self- 
absorbed, this line is somewhat distorted and 
its relative intensity cannot be inferred from 
the measured spectrum. Duplication of this 
line in the computed emission, therefore, is 
not expected. 


5. DISCUSSION 

The analysis of the preceding sections 
shows that the proposed rare eaith site model 
predicts many of the observed features of the 
Yb*+ spectra. While a number of approxi¬ 
mations arc involved, the final parameter 
values appear reasonable. Furthermore, the 
computed lineshapes are insensitive to varia¬ 
tions in all parameters except the equilibrium 
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RELATIVE TRANSITION ENERGIES Uinh 

Fig 7 ( alculiilcd lineshapes of Yb*' specira for twisting 
tiisioiCion of ihe CiMiiplex I he Yb—P dislance is 2*6 A 
ami a P -(> bond lonieily of 50 per ccnl is assumed. 


twist angle y„. In the case used for illustration, 
the Yb—P distance of 2-6 A compares reas¬ 
onably with the 2-8 A value deduced from 
ionic radii, and the 50 per cent ionicity of the 
P—O bond is within the expected range. 
Variations of the scale factors k^, and Ar 
have been shown to have minor effects on the 


Table 2. Claussian width parameters Uj and intensity 
factors Mj for the computed spectra. The component 
lines are numbered in order of increasin/’ relative 
energy 


Absorption 


Finission 


J 1 2 

3 

1 

2 

3 4 

«, 0 0025 0 0010 

0 0010 

0 0005 

0 0005 

0 0010 0 0025 

Mj t 00 0-69 

0<I9 

0-40 

200 

4-25 1-70 
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crystal-field levels, and it has been found that 
the chief effect of increasing the ionic charac¬ 
ter of the P—O bond or of decreasing the 
Yb—P distance is to expand the spectrum 
while preserving individual lineshapes. 

To test the sensitivity of the lineshapes to 
the Boltzmann distribution, a set of absorption 
and emission spectra have been computed for 
the optimum parameters using a temperature 
of 650°K in the Boltzmann factor. Lineshapes 
comparable to those of Fig. 7 are obtained. 
Since such a change in temperature is equi¬ 
valent in effect to an increase in the stiffness 
of the twisting distortion, this result emphas¬ 
izes the fact that the computed shapes arc not 
dependent on the sampling of a large number 
of highly distorted sites. Rather, the widths 
and skewness of the computed lines are to a 
large extent determined by the first and 
second derivatives of the transition energies 
with respect to y in the vicinity of the equilib¬ 
rium. Thus, from Fig. 6. it can be seen that the 
ntirrowness of the lowest cneigy absorption 
line results from the fact th;it the lowest 
crystal-field levels split from the 7--7/2 and 
7 = 5/2 mtinifokis track one .mother r.ither 
faithfully over the entire range of configiii:; 
tion coordinate. On the oihei hand, the ^ 
and third levels split from the./ — 5/2 in ■ 
do not triick the lowest lying level . 

./ = 7/2 manifold. The dcrivtilives of the i. 
tion energy with respect to y are large 
vicinity of and brotid lines result. Si. 
ly. the skewness of the second and ih.. 
absorption lines to higher energies can be 
attributed to the behavior of the secvmd 
derivtitives of the transition energies with 
respect to configuration coordinate. 

That satisfaetory lineshapes can be obtained 
for various parameter sets is a result of the 
fact that the general features of the crysial- 
field-split energy level curves are preserved 
for a wide range of parameters. As c;in be seen 
from Fig. 6. this result holds for the scaling 
factors which have been applied to theciystal- 
field parameters as well as to the size and 
charge factors discussed above. These con¬ 


siderations suggest that the essential features 
are characteristic of the distortion, and do 
not depend on a fortuitous specification of a 
large set of adjustable parameters. 

An energy-level diagram derived from the 
positions of the peaks of the computed absorp¬ 
tion and emission spectra is shown in Fig. 8. 
Comparison with Fig. 3 shows that the split¬ 
tings of the two I'k manifolds deduced from the 
calculated spectra are somewhat larger than 
the observed splittings. .Since the overall 
splittings of the 7 = 7/2 and 7 = 5/2 levels are 
in accord with the observed spectra, this 
result suggests that the trigonal components 
of the crystal field are overemphasized in the 
model. 

A possible source of the overemphasis of 
trigonal fields is our use of tetrahedral bond 
lengths appropriate to undistorted tetrahedra 
('ertainly any distortion of the tetrahedral 
ligands which permits the non-hridging oxy¬ 
gens to assume an arrangement more nearly 
resembling tin octahedron about the rare earth 
would hiive the elfect of reducing the rel.itive 
contribution of the tiigona) fields However, 
while calculations foi a complex with m- 



I jg H I ncig\-ic\c) dugi.ini JcitvcJ lioin ilie cninpHlcil 
specUtV I he levels aie Kihclod .iccouhne U' ihe oeiahcklial 
mamft»kK hom winch they .nc lIcuncJ I he splnimgs .nc 
given in cm ' 
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creased phosphorus to non-bridging oxygen 
bond lengths do show reduced splitting of the 
I'h levels, an overall decrease of the splitting of 
the J-manifolds a)s(j results. 

Finally, with regard to the discrepancy 
between the required equilibrium value of y 
and that derived from the electrostatic energy 
of the complex, it is noted that the free energy 
of the entire system must be minimized in 
order to determine the equilibrium properly. 
Presumably, our results indicate the impor¬ 
tance of energy and entropy terms related to 
the coupling of the complex to the glass net¬ 
work, and thus limit the extent to which the 
complex may he considered as an isolated 
entity. 
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ELECTRON MOBILITIES AND PHOTOLUMINESCENCE 
OE SOLUTION GROWN INDIUMPHOSPHIDE 
SINGLE CRYSTALS 

(). K(>f)KK, IL IIKIM iind M, H. PILKLHN 
Physikalischcs Instilul. Univcisiuu hiankruU/M . C»crinan> 


t’ict'ii H Da <‘tnhct ir i i'lnt'J J<n ttt I i'h/iuuy 1970 ) 

Abstract ~ InP single crystals were grown from jm indium solution. I hey slu>w a typical dendnic 
stiuciiiie. I hc election conccnliation langes fioni lO'*' to I0'‘'cm ' 1 he dcpcntlence of the r<H>m 
tenipciaOire Hall mobility on the clcciroii concentration is compared with Ihc theoretical curves of 
Ntooic and Kiooks-Heinng, Fhotoliiinincsccncc spectia of iclaiocly pine iindopcd samples show two 
major emission bands at low tcmpcr.iturcs. one ncai l•4l6eV (containing foiii emissicm lines) and a 
band near I -38 cV I iiiie resolved spcctioscopy shows th.it the 1-38 eV band is due lo donor-acceptor 
pair recombination. At high doping levels the luminescence spectra show a pronounced Hiirsiein- 
Moss shift to higiuT energies, the band-acecpior transition gains m relative intensity .ind broadens 
considerably Above 10'''cm ' it ts the only remaining emission b.md at low icmpei.durcs 'I he shift 
ot the I crmi level svith c.iriicr concentration is cvnnparcd with the ihcvny assuming .i parabolic con¬ 
duction hand. It IS ttumd. llial the evpctimental shill docs not follow (.juantUatively the c>.pccied 
Riiistein-Moss shift, picsumablv due lo hand lailiiigand gap sfinnkage clfecis 


I. INTROOirnON 

InP HAS A DiRrcr liarulgap of l'42cV at low 
temperaluro, i.e. only O leV below that of 
GaAs. The effective electron mass is pre¬ 
sumably of similar magnitude for both mater 
iais. namely about 0-07 »/.i|l|. In contra-' 
GaAs not much information has been rcj'i 
cither on crystal growth, mobilities or o,, 
luminescent properties c'f InP. I ui nerc/' <.. 
and l.eitel.^l investigated the optical ab 
tion and emission of not intentionally ih 
InP in the electron concentration range lie 
9 X It)' ' to 4 X It)'" cm rheir spectra sln)w a 
near edge emission at about l-dlbcV and a 
second emission band near lAbeVlZj or 
l AScVl-^l. The l-41PcV emission has been 
ascribed to the free excilon decay [2| and the 
l3ScV emission to a donor-acceptor transi- 
tionl3|. Recently, Heimf4, 27] demonstrated 
by time resolved spectroscopy that the 1-38 
oV emission can be indeed described by a 
donor-acceptor pair mechanism. The intensity 
dependence on excitation intensity of several 
emission lines near the fiindanicnlal gap be¬ 
tween 1-40 and I-42 eV was investigated by- 


Heim I'l (i/.15.271. No photoluminescence 
data have been published till now for highly 
ilopcxl InP. 

A reason, why InP is much less investigalcil 

ii ' 


crystals was investigated, in parlicul.u as 
dependence on doping level, tempcratiiie .md 
excitation intcnsiiy. 

’. KXI'KRIMKM \I 
2.1. /•’rc/Kirnnn/i n/ t i \ 

InP melts at I0()5’L' under a phosphoiiis 
dissociation pressure of more than 15 atni.[.S|. 
In our experiments the high phosphorus pres¬ 
sure was avoided by using a solution growth 
method first reporled b> Wol(f rl nl 19]. 
Polycrystalline InP (purchased by Monsanto 
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or Minig and Chemical Products) was re¬ 
grown from a dilute In-InP solution. This 
method has the advantage of a relatively low 
growth temperature and therefore the pos¬ 
sibility of contaminating the crystals by the 
container material is decreased. Many of the 
impurities introduced with the InP charge are 
diluted or extracted by the large excess of the 
indium solvent. N- and /J-type doping was 
achieved by addition of metallic tellurium or 
/.inc to the solution. The In-lnP mixture was 
placed into a cleaned and vacuum heated 
quartz container tube of about 100 cm'* 
volume, which was then evacuated to 5 x 10 ^ 
l oir and sealed. A typical charge was 6g In 
and I g InP corresponding ty a phosphorus 
content of 10 at %. The scaled tube was sup¬ 
ported in a vertical tube furnace (length 1 m, <!> 
30 mm) at a temperature 40-50°C above the 
saturation solubility temperature for some 
hours to ensure complete solution of the InP. 
It was then lowered through the built-in 
temperature gradient at an average cooling 
liitc of l()’('/h. rite excess indium was dis¬ 
solved in cold cone. HNC),,. 

2.2. Mcdsiircnicnl teduuques 

The samples were characteri/ed by Hall- 
and resistivity measurements, t'onlacls were 
provided by alloying tin into n- and indium- 
zinc into /i-material. The //-contacts laid a 
scries icsistancc of a few ohms. M;ijor diffi¬ 
culties were encountcil making ohmic con¬ 
tacts to //-material. 

The luminescence was measured by a con¬ 
ventional apparatus involving a lock-in ampli- 
lier technique. We used an immersion Dewar 
vessel, <1 30 mW He-Ne-lascr for illumination 
and a Spex-1700-1II-grating spectrometer 
with a resolution of better than 0-2 meV 
whenever necessary. The excitation intensity 
was varied by insertion of ngutral density 
filters. The spectrograph was calibrated by 
means of the laser lines. I he signal was de¬ 
tected by a cooled photomultiplier with Sl- 
characterislic. The experimental setup for the 
time resolved measurements was described 


earlier [4J. Careful etching of the crystal sur¬ 
face was found to be necessary in order to 
eliminate erroneous luminescence bands, 
which are caused by surface effects. 

3. RESLII,TS AND DISCIISSION 

3.1. C rystal morphology 

Solution grown InP single crystals show the 
characteristic dendrite structure typical for 
almost all crystals of elemental and compound 
semiconductors grown from a metallic solu¬ 
tion. A great diversity of these dendrites was 
found. In Fig. 1(a), (b) and (c) typical den¬ 
drites which are frequently observed are 
examplified. The common characteristic of all 
the crystals investigated is the twinned struc¬ 
ture, with twinning taking place invariably 
between Ihe flat (1. 1, I) and (1. T, I) surfaces 
of the platelets. An illustration of the twin 
structure is given in Fig. 1(d). It shows the tip 
of a dendrite crystal, terminated by {1, 1. 1 }- 
planes. The intersection of two (1. 1. 1}- 
terminal planes coincides with the twin plane 
in the crystal. In the case of Fig. 1(d) these 
twin planes arc perpendicular to the plane of 
view. In general, we obtained nearly the same 
results as Foster cl /;/. 17) reported earlier for 
solution grown (>aP, A more detailed dis¬ 
cussion involving the twinning problems in 
polar semiconductors is found in the review 
.irticles by Sangsler) ID] and Faust and 
I indbergh 11 11. 

No difficulties were encountered in doping 
Ihe crystals //- and //-type. The largest crystals 
were obtained for high tellurium doping. The 
maximum crystal sizes reached were 10x4x2 
mm ‘. 

3.2. ElcLtron inohilily 

1 he electron mobility was measured in the 
doping range (Te-doping) between 10'" and 
2xl0'”cm Room temperature mobilities 
are depicted in big. 2 as a function of the 
electron concentration. .Samples with a carrier 
concentration smaller than 10’’cm " are not 
intentionally doped. The mobility decreases 
im>notonically with increasing carrier concen- 
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Fig. 2 Room lenipcriiluro Hull iiiohilily as a riincdon of 
(hi; eleclion concenlralion (To-ilopantl-Squaics indicate 
copper contaminated samples I heoretic.il values are 
calculated after MoorcfI3] and Hiooks-I leii ing( I4| 
using Ehrenreich'sl 151 mohilily hmil of 4 700 cniTV'scc. 

Intlion. A qualitatively situilar curve has been 
found in solution grown fiaAs[121. The sam¬ 
ples designated by squares in Kig. 2 have 
usually low mobilities I hese samples were 
eonlammated with copper, ;is reveiiled by a 
spectrogrtiphie anitlysis of the indium solvent. 
These partieuhir samples also exhibit a very 
strong luminescence hand at l'2eV (compare 
Fig. 7 of Section .T4). which is most likely 
caused by deep impurity levels due to copper. 

We have comptired our experimental daia 
with the theoretical dependence of ihe mobiiiix 
on tionor concentration. I he solul line in 1 i 
2 refers to Moore's Iheoiy 113). Ihe dotted lii. 
to the Brooks-Hei Iing foi nttila[ I4|. Flue’ 
reich'sn-'') room temperaluie salite of 4 7(" 
cm-’/Vsee for the mobility limit due to pol. 
lattice scattering was assumed. I altiee seatiei 
ing was combined with loni/ed impuiiiv 
scattering by summation of recipioeal mobi¬ 
lities. For Ihe electron elfeetive m,iss and for 
the dieleclric constant the same values as foi 
CiaAs were used (/u„ == () ()7 m„ [ 1 ] and A-= 
I3-5[16J). (iood agreement between expcii- 
mental data and Mooie's theory is found in the 
high doping range. Kxperimenlal mobililies 
are somewhat lower than predicted in the con¬ 
centration range between 10"* and l()"*cm~‘ 
Since Mooie's treatment is conitned to de¬ 
generate material, this disagreement is not 
surprising. The Brooks-Herring expression 


with F'hrenreich's mobility limit does not fit 
our experimental data. Recently Hilsum and 
co-workers[17| published electron mobility 
data of InP crystals with a low electron con¬ 
centration. From their data as well as from 
their theoretical considerations a mobility 
limit higher than F.hrenreich's value results, 
namely 5 800 em'^/Vsec. So far. we have not 
sufficient experimental data in the low con¬ 
centration range to decide, which mobility 
limit is correct. 

3.3. 7 he Ltiiniiii'si ence at Idw clet Iron coit- 
centrations iind low lemperaturcs 

'I he luminescence data in this section refer 
to not intentionally doped crystals and to the 
temperature range between 1-8 and 20‘K. 
DilTcrent samples with electron eoneentiaiions 
between ‘>x I0‘'’cm ’ and I x It)''cm ' were 
used, A spectrum typical for low election 
coneeniralion is shown in I ig. 3. It contains a 
band /4 at l•416eV. which is the unresolved 
near edge emission. Its fine structure depends 
on Ihe illumination intensity and will be dis¬ 
cussed beli'w m more detail Fuiihermore. a 
band H at alsoiil l•37.‘'e\ is obseivevi; which 
c.m I'l' III'F.iii. ,1 1,1 I donoi-.iCLcpIoi pan 
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l^honon cooperation. We observe three 
additional lines, designated as B-l.O, B-2I.O 
and B-.^l,() in l ig. 3. These lines are appar¬ 
ently phonon satellites of the pair recombina¬ 
tion line B. The phonon replicas yield a phonon 
energy of (42-5 ±0-3) meV as an average 
value derived from data of 8 samples. This 
result agrees well with the ctirresponding 
infrared rellectivity (43 meV. 28. 18) and 
Raman data (42-8 mcV. 17). In Table I. data 
conceining the phonon cooperation are listed 
foi Ini’ and (iaAs|2()l samples containing 
aeceptoi s with different binding energies 
I he donor binding eneigy is assumed to be 
constant and small ( - 8 meV). Trom I able I it 
can be seen that large: values of/i,, are associ¬ 
ated with stronger phonon cooperation. No 
significant change of the intensity ratio 
l/Jlii III vvilh tcmpeiattire has been founil for 
Inl’m the lange between I -8 and 2()"K. 

I ohic I. l/ilc/iMlv loiio.s (jf line B (peak 
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eal data deiived fiom lloplield's 'shallow' trap 
model'[211 which, however, is conlincd to trap 
energies larger than the I.O-phonon energy. 
T'xpeiimcntally we find the following intensity 
ratios for subsequent phonon replicas. 
I : 0 0.3.3 :0-0()27 • ()-()0()l. I he theoretical coup¬ 
ling factor turns out to be much too large (by 
alsout (wo orders of magnitude), and a Poisson 
distribution would lead to a somewhat more 
rapiil decrease of the intensity of subsequent 
phonon satellites. 


The donor-acceptor recombination hand B. 
As was confirmed recently by time resolved 
spectroscopy [4. 27], band B should be 
assigned to a donor-acceptor pair transition. 
A peak shift to lower energies and a steepen¬ 
ing of the high energy shoulder of the band 
were observed for spectra at increasing times 
after e.xcitation. The time decay of the in¬ 
tegrated emission of hand B could be described 
Using a decay model of Thomas el al. [22). The 
til of the theoretical curves to the experi¬ 
mental data yielded an effective Bohr-rtidius of 
90-100 A for the donor and a transition pro¬ 
bability fT,„;,s 7 X 10’sec '. Qualitatively 

similar results have been reported for the case 
offiaAsI 19]. 

Tigure 4 demonstrates the influence of 
excitation intensity on hand B. when excited 
with the d.c. He-Nc-laser (maximum photon 

X [a] 


yiisi) JQ.'S tlODO 



I ig. 4. Fmission in bami It Isumpic )S,„. ii - y-7 x 10'' 
cm 0 al I S’K I'or Ihicc ditRicnl cccitalioii levels I he 
hmcsl cwilalion iniciisity /,i coiTcspcinils lo 10” pholuns/ 
cm''' sec 
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flux 10-' photons/cm^. sec). The sample 38.2« 
used for this measurement has a carrier con¬ 
centration ol' n = 9-7 X 10' * cm'’*. As may be 
seen from Fig. 4. band B shifts slightly to 
higher energies and broadens on the high 
energy side, when the excitation intensity is 
increased. Very similar behaviour was re¬ 
ported recently for a pair band in weakiv 
doped (laAs[23]. 

The near cdi>e emission hand A. At high 
resolution the emission band A was found to 
consist of several narrow lines when weakly 
doped samples and low excitation levels were 
used. In fable 2 peak energies, lincwidths 
and tentative assignment of the lines arc given. 
The influence of excitation intensity and the 
nature of these emission lines have been 
briefly discussed in prcceciling communica- 
lionsl.'S, 27). The discrepancy between earlier 
published d;il;i for the energetic position of the 
near edge emission (I-416.3 cV I timer ei at. 
[2|, 1-413 cV l,eite[3|l can now be explained 
as resulting from difl'crenl excittition levels m 
the experiments. 


tegrated emission in band/f increases linearly 
in the whole range of the Fle-Ne-laser 
excitation. 

The spectra at eleviitetl temperatures show 
a different behaviour (Fig, .3(b)), The narrow 
line at T4143eV. which was ascribed to a 
bound cxcitontSl vanishes at temperatures 
above I4“K. Contrary to the intensity effect, 
the T4l65eV line remains the dominant line 
in the whole temperature range considered. It 
shifts only slightly to lower energies as the 
temperature is raised. The results of Fig. 5(b) 
are consistent with the interpretation of the 
l■4l43eV line as a bound exciton line and the 
T4l65eV line as the free exciton line. I he 
difference i>f the two energies, i.e. 2-2 meV. is 
the binding energy of the exciton to the local¬ 
ized center. When the temperature is raised, 
we would indeed expect, that less excitons are 
bound to this center. 

I he iissignmenis of the cxeitiiiion lines 
(Table 2) are not tinambigoits iti xiew of (he 
following discussion of 'he l-4IHe\’ shoitldei 
i>n the high energy side of hand ,1: It may he 


Table 2. I’eak ener,i>ie\ and halh^ ■ 
oj weakly doi>ed saini>les at 
Accuracy oJThepeoj. 


IVal\ cneigy cV I l.itluiillh nic\ 


I 4IS sliDutiki 

I^KvS (l-X 

I 4143 () f> 

I 4 i:() l-.S 

I 173-1 WH 


<Jonoi-.KN^,ph)i p,in iixiiiMiii'n 


In Fig. 5(a) and 5(b) the elfects of excitation 
intensity at constant temperature and of tem¬ 
perature at constant excitation intensity are 
compared. More photons arc emitted in the 
lower energy lines, when the excitation in¬ 
tensity is increased at constant tcmpciiilure 
[,5] (Fig. 5(a)). We have also studied the 
intensity of the isolated 1-4165 eV line as a 
function of the excitation level and found, that 
it saturates ;it high excitation intensities. On 
the other hand it was observed, that the in- 


nolicedin F ig. 5(b) that this shriulder mciea^es 
in rcl.iiive intensity as the tciiipcratiire is 
raised. Assuming a value of I ^ZO.seV for (he 
bandgap|2|. this shoulder cannot he inter¬ 
preted as a hycrogenic excited state of a fice 
exciton at 1-4165 eV, Possibly the shoulder 
might be due to the free exciton itself 

A comparison of the curves in Fig. 5(a) and 
5(h), which exhibit quite different behaviour, 
leads to the conclusion, that sample hetiting 
and excitation level influence the spectra in a 
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I I)'. '' I’huioluinincstciKC spcilia O'.iihI .1) <>r liil’ (II ■ 4'7 v lO'"'cm ■') la) al I S k I'oi 
(luce dillciciil cxcilalion k'vch (Ilc-Nc la'ci). I he los\c^t cccit.ilion mlcn^ily In coi- 
ics|ininls 111 1 ■ 1(1'" pli(iiims/i.in- ^oc 111) At comiant cvcil.ilion IcacI Ioi ihicc diH'ciciil 
IcMipcialiiic'.. nilliicnl arhiliaiy inlcn'.ily scaloc ha\o liccn used 


(.liH'cicnl niannei. I Iii6 means m pailicular. 
that a genome ell'cet ol' oxeilatioii level is 
pieseril hesules sample healini;. In hig. 0 the 
emission for the ease ol very high exeilation 
mtensilies (,V,-pulse laser) is shown. Besides 
hand I .1 new emission line emerges ai ahoiil 
l-lOTeV, whieh dominates the speetnim ;it 
highest exeilation levels. I his line narrows 
anil shills eonliniunisly to lowei eneigy when 
the exeilalion intensity is increased. I he 
luminescence intensity of this new line in- 
cieases sironger than iiuadratically with e.xci- 
talion intensity. At highest excitaiion levels 
the decay time ol' this line shortens heyond 
otn lesoliition limit of about nsee. These 
obsei vations are interpreted in tei ms of many- 
body interaction eiVccts and siimtilated emis- 
sion[51. 

.3.4. /'('mpern/nre deiH'iiJeiict' of llic liiniinc- 
sctoice 

luminescence spectra at three dilTerent 


tempeiattires are show n m Fig. 7 for a sample 
with a donor density of 2x I0'^cm~'’ tind in 
addition containing deep impurity levels. The 
spectrum at 4"K shows line A and H together 
with phonon satellites and a deep impurity 
line which is discussed in detail below. 

As the lemperalure is raised, the line stme- 
ture of the near edge emission line A lirst 
changes and lintilly disappears completely. 
The temperature dependence of this line 
sirucHire has already been discussed in 
•Section .3.3. At 77°K b;md A contains no 
detectable substiucture and it should be now 
interpreted as band-to-band recombination[31. 
Tine li has been interpreted as donor- 
acceptor-ptiir transition at the lowest tem¬ 
perature. At elevated temperatures it should 
become the eonduetion band-aceeptor transi¬ 
tion, as was recently investigated for (le-tie- 
pairs in GaAs[23]. Phonon satellites have not 
been detected above 77°K. 

Notice that line A is weaker in intensity than 
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hig. 6 Photoltiminesccncc spccira o/ Itil* (/i — 9-5 x |o 
cnr'‘) al 20'"K foi several excitaiion levels wiih the ' 
pulse laser. I he lowest excilalion intensity / eoncspui... 
to 2 X 1()^“ photons/ern^ see 

line B by a factor of about 40 at 4°K. At 77°K, 
line A dominates and exceeds the intensity of 
line B by a factor of 4. At room temperature 
only one considerably broadened emission 
band is observed, which is presumably the 
band-to-band transition. This effect of tem¬ 
perature on the relative intensities of line A 
and B may be explained in the folh)wing way; 
at higher temperatures it will become more 
difficult to trap a hole at an acceptor level, 
hence the band-to-band transition will prevail. 
Tine A shifts to lower energies as the tempera¬ 
ture is raised. This shift coincides with the 
energy gap variation as reported by Turner{2]. 


x[a1 
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t ig 7 The emission spectrum for ihice different tern- 
pciLiturcs.fi -2x10*7 cm"* 

At low energy an additional emission line is 
observed near T2eV in the sample of Tig. 7. 
This emission line was parlicuhirly intense in 
samples, which were conhiminaled with cop¬ 
per Wo M illi ihiiio tl'o I o\' lint'to ■! 


the luinmesccncc s|il'cii,i ,ii , . K is iiciiu u- 
strated in Tig. S. At the lowest doping le\cl, 
one can clearly distinguish hetv,cen the band 
to band transition line/-!, the band lo acceptor 
recombination line B and a phonon satellite to 
line B as described above for undoped sam¬ 
ples. Since these d:ita refer to 77“ls, line A is 
the band to hand transition and line B the 
conduction band to acceptor transition. As the 
doping level increases, ihe relative intensity of 
the impurity band B increases strongly in 
comparison with that of line .4. Simultaneouslv 
both bands broaden considerably. In the dop¬ 
ing range above 10"* cm ** both bands shift to 
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1 ig H I' holoUnniiK-stoiKc •'Pc^.lia loi n.uious tiopiny 
.It 77 K Inkm/Uf') jic ploltcU in ctihitKiiy linc.ii 
s^..i!c I inc l^ ihc hand lo ham! liaiiMlum. line ii (he con- 
dik Imn haml/iionoj Id a».eeploi Kktunhin.ilion line I ho 
lllle\^ldlh^ aie pix on in ineV 

hii;hc] encii^y, I ho rolalivo inlonsily of Iho 
pln>iu)ii 5alollitos Ui Imo H dcorcasoN as ihc 
ilnpinj: level is laised. Above l()''‘em ■' pho- 
ni'ii saielliles aie no longer deteetable. Al Ihe 
hi^ihesi tlopiny level lino A disappeais com¬ 
pletely and the l emtuniny line /? bit>adens and 
shifts tostill higher energies. It may be noticed, 
that the line is strongly assymmetrictd and litis 
a pronoimceil low energy (ail (upper cm ve). 

bigure 9 displ.iys Ihe petik energies of line 
A and H tis ti function of cairier concentration 
iit 2(bK. One can clearly see, (hat (he peak 
energy of line A remains tipproMinatcly con¬ 
stant. As shown before in big. S, its intensity 
decrettses considertibly with increasing carrier 
concentration, bine A could not be detected 
tit concentititions higher than 2xl0'"cm 
bhe petik energy of line {) begins to rise very 



InP 

T=20'K 



/ 


n[cnO] 


I ig ') (.’oncenlitilian dopL’ndcncL’ oC llic peak energy of 
lines A and B. Samples with .in electron eoneentiation 
below lO'r cm ■' ai c undoped, others telluiiLiin doped. 


rapidly tibove 10'" cm ', just in that rtingc, 
where line A disappetirs. In our inicrpretalion. 
the disappearance of line A tit high donor con- 
ccntiiitions implies a preference for hole re- 
combintilion viti acceptors instead of direct 
recombintilion with electrons. A reasonable 
interpretation is an increase in the number of 
compensiiling acceptors, possibly silicon from 
the quart/, crucible. I he petik shift of line A 
and /i to higher energy etm be interpreted as 
Ihe ftimiliiir Hiirstein-Moss shift, i.e. ti filling 
oflhe conduction htind with electrons. 

We htivc tried to deduce the shift of Ihe 
beimi-level from the luminescence spectra tit 
2()"K tis ti function of ctirricr concentrtition. 
I'hc high energy cut-off “ (hi ^ 

r’f (he luminescence band can be 
tissumed to be ti retisontible nietisure for the 
position oflhe bermi-level. The e.xpei imental 
shifi of I he bermi-level was found to be 
smaller by a factor of about two than the 
Iheoietictilly e.xpectcd one. computed on the 
basis of a constant effective mtiss (/>i = 0-07 
'll,,). I he following reasons may be found to 
explain this behaviour; at high donor concen- 
Irtitions a gap shrinkage with the formation of 
tail slates takes place, reducing the full band 
filling effect. .Simultaneously the acceptor level 
broadens to an impurity band leading to the 
same effect. The effective electron mass in¬ 
creases clue to nonparabolicity when the 
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[■'ermi-level moves up in the conduction band 
as reported earlier for CjaAsl241. 

Which of the three effects prevails, is not 
clear, however, they all reduce the e,xpected 
Burstein-Moss shift. An illustration of the 
broadening of the emission line li as a func¬ 
tion of electron concentration is given in Fig. 
10. (Halfwidths are plotted vs. electron con¬ 
centration in double logarithmic scale). I he 
solid line inserted for comparison represents a 
AA-,'relation. At the highest doping 
levels the experimental points arc above this 
line. I'he line broadening is a typical high 
concentration effect which can be attributed 
to the conduction band tails and a broadening 
of the acceptor states. The same -slope as in 
F ig, 10 was found for the increase of the line- 
width with donor density in the cathodolu- 
minescence of t iaAs(2,‘sl. 



n [cm’I 


1 ly 10 Dcpcmlcn^o nl iho om/ssion linewKlOi olcc 
lion conccnliHlion nl 20‘’K kl<nihlc li>i’nntlHnic sc.ilc) 


,T6. Liiniiiic.<,( c'ii( (‘ oj InB 

Zinc-doped InP crystals were grown in the 
high doping range only. T he luminescence of 
these samples at 77‘'K is depicted in Fig. 11. 
At the lowest acceptor concentration of l•4x 
10"* cm''* the peak energy lies at l-.fbbeV. 
which falls below the peak energy of line B in 
n-type samples. 

As in (.iaAs[261 the emission peak shifts to 
lower energy with increasing acceptor con¬ 
centration and the lines broaden considerably. 


\[&] 

icx^ _ 1X00 8S00 


Inp a=l 4xl0'’*cm'* 



hi/[eV] 


t ig. 1 I .Spctlia til ihrcc /7-l\pc samples al vaiitiiis Jiiping 
It s els 


The shift to lower energies is usually attri¬ 
buted to a ‘gap shrinkage' effect. Although we 
see some structure on the high energy side of 
the main emission band.it is not clear, whether 
a band tilling effect is present, as reported by 
('usano(26| for (ia As In summary the general 
appearance of the luminescence of/>-type InP 
is very similar to that I'f/)-C >a As. 

•I, / 
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PRESSURE AND COMPOSITION DEPENDENCE OF 
THE ORDER-DISORDER CRITICAL 
TEMPERATURE OF «-CoFe' 

DI K N. YOONt and RONDO N. JEFFERY 
DcparlmeiU of l*hysicN iind Materials Rese;irch I-aboratory. University of Illinois. Urbana. 

Ill 61801, U S A. 
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Abstract— I he picssuie ilcpenJcnce of ihe order-disorder critical lemper.iiiiie !, of o-COI e has been 
measured 1 he results are used to convert 7',\ measured at various compositions to values cones- 
ponding to constant lattice parameter The lesulting composition dependence of !, is asymmcinc 


about ‘i():5() composition ( his asymmctiy implies 
are independcnl of composition is insullicicni to 
range in which it is observed 

The VAi IDITY of Ising model calculations in 
describing order-disorder transformations has 
been the subject of several recent investiga¬ 
tions. Mca,surements of the temperature 
dependence of neutron diffraction intensity 
[IJ and specific heat12] near 7',. in /3-CuZn 
show good agreement with recent series 
expansion treatments of the nearest-neighbor 
Ising model. Other calculations(3.41 ha' 
shown, however, th;it the inclusion of loin 
range interactions in the Ising model ii. 
little effect on the critical indices. ThcreIVu 
these experimental results are not suRicn 
to justify the conclusion that only nearc 
neighbor interactions are important. 

Using the same series expansion treatment 
of the nearest-neighbor Ising model. Bicnen- 
stock and I.ewis[51calculated the composition 
dependence of T,. and obtained results which 
disagree with experiment lbr/3-CuZn. Hence 
they conclude that no single pairwise inter¬ 
action energy, which depends only on the 
volume, can describe the interaction over the 


" rhiN research was supported in part by the U S. 
Atomic Energy C ommission under C’<intracl ATtll-h- 
I 198. 

tPresenl address. Dept, tif C hemical Fnginecnng and 
Materials Sciences, Wayne Stale University, Oetroil. 
Mich 48202, U.S.A. 


that any model based on pairwise inleraciions that 
describe the tianNfoiinaiion over the composition 

composition range in which the transition is 
observed. The same conclusion is reached by 
Yoon and Biencnstock[6) from the observed 
pressure dependence of /',, for various 
compositions in /i-('uZn. They suggest that 
interactions longer than nearest-neighbor 
play an important role in the order-dist'rdLT 
Ini'- ' 


where Q, and ()„ arc the number of . I and 
B atoms, respectively. (7 is the number of 
,/-th neighbor pairs, and is the number 
of /-th neighbors. The energy is given b\ 

f ~ I t(d ^ 1 m' ^ I !!»' f ■ 

where U, d, k'„,d and T,,,-' are the interaction 
energies between /-th neighbor pairs of ,-1 A . 
BB and AB atoms, respectively. The second 
term in equation (I) is independent of config¬ 
uration for each composition and does not 


jrcsvoLJi.No. n-o 
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contribute to the ordering energy. Therefore, 
ignoring the second term of equation (1). the 
partition function may be written as 

Z= 2 exp(-2 (2) 

• (y,i ‘ 

where the summation is over only those 
configurations, ( ((J ,). consistent with a fixed 
composition. Each term in the exponential 
is invariant under interchange of A and B 
atoms for each particular configuration. 
Hence, the partition function is also invariant 
under interchange of A and B atoms. Since 
T, is determined from the partition function. 
7',. should vary symmetrically with composi¬ 
tion about 50;50. 

The basic assumption in this model is that 
the pairwise interaction energies are indepen¬ 
dent of composition. It is further assumed that 
the transition occurs at a constant volume, 
since the interaction energies can be expected 
to vary with composition due to changes in the 
lattice parameter. Therefore, in comparing 
(he observed composition dependence of T,. 
with the predictions of this model, the obser¬ 
ved /',.'s have to be converted first to values 


the stoichiometric composition (approxi¬ 
mately 30 to 75 at.%Co)[8-10]. Hence it is 
an ideal system to test the composition 
dependence of 7predicted by theories. 

We measured the pressure dependence of 
Tr in a-CoFe specimens containing approxi¬ 
mately 51,52, and 52-5 at.% Co over a range 
of pressure to 7 kbar. The argon gas pressure 
system and the differential thermal analysis 
technique used were similar to those of Yoon 
and Bienenstock[6]. In our measurements, 
both specimen and ‘dummy’ were placed in 
the furnace inside the pressure bomb. The 
electrical leads were brought out through oil 
frozen in 'U’ shaped high pressure tubings. 
The DTA signals were sufficient to allow 
determination of T",. to about ±()-3°C with the 
temperature increasing. With decreasing 
temperature. T,. could not be determined so 
accurately, but appeared to be about TC 
lower than 7',- determined with increasing 
temperature. 

Figure I shows a typical experimental 
result of the observed /’, of an o-CoFe speci¬ 
men to 7 kbar. The data obtained with 
increasing pressure showed some variation 




dlRF (Kbjr) 


I ig I, Observed crid'cal (emperaCure as a ruiKlion of 
pressure lor an <»-('oFc specimen I he circles and squares 
rcpicsen( data taken with pressure increasing and decreasing, 
respectively 


corresponding to constant lattice parameter. 
.Such a correction requires data on the pressure 
dependence of 

(»-Col-e has a CsCl-type structure in the 
ordered phase and shows the order-disorder 
transition over a wide range on both sides of 


from run to run. This variation appeared to 
depend on the length of time allowed for the 
system to reach thermal equilibrium after the 
admission of cold gas to raise the pressure. In 
runs when longer times were allowed between 
raising the pressure and measuring (1-2 
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hr compared with 10-20 min), the data taken 
with increasing and decreasing pressure 
were in much better agreement. On the other 
hand, in all runs the data taken with de¬ 
creasing pressure were quite reproducible. 
Thermal equilibrium between furnace and 
bomb should be more readily attained on the 
decreasing pressure cycle since the pressure 
vessel will already be hot and no cold gas is 
being added. Therefore, we ignored the 
increasing pressure data in calculatingSyv/S/’. 
No systematic composition dependence of 
ST^/8P could be observed among the three 
samples used in our experiments. From ten 
separate measurements on these samples, the 
average value of ST,.I5P we obtain is 0-40± 
()-09°C7kbar. The error indicates root-mean- 
square deviation from the average. Recent 
data of Cietting and Kennedy(11] show that 
the pressure correction for Chromel-Alumel 
thermocouples is neg igible for the pressure 
and temperature range used in our experiment. 

Conversion from the observed 87’,./8P 
to 67(./Sa, where a is the lattice constant, 
requires knowledge of the compressibility 
K at T,.. This was estimtited from RridgmaiT 
compression measurements for o-C'oFe 
rt-Fe[12), recent elastic constants me;r 
ments on o-F'elL^l, and the meaM 
temperature dependence of the el.' 
constants of rt-Fe[l41 and /3-CuZn(l5, 

The estimated value of K for 50:50 («-C\ . 
near is 7-8 X lO'^/kbar. This gives a value 
of S In 7 ,,/S In a = — 1-5 from the observed 
value of ST,./8P. 

Assuming now that 8 In 7V/8 In a is the 
same at all compositions in the o-CoFe 
range, the observed!10| T<. at each composi¬ 
tion was corrected to the value corresponding 
to the lattice constant of 50:50 o-CoFe at its 
Tr- For this correction, we used the results 
of Asano et al., on the room temperature 
lattice constants at various compositions!10|. 
Their data show that the lattice constant of 
«-CoFe decreases with Co content by 
approximately 0-5 per cent between 40 and 
60 at.% Co. In addition, we took into account 


the thermal expansion due to the variation of 
7’r with composition, using the data of Fine 
and Ellis!17], 

Figure 2 shows the composition dependence 
of Tf observed by Asano et al., for «-CoFe 
at atmospheric pressure in the 40 to 60 at.% 



Fig, 2. <'omp(>^illon^lcpen^lcnt■c or /, Squares .ire result' 
of Asano and co-workers iRef. | IDi) I he circles indicale 
onr eslimalcs of the cniical temperaliire .it a fixed lattice 
constant corresponding to that of u-CoFe cont.iining 50 
al.T Co at its I, and atmosphcnc pressure the dotted 
line gives the calculated values of Bicnenslock and I wsis 
iRcl l^ll 


the asy mritc 1 1 y iit ilie conipusiuiui ocr'cu.ici.c c 
of both observed ttnd corrected /,.'s is quite 
evident. I his contnidicts the symmetrical 
composition dependence of T, predicted by 
the Ising model with composition-independent 
pairwise interactions of all ranges. We there¬ 
fore conclude that any mrtdel based on pair¬ 
wise interaction energies that are independent 
of composition is insufficient to describe the 
order-disorder transformation of o-CoFc 
over the composition range in which it is 
observed. 

Some evidence for variation of the inter¬ 
action energies with composition may be 
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seen in the observations of Collins and 
Forsyth that the magnetic moment on the 
Fe atoms increases with increasing Co 
concentration in a-CoFe, while the moment 
on the Co atoms remains constant [18]. 
Unfortunately, the exact connection between 
magnetization and ordering is not understood, 
despite some attempts to include magnetic 
interactions in describing this transition 
[19,201. 

Since the corrections of the observed T^'s 
to the case of constant lattice parameter are 
small, even very large uncertaintie.s in the 
experimental value of S 'C/Sf or the estimated 
values of the compressibility and thermal 
expansion will not alter our conclusions. The 
assumption that 8ln /,/81na is independent 
of composition is more serious. However, 
one would need an order of magnitude change 
of In 7',/fi In a and a reversal of its sign with 
small composition changes near stoichiometry 
if the corrected /'..'s were to show symmetric 
composition dependence. We believe that 
such a drastic composititm dependence of 
8ln /,/Slna is unlikely since we observed 
no composition dependence of S / ,./5T in our 
samples with .■> I, .'S2 and .'i2'5 at,%Co. 

l-inally, the large dilfcrcnce between the 
values of S In / ,/8 In a in (v-C'oFe {— 15) and 
)3-C'u/.n ( 8 0) should be noted. Although 
there have been sever,il attempts at theoretical 
calculations of the ordering energies in these 
alloys 121-2.H. they are not sufficiently 
developed to alK)w a meaningful discussion of 
this compaiison at the present time. 

At kiimi I ho .iiitimrs wish U> thank Or. 

,S <( I ishniaii I'oi puiMiliiiK iho ( oFc samples amt 


Professor D, Lazarus for helpful comments and dis¬ 
cussions. 
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Abstract —Oiir previous measurement of the magnetic siisceptibilily of Furopiiim rnfliionde tiom 
liquid helium to room temperature has been extended to 7St)"K. With the aid of the recent spectio- 
scopically determined values of the low-lying energy levels of FuF, a simple crystal field analysis has 
been used to calculate the expected temperature variation c>f the susceptibility. When an accurate 
account is taken of the sample impurities, the calculated .ind expcriinental values .igiee to within 
approximately I per cent over the entiie region of measurement. 


1. INTRODUCTION 

Becaush of ith unique eleclronic ground 
configuration among the rare earth ions, a 
magnetic singlet with a nearhy triplet, Ihe 
trivalent europium ion has proved to be ■ 
popular probe forinvestig;ttingcooperati\ 
and covalent efiecis[21 thtit occur for the 
earth series. In an attempt to see how wel' 
recent spectroscopic dat;i of Caspers, t 
and Fry[31 on FuF;, could be used to pi< 
the magnetic susceptibility of this slioi, 
ionic compound, we have extended our pie 
vious helium to room tempemture measure- 
ment.s(4| to y.'iO’K. A strtiightforward ;ipplic;i- 
tion of crystal field theory!.SI h;is enabled us 
to determine the crystal field eigen-functions 
of the ‘F, excited multiplet; because Ihe 
susceptibility becomes rapidly insensitive to 
the details of the energy level structure for 
this ion we have only roughly estimated Ihe 
erystal field eigen-functions for the 't^ mulli- 
plet, ignored the splitting for higher ./-states 
and used average values for the multiplet 

^The l.incoln Laboratory poition of this work was 
sponsored by the Department of the Air Force. 


energies as determined from Ihe dtiltt of 
Caspers ei al. This degree of approximation 
has proven sutticient to explain Die variation 
of the siiseonilKiliiv of LiiF io wilhin expi.ri- 


shovved sinaii .iiiuuinis oi men iiiiptiiiiic ' i u 
approxiiiKitely H)tH) parts per million of 
sodium (see Table I). The presence of the 
latter leads to the formtition ol' NaFul , ivvilh 
europium in :i divalent slate) m.iinx ;ind, i lierc- 

Tdhlc I. Impurity nuitcut 


oj F.iih 1 Mimp/c 

Na 

10'ppm Si 

100 

O 
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Y 

1 Sc 

1 

Al 

2IKI 
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I'oie, constilulcs the only impurity considered 
iinpoitant in its ed'ect upon the susceptibility. 

The high lemperutuie measurements were 
perl'oi ined with a I’rinceton Applied Kesearch 
Model KM-I vibrating sample magnetometer, 
with a Model HM-I.‘'I oven attachment. This 
latter had to he fiimly mounted to suppress 
background signal from interrering with the 
measurements. With samples of about 0-1 
g the background amounted to about 2 per 
cent of the sample signal but was field 
independent; it. therefore, could be fairly 
accurately accounted for and did not cause 
more than a small uncertainly. The results are 
shown in Fig. 1. 

X rAIX'lJ.ATIOINS 

In the usual way for a crystal field[5] calcu¬ 
lation wc assume that the potential for an 
electron on the cation can be expanded as 

yAirUn"<((-).<!>) (I) 

II ,in 


where the </>) are tensor operators and 

the An"' are parameters that account for the 
strength of the crystal fieldI.S). The ground 
slate for Fu*^'. T ,,. is a singlet and can be 
considered as unaffected by the crystal field. 
The first excited state is the triplet. ’’F,. which 
is split by the second order terms in the expan¬ 
sion represented by equation (I) into three 
singlets which may be represented in \JM) 
notation as. 

il^^> -= |1.()> 

|lb) =^[|l, 1) F|l.-I>] 

|lc>-'~[ll.l)-ll.-l>] (2) 

where the states on the left hand side are given 
by the free ion J value from which the crystal 
field state is derived. Ignoring 4th order terms, 
the same 2nd order parameters derived from 
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the 'f, splittings were applied to the ''F\ 
multiplet to approximately determine its 
cry stal field eigenfunctions. 

The susceptibility from 0 to 800°K was then 
calculated using[6] 


ed line in the figure is the sum of the calculated 
results plus the contribution of the 01% of 
Eu'^'^ present. The magnitude of this contri¬ 
bution is computed by a simple Curie depen¬ 
dence for the Eu' ^ susceptibility, a reasonable 


^ _ A'/S' \ {LSJM\M,' ‘\LS.IM) 
3 kT 




Y, (1/ + l)e-^7' 


with 


where 




(4) 


<Z.5V||M*.||C'5'./') = (l„l,,.S7./||E-l-2S||l„l,,.V7.'./'> = S„, V(27+ l)(l/' -F l)(2C' ) D' 
X (—I ;• 

-t-jj" I'l <I,,||L||lft)j-I-28,,, V(27-+ l)(27'+l)(254-1),9(8+1) 


1.9 L 

1 

(—1 ) 

'i- /-I 

|l J' 


\ » f 

II 1„J 


X ( 


/, .S / 

I ./' .9 




for the ^/'o and 'F\ mulliplets. and the \'an .r 
Vleck formula(7| for the upper states. '' 
results of this calculation are given in Tab' 
and plotted as the solid line in Fig. I; the d:' 


Table 2. Cale II- 
laleil inaunetie 
xNseeptihility of 
EuF, 


7 l"K) 

.V logs unils) 

(1 

5 88 ( lO ’l 

S) 

5 88 

IlK) 

5-80 

LSI) 

5'53 

200 

.511 

250 

4 00 

300 

4 32 

400 

3-73 

500 

3 .34 

000 

3 05 

700 

2-82 

800 

2-65 (10 ') 


tllld ( v.iti.j '. ''r.- ^ ' 

as a magnetic standard which is both eas\ lo 
prepare, and chemically stable in air over a 
wide temperature region. In view oft he current 
high interest in the magnetic behavior of 
Europic compounds, further refinements in 
the calculations, involving crystal-field and 
spin-orbit mixing elfects. are presently in 
progress. 
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SUPERTRANSFERRED HYPERFINE FIELDS ON 
TETRAHEDRAL SITES IN SOME CHROMIUM 
SULPHO- AND SELENO SPINELS 


P. R. LCK'HKK and R. P. VAN .STAPKI.E 

Philips Research I.aboraloncs. N. V. Philips'Ciloeilampenfabrieken. Hmdhoven-Nethcrlancls 
i Ret til l'd \ ^Jitniun \ 1970) 

Abstract-Nuclear magnetic rcst>nance of ’*'‘('11 and *‘^ln in semiconducting sulpho- and seleno- 
spmcls of the type f IX 4 with A " In 01 I'e and B - ( r or Kh revealed the e’tistencc of 

large superliansfeircd hyperfinc fields on the nuclei of diamagnetic ions on tctrahcdiul sites It is 
remarkable lhal, in terms of spin densities in the fiisi empty a shell of the diamagnetic ii>n. these fields 
arc of comparable magnitude 


I. INTRODUCTION 

In the past few years NMKon tctrahedrally 
coordinated Cu in sulphospincls has been 
measured in the metallic conducting spinels 
CulCr,|A '4 (X - S. Se andTc)[l-51. In these 
ferromagnets the experimentally observed 
total magnetization of 5 per formula unit 
[6] results from a moment between ‘5 and 6/a,, 
localized on the C’r ions[7| and a correspoiu! 
ing negative polarization t'f the band in wli 
the conduction occuisl8,9|. The hypci! 
field on the Cu nucleus will generally origin 
in two kinds of mechanisms (10); (ai ' 
interaction of the Cu nuclear spin with . 
band polarization, and (b) interactions diiesii. 
between the ('u nuclear spin and the moments 
of the CrJ electrons (supertransferred hyper- 
fine fields). In order to study separately the 
supertransferred hyperfinc fields on Cu due to 
the Cr spins one needs semiconducting spinels 
with Cu on tetrahedral sites. Attempts to 
observe Cu NMK m semiconducting com¬ 
pounds such as C'ulCrTijSj failed, probably 
because the Cu resonances were strongly 
inhomogcneously broadened by the statistical 
distribution of Cr" and li" present on the 
octahedral sites. A much more favourable 
situation occurs in the semiconducting spinels 
of the type ('u',t, A;j.;;jB.,'" |X,- with X ^ S and 


In these compounds the monovalent Cu ions 
and the irivalent A ions arc ordered on the 
tetrahedral sites] 12). with the consequence 
that the perfect cubic symineiry of the tetra¬ 
hedral sites in the spinel lattice is conserved 
in the mixed crystal, Cu nuclear resonances 
are indeed easily ohservable in these eom- 
(loiind' I I"- , n-.n. r.M .a •■i' pi.'rri"i.' 


allow also II IV. dent di.iinagneiie ions lo he 
suhsliluled on tetrahedral sites. LKing this 
possibility the hyperfinc fields on the nuvieus 
of tiiv.ilcnl In on tetrahedr;il sites due to 
Cr" on octahedral sites httve also been 
measured. 

2. SI BSTAM ES 

The powdered substiinees are those pre¬ 
pared by I olgcring and used for .susceptibility 
ineasiirementsi I 2. 14) 4 he susceptibilities 

htmdied in the analysis of the NMR line shifts 
arc taken from that woik. I hey have ni>t been 
corrected for diamagnetism. 


Se, A = Fe or In and R = Cr or Rh) 11-14). 
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For CugnFcu.,■^|Cr 2 |S^. the susceptibility 
values are close to those published by Haacke 
and Beegle[] J J. 

For Cuii.sIno-ICrolSe.,, Lotgering’s data 
are similar to those published recently by 
Yokoyamaand C’hibafI3J who measured from 
77 up to 380°K and found a Curie constant 
of Cm — 3-8±{)-2°K cm’/molc and an asymp¬ 
totic Curie temperature of d = -I- 135 ± 5°K. 
From measurements up to KKKFK, l.otgering 
found the somewhat different values of 
Cl) = 3'4-*:()-l°Kcm'7niolc and d =+105 
v 5'K. X-ray data indicate a small amount of 
second phase, CrSe, as well as extra reflec- 
tions(l2| typical of ionic ordering of In and 
Cu on A-sites. These extra lines have not 
been mentioned by Yokoyama and Chiba. 

3. EXPERIMKNTAI, METHODS 

Most measurements were done only in the 
paramagnetic state of the substances, using 
external fields of around 10 kOc and a 
modified Pound-Knight-Watkins oscillator 
1171. 

We studied the ferrimagnetic compound 
Cu,i-.l-e,,-JCi jS, also in the ordered magnetic 
state, at zero external field For this case, 
a frequency-modulated oscillator of the ( oll- 
pilt type was used, while the lock-in detection 
was at either the first or the second harmonic 
of the frequency of modulation, this latter 
frequency being for instance 15 H/. A vibrat¬ 
ing small capacitor provided this mi.>duIation 
and a motor drive on the tuning capacitor was 
used for the slow frequency sweep. Figure I 
gives a result at 77°K. A special glass dewar 
with a liquid-helium cold finger was used for 
the /.ero-field NMR at 2 to 4°K. I he NMR 
coil, consisting of one turn only, was arranged 
around the outside of this cold finger which 
contained the sample-holder. In order to 
obtain a reasonably high filling factor, the tip, 

5 cm in length, does not have a liquid nitrogen 
screening. The inner diameter of the tip is 
12 mm and the outer diameter is 20 mm. A 
styrofoam box in which cold nitrogen gas was 
blown provided a temperature around the tip 


ni I'l 111111 I 




I LI Ll.+J LI LI U 


l-ig. I NMR lines of'"('u and "'('u al zeroextcrnal static 
magnetic field in lerrimagnelic C u,, Tenit-TiSi,. -is a func¬ 
tion of the frequency of Ihe marginal oscillator The 
frequency modulation used had a modulation frequency 
of 14 H/ ami a peak-lo-peak depth varying from 8.S to 
102 kHz at 76 and 82 MHz respectively. The upper 
picture gives the oscillator amplitude, lock-in detected 
at 14 Hz, and Ihe lower picture gives Ihe same quantity 
.It 28 Hz. In Ihe first case, a large spurious base-line shift 
IS delected. A double K(' filter with a time constant of 1 
sec was used, and the recording took 30 min 


of I50“K. Due to ihis prccuution, Ihe helium 
evaporation decreased from 0-6 to 0-1 litres of 
liquid per hour. 

The measurements in the paramagnetic 
stale were done using field modulation of 
about the line width or somewhat less, and 
using conventional lock-in detection. The 
signal-to-noisc ratios were seldom better than 
10 in a half-hour run. No signs of saturation 
of Ihe resonance lines have been observed, 
except possibly in the compounds that do 
not contain paramagnetic ions, such as 
ru„.,Ga..,|Rh,j.S,. 

An oven around the NMR coil provided 
temperatures up to 500°C. The powder 
samples were contained in sealed pyrex tubes 
and then inserted into the NMR coil. 
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The static magnetic fields were measured 
with an accuracy of I : l(T, using the NMR 
of protons in water. A gyromagnetic ratio of 
42-5759 MH/./10kOe 1181 was used for cal¬ 
culating the fields from the proton NMR 
frequencies. 

4. NMR RESULTS 

In paramagnetic substances, a NMR line is 
expected to be observable under favourable 
conditions such as a sufficiently rapid exchange 
frequency for the paramagnetic ions, and only 
small nuclear electric quadrupole interactions. 
The NMR frequency w may then be expressed 
as 

a> = 7„[//„ + 8W-t- o!M„(7 ) 1 (I) 

in which y,, is the gyromagnetic ratio of the 
bare nucleus, Ha is the applied static magnetic 
field, M^(T) is the temperature-dependent 
part of the paramagnetic magnetization, 
aM„{'r) is the temperature-dependent part 
of the (small) extra field at the nucleus, and 
8 // Stands for the remaining extra field at the 
nucleus. The term 87/ coiiuiins contributions 


connected with diamagnetism and with Van 
VIeck paramagnetism. The last term has the 
simple form aMpiT), « being constant, 
provided there is only one kind of para¬ 
magnetic ion interacting with the nuclei. The 
tw'o terms. 8/7 and aMpiT) are proportional 
to //„. so that one may write 

( 2 ) 

in which 

r,.rf = y,,(i + 8/////„ + «x.(T)]. (3) 

The effective gyromagnetic ratio y,.,, is directly 
obtained from the NMR measurements. By 
plotting y,.„ vs. the molar susceptibility x„, it 
is possible to check the linear relation |3). 
since X\i is Ihc sum of the temperature 
dependent susceptibility Xi>)T^ ^ttd ihc 
temperature independent diamagnetic and 
Van VIeck susceptibility. 1 he constant a 
can then be derived from the slope y„t«. 
using the well-known value of y„ This pro¬ 
cedure is followed in the l igs. 2-5. Resulting 
\al. 



Eig. 2 I he eflcctive I’yroinagnelic ratio y,.„ of "'Cii. char.iclcri/inti Ihc 
NMR line position, in paramagnetic C u„ .I c,,W r.S,. as .t lunciion of 
lemperalure and as a fiinelion of Ihc molar siisceplihihly 
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I ig. 3. The y,.,t values of ‘''Cu in paramagncUc ( u,,-, Mg. 4 The y,./f values of "'’In in paramagnetic Cu,,^ 
In,, with X S or Sc. plotted as a function of the ln„^C^ 2 X^ with X = S or Se. plotted as a function of the 

molar susceptibility molar susceptibility 



I ig 5 I lie y,f, values of‘‘X'u in paramagnetic ('ti„-,Fc„..RhoSi. plotted 
as a (unction of temperature and as a function of the molar siisccp- 
iihility I he points f > and i 1 conespond to NMR in two samples pre- 
paicd in a slightly dillercnt way. (he susceptibilities having always 
been taken from the best sample. 


I'ahle 1. together with approximate values results for Cu„., Cr^lX, with X = S and 
of the measured NMR line width. For Sc. In Figs. 2-4, the 7 ,.rr values increase with 
( Uo ,.,F<-‘, I sK'r..,|S, (Fig. 2), the linear relation increasing x (so-called positive line shift). 
(.^) is actually not expected to be valid since For Cuor.F'CosiRh.lS, (Fig. 5) the NMR line 
there are two kinds of magnetic ion, Fe'*^ and shifts are negative and comparatively small. 
( r", in this substance. This case will be When lowering the temperature, the NMR 
discussed below. Fhc Figs. ^ and 4 give the line of’K.Ti disappears rather suddenly which 
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Table I. The slopes of the lines in Figs. 2-5, given by the quantity 
a = ( Uyn)(J approximate values of the line width between 

the extremes of the absorption derivative 


Ciinipoiind 

Kig. 

(«,.,,(01010/0111’) 

«i„(molo/om'') 

Line width (Oe) 
f>\ u II-Sn 

f'u„jFe„..|Crjl.S, 

2 

KV7 + ()-4 
(for42()-470’K) 

- 

20 -. 1 i) 

— 

L'iiiidn„.,|Ur,lS| 

1.4 

+ 1'63 

+7-9 

7 

10 

Cii,isln,|,lCrj|Sej 

1.4 

4 ()'9S 

-t7.1 

K 

40 

Cll„TCor,lRll2|S. 


- 0«9 


2 

- 


is undoubtedly due to the transition to anti- 
ferroniagnetic ordering of the Fe'"^ spins[l4|. 
At 140°K the line is only a little weaker than 
at higher temperatures. At 136'’K it is some 
10 times wetikcr ;ind barely observable. Frt)m 
our observations it ean be concluded that the 
Neel temperature is below I.^.S^K. Although 
not much, this value is clearly below the 
minimum in the xv ' - vs. - T curve! 14). 

In the F-'igs. 2-5 we plotted y,.,r values 
instead of the more commonly used line 
shifts (Yt.ff-yrcfl/yrcf v/ith respect to a dia¬ 
magnetic reference substance having 
gyromagnetic ratio -yn.f. The reason why ■ 
preferred to plot 'y,.rf is the comparatively la' 
spread of the dilferent possible yief values L 
Cu. Tiiblc 2 lists such values for coinpoiiii' 
that arc diamagnetic or perhaps weakly pm 
magnetic, the susceptibility being mdcpcndeii, 
of temperature. For convenience, these com 
pounds will briefly be called non-magnetic 
1'heir range of y,.„ values is indicated in Figs. 
2-6, for "''Cu as well as for "'’In. In Fig. 6, 
the data of Fig. 3 and 4 are given in a ditlerent 
way: the 7 t.rt values of ''"’In are plotted as a 
function of the corresponding values of '''C ii. 
the temperature being the implicit parameter. 
This figure illustrates the accuracy of mea¬ 
surement apart from inaccuracies m the 
temperatures and susceptibilities. For increas¬ 
ing temperature, one expects x,dT) to 
approach zero and the measured molar sus¬ 
ceptibility x.v lo approach a temperature- 



M 25 11 JO 1135 II SO >'45 

— *■ (MHz/lOkOe) 

f lu 6 The y.i, N.iluch I'f ""'In ploltcd .in i funciion ut the 
LT»rrcspoiiiling values ofu. in Pstiam.i^rnctic ( ii,, 
with X = S or Sc The temperature in Iht 
implicit parametci 

independent value Xwl^-). In Figs. 2-5, the 
extrapolated yi.ir value at Xv^Xi/l^^ equals 
y„( I-Ffi/y/F/y) according to (3). This v.iluc 
is expected to be comparable in magnitude 
with the y,.ft values for the non-magnctic 
compounds. We estimate to be not 
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Table 2. N M R line positions in non-ma^netic semiconducting 
compounds 


(ompoiind 

Nucleus 

Temperature 

("K) 

ren/2rr 

(MHz/IOkOe) 

Ref. 

Ciii 1 

-J('u 

’“t.s and 77 

II ■28.5.1 ±0 0002 

(a| 

C'uin \ c.. 

-'Cu 

29S and 77 

11-2900 ±00005 

la,b| 

C'ul nSe^ 

-'Cu 


I1-2920 + 0 0005 

[a.bl 



77 

11-2927+ 0-0005 

la.bl 

fu,VS, 

-'Cu 

29.S 

ll-2%4±l)OOI5 

la. b] 

( 'll,, .,1 KhJS, 

-'Cu 

29.S 

11-2910 ± 0-0002 

|a| 


"'Cu 

77 

11-2917 + 0-0002 

[a| 

('ll,, -In,, ,|Rh,;|S, 

-•'( u 

29.S 

11-2921 +0-0002 

la| 


'■'< u 

77 

II-2921 ±0-0002 

[a| 


"'■In 

77 

9-.1316 + 0-0005 

lal 

( ii„ ,ln„.,{1 n.|S| 

11 

29.S and 77 

not observable 

la| 


-■'Cu 

4-2 and 15 

II-28 ±0-02 

lal 




Iveiy broad) 



"'in 

4 2 

not observable 

lal 

lil-nilr.ilfl 

"In 

29.S 

9-,t296 + 0 0009 

Kl 

M.ldUDIl 1 



9-.1284± 0-0006 

KH 

InSli 

"in 

2‘).s and 77 

9-.t29±0-(K).t 

|c| 

|,i| Ihissiiiik, 





H’l Kol.I.-il 





Id l>K()( lORW (i 

.mil YU t- ( 

./•Ml R<r.8l. 

20 (1 ')5 1). 


(J) IIN(, YtJ ,indWU 1 lAM.SO 

It,! 89, 

595(1951) 


lc| sum \fAN K ( 

; , MAYS ,1. 

M. and Mct'AI 

1, I) W . /9m, i Mci' 

1(H), 692 


(I'J.VM. 


much muic th;in()-2 X 10 'cmVmoie. In Fig. } 
: iik 1 4 line uhtains rcasimablc extrapolated 
y,.„ values at possible values of In 

I ig. .‘i the extiapolated value of '"‘y.'fr nt Xm{^) 
IS M 402 M M//10 k(4c (or even somewhat 
larger) which is surprisingly high. Such a high 
value is also obtained, without using any 
susceptibility data, by means of tin extrapola¬ 
tion technique in which y„.r is determined in 
such a way as to make (y,.rt~ yr<-i) ' —vs. — T 
a straight line. Perhaps, a temperature depen¬ 
dence of the hyperfine interaction parameter 
o IS the cause of the unexpected result of the 
extrapolation. 

For Cu„r,Fe„.,|(> 2 |S 4 (Fig. 2), a naive 
straight-line extrapolation to would 


yield a y,.„ value for "'Cu of below 11-2 MFIz/ 
lOkOe which is inconceivably low. As re¬ 
marked before, rehition (3) is not expected to 
be valid, since both Cr and Fe contribute to 
the Cu line shift and to (he susceptibility, but 
the relative importance of Cr and Fe is differ¬ 
ent in these two quantities. No attempt to 
analyse this quantitatively will be given here, 
but qualitatively the behaviour can be under¬ 
stood. using a model in which the main con¬ 
tribution to the Cu hyperfine field arises from 
the Cr d-electron spins and in which the con¬ 
tributions of Cr and Fe to the susceptibility 
are still opposite to each other at tempera¬ 
tures slightly above (400-500°K), whereas 
their contributions add at very high tempera- 
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tures (above I000°K)[I9J. In this picture, 
the a-value for temperatures slightly above 
Tc (Table 1) is the best one can take for 
making a rough prediction of the hyperfine 
field at Cu in the ferrimagnetic state at O^K. 
Taking the saturation magnetization 
instead of the paramagnetic magnetization Mp 
in (1), one calculates a hyperfine field of 
= (3-7 + 0-4) X 19-5 = 72±7 kOe. 
Here we took jW, = 19-5 kOe cm'’/mole, corre¬ 
sponding to the theoretical moment per 
formula unit of 2 x 3 — i x 5 = 3-5 Bohr magne¬ 
tons. Zero-field Cu NMR (Figs. I and 7) was 
indeed observed near the predicted frequency. 
It yields /y„y^= 68-8 ±0-2 kOe at 0°K. Pro¬ 
bably, the observed zero-field resonances 
originate from nuclei in the domain walls. A 
so-called pulling[20] of the NMR frequency 
may exist in such a case where the electron 
spin and nuclear spin motions are severely 
coupled. In our case there is apparently no 
important pulling since at 4°K we found the 
ratio of the resonance frequencies of •‘X.'u and 
“■*Cu to be equal to the known ratio of the 
gyromagnetic ratios y„ of these nuclei, within 


the accuracy of measurement of 01 per cent. 
Also, the resonance frequencies of "’Cu at 
2 and 4°K are equal within 0-05 per cent. In 
Fig. 7 the Cu hyperfine field is plotted as a 
function of temperature, together with the 
total magnetization and the Fe sublattice 
magnetization, as measured by Van Wicringen 
[12] from the Mossbauer spectra. From this 
data the strength of the coupling between the 
Cu nuclear spin and the Cr ^/-electrons can be 
calculated (see next section). 

S. DISCUSSION 

To compare the strength of the hyperfine 
fields in the ditt'erent compounds we calculate 
their values for the magnetic saturation. If we 
use a theoretical moment of M, = 33-.‘'kOe 
cm-'/mole for 2Cr'’'' per molecule and a 
moment of A7, •= 14 0 kOe cm’Vmolc for ] Fe " 
per molecule, we calculate the values H,,f 
’= given in Table 3 from the values of 
o given in Table I. 

At first we compare the hyperfine field on 
the ('u nucleus in the sulphides. In the ferri- 
magnet Cu„.-,Fe„..,!Cr,!S, the moment of the 



Fig. 7 Ttic temperature dependence of the total niagneti/.ition and 
of the hyperfine fields on Fc and C u in fcmmugnetic Cu,, .Fe„ ...t r^S,. 
At zero temperature, the magnetization is 3'2nii and the hyperfine 
fields on Fe and Cu are 38.S kOe (sec Ref. (t21) and 6t( S :*-0 2 kOe 
respectively 
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tetrahedral Fe sublattice is opposite to that 
of the octahedral Cr sublattice [12J. The tem¬ 
perature dependence of the moment of the Fe 
sublattice has been measured by Van Wierin- 
gen[12]. Measurement of the total magnetiza¬ 
tion as a function of temperature gave different 
results for different specimens, the value of 
the saturation magnetization being at least 
8 per cent too low compared to the theoretical 
value. This is probably due to difticulties with 
the purity. However, the reduced magnetiza¬ 
tion M(T)IM{0) as a function of temperature 
showed better reproducibility. Using theore¬ 
tical values for the saturation magnetization 
of the sublattices, the Cr moment was cal¬ 
culated as a function of temperature from the 
total magnetization and the Fe magnetization. 
If we assume the coupling of the C'u nucleus 
to the Fe spins to be of the same negative sign 
and strength as in Cu„.sFco, 5 |Rh 2 |S 4 . the 
hyperfinc field on Cu in C.'u„. 5 Feo,,lCr..,|.S, can 
be corrected for the small positive part due to 
the negative Fe magnetization. 1 he strength 
of the coupling between the C'u nucleus and 
the C?r magnetization can then be calculated. 
1 he value of a turns out to be 1-67 tO-Ot 
throughout the temperature interval 4 
<c 220°K, which value compares well . 
0=1-63 found in Cu„slno.^lC'r^lS,. In 
magnetic saturation the hyperfine field 
CuusFeiislCralS^ is then found to consi^' 
-f56kOc from the Cr magneti/atK)n - 
-fl2-.5kOe due to the Fe magnelizatit)n (ssi 
Fable 3). 

The next point is the strength of the hyper¬ 
fine field on the nuclei of the diamagnetic ions 
Cu'^, Cd'-'. Hg-^^ and In-" on tetrahedral 
sites in spinels induced by the Cr moments on 
octahedral sites. Transfer of J electrons of 
the Cr ions to the first empty .v shell of the 
non-magnetic ions[21J is thought to be one of 
the origins of the supertransferred hyperfinc 
fields. On the basis of this idea Berger, 
Budnick and Burch] 15] scaled the hypeilinc 
fields as measured by them on the Cd*^ and 
Hg^^ nuclei in CdlCr 2 |X 4 and HglCr^lXj 
(X = S and Se) by taking the ratio to the 


hyperfine field of the corresponding 4</''’5.s' 
and SJ'%s' configurations of Cd*^ and Hg^ 
respectively. Extending this procedure to Cu 
and In, we obtain the spin densities presented 
in Table 3. We note that in the selenides the 
spin density on the diamagnetic ion increases 
regularly from 1-2 to 21 per cent going from 
monovalent Cu to trivalent In. However, a 
similar regular change with the charge of the 
diamagnetic ion is not observed in the sul¬ 
phides, where the spin density on Cu'^ is 
rather large. The difference in spin density on 
the same diamagnetic ion in sulphides and in 
selenides is small (0-2-0-3 per cent) except for 
Cu'+where it is 1 percent. 

A similar dependence on the nature of the 
ligand is also observed in the hyperfine fields 
on Cu in Cu|Cr 2 lX 4 (X — S, Se and Te). In the 
magnetic saturation of these metallic conduct¬ 
ing ferromagnets, a Cu hyperfine field of 
-F90kOe was observed in the sulphide, +12 
kOe in the selenide and -1-40 kOe in the 
telluride[l-5i. The hyperfine fields on Cu in 
the metallic conducting compounds apparently 
exceed the hyperfine fields in the correspond- 

ID” ' ■ ' 


III I... 

Cr </ eleeliDiis to copper 4s states It the 
strength of the last meehanism is the same -as 
in semiconducting compounds containing di- 
viilent tons on the telrtihcdral sites. \vc expect 
a supertransferred hyperfine field on Cu of .‘i I 
kOe in ('uCr,.S 4 (corresponding to a spin 
density of 2-0 per cent on Cd-^' m Cd('r^.S 4 l 
:md of 43 kOe in CuCr^Se, (corresponding to 
1-7 per cent in CdCr 2 Se 4 ). I his leaves 40 ,md 
3()kOe for the hyperfine field on the ( u 
nucleus due to the polarization of the 
band in CuCr.,.Si and CuCr^.Scj respectively. 
.Such small numbers in a case where the 


JPCSViil.3l,Na. 12-E 
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polarization corresponds to I /itn per Cu ion 
make it doubtful whether the tj'* states can 
be considered to have mainly copper 3t/char- 
actcrf22J. Moreover there is strong evidence 
of monovalent copper in these compounds 
[8, 23). Therefore we prefer to use the model 
in which the electrical conduction is attri¬ 
buted to holes in the valence band (8J. If one 
assumes the interactions between Cr d elec¬ 
trons and the nucleus of the monovalent 
copper to be of the same strength as in the 
semiconducting compounds, the extra contri¬ 
bution of 40 kOe to the hyperfine field ob¬ 
served in the metallic conducting compounds 
originates in the negative polarization of the 
valence hand. A negative coupling between 
the magnetic polariz.ation of the valence 
band and the Cu nucleus is also observed in 
the compounds ( uIRh.lXj (X — .S, Se){5,8|. 
These compounds have a metallic electrical 
conduction and a temperature-independent 
paramagnelism|8,241. Van VIeck para¬ 
magnetism of the non-magnetic Kh'” ions and 
Pauli paiamagnctism of the valence band 
contribute to the magnetic susceptibility[8]. 
A negative Knight shift of the ('u nuclear 
resonance is observed both in the sulphide 
ami the selenide|.Sl. 

. li - Wo Ih.ink t)i t- K I olgcimg (or 

oonli.il coopoi.itioii. Ml Ci. It. A. M van ilor Sicon lor 
llio piopa/.ilion ol ihc s.nnptos .nut Mi W M D.iin lr>r 
loohiiKal .issisianco 
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OSCILLATORY DEPENDENCE OF 
SUPERCONDUCTIVE CRITICAL TEMPERATURE 
ON NUMBER OF VALENCY ELECTRONS IN 
Cu,Au-TYPE ALLOYS 
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Philips Resciuth I aboiatones, N.V Philips'Glocilanipenlabrieken. 

Findhoven. Ncthei lands 

Uiet I II t ilfiJiiiiinirY 1970) 

Abstract—I he .superconducting critical Icinpciiiture, the magnetic susceptibility and the Ihcimo- 
elcctric power ofa number of pseudo-binary H,/l-lype alloys with C'UiAu-simelure have been investi¬ 
gated An oseill.itoi y dependence of Ihe properties on the miinber of valence elecirons per atom w.is 
observed. The consiiliicnls of Ihe alloys were mainly non-liansilion metals for the .^-elements ( a. 
Y. I.a and I h and for the R-elcmeivls In. Sn. 11 and Pb I he icsulls can be e\pl.lined by taking into 
account the influence of the scattering of electrons by Bragg-planes near Ihe 1-ermi surface on the 
electron density of stales and on the superconductive mieiaclion parameter In addilion H olhei 
{'ll ;AiMypc compounds with mainly non-liansilion metals have been piepaied I he supcicondiicliviiy 
of 19 out of Ihe 2.1 C'UiAu-typc contpourids investigated, can be lilted into the geneial scheme of 
oscillatory behaviour of /, with ii. 'Ihe absence ol siipereonduciiviiy tor ' ol the compounds can be 
ascribed to niagnelic interactions. 


1. INTRODUCTION 

In a previous paper! I] it was shown ih.ti in 
the ('ii,Au-typc alloy system LuTl|-l.aSn 
(he superconductive critical temperature. / 
follows a fK-like curve if plotted as ;i funci. 
of the valency-eicctron concentration. 
Other properties, such tis the ntom tempo- 
ture value of the magnetic susceptibility 
and the thermo-electric power, .V, were stiow ■. 
to he oscillatory as well. It was reported 
that similar behaviour wtis observed in severtil 
other alloy systems in this struettire type. In 
this paper we present Ihe e.xperimental evi¬ 
dence that it is indeed a characteristic property 
of non-transition metal Cu,,Au-lype tilloys to 
show oscillatory 7,., x ans .S' vs. n curves, 
with ma.xima and minima at approximtttely 
fixed values of the electron concentration ii. 
An expliination of these results, based on 
Brillouin-/.onc ell'ccts. will be discussed. 

2. PREPARATION 

All alloys were prepared by heating Ihe 
elements in the appropriate amounts. 1 he 


sitirling mtilcriiils had a piiiity ol W-f) per 
cent O' b'-i|i'i lb'- /> nii'i iK hem" of "r.iih v 


Used. It Ihe .illoy to he piepaied does mu 
readily decompose on exposure to normal 
room conditions. Ihe elements were melted 
together in ;tn Argon are. the mixture being 
remclted several times to approach homo¬ 
geneity. If the X-ray dilfraction pattern 
showed that the rettction was incomplete, 
the sample was given a further heat-treatment 
in an evacuated and sealed quart/ vessel In 
the list of the different systems investigated 
(Table I) this method is indicated by A. 
followed by the temperature in degrees centi- 
gfitde iind the duration of Ihe annealing. Ihe 
other method, used to prepare alloys that 


:6vt 
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Table 1 . Survey of the CusAu-type alloy system investigated 




Second pha.ses present 

.System 

Preparation 

Measured properties 

and remarks 

l .atln, r. SOj-li 

A 

To x--'’ (Fig- 2). 
x(T) (Fig. 10) 

— 

l.aCl 1, Srij.), 

Mo, 17.S0° 

r,,x.5(Fig. 4) 

forjT < 0-3 traces of Tl 

l.aCll, Pb^), 

Mo. 1750° 

r,.S(Fig 3) 

(Pb. Tl), sometimes up to 

15 per cent 

1 alPh, ...Srir), 

Mo, 1750" 

a,/...X.5 (Fig. 9) 

— 

Cam, Pbj.), 

Mo, 1750" 

T,.(Fig. 8) 

(Pb, Tl), sometimes up to 

15 percent 

Ytln, ^.Sn,), 

Mo, I600°(4H()“. 2()day.s) 

7-,,.5 (Fig 6) 

InSn up lo 5 per cent, for 

X > 0-6 unstable 

Ytin, ,,Ph,b 

X - 0-5 , else Mo 1750'* 

(600^25d;ly^) 

r,..x.S(Fig. 5) 

traces of Pb for jr > 0-7 

1 hlln, ,, Srij), 

.r < 0-6, A (1000°, 10 days) 
r ' 0-6' Mo, l«00°, (400°, 10 days) 

r, (Fig 7) 

sometimes traces of In 
sometimes traces of Sn 

(la, ,, 1 hjiSn, 

Mo, I6()()“(450°, .todays) 

7',,X,5(Fig. 2) 

— 

(l,.i, ,.Th,)Ph, 

Mo, 1600° (1800°. 25 days, r < 0-5) 
(250", to days, .r > 0-5) 

T,. X. S (Fig. 3) 

traces of Pb for jr > 0-6 


Note In all eases, esecpl 1 a(Eh, Snl,. ihc laiiicediiiienMons a are lo be found m Eig I. 


decompose at noinial room conditions, in¬ 
volved heating the weighted elements for 
half an hour in an induction-heated furnace 
in evacuated and sealed Mo-vessels, well 
above the melting point of the alloy. This 
method is indicated in Table I by Mo, followed 
by the healing tcmperaliire in degrees centi¬ 
grade, and by the temperature atid duration 
of the annealing. The latter was always per¬ 
formed in the original and unopened Mo- 
vessel, covered by a sealed and evacuated 
quartz envelope. 

In several systems we did not take the ideal 
ratio I -. 3 for the elements forming the alloy 
AH,i. but the ratio I ; 2-9 instead. In these 
systems the normal ratio I :3 gave rise to a 
large second phase content, the /Tmettil. This 
can be ascribed to the presence of some 
o.xygen in the A metals leading to an excess 
of li in the reacted mixture. A few experi¬ 
ments showed that an even larger reduction 
of the fl-content in the reaction mixture did 
not change the superconductive critical 
temperature by more than 0 TK, though 
other second phases then appeared. This 
shows that in our systems the ratio of A 
elements to B elements is a relatively un¬ 
important parameter as far as supercon¬ 


ductivity is concerned, probably because of 
the narrow stability regions of the C'UnAu-typc 
compounds. Hven with this variation in A: B 
ratio we did not always succeed in preparing 
single-phase CunAu-typc alloys. For such 
samples the nature and relative abundance 
of the second phase present are also reported 
in I'able I. 

3. MEASURING METHODS 
After preparation, the samples were crushed 
and a powder X-ray dilfraction pattern 
measured. Those samples that had been 
prepared in scaled vessels were handled in a 
glove box. filled with dry nitrogen. Their X-ray 
patterns were obtained from powder in a 
special sample holder, which allowed it to stay 
in the inert atmosphere during exposure. 
Exposures were made on a Philips wide-range 
X-ray diffractometer PW 10.50/30 in com¬ 
bination with an AMR X-ray focussing mono¬ 
chromator using CuKa radiation. If the 
difference in atomic number of the A and 
HAype atoms exceeded 20 percent we always 
found superstructure lines of the Cu^Au- 
slruclure in addition to the normal f.c.c. lines. 
The intensity of these lines increased with 
increasing difference in the scattering power 
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of the A and fl-atoms in accordance with the 
calculated intensities of a completely ordered 
structure. Moreover, splat cooling of a few 
samples indicated that even such samples 
were completely ordered as inferred from the 
X-ray diagrams and substantiated by measur¬ 
ing an unchanged superconductive critical 
temperature. The invariance of the super¬ 
conductivity at varying cooling rate during 
the preparation was also observed for some 
alloys where no superstructure lines could be 
observed because of the small difference in 
scattering power of the A and H atoms. The 
stability of the ordered structure is probably 
due to the rather large electronegativity 
difference between the A and W titoms in all 
of our alloys. In our opinion the evidence 
given above is sufficient to conclude that in 
all cases we have obtained the ordered 
Cu.,Au-type structure. 

The unit cell dimension of each sample was 
determined and the results are plotted in big. I. 
Although the ttccuracy is limited to about 
±0'0025 A the results clearly show a very 
regular behaviour upon the various substitu¬ 
tions. showing that we have obtained ic.i' 
tilloys and tiot mere mixtures. Moreovei 
higher ticcuracy of the cell dimensions v 
hardly obttiinablc for a number of sampii 
especially those containing Ca and I h. i' 
width of the peaks being loo large. I'oi ; 
Ca-compounds even this accuracy could la 
be achieved, but it is only tibriut ±0-()I ,A 
In the system Yin-, with substitution of .Sn 
for In we found a solubulily limit near 60 per 
cent Sn. This is in accordance with the 
reported non-existence of YSn, as a Cu,Au- 
lype compound(2]. 

Superconductivity was detected by measur¬ 
ing the change in the mutual inductance of a 
balanced pair of coils at 740 Hz. The tempera¬ 
ture was measured by a carbon resistor, cali¬ 
brated against the vapour pressure of liquid 
He and the transition of pure Pb. I'empera- 
tures below rK were obtained by adiabatic 
demagnetisation of KCr-alum, and super¬ 
conductivity was observed by monitoring 



tl,. 

was cttlibralcd ag.imsl iiica-.uiciiienK oi iiio 
susceptibility of (’eMg-nitratc single ciystaK. 
I he lowest tempei.iture reached was O 
We defined /, as the midpoint of the cuise 
of the susceptibility change. T he width of the 
trtinsitions, indicated by bars in the giaphs 
of the next section, are the intersections I'f 
the tangent at T, with the 0 and 100 per cent 
transition level. In most samples less than 
5 per cent of the transition had taken place at 
temperature above the higher point of the bar 
and at the lower point of the bar SO to 90 per 
cent of the transition was completed 

Room temperature magnetic susceptibilities. 
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were measured by a standard Faraday 
method at about 9()()() Oe. For a few samples 
the susceptibility was also measured over a 
wider temperature range. The thermoelectric 
power, S, was obtained by measuring the 
voltage over a thin, freshly cleaved sample 
placed between two silver electrodes at 
2.‘> and 4()°C, respectively. Only samples 
showing metallic lustre gave reproducible 
results. 

4. RESIII.TS 

A survey of the vtirioiis systems investigated 
is given in I able 1. Imlicated are the prepara¬ 
tion method, the numbers of the figures where 
the results of the ditferent measurements are 
to bo found, and the nature and amount of 
second phases, if present. In Figs. 2-9 the 


Lalnj LaSfij Th Snj 



hig 1 Siipcicondnciivc cniical U’nipciaiine T,, looin 
icmpcicilurc imignelic siisccpiibihty x iheimo- 

eloclnc powci .V of alloys 1 adn, ot alloys 

(I a, j. I h, plotted as a (\inctioii of valency election 
conccnliation /i 


LoTlj ___ LoPb; Th Pb, 




n (el lax) 

l-n:. t 7,. .iiid .S ol alliiys I at 11, anil 

It .1, ,. Ih.tl’b,. 

superconducting ciitical temperature and, 
if measured, the room-temperatuie ihermo- 
eleetrie power, ,S. and the room-lernpcrature 
magnetic susceptibility, x- ‘‘re plotted as a 
function of the composition. When the electron 
concentration n has varied with substitution, 
this parameter is indicated also. In Fig. 9 
some X I curves, measured over the 
temperature range 77-500°K, arc given. 
Finally, in Table 2 we summarised the super¬ 
conducting critical temperatures and the unit 
cell dimensions of all binary alloys investi¬ 
gated. Included are also a number of alloys 
that are not part of the systems in the figures. 

5. DI-SCESSION 

The results, presented in Figs. 2 and 3. show 
very clearly that the curves of the critical 
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La Tl 3 La Sn3 



temperature vs. valency electron conceit;, 
tion are similar in most of Ihe systems inv. 
gated. Although the values of the ciif 
temperature 7',. may he rather ditl'crenl '' 
certain valency electron concentration 
we find relative minima in Ihe 7',. at /r-vali. 
around 31. 3 5 and 3-t>, whilst maxima ais 
found near /(-values of 2-95, 3-3 and 3-7. 
The S vs. /( and x n curves also show an 

oscillatory character, x being in phase with 
the /', and S about a quarter of a period out 
of phase. Two exceptions arc found; in Ihe 
system rhln.i-ThSn., the curve is still oscil¬ 
latory, while in Ihe system LaSn.,-ThSn, 
the minimum at // —3-9 is missing. In low 
temperature X-ray diagrams we found some 
indications, that in the latter system the unit 
cell is slightly distorted towards a rhomho- 
hedron (rr = 89-3°), but due to the broadness 
of the peaks this interpretation is not beyond 
doubt. Such a deformation would, in the 


rinj YPbj 




CK) 5 (^JV/•C) 
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325 3 50 3 75 400 


n (elfat) 

Rig. 7. T, of alloys Th(ln, SOjK. 

lancc. which may be seen for instance from a 
comparison of the systems I.uln.,-I.aSn, and 
Lall-l.aSn,. The fact that the oscillatory 
curves are found in systems with very different 
kinds of atoms rules out the possibility that 
the striking effect is due to the special inllucnce 
of lanthanum. Moreover, as (’a and even Na 
can replace l.a without essentially changing 
the oscilliitoi y character of the T,. vs. n curves, 
it is clear that the alloys behave like non- 
transiiion metal alloys. F'rom these obser- 
vatitms we arrive at the conclusion thiit the 
oscillatory behaviour of the /',. vs. the x vs. 
II and the ,V vs, ii curve must be due to a 
general property of the C'u,Au-typc structure, 
and because of the non-transition metal 
character an explanation with the help of a 
neaily-frce electron model will he appropriate. 

An oscillatory /',. vs. n curve, though normal 
in transition metal systems, is rather new for a 
non-transition metal system. In most non- 
(ransition metal systems only a steady rise of 
I, with n IS observed, e.g. in several Pb 
alloys In the PbTI-system 7',, decreases very 

Ca rij Ca Pbs 

60 


n (el/at) 

Rig. X /, of alloys ('a( I'l, Rb,),. 



LaPb3 l.aSn3 



Rig 9 , y, .S' and l.illicc dimension ii of .illoys LalPb,.,. 

.Sn,), 

rapidly with decreasing value of n near n = 
3-1 (5|, which could be explained in a satis¬ 
factory manner by Brillouin-zone effects[6]. 
However, a rise in T,. at lower/i-values, which 
would be expected from this explanation, 
could not be observed because of a change 
of the structure froni f.c.c. to hep. A 7', 
decreasing with increasing valency electron 
concentration is found in the system lnHgl7|. 
It was shown earlierlSl that this again can 
be explained if Brillouin-zone effects are 
taken into account. I'he only other oscillatory 
T,. vs. II curve measured so far is found in the 
-metastable-simple cubic Te-Au alloys f9J. 
Here also the thermoelectric power shows an 
irregular behaviour, and Brillouin-zone effects 
were shown to explain these results. The 
rather scanty information about Brillouin- 
zone effects as striking as in our systems is, 
however, not too surprising. Most non¬ 
transition metal-alloy systems have either 
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very simple structures, such as f.c.c. or hep, 
which have only very few scattering Bragg- 
planes, or can be realised only at narrow 
ranges of the number of valence electrons per 
atoms. In the Cu,.,Au-type structure we 
have, on the other hand, a not too simple 
structure type that can be realised for alloys 
over a large range of /i-values. 

We will show now that Brillouin /one 
effects indeed lead to such oscillatory 7',.. 
S and X » curves. To that end we have 
plotted in Fig. I 1(a) the well-known behaviour 
of the density of states, /V(£'), as a function 
of energy for a nearly-free electron model. 
If the electrons were completely free the dotted 
curve would be followed. To illustrate the 
influence of the periodic lattice potential we 
assume that at energy M a form of Bragg 
planes would be attained. If these planes have 
a non-vanishing scattering power for the 
electrons, the Fermi sphere will bulge out 
upon approaching and the density of states 
will increase faster than for the frec-clcctron 
model. Already at A the sphere will touch 
the planes, and at this point the deiivative of 
iV(£') changes abruptly from i- to a neuaif 
value because, starting from this value, p- 
of the phase-spiicc arc forbidden. At eiw. 

R the filling of a next /one starts, again \\ 
an abrupt chtmge in the density-of-st. 
curve. Fintilly, near energy /) the first /■ 

IS completely filled. I his hittei etfect is dia 
to a cooperation of the difl'erent Bragg planes 
and hence this feature leading to the mtiximuni 
in the density of states near f is absent in 
the density of states curve derived for the 
influence of a single Bragg-plane. It nitty be 
remarked that the curve of the density of 
states vs. the valency electron concentration 
will be of a similar shape, because the energy 
in the free electron model is related to // as 
n -= const. £ and the only influence of the 
Bragg planes is to expand the n-scale with 
respect to the £^''^-scale in the regions where 
N exceeds its free-eleclron value (netir A) 
and to contract it at energies where N is 
smaller (near B and D). 


1'he influence of the Bragg planes on the 
superconductive transition temperature can 
be found straightforwardly with the help of 
the consideration given in an earlier paper[6]. 
There it was slated that, although all electrons 
at the Fermi surface contribute to the inter¬ 
action T which causes superconductivity, 
electrons in mixed O.P.W.'s are far more 
elfeclive than electrons in single O.P.W.’s. 
The arguments, based on pseudo-potential 
theory are as follows. F is proportional to the 
averaged square t)f the matrix elements 
W(k.k-l-q) that determine the scattering 
of an electron out of an O.P.W. k into an 
O.P.W. k + q. In the pseudo-potential theory 
M is approximated by the product of the 
structure factor .S'(q) and a form factor Uiif). 
For non-transition metals the £(</) vs. q 
curves are similar to each other, all having 
Itirgc values of jf./| only at small t/-values 
'I his metms that electrons in single O.P.W.’s 
will be nearly exclusively sctitlercd over 
smttll angles in the extended /one scheme, 
because onlv then is r/ small. On the other 
h.r- ' ' • ■ M \\ . 


tv> .111 . a.-, . ... . . 

we find those electrons m mived O P \V, ^ 
mainly ne.ir A. ,il the right-hand side iii-.ii B 
and at tlie left-hand side near I) Hence ll e 
superconductive interaction p.n.inieter I will 
depend on £ as sketcheil in Lie I lib) I he 
superconductive ciitical lempeiature. given 
by the BCS (strong-coupling) formula 


w'lll show the behav lour skelcheil in Lig. I lie). 

For the thermo-electric power at room 
temperature. S. we again have two elfects 
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to take into account. Jn the first place we have 
the influence of the deformation of the Fermi 
surface and secondly that of the much in¬ 
creased probability of large-angle scattering 
near A and C. We use the general formula 


S = n'^k- 





<r(£') \ 

HE )i 1 1 


(llj. 


where iriE) is the energy-dependent electrical 
conduclivily, E/ the Kermi energy and c the 
-negative- value of the charge of the electron. 
I he influence of the increased largcangle 
scattering is to decrease the conductivity and 
hence this effect alone would give an .V vs. E 
ctirve ;is sketched in l-ig. I 1(d). labelled 
(/-processes. On the other hand we can 
calculate the influence of the Brillouin-zone 
effects proper, under the assumption that the 
fckixiition time r is not chtinged, using the 
gencnil formula for the condtictivity 


wheie /• denotes the Kermi ttieti ;ind r the 
I'ermi velocity. I he curve labelled /'..S', 
in Kig. I 1(d) gives the results for ;t neitrly- 
fiee electism model. If we compare both 
curves of Kig. I 1(d) with the experimental 
•V Vs II cuives. we sec tluit these experimental 
curves aie very much like the calcuUitcd curve 
labellled //-processes. Hence the increased 
largcangle scattering is the dominant elfect 
on .S', which gives support for its influence 
on I', also. 

In one system, Lal’b|-'l'hPb,,, we do find 
an .S', vs. II curve that is similar to part of the 
calculated F..S'.-ctirve, but in the reverse n 
(or F')-dircclion. Such ;i curve is to be expected 
if we start with a number of electron surfaces 
in one of the higher /ones instead of with a 
single electron sphere. At a concentration n 
where the suifaccs touch, their contribution 
to the thermoelectric power .S' changes 
abruptly from negative to positive. Namely, 
at lower u-vtilues the Kermi surface area 


increases with increasing Fermi energy, 
but when necks between the various surfaces 
are formed the Fermi surface shrinks rapidly 
with increasing Fermi energy. 

For a large number of alloys the magnetic 
susceptibility is negative. In these dia¬ 
magnetic regions, the \ vs. n curves closely 
resemble those found for various In- and 
Bi-alloysfl 1], and even the temperature 
dependences of x ‘^'■e similar. Hence the 
explanation proposed for the In- and Bi- 
alloysfl 1) may also be appropriate for our 
systems. For simple bands the diamagnetic 
susceptibility may be calculated in the 
Kandau-Peierls approximtition. If bectiuse 
of Brillouin-/one elfects two bands are present 
at the Fermi surface, this approximation 
breaks down due to a neglect of non-diagonal 
terms. Adams showed, thiit in such con¬ 
figurations the diamagnetic contribution is 
much incretised over the I .P.-value[12]. A 
sketch of the expected behaviour is shown 
in the lower dotted curve of Fig. 11(e). In 
addition to the diamagnetic susceptibility, 
the paramagnetic contributions of the spins 
of the electrons must also be taken into 
ticcount. For simple bands the Pauli approxi¬ 
mation may be tised. I his leads to ;t ^-value 
proportional to N{E}, three times larger thitn 
the -absolute- value of the Landau-Peierls 
siiscepttbility. In narrow bands this contri¬ 
bution may be enlarged because of the spin 
enhancement elfect. In the upper dotted 
curve t>f Fig. 11(e) we have sketched the 
expected behaviour. It is seen from the con¬ 
tinuous curve in Fig. 11(e), which indicates 
the resulting total magnetic susceptibility, 
that a X f- curve can be obtained that 
closely resembles the observed x vs. n curves. 

it may be remarked that in Fig. I 1 only the 
point M. where the Fermi surface of a free- 
elect ron model just touches the form of 
Bnigg planes, is fixed by the simple theory, 
■fhe energies of the other points depend on the 
magnitude r>f the interactions between the 
electrons and the Bragg plane. In the CU|Au 
structure, which is simple cubic, points com- 
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parable with M are expected to be found at critical temperatures. On the other hand alloys 
„ = 2-97 and n = 3-90, where the forms{20l} with n = 3-50 are situated near a minimum in 
and {211} are met, respectively. It is gratifying the T,. vs. u curves and will have low 7',- 
that the experimental curves around these values. Alloys with u-values of 2-75. 3-00 
/i-values closely resemble the curves sketched or 3-25 are neither in minima nor maxima and 
in Fig. 11. which substantiates the given hence will have intermediate 7,.-values. Of 
explanation. course, these rules are only approximate 

With the knowledge of this general be- because the 7r-values in the various systems 
haviour of 7,. with the vtdence electron differ appreciably as a consequence of the 
concentration /), the data obtained for binary different strength of the interaction with the 
compounds (Table 2) is readily explained. Bragg planes. Nevertheless it is seen from the 
Since maxima tire found near n — 3-7.3 and experimenttd data of Table 2 that the rule is 
rt = 4-00 in the 7,. vs. n curves, alloys with followed. Hxceptions are rhln.,, which was 
these concentrations of electrons are expected already mentioned to be part of an irregular 
to become superconducting at relatively high system Thin., ThSn,. and further UAI,. Uln,. 

Ttihle 2. Supcrcoiidiiclivt' crilical lemperatitrcs T, and anil cell 
dimensions a of hinary Cu;,Au-lype compounds, containini> three 
non-lrimsilion metal atoms per cell 


(.'ompound 

II 

/', r Kl 

/,lK) ,i(.\) 

u,,i 1A1. Kc 



and width 

lit. 

nrcmpi.s. |2 

N.iPb, 

.V2.S 

5 (s2-‘ »HW 

4-KKK 

4-8X4 

(all, 


2 04 rO-:! 

2 0 HI 4-7')0 

4 .SIM 

CaPb, 

.ISO 

0 05 -S-O 40 



SiFli, 

4'2S 

S-70 + 0-08 



VIn, 

.LOO 

0•78J.0 21 



\ ri, 

,t (Kl 

1 52-*-OIO 



VI'b, 

' 7.S 

4-72 MI0>) 



1 aln, 

,! 00 

0 70 ^-0 04 



1 a 11 , 

3-7‘i 

1 03 5 004 



1 aPb, 

L7.S 

4 10 ! 0 02 



1 .iSlI,! 

t-7S 

0 02 -I o-os 



\ bAI, 

2-73 

0 >M ' 0 |3 



Vbln, 

2-7S'’ 

O-OS 



Ybl’b, 

3 SO 

OOt iO to 

4 A > / 

4 -so. . 1 s 

t uCla , 

( (Kl 

2 30 ro ll 

1 101 

4 100 

l.uin, 

V(K) 

0 24 ' 0 14 

4'547 

4 S44 

thin. 

.L2S 

0 OS 

4 604 

4 00 s 

Hill, 

.3-2S 

0 K7 ' 0 03 

4 74X 

4-748 

1 hi’b, 

4-00 

S SSlO 30 

4 KS3 

4 8SS 

ThSri, 

4(K) 

3 .3.3 > O-OK 

4-714 

4 718 

/.I Hg, 

2 SO 

3-2Ki.0-.30 

4-30K 

4 30S2 

IJAI, 

■> 

0 07 

4 200 

4 287 

Uln, 

'1 

- 0 07 

4 SOS 

4 0013 

t e 1 n, 

■1 

0-07 

4 087 

4 088 

('cSir, 

•} 

■ 0-07 

4-717 

4 721 

'HaBi, 

4-2S 

S-KO r-0-20 

S 09|I2| a - S-IO 

(1 --- S-IX8 




( r- S 10 

( - S IS7 

'SiPb, 

4 SO 

1 -KS i; 0-08 

<1- 4 0(i2 

- 4 '>0s 




( - S-02S 

( s.(r,.s 


A Hoys with Cii Li,structure (.Slightly dcfoimcd Cu.Au-lype) 
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I M) ncpctufciKC i>r i\\c nijynctic siisccplihifity on 
Icmpci iitiMc lot scvci.il <illoys ladii, ,.Sn,), I he 
«.utves in.iikeil / .iic ^..tktil.tled liotn Uto plots ol \ ' 
{».\n ICC tod) V > /'olKol f4|, 

( fill, ami ( f.Sn,. In ihc lallcr compounds 
Iho value ol ihc magnetic susceptibility points 
to the presence of magnetic moments. ih;tl 
are known to he desimctive for the occurrence 



I iii II. FvpccIeU Hi ilknim-zoiic clfccls 
on (.t) dcnsiiy of slales -V(F) (L>) super- 
coiuliichvc intciiiclion p.iramcicr I', (c) 
stipei conduct I \ e ci ilieal tempo i aluie /,. 
(d) ihci nio-elcoii ic power S. and {ct 
inat;netio Mtsccptihilily x 


of superconductivity. The data further suggest 
a new maximum in the T^. vs. n curves near 
/I = 4-25. However, we have not yet succeeded 
in preparing alloys in the range 400 < n < 
4-25. The superconductivity of some Yb 
compounds points strongly to divalent Yb, 
because the magnetic moment of Yb^^ cer¬ 
tainly would destroy superconductivity, as 
probably is the case in Ybln,,. It may be 
remarked that this is the Hrst occasion where 
an Yb compound has been found to become 
superconductive. Finally we have included in 
Table 2 two superconducting compounds 
with the CuTi.|-structurc. This structure is 
an only slightly tetragonally deformed Ca.Au- 
struciiire. It is seen that this deformation 
has little or no influence if the T,. is high. 
(BaBi, and SrBi,,). whilst for 7',. near a mini¬ 
mum the deformation tends to raise because 
of a blurring of the Brillouin /one effects 
(('aPb, and SrPb,,). 

Ai ktiin\U‘il>n‘i>wiiis - I h.inks .lie due to Mr P HokkeImB, 
who c.iined oiil Ihe firsi singes of the piep.ii.ilioiis and 

10 Mr ,1 M Kanis for his cooperalion in Ihe /, measuie- 
inents below I 2 K 
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A CALCULATION OF THE CONTRIBUTION OF 
QUASIPARTICLE ANISOTROPY TO THE ISOTROPIC 

KNIGHT SHIFT 

R. A. CRAIG* 

Department of Physic.s. University of Calitoinia at Riverside. Riverside. Calif. 92.S07. U .S. A 
(Received 12 Noeemher i^)M: in revised form ^Jiiniitiry 1970) 

Ab.straet —A model Fermi liquid-type calculation is performed to dcteiminc the conlrihution of 
anisotropy in the qiiasiparticle-quasiparticlc intciaction to the isotropic Knight shilt. Foi reasonable 
values of the parameteis of the theory, good agi cement uilh the ohsei ved behavior of the Knight shift 
for small values of iinpiinty concentration is obtained 


1. INTRODUCTION 

Thatcher and HewiU(l] have reported ti dip 
in the low temperature value of the isotropic 
Knight shift of indium for low concentra¬ 
tions of impurities bordering on indium in the 
periodic table (i.e. ( d. Sn. Hg. 11. Pb). Dif¬ 
ferences between the various solitles lie pri¬ 
marily in the rates with which the Knight shift 
decreases with concentration; when plotted 
vs. residual resistivity, the points for various 
solutes iippear to he on a common curve 
(big. 1). Measurements of the specific heal 
of In-Sn alloys(2| show no simihirdip so that 
the phenomena cannot be ascribed to anom.t- 
lous behavior in the density of etecironic 
states. 

One other physical phenomenon shows a 
similar dip for low concentrations of impuri¬ 
ties—the superconducting transition tempeia- 
turc. This behtivior of the transition tempeni- 
ture has been satisfactorily explainetl|3| on 
the basis of a combination of a linear 'valence' 
effect which depends on the type of solute in¬ 
volved and is important for larger values of the 
solute concentration and a mean free path 
effect which dominates for smaller values of 
impurity concentration. In superconductivity, 
the mean free path effect is explained its the 
removal of the coniribulion from the aiiiso- 
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tropy of the phonon modulated electron- 
electron interaction. The phonon induced 
inter-electron interaclion is clearly not the 
explanation of the dip in the Knight shift. 
Prange and S;tchs[41 have shown that in the 
Landau theory extended to include phonons, 
thesusceplibilily is unaffected by the phonons, 
provided that the clcclron-phonon micractntn 
is diagonal in cleclionic spin. We assume 

this I ' ■ 


,>io- 

quasi|i.ti IK K- nia , . , . . ... 

In .Section .3 we analyze the results of this 
calculation and its connection with the expen- 
mentiii situation. In Section 4 we summarize 
the conclusions that can be inferred from this 
work. 


2. DKRlVA'l'lON OK ANISOIROPY fONTRlBl I'tON 

The Knight shift is the shift m nuclear Zee- 
man energy introduced by placing the atom in 
question in the presence of a paramagnetic 
electron gas [6]: it is explained by the fact that 
the metallic electrons which interact with the 
nuclear spin via the contact interaction have a 
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net pol.iii/;ilion hoL.iiisc of the presence of 
Ihe maiiiielie lielcl. I xpeiinienlally. Ihis 
appeals ei.|iiiv.ilenl lit an aildiliunal inaKUCtie 
lielcl and llie peilinenU|uantilv IS (/( - I) 


K 


Ml 

//„ 


Stt 

T 


V I'l',,, (0)1 


(TJi„ (k) 
’ //., 


(I) 


In ccniation (1), i// (0) is the electronic wave- 
riinelion of wavevector k (we use the ex¬ 
tended /one sehenie) and spin ir at an ionic 
site. u,,(k) IS Ihe niimhei of elections of 
wavcveclor k and spin tr. y,. is twice the Bohr 
inaiuieton, and //„ is the applied inagnetie (ield. 
We shall assume Ihat. to linear order in Ihe 
magnetic lield, Ihe electronic waverunclion 
does not depend on spin. I hen 


K V !,/>,,<0)1^ 

k, 

|t5/n(k, ) —8/('(kf)] (2) 


where we have written u„(k)=/i„"(k) -I- 
8/i,r(k): we have resiiicled Ihe wavcveclor 
to k, as S/;„(k) is non-/ero only for wave- 
vectcus lying on the I'ermi surface. The 
hrackeled term in (2) is directly related to 
Ihe paramagnetic susceptibility of electrons 
of wavcveclor k,. . 

I cy calculate the contrihiilion of the aniso¬ 
tropy of the quasipaiTicle-qiiasiparticle mtei- 
aclion to Ihe expression in (2), we use the 
1 anilau fermi iic|uicl model suitably extended 
to include band stiucliire elfecis|7-1 1]. In 
Ihis model. Ihe change in system energy in¬ 
duced by a disturbance is 

8e ^ 2 £'.r"(k)8«„(k) 

k.o 

t , ^ /(k.o-; k',(7') 6u„(k)6/G.(A') (3) 

“ A A' 


where f./’lk) is the electronic quasiparticle 
energy in Ihe absence of the disturbance. 
/ (k, ir: k', (t' ) is the interquasipaiTicle inter- 
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action, and 8«„(k) is the change in >i„(k) 
induced by the disturbance. The energy of a 
quasiparticle in the presence of the disturb¬ 
ance is then 


particle density induced by the magnetic 
field becomes 

=-/i(£-(k)-/a) 


£„(k) = t’,/(k) 

b 1 ./■(k,fr;k'.rr')8/;„.(k’) . (4) 

k'..r 

Consequently, the change in energy of a quasi- 
particle due to the applied magnetic field is 

6C„(k) = y.wH" 

I' X / (k, rr. k', (r')6/i„,(k°). (-‘'I 


X At{kf )^(k, )(j--H" (10) 

so that the Knight shift is given by 


X /i _ ‘ 4 u)\\ 


(ID 


We write 8/5,j(k) - ■ H and split the 

quasiparticle interaction into a direct and an 
exchange part / — so that equation 

(5) becomes 

^(kD - y, •-Jdil/if/V(k;.) 


I here are. in this expression for the Knight 
shift, three anisotropy coniribiitions: the 
anisotropy oflhe intcrquasiparliclc interaction 
(included in (i(k/,)), the anisotropy of |i(/k,(0)|'^ 
and the anisotropy of the density of states 
/V(k,. ). We write 


X/■'■(k/,. k,') (b) 


NiK) -- Ml 1 /)IK,)) (12a) 


where A/(k/' I is the density of states of elec- .mil 
irons at the fermi surface and the integral i 
carried over the fermi surface, hollowing ih 
logic of Markowitz and Kadanidf, we insci' 
the anisotropy of the quasipaiticic-quasi 
particle interaction by assuming /'(k, k,'I U' 
be separable 


./''■( k,-, k) ) (I 4 u( k,)) /■'’( 1 P (Mk,'. 11 (7) 

^ y,'/V< I 'I'l, (01 j - 

with the angular average of the anisotropy 3 I | ,V/’ 

r/(k/, ) vanishing, d hen equation (6) can be , 

solved for ^ (k/.') giving ^|l ^ (bf').n + ('7/'f I ),n '(u(),t,) 


^^(k,, ) -- y,. 


A'/"(l-t u(k,.) )(D h r/)) I 

l + ^/'((l 4 u)D J 

(X) 


where we define 

A/(---) -/dfl'k, A'lk,)(■••). (9) 

Thus the change in electronic quasi- 


r . I 

Unlike the case of the superconducting 
transition temperature, the contiibution of 
the anisotropy of the quasiparticle-quasi¬ 
particle interaction does involve the anisirtropy 
of the density of states and of the electronic 
density ;it the nucleus. To proceed any further 
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in a straightforward manner would require 
detailed information on the anisotropy in all 
three of these quantities; such information is 
not available and we can at best make esti¬ 
mates of the magnitude of the effect of ani¬ 
sotropy in the quasiparticle-quasiparticle 
interaction. This we do in the following 
section. 

3. ANALYSIS OF THK THEORKTICAL RESULTS 
We have calculated the Knight shift when 
the interquasiparticle interaction is aniso¬ 
tropic. The introduction of small amounts of 
impurities docs not remove the anisotropy 
in the intcr-quasiparticle interaction; instead 
it simply removes some of the effects of this 
amscUropy. If a quasiparticle scatters against 
an impurity, most of the information regard¬ 
ing the angular dependence of the preceding 
quasiparticle-quasiparticle collision is lost.* 
The principal contribution to the Knight shift 
from the anisotropy in the interaction between 
quasiparticles is that involving the quantity 
which enters through the angular 
correlation between successive quasiparticle 
scattering events. I luis the change in Knight 
shift e.xpecled when we introduce impurities 
to the point wliere all memory of angular 
eorrelalions is lost between quasipartiele 
collisions is 


K I f A// ' 


find the net contribution of the anisotropy of 
the quasiparticle-qua.siparticle interaction 
would be positive and adding about 0-5 per 
cent. This is of the correct sign and barely an 
order of magnitude too small. We can do 
somewhat better than this, however, as we 
see that both the fractional anisotropy con¬ 
tribution to the Knight shift and the Knight 
shift itself are scaled by the factor 1/1 + Np. 
I he scaling factor in the case of the Knight 
shift represents the exchange enhancement of 
the spin paramagnetism; for lithium [4] 


I 

1 + iV/'’ 


1-54 


(15) 


where x*^'"'' is the pauli spin paramagnetism 
for free electrons in lithium with the appropri¬ 
ate band mass and x.i'^*'’' is the measured 
value. The electronic specific heat constants 
y of indium and lithium are nearly equal [12]; 
consequently, xlTi should also be 

nearly equal.* If we had a value of x/’“'' I'or 
indium then we could determine the quantity 
N/' directly; measurements of x/’*”' ‘>rc ex¬ 
tremely difficult, however, and these have not 
been done for indium. The Knight shift data is 
available for both these metals; the Knight 
shifts of Li and In are. respectively, 0 0249 
and 0-81 per cent[l, 15. 16]. If we ignore the 
variation of the spin susceptibility with wave- 

vector the Knight shift is approximately [6] 

$ 

K=-f(l 'L,,(0]rO„vX.. (lb) 


A first guess at a characiciislic value of A//' 
would be on the order of—1/2 Markowitz 
and Kadanolf. in their consideration of the 
contribution of anisotropy in the phonon 
modei'iited electron-electixin interaction to 
the superconducting tr.msition found («^)j,v 
to be of the order of magnitude of 0-01. If 
lacking any belter figures, we use these, we 

*Qu.tMpailicle collisions by Jctlnilion aic qoilc r.iic. 
Only a veay small density of intpiirilics is ihcicroie 
icquued to guarantee that a qii»»sipaiticle vvill scalier 
againsi an impiiiily bcM'oie iniciacting with anoiher 
quasipaiticlc 


*lf ihe specilic heals of indiutn and lithium vccic 
cxaclly cqmil. it would not necessarily follow that 
Xn"’ vvas equal to Xin" —phonttn inleiaclions are impor- 
l.»m in determining the specific heal but make no conln- 
bulum lo the susccptibilily. C'alciilaiions of this phonon 
cnhancemenlf13-(4] have been done for a number ot 
metals including lithium, aluminum, and lead. Using 
ihese calculations wc find 

\-\A)cVr ^ 149xVr ^ 2 05xir 

so lhat wc CiUi expect that XiT*" ~ f*Xin'’* vs hcre n is a 
constant of oidcr i to 1. We shall inquire no further into 
this point as it does not affect the following argument 
indeed only serving lo magnify the discrepancy between 
the Knight shifts of lithium and indium. 
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Were we to take the fermi electronic density 
at the nucleus to be the same for lithium we 
should get a value of 0-98 for Nf’’. In view of 
the fact that the electronic densities are 
almost certainly not the same, we should 
not take this figure seriously. It does seem 
reasonable, however, to expect that the en¬ 
tire factor of about 3.^ difference between the 
lithium and indium Knight shifts cannot be 
explained by the difference in wave function 
at the nucleus and that some of this factor can 
be attributed to a larger exchange enhance¬ 
ment in indium. In Fig. 2 we plot the locus of 
values of (n'^)av and Nf*’ giving the experi¬ 
mental result of AA'/A' ==0 065. This model 
calculation of the anisotropy contribution to 
the Knight shift is seen to give reasonable 
agreement with the experimental value of 
the impurity dip for sensible values of the 
parameters of the theory. 

If on the other hand, we consider the 
specific heat, applying the same logic we have 
used here, we find the specific heat to be 
independent of the inter-quasiparticle inter¬ 
action and consequently of its anisotropy 
This follows in exactly the same manner as 
for the normal fermi liquid; the interaction 


contributes terms to the specific heat which 
vanish as for low temperatures. In the 
ordinary, normal fermi liquid, the quasi¬ 
particle-quasiparticle interaction contributes 
to the density of quasiparticle states which 
can, in that case, be calculated. Flere, the 
density of states is regarded as empirically 
determined. It is clear from the experimental 
evidence on the specific heat that the aniso¬ 
tropy in the inter-quasiparticle interaction 
makes no significant contribution to the 
density of states. 

4. CONCI.ESIONS 

What have we done? We have calculated 
the contribution of the anisotropy of the elec¬ 
tronic quasiparticle interaction to the Knight 
shift within the confines of a Landau fermi 
liquid model. 1'hc introduction of impurities, 
which cannot be included within this simple 
model* will remove the effects of this 
anisotropy because quasiparliclcs scattered 
by impurities between quasiparticle-quasi- 
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particle collisions lose the memory of the 
angular nature of the collisions. For reason¬ 
able values of the parameters of the theory, 
we find the anisotropy contribution to the 
Knight shift to be of the proper sign and of 
the proper order of magnitude to explain the 
experimental dip. In this regard, a caution 
must be made. This interpretation of the im¬ 
purity dip is extremely sensitive to the value 
of the parameter W": if this guantity is very 
small in magnitude, then the anisotropy in the 
interguasi particle interaction is not the 
explanation of this phenomenon. Calculations 
^if < for indium have been made 

which yield a value about fifty times greater 
than that for lithium [17). These calculations 
give excellent agreement with the experi- 
.mental Knight shift with no exchange en¬ 
hancement. This agreement is very likely 
fortuitous; hand structure calculations just 
barely give accurate results for the energies; 
the wavefunctions evolving from such cal¬ 
culations arc far from accurate. It is also a bit 
dillicult to hclieve th;it the fermi surface elec¬ 
trons of indium will, on the average, have 
fifty times the s wave character of that for 
lithium. 

One last point is wdithy of note; the princi¬ 
pal elfcet of increasing the temperature will 
he to introduce collisions with thermal 
phonons. I hesc phonon ciillisions should 
have the same randomi/ing clfcct as those 
associated with impurities. Consequently, 
no additional dip in the Knight shift should 
he obseived by adding low concentrations of 


impurities if the measurements are made at 
elevated temperatures. 

AiknimleJsement'.-~f\\c author wishes to thank Pro¬ 
fessors R R Hewitt and F. C. Thatcher and Mr. M 
Daiighcny for many helpful and informative discussions. 
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Abstract —Fleciron spectroscopic studies by Ihc HS('A lechniqiic of coic level eleclions in V( . 
NbC and I'aC with varying carbon contents show that the election transfer from the metal atoms 
increases with increasing carbon content in the VC phase but decreases in ihe NbC and T,iC phases. 
J he VC phase icscinblcs ihc I iC phase measured in a previous investigation. The hSCA shifts arc 


contpaicd w ith hc,vts of formation 

1. INTRODUCTION 

Recent investigations[l, 2| on the varialion 
of physical properties with carbon content 
of cubic carbides of (Iroup 4b (TiC, ZiC. 
HfC), and Group 5h (VC, NbC, Ta<') 
have shown that the NbC and I'aC phase' 
differ in many respects from the othc 
phases. For example, the hardness was fotim' 
to increase with increttsing carbon conleni 
for Group 4b carbides and for the VC phasi 
but to decrease in the NbC' and TaC' phases 
These observations make it especittlly 
interesting to study the varialion of the 
electronic structure with carbon content 
of Group 5b carbides and to correlate 
parameters perttiining to these variations to 
the variations of physiciil and chemical 
properties. 

We have previously reported an investiga¬ 
tion by the ESCA method 13] on transition 
metal carbides and related compounds [4|. 
We then studied inter alia the energy shifts 
of the core electrons in TiC with varying 
carbon content. The charge distribution in 
carbides was shown to be such that the 


*BSCA — ElceU'on Speclroscopy for Chcnucal 
Analysis. 


metal atoms are positive and the carbon 
atoms negative. It was also found that 
the Ti2/y|,... binding energy increases with 
carbon conient 
TIu 


betUvSit ,IIV VtV.. Ml. I I. . .. I ... ..... 

and chemical properties of Ciioup 4h and 5b 
is given in Ref. [5 ]. 

2. EXPERIMENTAL AND RE.Sl LTS 
Properties of the hot-pressed test materials 
and reference metals are summarized in Table 
I. The reference metals V. Nb and Ta were 
supplied by Johnson, Mathey & Co., l.td. 
London. England. The preparation and 
analytic methods used are described in (4|. 
The electron spectroscopy technique used is 
described in [3] and [4]. 

When the electron spectra are induced by 
soft A'-radiation, A1A'« or MgA'«. one 
obtains narrow electron lines with high in- 
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Table 1. Properties of the hot-pressed lest materials and reference metals. Shifts in binding 
energy relative to pure elements. (Binding energies of pure elements are given in parentheses) 
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lensitics and well resolved I'rom each other 
if siiilahle shells are studied. A high photo- 
eleclrtc cross-section is achieved if one 
chooses the shell with the lowest principal 
quant uni number iiccessihle. Of the different 
subshclis within this shell one chooses to 
study the otiletmosl one since the inner 
subshclis are broadened due to Coster- 
Kronig transitions, sometimes to the extent 
that it is dillicult to mettsure energy shifts 
for such levels. 

In the present ptiper we present measure¬ 
ments of the V2p,„. level in V and V('j. 
(v - t)-876 and 0-7I6); of the Nb.1(4,.2 level in 
Nb ;md NbC, t.v — l)-94t), t)-9l)4 and ()'744), 
and of the ■|'a4/'7,.j level in Ta and TaCj. 
(.v - 0-990. 0-96.^. 0-887 and 0-745). Excita¬ 
tion of the electron spectra was made by 
AIA' o radiation. 

In all carbides the electron binding energies 
of the metal component were shifted towards 
higher values relative to the pure metals 
indicating that electrons arc transferred from 
the metal atom. It was found that the VZp;,,.^ 


binding energy shift increases but that the 
Nb5</.„2 and Ta4/7,2 shifts decrease with 
increasing carbon content within the homo¬ 
geneity ranges of the carbides. The results 
are given in Table 1 and Fig. 1. I'he ^a4f^|.. 
level has probably too low a binding energy 
(23 eV) to be free from hybridization with the 
band. The interpretation of the Ta4/7/2 shifts 
in terms of charge transfer is therefore some¬ 
what uncertain. 

The CJ.v level was also studied in the three 
carbide series. The carbon shifts are negative 
referred to carbon in the hydrocarbon layer 
which is used for calibration of the spectra. 
This is a further indication that electrons are 
transferred to the carbon atoms. It is interest¬ 
ing to notice that the carbon binding energy 
is almost a constant for each carbide phase, 
indicating that each carbon atom receives the 
same amount of electrons when introduced 
in the lattice. 

The metal lines from the non-stoichiometric 
carbides were broader than the corresponding 
lines from the stoichiometric carbide and 
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TiC VC NbC TaC 



C/Ti C/v C/Nb ^/Ta 

ATOM RATIO 


l-ig. I Binding energy shifts of core electrons and heats of formation vs atom ratio r for TiC,. VC^.. 

Nb('j. and T aC, within the hotnogcneity ranges of the carbides. The heats of formation were obtained 

from Refs. |6-‘>, ll|. 

the pure metal. Thi.s broadening is due to the the heat of formation per mole and /V, is 
fact that not all metal atoms have the same Avogadro's number. 

number of metal-earbon bonds. A similar Figure I shts'.x s ib ii the he.iis of i'orniaiiop 
broadening is not expected for carbon since pi i 
carbon has always six metal atoms as nearest 
neighbours. 


3. tH.SCUSSlON 

Although only smtill differences in binditig 
energy were measured by F.SC'A between siu.o. 

carbides with different etirbon content it shills .tic jiiupoi tiiiiiaMo me LjiMiUiis 

can be claimed that the NbC and T tiC l+.t. which is ;i mettsuie of the variatitm of 

phases differ from the VC phase and the the bond strength. HSCA shifts may be used 
previously measured Ti(’ phase. Judging as a measure of the variations of the bond 
from the HSCA shifts the electron transfer strength in cubic carbides within the homo- 
from the metal atoms increases with increas- gencity range. Furthermore, since FSC A 
ing carbon content in the TiC and VC phases measures charge transfer, Fig. 1 suggests 

but decreases in the NbC and TaC phases. that the variation of heat of formation with 

The variations of the heat of formation with composition is mainly due to a change in 

carbon content of VC, NbC and TaC h.ive (he ionic contribution to the bond. T he 

been reported in the literature[6-9]. The covalent contribution to the bond may also 

function for TaC resembles that of NbC [5,91. change with composnion. Except for the V(' 
As discussed in [4] and [5] bond strength phase this is in agreement with the localized 
in MeCj can be represented by {—M/imJ molecular orbital model for cubic refractory 
I+T)kJ per iV,, atoms, where is compounds given by Denker[l()l. Although 
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he does not discuss Group 4b contra 5b 
carbides at any length it is evident from 
Denker’s model that the bond strength in 
Group 5b carbides should decrease with 
increasing carbon content due to filling of the 
anti-bonding orbitals which are predominantly 
localized around the metal atoms. Since the 
metal atoms in the carbides have positive 
charge this also implies decreasing ionic 
contribution to the bond when adding carbon 
atoms. 

for a comparison the I'iC phase[4| is also 
shown in Kig. I. It is noteworthy that the 
changes of both the core electron energy as 
measured by K.SC A and the heat of formation 
[III are larger for this phase than for the 
VC’, NbC' and faC phases. The variation of 
electron transfer measured by electron 
spectroscopy and the variation of bond 
strength with composition of carbides of 
Group 4h and 5b illustrated in Fig. 1, also 
give a qualitative e.\planation of the varia¬ 
tions of recently measured properties like 
lattice paiatneter. hardness, resistivity and 
wetting by liquid metals [51, 


Aiknowtedgement — V/c thank Professor Kai Siegbahn 
for his interest in this investigation. 
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LOW-TEMPERATURE HEAT CAPACITIES OF THE 
CLATHRATE SALTS Ag^OgNO, AND Ag^O^HF/ 

MARY M. CONWAVt and NORMAN K. PHII.MPS 
Inorganic Materials Research Division of the l.xiwrcncc R;Kiialu)n I aboralory and Deparimeni of 
Chemistry, University of California. Berkeley, Calif. ‘^4721. U.S.A. 

and 

T. II. GKBKIXKt and N. A. KUKBCKR 
Bell Telephone I aKoialories. Murray HiU. N J (17^*7!. U S A. 

(/?<'( ntci/ 12 Junuaty 

Abstract-The heal capacities of Ag^O^NO, and AgjOhHI-^ have been measured between t)A and. 
lespcctively. 20 and 4°K. The meusurcnients show that the previously reported type II superconduct¬ 
ivity IS a bulk properly, and give the values of some of ihe normal and supeiconduciing-stale para¬ 
meters. There is a surpiisingly strong dependence of the electronic density of states and Debye 
temperature on anion identity, but no convincing evidence for a direct ellcci of anion identity on /, 


I. INTRODUCTION 

The siiVhR-oxidc clathrate salts Ag^OH^A'" 
with A" = NO, . HFo". HFr. F are the only 
known examples of chlathratcs that exhibit 
metallic conductivity. For the NO,, salt, 
residual resistance ratios. 4(3()trK)/{(4-2“K) 
as high as 200 have been observed. !>nd ilv 
phonon resistivity varies as P ’ below 12 K 
11|. These salts also undergo supcrconduclinu 
transitions. The transition temperatures p..i 
determined by magnetic measurements, wcic 
originully reported as O-I.S. 0 3 and 1 ■04“K for 
the BFj , F and NO.r salts respectively 111. 
I.ater measurements showed that the samples 
of the F salt had contained paramagnetic 
impurities and that samples of the FIF., salt 
have transition temperatures of 1 -1 ■5°K [2). 

The crystal structure is based on face¬ 
sharing, 26-sided, AgnO^ polyhedra. Oxygen 
atoms arc located at the 24 corners (each 
common to 3 polyhedral and Ag atoms at Ihe 


^Work at Berkeley supported by the U,.S. Atomic 
F.ncrgy CoiTimision; work at Slanford supported by 
A.K.O S.R. Grant 68-13lOB 

+NationaI .Science Foundation Graduate Fellow. 
i^Also at Stanford Univcrsitv. Stanford. Calif. ^4305. 
U.S.A. 


centers of the 12 st|Uiire faces lout of 18) that 
are common to 2 polyhedra. Cubic spaces 
between the polyhedra. equal in number to the 
polyhetira conl.iin the one .uKlitional Ae att'm 

pi-i I 


has IHli (-..clI V. 'Wll MJ si is Li- II SL'l-lti, ^ 11 . ... ,L 

that both transitions are associated with the 
anions taking up regular orientations in the 
cage. 1 ho salts with Ihe more symmetrical 
F and HF, anions apparently remain cubic 
at low temperature 11). The room-temperaUu e 
cubic unit cell dimensions of the FIF_. . F , 
NO, and BF, salts are 9-824.U 833. 9-89! 
and 9-942 A. respectively [ 1.21. 

The heal capacity measurements on 
AgjOHNO.i and AgjO^FlFj reported here were 
undertaken to verify the existence of bulk 
superconductivity and to obtain values of the 
related normal-state parameters /ViO). the 
density of electronic states at the Fermi 


767.1 



2674 


M. M. CONWAY et al. 


energy, and ^o- the Debye characteristic 
temperature at 0°K. It wa.s hoped that a com¬ 
parison of these parameters and for 
different salts might provide a basis for 
deciding whether or not vibrational modes 
associated with the loosely bound anions 
played a role in determining the superconduct¬ 
ing slate properties. 'I'he possible importance 
of anion vibrational modes is of course 
suggested by the strong variation in T, 
produced by changing the anion. The NO-, 
salt was chosen for study because it showed 
the sharpest transition. The other three salts 
known to become superconducting all show 
broader transitions (apparently because of the 
presence of small amounts of a paramagnetic 
impurity, possibly silver ion in the d' con¬ 
figuration) and the Hh_, salt was chosen 
primarily for its high transition temperature. 

2. KKSllt,I.S 

I he heat c.ipacity mcasuicments were 
made on samples consisting of small crystals 
with dimensions on the older of a few milli¬ 
meters I hernial contact with a copper 
calorimeter was made with a small amount of 


silicone oil. The heat capacities of the calori¬ 
meter and oil were measured separately. 
Temperature was measured with a germanium 
thermometer that had been calibrated against 
a cerium magnesium nitrate thermometer 
(0-25-PK). the 1958 He'* vapor-pressure 
scale (1-4°K). and a gas thermometer 
(4-20°K). The results below 2°K. in several 
magnetic fields, are shown in Fig. 1 as C/r 
vs. 

The heat capacity of AgjO^NO-, in the 
normal state shows the temperature depend¬ 
ence expected for a metal at very low tem¬ 
peratures. 

r = y7'+(l2/5)7r-/?(7-M,)\ (1) 

where y is a constant proportional to jV( 0). In 
2400 Oe. the heat capacity of AgjOnHFj 
includes a term proportional to T~'^ which is 
believed to be a consequence of the presence 
of paramagnetic impurities: it would require 
0 ()4 moles of free-electron spins per mole of 
AgjOKHF'., to produce an elfect of this 
magnitude. The coefficient of this term was 
determined from the 0-'’K intercept of a plot 



hig. I r he heal CHpiicilies of Ap 7 ()HHh_r and AstOhNOi Only ihc 
data for T < 2‘'K arc shown 
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of CT^ vs. / ' and the T~^ term was subtracted 
from the total heat capacity to obtain the 
da.shed line shown in Fig. 1 for AgjOHHF^ in 
the normal state. The y and (1,, values corres¬ 
ponding to the dashed lines in Fig. I are given 
in Table 1. All values are calculated for the 
molar formula Ag^O^X, which corresponds to 
one primitive unit cell. The variation of 6 with 
T is shown for both salts in Fig. 2. 

In zero magnetic field, the heat capacity 
of the Ag^O^NO:, exhibits the temperature 
dependence expected for a slightly broadened 
superconducting transition: on cooling, the 
transition begins at 1 •()46°K and is 90 per cent 
complete (as estimated from the magnitude 
of the heat capacity) at 1 ■004°K. The lowest 
temperature zero-field data were corrected 
for the lattice heat capacity and fitted to the 
lies expression[51 for the superconducting- 
state electronic heat capacity. 

Cp, = (i-y 7',. exp (-hT./D. (2) 


With T, taken as 1-()25°K (see below) this 



expression fits the data for TjT > 1-7 with 
rt = 612 and h = 1-22. as shown in Fig. 3. 7 he 
superconducting-state entropy, obtained by 
integration of the heat capacity (using 
extrapolated values below ()-3S°K and above 
0-94“K) is equal to the normal-state entropy 
at 1 025“K. and this temperature, which also 
corresponds approximately to the middle of 
the drop in heat capacity, has been taken as 
/’,. The critical magnetic field, calculated by a 
second integration, has a 0°K value //, (O) — 
130 Oe, and a maximum deviation from 
parabolic temperature dependence of —6 per 
cent. 



hig. 2. The Debye chaiaclcnstic lempenilurcs t»r 
Ag70>,Hb.. imd Ag,(\NO.,, 


Pig. 1 The supcrLonducting-sJiiic cicktionic hc.it 
ciipacity ol AgATNO, 


I'ahlc 1. Nornuil'dnd .si4percon<.inctin^~.stiUe para- 
meters oy'Ag 70 „FIF:; timl Ag^O^NO , 
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The superconducting transition of 
AgjOKNO.i is shifted to lower temperatures 
with increasing magnetic field in the way 
expected for type-11 superconductivity. The 
in-field transition occurs at the temperature 
at which the upper critical field //,.■,( 7 ) is equal 
to the applied field. This temperature was 
taken as that of the midpoint of the drop in 
heat capacity. The three values of H,AT) 
determined from the three heat capacities 
taken in magnetic fields were used to calculate 
the l.andau-Ciinsburg parameter, defined by 
[6| K V2//,.(7'). K was found to be 

2-2, 2-6 and 3-2 at 0 «2. 0-67 and 0-5«"K, res¬ 
pectively. These values do not fit the tempera¬ 
ture dependence of k predicted by the usual 
theories, but the discrepancy cannot be 
regarded as significant in view of the breadth 
of the transitirrns observed in higher magnetic 
fields and the resulting uncertainty in 

I he /ero-lield supeiconducting transition 
of Ag,()„HI-, is broadened considerably, 
presumably by the paramagnetic impurities 
responsible for the / - term in the normal- 
state heat capacity. It seems reasonable to 
suppose that the transition has also been 
lowered liy the same mechanism and that 
for the pure salt may be considerably higher 
than I S'K. 1 he bieadih of the transition 
pi evented an evaluation of the other siiper- 
cirrulucting-state parameters and, for the same 
reason, no attempt was made to study the 
depression of the transition in small magnetic 
fields. 

I he transition temperatures obtained for 
both salts are in good agreement with the 
values obtaineil from magnetic measurements, 
but the values of //,(()). y. and k obtained for 
the N()| —salt do not agree with the values 
obtained from magnetic measurements. 
Robin ct <;/. calculated //,.(0) 51 Oe from 

the area under a magneti/ation curve at 0 TK 
and, with the assumption of a parabolic 
dependence of //, on /'. found y = 7-3 niJ! 
mole-"K-. I'hey alst) estimated k -= 100 from 
the shape of the magnetization curve. It 
seems clear that the values of y and //c(0) 


must be given correctly by the calorimetric 
measurements. (Measurements on a second 
sample, not reported here, gave essentially 
identical results.) On the other hand, it is not 
at all clear why the magnetic measurements 
gave such difierent values. Possibly the 
discrepancy is related to the different physical 
condition of the samples; the magnetic 
measurements were made on powdered 
material and the calorimetric samples con¬ 
sisted of small crystals. 

i. OISCIJ.SSION 

Substitution of an HF-j ion for an NO-, ion 
produces a volume contraction of only 2-1 per 
cent, but increases 0„ from 85'.3 to 12.‘'“K. 
This effect, which would correspond to a 
(iruneisen constant of •= 18. is an order of 
magnitude larger than would be expected for 
a pressure-induced contraction in an ordinary 
lattice. 

With increasing temperature, there are two 
distinct drops in the value of 0 for the NO^i 
salt. The initial drop, from 82 5°K near ()°K to 
- 60°K in the 5-IO"K region is typical of that 
observed in many solids and is of a magnitude 
often associated with phonon dispersion. 
However, the second drop, which occurs 
above I.S^K, is unusual. It is very probably 
associated with a rocking mode of the NO., 
ion. but the lack of measurements on the 
HF\. salt in this temperature region make 
this interpretation somewhat speculative. 

The HI-\, salt shows only a temperature- 
independent paramagnetic susceptibility, and 
Hall-elfect measurements indicate the 
presence of between two and three carriers 
per Ag,iO„ unit. It has been suggested that the 
/4„ atoms in the Ag.iO,) units are in the dia- 
magnet 4t/“ square-planer configuration, and 
thiit the two remaining electrons are in a 
conduction band that utilizes the 4d orbitals of 
the Ag atoms and the Ip orbitals of the O 
atoms[21. The free-electron y value corres¬ 
ponding to this electron density (which is not 
very sensitive to the exact number of elec¬ 
trons) is 4-8 nt7/mole-“K. 1'he observed y 



LOW-TFMPERATURK HEAT CAPACITIES 


2677 


values are considerably higher—44-6 and 
72-5 rui/mole-°K- for the NOa“ and HF, 
salts, respectively—showing that N(0) is 
much greater than for free electrons, and 
suggesting that the conduction band is very 
narrow. Since there is very little conduction 
electron density at the anion [2]. the difference 
in /V(0) between the two salts must be 
attributed mainly to the different Ag-O 
distances. The effect of lattice parameter on 
N(0) is also surprisingly large —a 21 percent 
reduction in volume is accompanied by a 
62 percent increase in A'(O). 

The possibility that the anions contribute 
directly to the superconducting interaction in 
these salts can be tested by comparing the 
observed critical temperatures with theoret¬ 
ical expressions that relate 7',. lo normal-stale 
properties. (The theoretical expressions also 
contain quantities that are not known indepen¬ 
dently. and it is necessary to rely on empirical 
correlations between these quantities and 
other properties.) The value of is known 
accurately only for the NO,, salt, and we shall 
start from that value and estimate /',. for the 
pure HFj salt on the assumption that in both 
cases the only important interactions between 
electrons are the coulomb repulsir)n and the 
attractive interaction via acoustic phonons. 
First, however, it is useful to consider the 
probable elfect of the magnetic impurities i>n 
the critical temperature of the IIF^ salt. On 
the assumption that the observed broadening 
of the transition is produced by magnetic 
impurities, the value of 7, for the pure FlFi 
salt must be at least I 5^K. the highest 
temperature at which the /.ero-field heat 
capacity deviates from the normal-state value. 
A theoretical treatment [7]. which has been 
partially confirmed by experimental data 
(8.9]. predicts an approximately linear 
decrease in the energy gap and in /’, with 
increasing concentration of paramagnetic 
impurities, for concentrations that are not too 
high. The fractional decrease in the energy 
gap is approximately double the fractional 
decrease in Tr for the same impurity con¬ 


centration. The theory is not sufficiently 
complete to allow a detailed comparison with 
the superconducing-state heat capacity of the 
HFj salt. Flowever. the lowest-temperature 
zero-field heat capacity data for the HF^^ salt 
show a sharp drop with decreasing tempera¬ 
ture suggesting the presence of a significant 
energy gap and for the pure material is 
therefore unlikely to be higher than about 
5“K. 

The BCS theory [5) represents the phonon 
spectrum and the electron-electron inter¬ 
actions by single parameters —t),, and F. 
respectively-and gives the critical tempera¬ 
ture as 

r.. = 0-R5.S exp I - I/N (O) F] . (3 ) 

I he values of F deduced by application of 
this equation to experimental values of /',. 
0„. and N(0) vary considerably from one 
superconductor to another, Hovvcver, if the 
numerical coefficient 0-85.‘' is replaced by an 
adjustable p.irameler llie experimental data 
foi. 


1 dale 

Fi>r a soIkI IuC tlLv.,iieMe\ 

would be lower relative to 0„ and the correct 
value of the numerical coefficient would 
therefore be somewhat less than l)-8s.s,) If it 
is assumed that V has the same value for the 
NO, and FIF'd salts. T",. for the FlFj salt can 
be predicted from that of the NO-, salt and 
the various normal-state parameters. Using 
equation (3). the predicted 7', for the FIF-F 
salt is 7'8°K. and, if the numerical coefficient 
is changed to 0-4. the predicted T, becomes 
5-8‘’K. Thus, the 7',. of pure AgjOsHF. docs 
not appear to dilfer significantly from the 
value expected from the 7',. of Ag^O.sNO., and 
the normal-state parameters. 
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McMillan(/JJ has given a more exact 
treatment of the electron-electron inter¬ 
actions, and derived, for the critical tempera¬ 
ture. 


7 ^, 


0-69 dll exp [ - 


10 4(1 +X) 

+0-6fx) 


(4) 


In the derivation, a particular phonon 
spectrum (that of niobium) was assumed but 
the result is expected to he valid for all 
weak-coupling (\ < I) superconductors. The 
coulomb repulsion /(*' is approximately 010 
for simple metals and O l.^ for transition 
metals. Fhe attractive phonon interaction A is 
proportional to the ‘bare’ or band-structure 
density of states, /V,jO) -= N(0)/(l +A), and 
for certain alloy systems /V,„(0) seems to 
dominate the dependence of A on concentra¬ 
tion! 121. ( I he dominance of the /V,„(0) factor 
is closely rehiled to the validity of equation (.^) 
with a constitnt F' and modified numerical 
factor.) A comparison of the critical tempera¬ 
tures of Ag^OnNO, and AgjOnHFi on the 
basis of equation (4) and the assumption that 
A is dominated by N,JO) is very similar to 
that based on equatioti (.1). With u* —013. 
and /, for the HF.j salt taken as the highest 
observed value. I -.S'K. A has the same value 
for both salts —()-,37. If A were propttrtional to 
/V,„(()) the values of A and 7', for the HF.. 
salt would be larger relative to those for the 
NO, salt t)-8l and 4"K, respectively— but 
the discrepancy is not large enough It) be 
significant. 

Altlu)ugh some data indicates that A is 
piopoilional to A',„(()). McMillan has 

suggested, on the basis of other empirical 
evidence, that the dependence on At,,JO) is 
eaneelled by other factors in A anti that within 
a given class of superconductors A is inversely 
proportional to the square of a certain average 
of the phonon frequencies! 111. On this basis 
the values of A and /,. for the HFj salt would 
be predicted to be much lower relative to the 
values for the NO., salt —0-27 and 10 
respectively. This would suggest that the 
superconducting interaction in the HF^ .salt 


is in some way enhanced over that in the 
NOj- salt. However, the correlation on which 
this comparison is based is not well estab¬ 
lished-the number of examples that have 
been found to support it is small, and its role 
in those cases in which A is proportional to 
A',,.,(0) is- not clear. 


4. CONCLUSION 

The previously reported superconductivity 
of AgjOKNO., and AgjOsFIFa is a bulk 
property. All samples of the HF^ salt that 
have been investigated so far have probably 
contained enough magnetic impurities to 
depress the critical temperature, and the 
critical temperature of pure material is 
probably higher than l -S^K. but less than .3°K. 

The electronic density of states and the 
phonon frequencies of the silver oxide cage 
structure are extremely sensitive to the 
changes in lattice parameter associated with 
changes in anion si^e. Apart from this indirect 
effect, there is as yet no clear indication that 
the anion plays any role in the superconduct¬ 
ivity of these salts. 
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Abstract- hicld-cffect measurements have been performed on single crystals of metal-free phthalo- 
cyanine in high vacuum, hydrogen, and oxygen ambients. The effect of localised bulk slates was taken 
into account, f he usual field-effect analysis was modified to take inlo account the variation of the 
channel-to-galc potential along the channel. D.('. measurements indicate the presence of at least 
10"cm ' slow surface slates. The lime constant of these slates is dependent on the ambient gas 
Transient field-effect measurements indicate the pre.sence of three sets of fast surface stales having 
densities of 10'"-l(l" cm^^ within O I7cV of midgap. The parameters of these surface stales are not 
appreciably affected by ambient ga.ses. The thickness of the space-charge region of metal-free phthalo- 


cyanine crystals is 10 '-10 'em. 

I. INI RODUCTION 

The EXISTENCE of eleclronic states whose 
wavefunctions are located at the surface of 
a solid; i.e. surface slates, is well known[l|. 
The equilibrium charge in surface states is 
determined by (I) the density of surface states. 
(2) their proximity to the l ermi level, and (3) 
their type; i.e. donor type or acceptor type. 
Surface states arc further characterized by 
the degree of communication with the bulk. 
States which are in intimate contact with the 
bulk are called ‘fast’ surface states, and those 
in poor contact with the bulk arc called ‘slow’ 
surface states, bast surface states are usually 
attributed to the effect of the termination of 
the crystal lattice at the surface, and slow 
states are usually due to foreign atoms ad¬ 
sorbed on the surface, 1'he time constants 
associated with fast and slow surface states 
are usually orders of magnitude apart. This 
allows the fast and slow surface states to be 
studied separately using a.c, or transient 
techniques. 

The effect of charge in surface states ((2„) 
is to set up an electric field (‘<‘ = C?,„/2e) which 
extends into the .solid. As a result, the energy 


bands bend in such a way that the con¬ 
comitant space charge exactly cancels the 
charei- i - 


by .., 

surlucc. IV. u IV V!.. . , 

surface-stale parameters; i.c, type, energy, 
and density, can be determined by comparing 
the measured surface conductance with the 
calculated conductance of the space charge 
region 12). 

The history of surface studies on molecular 
solids is relatively short. D.C. field-effect 
measurements were performed by Heilmeier 
and Zanoni[3] on u-form copper phthalo- 
cyanine films. Their ordcr-of-magnitude 
analysis indicated the presence of about 
lO'-’cm surface states. Baessler and Vaubcl 
[4] studied the photoemission of electrons and 
holes from various metals into anthracene 
crystals and concluded that the density of 
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surface states on anthracene crystals was 
about 2. IO''cm“^eV Usov and Benderskii 
[5] studied the photoconductivity of metal- 
free and magnesium phthalocyanine films by 
a pulse method. They reported surface barrier 
heights of ()-l-()-5eV, barrier thicknesses of 
about 10 ’’cm, and densities of trapped 
carriers of 10'''-I0'"cm 

The purpose of the work described in this 
paper is to make an accurate determination of 
the suiface-state parameters for single crystals 
of metal-free phthalocyanine in order to re¬ 
solve the influence of surface states on con¬ 
duction properties. We have reported in 
previous papers that metal-free phthalo- 
cyaninc crystals have large densities of 
loculi/cd bulk slatcs[6-8|. In order to 
interpret Held effect data on these crystals, 
two factors must be taken into account; tl) 
the effect of the localized bulk states on the 
characteristics of the space chtirge region and 
t2) the variation of the g;ite-to-surfacc potential 
along the surface from source to drain. 

The outline of this paper is as follows: We 
first give the eqiuitions which govern the 
behitvior of the space charge region when 
localized states are taken into account. The 
vai'iiition of the gate-to-surface potential is 
taken into accoutit by defining an effective 
gate voltage. The field-effect d;ita are then 
analyzed in the usual way. I he stirface-state 
panimeters are determined by Htting the lield- 
elfcct data with terms representing surface 
states at discrete energies. 


where « = dielectric constant of the crystal 
(e = iceo), 

e = magnitude of electronic charge, 
k = Boltzmann’s constant, and 

T = absolute temperature of the crystal. 

/i = 2 / 1 , [cosh (//ft + y) — cosh {//;,) 

-ysinh (//ft)], (2) 

//, = intrinsic density of carriers. 

//(a) = f£ft.-£;,(.r)]/kT, (3) 

//ft= [£ft.-£,ft]/kT. (4) 

lif = Hermi energy of the crystal. 

H,{x) — the energy level which has the same 
curvature as the band edges and in 
the bulk coincides with the intrinsic 
l-ermi level, li,^. and 


>’(.r) = //{ v) —//ft = amount of band bending 
in units of k'f. (5) 



exp (y) - 1_ 
I -t-exp (ip,,,) 


) 


_V_ 

I Texp 


( 6 ) 


where N,„ is the density of localized electron 
states (1 ES) at an energy h„,. and 


<fm =■ I E „,-£■/■■ I/kT-f In (J). (7) 


2. THEORY 

for a semiconductor having localized 
electron and hole states at discrete energies, 
the first integration of Poisson's equation can 
be performed analytically and is given by the 
following set of equations[9|. An energy 
diagram illustrating the definitions is given 
in fig. 1. 

± [/i //ft. y) f 

+/AN . <p„,. y )+JAr „, , y) ] ''% {I) 


I'he term In (J) in equation (7) occurs because 
we assume that each state can be occupied by 
one electron regardless of spin. 


L 



exp (-y) - 1 1 
1 -f exp (-dj I 


-l- 


1 -l-exp (— 


'J. ’ 


( 8 ) 


where P„ is the density of localized hole 
states (LHS) at an energy and 
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1 ig, I. Energy hand dcagram showing (he definitions of 
u,,. u{x),\ (t), and tl„. 

fl„= f£„-f:,.J/kT-ln(2). (9) 

The function f, accounts for the contribution 
to the space-charge density of electrons in 
the conduction band and holes in the valence 
band. The functions/j and/, account for space 
charge due to electrons in I ES and holes in 
1 H.S respectively. We assume that the I hS 
are acceptor-type states and that the I HS are 
donor-type states. 

The characteristics of the space-charge 
region can be calculated as follows; 1 he 
space charge per unit area is given by equation 
( 10 ). 

(-ekT/e)£(vg. (10) 

where y* is the value of y at the surface. The 
change in the surface conductance is given 
by equation (II). 

f.! min )ralc 

AtfC r fexp ( v + «n) - exp (n,,) 

'rhJ,— m 


where fi,. is the mobility of electrons in the 
conduction band and is the mobility of 
holes in the valence band. The shape of the 
band bending at the surface can also be 
determined from equation (1) by inverting and 
integrating; i.e. 

x(y)-.v(vv) = r dy'IFiy'), (12) 

J Vp 

where >v is an arbitrary value of y which is 
chosen as a reference. 

The curve of (AG),,,,,, vs. Q^,. can be 
calculated from equations (10) and (II) 
by using \\ as the parameter. This curve gives 
the change in surface conductance. Ml. due 
to an induced sutfacc charge density (y,,,,, — 
Q„. when there are /i<> surface states; i.e. 
when all of the induced charge resides in the 
space-charge region. Because of the effect 
of localized bulk states (I ES and LHS) on 
the form of equations (10) and (11). the opera¬ 
tion indicated in equation (II) cannot be 
perfoiii' ' ’ '< - ■ ’ ' 


Irom I: 

voltage, is much largci Ilian the dram 
voltage. y,i'. i.e. when |l'„| Si- the varia¬ 
tion of the surface-to-gate potential. I'(c). is 
negligible; i.e. f'(r) = k'„ (r is the distance from 
the source toward the drain along the surface) 
In this case, the induced charge per unit area 
is given by equation (13) 

(1-^) 

and the source-to-drain resistance is given 
by equation (14) 



. //»■ 


(14) 
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where C„ = geometrical capacitance per unit 
area between the gate electrode 
and the semiconductor surface, 

/ = channel length, 

M' = channel width, 

= mobility of the majority carriers 
in the channel, and 

ft — fraction of induced charge which 
is mobile. 


l or high resistivity crystals, it is not always 
possible to make a complete set of field-effect 
measurements with |Kj ^ \ in fact, to 
obtain measurable currents it may be neces¬ 
sary to have \ V^\ > |K„|. With V,, and y,, of 
the same polarity, it is possible to have a 
p-/i Junction induced into the channel, in 
which case no clear interpretation of field- 
effect data is possible. On the other hand, 
if |/„ and V,, are of opposite polarity only 
charge of one type is induced; in this case, 
field-effect data can be interpreted if the effect 
of the variation of k't;) on the source-to-drain 
resistance is taken into account. We accom¬ 
plish this by introducing an effective gate 
voltage, defined by equation (15); 


/f 


Sil 


■' dr/iv ^ // le 


(15) 


l or f ',, and y,, of opposite polarity and for 
transverse fields in the range where the 
channel mobility is field independent, V,,„ is 
given by equiition (lft)t I0|. 


+ (lb) 


and the effective induced charge is given by 
equation (17) 

C7,n.,-r„(|K,l + 4|K,|). (17) 

The change in surface conductance, 
(\(i can be calculated from drain current 
measurements via equation (18) 

(A(/)..„„= {(//»•)(/-/,(I«) 


where / is the drain current, and is the 
minimum drain current. 

3. EXPERIMENTAL DETAILS 
The field-effect configuration used for the 
measurements is shown in Tig. 2. Quartz 
was used as the substrate because of its very 
high surface resistivity. Mylar pads were 
used to give a one mil spacing between the 
gate electrode and the semiconductor sur¬ 
face. A grounded guard ring was used to 
shunt current leaking across the substrate 
from the gate or drain to ground thereby 
preventing it from flowing through the 
electrometer. 


( 0 ) 


GOLD 


^ CRYSTAL 



(c) 



hig 2. The ficld-efTecl configuration, (a) The inclalli/a- 
tion pattern on the crystal, (b) The metallization pattern 
and mylar pads on the substrate. Ic) I he electrical 
connections used. The insert shows the detailed nature 
of the gate and channel regions. 
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Wide crystals having flat surfaces were 
chosen for the experiments. The crystals 
were grown by sublimating crude metal- 
free phthalocyanine (Eastman) in a two- 
zone globar furnace using nitrogen gas as the 
carrier. This method is described in detail 
elsewhere[7,11]. The crystals used in the 
fleld-eifect experiments were from the same 
growths as those for which bulk measurements 
were reported earlier(7,8]. The crystals were 
stored in a dessicator, and no chemical 
treatment was used. 

The field-effect structure shown in Fig. 2 
was mounted in a vacsorb-vacion system, 
and the system was pumped down to 5.10 “ 
torr. Pumping was continued until the source- 
to-drain resistance stabilized. This usually 
required 24-36 hr. After field-effect measure¬ 
ments were made in vacuum, hydrogen was 
let into the system until a pressure of 1 atm 
was attained. Field-effect measurements were 
made after the source-to-drain resistance had 
stabilized. The system was again pumped 
down until the original results in vacuum were 
repeated. The cycle was then repeated using 
oxygen instead of hydrogen. 

4. EXPERIMENTAL RESULTS 

D.C. field-effect experiments were made of 
five crystals for gate voltages up to 500 V and 
for drain voltages up to 200 V. In each case, 
no d.c. field effect was observed. For = 
500 V, approximately 10" carriers per cm^ 
are induced into the crystal; therefore, the 
total density of surface states, fast and slow, 
must be at least 10" cm 

Although no d.c. field effect was observed, 
transient field-effect measurements did yield 
meaningful results. When a step voltage is 
applied to the gate, displacement current 
flows until the gate-to-surface capacitance is 
charged. Since Eg and are of opposite 
polarity, the direction of the charging current 
through the electrometer is opposite to the 
increase in current due to enhanced conduc¬ 
tance produced by the induced charge. With 
Fd = 0, the decay of the charging current 


was observed, and we found that the charging 
current became negligible compared with the 
true field-effect signal within five seconds after 
the step voltage was applied. Therefore, the 
true field-effect signal was accessible to 
measurement five seconds after the gate 
voltage was applied. 

The decay of the field-effect signal was 
exponential in each case. The time constant 
of the decaying signal was between 10 and 
20 sec and depended on which ambient gas 
was used. The field-effect signal at the time 
the fast surface states were in equilibrium 
with the induced charge (but before the 
interaction between the induced charge and 
the slow surface states became appreciable) 
was determined by extrapolating along the 
exponential field-effect signal curve to / = 0 
as indicated in Fig. 3. The data for the curves 
of (AG)e„,i vs. (^ind for vacuum ambient shown 
in Fig. 4 were obtained in this manner. 

5. ANALYSIS 

The curves of , \'s, O , were ('om- 




Fig. 3. l-icld-effecl Iransienls, (a) The gale-to-source 
voltage vs. lime, (b) The induced charge vs. lime, (c) The 
drain current vs. time. The broken line indicates the 
effect of the fast surface slates. 
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AGIO*® (fi/SO)' 



I IK 4. I he i.hangc in surface conductance vs induced charge 
for a vacuum ambient of.I X 10 "lorr. 


piitecl I'lom cqtittlions (10) and ()1) by a 
c'oniputcf program as discussed previously. 
I'he values of the bulk parameters rr,, u,„ /V,„, 
and were determined from measurements 
of the ohmie eurrent and the spaccchargc- 
limited current in the c*-direction as de.scribcd 
111 Refs, [7| and 18|, I'he curves ofS„= (7,,/e 
vs. y. were obtained from the AG’ vs. (7„„, 
curves as discussed in Ref. [2|. 

(a) Surfiu c-s late parameters 

Surface states are classified as either accep¬ 
tor-type or donor-type. The normalized charge 
per unit area in acceptor-type surface states 
at an energy is given by equation (19) 

2 ,',= Oi/c = -/V,!./{l+exp t-y, 

(19) 


where Ni, is the number of acceptor type 
surface states per unit are at an energy 
/y;/, and 

(/i,',-/?f.)/A.T+ln (n. (20) 

The normalized charge per unit area in donor- 
type surface states at an energy is 

1 + exp (y, - tv" )}, (21) 

where A/," is the number of donor-type sur¬ 
face states per unit area at an energy /y" and 

w'A=(E'A-E,)lkT-\n(2). (22) 

The surface-state parameters and A',., are 
determined by fitting the curves of vs. y. 
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by curves of the form of equations (19) and 
(21) as shown for vacuum ambient in Fig. 5. 
The results for vacuum, hydrogen, and oxygen 
ambients are summarized in Table 1. Due to 


^ss'° 

(CM ) 


10 



Fig. 5. The dimensionless charge in fast surface Mak 
vs dimensionless surface poicniial for vacuum ambicni 


I'cihle 1. Surface-state parameters deter¬ 
mined from field-effect measurements on 
metal-free phthalocyanine crystals 


Ambient 

Surface stale type 

density 
(cm “) 

Energy with 
respect to 
midgap 
(eV) 

Vacuum 

Donor 

Acceptor 

Acceptor 

lO.IO” 

0-5.I0" 

0-6.10" 

■ 0094 
t- 0052 
-I-0I7() 

Oxygen 

Donor 

Donor 

Acceptor 

mtFf 
00.5,10” 
0-8.10” 

-0161 
-0 104 
f 0146 

Hydrogen r)onor 

Acceptor 

0-8.10” 
0-6.10” 

-0 044 
-I-0I40 


the large density of surface states and localized 
bulk states, the surface potential could not be 
practically varied by more than ±0-23eV 
(~ 10kT). Most of the variation in the 
occupation probability occurs for y, within 
±0 077 eV (~ 3kT) of the energy of the state. 
Thus, surface states more than 0-3 eV above 
or below midgap could be present in the 
crystals without being detected by our 
measurements. 

(b) Band hendinft ut the surface 
The shape of the bands at the surface is 
controlled by bulk parameters and can be 
calculated by performing the integration 
indicated in equation (12). The results of this 
calculation for the vacuum ambient are shown 
in Fig. 6. The upper branch of the curve 
corresponds to the bands bending upward at 
the surface; i.c. y., < 0. The lower branch 
corresponds to the bands bending downward 
at the surface. In our experiments, the bands 
could not be bent by more than lOkT by the 

transverse fn'lil' ilieiefon' .. ^i-u-e. iFe Fine! 
i. . 


legs 

and 'S 21 < 10 ■ cm thick loi v, U. In eillicr 
case the space-charge region is sulficienily 
thin for the effects of surface states to be 
confined to the surface; i.e. a true bulk region 
exists which is approximately equal to the 
geometrical thickness of the crystal. 

(c) Contact effects 

In the preceding sections it was tacitly 
assumed that the measurement of the change 
in conductance between the end contacts 
represented the true change in surface con¬ 
ductance. For this to be true, one of the 
following conditions must be true; either 
(I) the end contacts are ohmic to the channel 
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I ig, 6. Curves showing the hand bending at the surface for |> | « 10. I he 
upper branch corresponds to the bands bending upward, and the lower 
branch corresponds to the bands bending downward The calculations were 
performed using data for vacuum ambient 


as well as to the bulk, or (2) there is good 
communication between the channel and the 
bulk, .Since end contacts are usually chosen 
so that they are ohmic to the bulk, they arc 
also ohmic to accumulation layers in the 
channel. However, they ;tre not ohmic, on a 
d.c. basis, to inversion layers in the channel. 

Prom injection experiments, it is known 
that evaporated gold contacts on metal-free 
phthalocyanine are ohmic to electron flow. 
Thus, foi' a channel in which the density of 
mobile electrons is much greater than the 
density of mobile holes, condition (I) is 
satisfied. I hus, there is no question about the 
interpretation of the field-effect data for 
V'„ > t). The case for V„ < 0 was considered 
in detail. Based on the analysis given in Ref. 
(12), our calculations indicate that the degree 
of communication between the bulk and the 
surface for V„ < 0 is good. Furthermore, 
because the gate electrode covers the entire 


region of the crystal surface including the 
region near the end contacts, condition (I) 
may also be satisfied for < 0. Suppose that 
a negative step voltage is applied to the gate 
bending the bands upward at the surface. With 
the bands bent upward at the surface, the 
diffusion of holes from the metal to the semi¬ 
conductor is more probable. As time goes on, 
the holes induced into the channel fall into 
slow surface states, and the bands return to 
their original configuration. Thus, on a tran¬ 
sient basis, the contacts may be ohmic to hole 
flow for the particular field-effect configura¬ 
tion used. Harrick[l3] observed similar 
effects in his studies of metal-semiconductor 
contacts on nearly intrinsic germanium. 

6. CONCLUSIONS 

We believe that this paper reports the first 
precise determination of the surface-state 
parameters of metal-free phthalocyanine. 
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and together with Ref. [8] this paper charac¬ 
terizes the bulk and surface properties of 
metal-free phthalocyanine crystals, Our 
specific conclusions regarding surface proper¬ 
ties are as follows: (1) There are at least 
10" cm"^ slow surface states on metal-free 
phthalocyanine crystals. The time constants 
of these states depend on the ambient gas. 
(2) There are three sets of fast surface states 
having densities of the order of 10" cm'^ 
within 0-17eV of midgap. The parameters of 
these states are not affected appreciably by 
oxygen or hydrogen ambients. Due to the 
location of these states near the center of the 
forbidden gap. they probably communicate 
with both bands and are therefore important 
in surface recombination processes, (3) 
Because of the very large density of localized 
bulk states, 90 per cent of the band bending 
occurs within about 10"'cm of the surface; 
therefore, the effects of surface states are 
confined to the surface. 
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Abstract —Caltiilalcd Debyc-Waller Bt- factors are tabulated for the alkali halides NaF. Nat l. NaBr. 
Nal. KtT, KBr in the temperature range ^ to 295“K. T he calculations were made by sampling eigen- 
data given by lined shell models at 64.000 points in the Brillouin /one Fnors intioduced by this 
sampling arc shown, and the effect of the quasiharmonic frequency changes and the /erophonon terms 
IS discussed in detail The high and low temperature limits of the Debye Temperature . and several 
associated thermodynamic quatUtties for the sodium halides are also given. A comparison with 


experimental valtics indicates that there is not yet; 
tions, 

INTRODUCTION 

For six alkali halides Buyers and Smilh(ll 
have discussed the Debye-Waller factors 
calculated from the force models of Karo and 
Hardyl2J, <md concluded that these values 
were likely to be more reliable than the expeii- 
mentally determined factors. However, since 
the appearance of this article, shell model 
parameters have been fitted to the mcasurctl 
dispersion curves of all Ihe materials con 
sidered. It has been confirmed from the me;t- 
sured dispersion curves that force models such 
as 12], which are determined only by elastic 
and i.r. data, can be seriously in error near the 
zone boundary. Hence we have now made use 
of the lilted shell models to derive the Debye- 
Waller factors. Also, the summations can be 
perl'ormed with a much finer mesh covering 
the Brillouin zone and the accuracy of the 
calculational technique can thus be more 
easily investigated. With these improvements 
we have calculated a more accurate set of 
Debye-Waller factors for NaF, NaCI, NaBr, 
Nal, KCIand KBr. 

In Section I the calculation is briefly dis¬ 
cussed and a method of extrapolating the 
quasiharmonic frequencies to lower tempera¬ 
tures is given. In Section 2 the results are 
tabulated and a comparison made with some 
experimental observations. 


n cniircly s,ilisfactory agreement with the caleula- 
I. CALCUl.ATlON 

We shall use the method of Buyers and 
.Smithin and discuss only two refinements 
which improved the accuracy of Ihe calcula¬ 
tion. t)ur notation and a summary of formuhic 
is given in the Appendix. 

For c.il''iiiaii>'’- ■" > " ■ ' ■ '-in icni- 


lO I'v 

perattire but an ovetcstim.iie iie.ir U K. Our 
correctirm procedure assumes that at tempera¬ 
tures below room temperature 

giving 


= -3«(r)y,,(r) (3) 

where a{T) is the linear expansion coetficient. 
The Gruneisen parameters y,j(r) for each 


26«9 
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mode are unknown, but since we wish to 
calculate a weighted average over all the 
modes (qy) it is satisfactory to represent the 
change in frequencies by a mean y{T) which 
produces the correct change in the weighted 
average. Following Pautamo(4] we choose the 
temperature dependent 

y(7') = ya+ (y^.-yn)C,(T)/3J'k (4) 

giving 

= - 3 J (v„ + (V,,., - Vo) ^ )«(T) dr 

where the high and low temperature Ciruneisen 


constants y^^ and v» are obtained from thermo¬ 
dynamic measurements or estimates[4]. In 
practice the results are not sensitive to Vo 
since a(T) is small at low temperatures. The 
specific heat C,.(T) was calculated from the 
shell models with the correction (5) made at 
each temperature, and Fig. 1 shows the 
equivalent Debye temperatures ©"(T) for the 
sodium halides. The size of the frequency 
changes is given in Fig. 2(a) and the effect on 
the Debye-Waller B* values of ignoring these 
can be seen for NaBr in Fig. 2(b). It is clearly 
desirable to incorporate some frequency 
corrections. 

The sampling necessary to evaluate 
(equation (3a)) was carried out with a bcc 



Kig, I Values for the sodium halides of the specific heat 
Debye temperature H"(7 ) calculated from the models with 
the quasiharmonic frequency changes of equation (5). The 
crosses are the 0°K values of Lewis J. T., Lechoezky A. and 
Briscoe C. V .PAv.r. Kev. 161,877(1967), 
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Eig 2. ( 11 ) The perecndigc freqiicney ehimgcs given . 
equation (^) for the Sodium halidcv. tb) The perccnl •' 
change in the Debye-Waller fli factors of NaBi when i' 
frequencies at 295“K .iic used in place of the eoiicsn 
frequencies. 

mesh of points covering the Brillouin /one, 
with n points along the (l()0| a.xis to the /one 
boundary. The number of mesh points (fV) is 
therefore (2nf. Values of n between 3 and 20 
were used. Because of the cubic symmetry, 
the sums were performed over only sample 
points in the irreducible l/48th of the Brii- 
louin /one. Table 1 shows for the range of 
mesh sizes of interest. As discussed in[ 11 it is 
necessary to treat the zerophonon region 
separately and the detailed assumptions made 
are the same as those used in a recent paper on 
the evaluation of the total phonon scattering 
cross-section (Reid J. S. and Smith T., J. Phys. 
(C), to be published). The percentage contribu¬ 
tion of this region is similar for all the materials 


Table 1. The number of points (n,,), 
including the origin, in the reduced 
zone for a mesh of size n 


Mesh 

si/c 

No. of irieducjble 
points 

No. of points 
in /one 

N 

.1 

16 

216 

4 

30 

.S12 

5 

48 

KXK) 

6 

74 

1728 

8 

149 

4(>96 

10 

262 

8000 

12 

422 

13.824 

16 

913 

32.768 

20 

1686 

64.000 

2.S 

3143 

12.S.000 

30 

.5272 

216,000 

35 

8184 

343.000 


and is shown for NaCl in Fig. 3(a) as a function 
of the sample size. Even for the largest sample 
of 64,000 wave vectors its value is 1 -6 per cent 
at room temperature. Figure 3(b) shows the 
zerophonon variation with temperature for the 
samp' ' . I ■ . ' 1 


The parameters of the shell models used to 
generate the eigendala are show n m Table 2 in 
the notation of Woods et n/.[51. '| hese models 
give frequencies at low temperatures for Nal 
(I00“K) and KCl (1 I5°K). and at 29.s“K for 
the other halides. The method in Section I was 
used to obtain the frequencies at other tem¬ 
peratures. 

Table 3 gives the values of the 6 materials 
for temperatures in steps of 20 deg from 295 to 
-5°K. A comparison with the values of the 
deformation dipole models[ll shows substan¬ 
tial differences, with larger values now given 
for the heavy halides and smaller values for 
the light halides. The KC'I values agree to 
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I is; ' I ho connilnilcon ol (he /eiophonon 

teiftl (<i the /fj, v.ihies ol N;i( I (.0 at hn ditrcrenl 

mesh si/es. wheie ii is the niiinliei of points to (he (I0()| 
,'oiie bonmi.iiv it’) Ovoi the i.inee o( tempei.iliiies vsilh 
the mesh// 2(1. 

within (I few percent but (or the other materials 
there is an average iliseiepancy of about 10 
per eeni. I hough the general trend is for the 
lilted shell moilels lo give more widely sepa¬ 
rated I’aetors than models determined by 
maeroseopie data, mveis(on points (where 
Uebye-Waller I'aetors of the ions are equal) 
oeeur Cor both N;(b (at 275‘’K) aiul KBr (at 
7.S'’K). 

I he errors in the tabulated values arise 
from enors in both the method of calculation 
and the experimental frequencies used to 
determine the models, and also from any in¬ 
adequacy of the models. The accuiacy of the 
calculational technique has been discussed in 
the pievious section and it can be concluded 
that uncertainties caused by the finite mesh 



Fig. 4. The percentage change in the H values of NaCl 
from those CdicululeJ using (he mesh with /; — 20. (n can 
take integer values only ) 

and the zerophonon term amount to less than 
0-1 per cent (Figs. .2 and 4). Also, a misestima- 
tion of the quasiharmonic frequency shift by 
25 per cent would lead to a maximum change 
in the 6* factor of 1-2 per cent (Fig. 2). In 
addition, errors in /);, depend on the errors in 
the experimental frequencies, oi,, through the 
factors The exact calculation of 

these terms for a given model is not feasible 
and hence we shall consider instead an upper 
limit to the standard deviation iT(Bk). Even for 
the simpler factor /?, which does not depend on 
the eigenvectors, the error cannot be exactly 
calculated from the model frequencies (equa¬ 
tion (9a)) since the errors in neighbouring 
values of are strongly correlated. 7 herefore 
we shall take as the upper limit to the error in 
B the error which would occur if B were cal¬ 
culated directly from the experimental fre¬ 
quencies. I'his is a slowly varying function of 
temperature and is smallest at low tempera¬ 
tures but can be approximated over the whole 
range as 

B Vn/' 

where there are A, determining frequencies 
known to about 2 per cent. This procedure is 
reasonable since it is observed that all the 
models fit the experimental frequencies well, 
with a value of (e.g. Table 2, Ref. [a]) near 
unity, and moreover systematic differences 
between the models and experimental values 
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Table 2. Parameters of the shell models fitted to measured phonon frequencies 



A 

B 

A" 

ti" 

/ 

y, 


Y 

k 

Material 

U‘‘I2V') 

(e'’‘/2F) 

(e'/2F) 

{eV2V) 

(e) 

(e) 

(eVF) 

if) 

(e^/F) 

NaF'-' 

9-26 

-0-77 

0-34 

-0 02 

0-907 

-8-3895 

6469-0 

-1-8751 

117-07 

NaCP' 

10-79 

- 1 146 

0-43.58 

0-0055 

1-0 

0-0 


-2-648 

90-29 

NaBd" 

11-392 

- 1 0442 

0-0 

00 

10 

1-004 

48-97 

-3-604 

166-8 

Naiaii 

9-94 

- 0 86683 

0 618 

-0 041 

0-89 

2-2126 

153 91 

-3-9679 

231-22 

KCI'"' 

12-12 

- 1 -0228 

-0-10 

-0-0.58 

0 918 

11 -267 

4530-1 

-2-917 

232-78 

KBr"' 

12.58 

- I-1122.5 

-0-526 

- 0-025 

0-974 

2-7077 

231-36 

- 2 7435 

1.59-77 


la) Model VI otHLIYl-RSW J. 1 .Phvs.Hev 153,92.3-930(1967). 

(b| Fitted to the 300''K data of RAUNIO Ci.. ALMQUIST I,, and .STEDMAN K . /•/;>■.>. Kev 178. 1496- 
1499(1969) 

(cl Model II of RFID J. S .SMI I H f. and HU YF.RS W. J F . P/ivt «n> ) lo he published) 11970) 

(d) Model VI orC(3Wl EY R. A., t OCHRAN W. BROt KHOUSF B N and WOODS A D H.I’hvsRev. 
131, I()30-I()39(I963) 

(e] Model VI of C OPl liY J K D.. MAC PHFKSON K W and I lMUSK I.. T/ivs K, v. 182. 96.S-97: 
(1969). 

[!') Model VI parameters interpolated t<» 30()°K fu)m Ref. (dl. 


Table 3. The Debyc-W aller \\ factors for o- 
below The values were calculated lo 


1 einpci a 

NaF 

Na( 1 

N . 








lure "K 

^Nfi 

IK 

«N. 


Hs,. 








295-000 

0 8685 

0-8671 

1 -5565 

I-.348I 

1-9710 

1 -S')9 ' 







275-000 

0-8121 

0-8121 

1-4464 

1-25(4 

1 -8294 

1 4810 

2 -Km-s 

2 Mil 

1 

i • ' 

. . 

_ . 

255-000 

0-7569 

0-7583 

1-3389 

1-1567 

1 6910 

1 3649 

2-2721 

1-8444 

1 6512 

1 7075 

1 9.39 3 

2 1012 

235 000 

0 7029 

0 7060 

1 2338 

1 -0640 

1-5555 

1-2.509 

2 0861 

1 6878 

1 51.57 

1-5678 

1 781 1 

1 9267 

215 000 

0-6504 

0-6551 

I-I3I3 

0-9734 

1-4232 

1-1.391 

1 -9040 

1 -5337 

1 3827 

1 4307 

1 6258 

1-7549 

195-000 

0-.5993 

0-6059 

1-0313 

0-8849 

1-2942 

1 0295 

1-7261 

1 3826 

1 2524 

1 2963 

1-4732 

1-5859 

175 000 

0-5501 

0-5.587 

0-9344 

0 7988 

1-1688 

0 9221 

1-5,533 

1-2.347 

1-1263 

1-1664 

1 -3236 

1-4195 

155-000 

0-5030 

0-5137 

0-8409 

0-7153 

1 0473 

0 8170 

1 -3845 

1-08W 

1 0(136 

1-0401 

1 1771 

1 25(8) 

135-000 

0-4584 

0 4716 

0-7514 

0-6348 

0 9302 

0-7144 

I 2209 

0 9459 

0-8841 

11-9171 

1 0342 

1 0954 

115 000 

0 4170 

0-4329 

0-6668 

0-5580 

0 8187 

0 6145 

1 0641 

0 8061 

0-7681 

0-7979 

0 8955 

0 9382 

95-000 

0 3799 

0-3986 

0-5884 

0-4859 

0-7142 

0-5179 

0-9162 

0-6701 

0 6571 

0-6841 

0-7621 

0-7849 

75-000 

0-.3483 

0 3700 

0-5187 

0-4205 

(1 6198 

0 4260 

0-7810 

0-5.393 

0-.5.532 

0-5780 

0 6362 

0-6367 

,55-000 

0-3240 

0-3482 

0 4614 

0-3650 

0 ,5401 

0 3414 

0 6629 

0-4142 

0-4fi05 

0-48.38 

0-5219 

0-4967 

35-000 

0 3084 

0-3340 

0-4213 

0-3247 

0-4816 

0-2705 

0 5712 

0-3007 

0 3862 

0 4091 

0-4268 

0 3723 

15-000 

0-3008 

0-3266 

0-4016 

0-3046 

0-4492 

0-2285 

0-5153 

0-2199 

0-3428 

0-3657 

0-3637 

0 2874 

5-000 

0-2994 

0-3253 

0-3982 

0-3012 

0-44.32 

0-2220 

0-,50.33 

0-2057 

0-3352 

0-.3,581 

0-.3.502 

0-2722 
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do not exist over large regions of the Brillouin 
zone. In general the least-squares fitting prog¬ 
ram used some 58 frequencies for all the 
materials except NaCI when only 8 were used. 
Hence the upper limit to the uncertainty in B 
due to the experimental frequencies is 0-2 per 
cent for all the materials except NaCI for 
which it is 0-4 per cent. For the factors an 
additional source of error arises from the 
adequacy of the model through its ability to 
generate eigenvectors (equation (.^a)). We 
have examined the numerical values of the 
eigenvectors IVom several different force 
models for the alkali halides and conclude that 
this IS likely to conliibute a standard deviation 
of 1-5 per cent. Thus we conclude 
that the B^, values have a maximum staridard 
deviation of 2 per cent but the values of B and 
the relative B^. values at ditferenl temperatures 
are determined to I '5 per cent. 

A few calculations have already been made 
with the fitted shell models for KC'I, KBrand 
N;il. Copley cl til. ( f able 2, Ref. [e]) have 
revised their values for KCI (private com¬ 
munication) and they are now in good agree¬ 
ment with Table V I he .■(()()°K values for Nal 
and KBi given by Piyor[61 are within a few 
per cent of (hose in Table but no details of 
his zerophonon term or frequency changes are 
given. The values for Nal and KHr in Table 
lie half way between the harmonic and an- 
harmonic values calculated by C owley and 
(\)wley|7|. This is encouraging since they 
estimated that their anhaimonic contribution 
was too large by a factor of (wo. They ;ilso 
suggested that a harmontc model with no 
second neighbour force constants might give 
equal Debye-Waller factors at high tempera¬ 
tures. For NaBr this is not the case since the 
dilferent harmonic B^. values at high tempera¬ 
ture lie on different lines through T = 0, and at 
the melting point (755°K) the ratio of the 
harmonic factors. B^JBnt. is 1 -22. This ratio is 
increased when quasiharmonic frequency 
changes are included. 

Raichenko’s suggestion [8J that the sum of 
the root mean square displacements of the two 


ions was a constant fraction of the lattice 
constant at the melting point was examined by 
evaluating (3fl_/2)‘'^)/27rdat the 

melting point of each material (see equation 
(7a)). This was found to be nearly constant 
with a value 0-162± 0-004 for the different 
materials, indicating that the alkali halides 
melt when the vibrational amplitudes are about 
8 per cent of the lattice constant. 

We have not given values for the Debye- 
Waller factors above room temperature 
because they are easy to estimate fairly 
accurately but difficult to calculate exactly. In 
the harmonic approximation the B*. values 
vary linearly at high temperature and any 
curvature at 300°K can be estimated from the 
values given in[l]. An extrapolation of the 
frequency changes of Fig. 2 gives a P correc¬ 
tion which increases the B^ values, but even in 
the quasiharmonic approximation terms not 
included in equation (I) are important. To 
obtain the correct temperature dependence a 
detailed anharmonic calculation appears to be 
essential (e.g. C'owley and Cowley[7), Wolfe 
and Goodman (9] although substantial pro¬ 
gress can be made with simpler models (e.g. 
Willis! 10). Dashe/ o/.[l IJ). 

It is widely recognised that a comparison 
with experimental results is dilTicult because 
of the spread in the experimental B* values for 
one material. The uncertainties involved with 
conventional A'-ray measurements have been 
discussed by several authors (e.g. [12-18]). 
Amongst other factors, the B*. determinations 
are particularly sensitive to diffuse scatter 
near Bragg peaks and only recently has it been 
possible to accurately investigate this scatter 
119] and to make a calculation of the multi¬ 
phonon contribution (Reid J. S. and Smith T.. 
J. Phys. (C). to be published). Also, Jennings 
[20], has pointed out that earlier experiments 
did not include a measurement of the polariza¬ 
tion of the X-ray beam. However, an extensive 
set of measurements on NaCI (Merisalo and 
Paakkari[15], Mansikka and Kulmala[16], 
Linkoaho[17]) has produced values at 300°K 
which are 20 per cent higher than those of 
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Table 3, and there is a similar discrepancy for 
the NaF values, [13] and [16]. But the un¬ 
certainty in the experimental values is also not 
clear, for a recent set of measurements of fiNa 
and Bc\ over a wide range of temperatures 
(B. Larson and C. W. Tompson, private com¬ 
munication) are in better agreement with 
Table 3 though lying below these values. The 
uncertainties in the calculation appear to be 
much less than these differences. The non 
spherical distortion of the charge distribution 
in the crystal (Mansik;ka[l6], and Kurki- 
Suonio and MeisalollS]) produces effects 
which are an order of magnitude too small. 

Values found from neutron scattering ex¬ 
periments (e.g. Pryor[6|, Myers et al.[2 1J), are 
not sufficiently accurate to distinguish between 
the values of Table 3 and those predicted by 
the DD model]!]. However, the Mossbauer 
experiment on Nal of Hafemeister el «/.!22] 
gives directly the 80°K value for B,n. = 
0'53±0 07 which is in better agreement with 
the calculation value of Bi^t = 0 574 than 
with the PD value of 0-619. 

The Debye temperature 0“' used by several 
authors (e.g. [21], [23] and [24]) is related to 
the mean B value (vid. Appendix), and also to 



Eig. 5 The reduced momenis r,, lequulion (6)) for ihc 
sixlium hididcs. 
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Table 4. Low and hif>h tenif 
Temperalitre cak idaledfroni ila ■ 

and second negative monienis of nu ' ■■■<,■■■ ■ 

distribution at 5°K are compared with esperiineni / he units 
ofp, „ ure (10'-’rad./sec) " 



w,," 
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0„" 
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440 
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0 0837 
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290 
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0-395 ( 2 0'f) 

0-192 (-7 7'f) 

NaBr 

207 
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0-553 

0-396 

Nal 

154 

143 

181 
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KCI 

223 

219 
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0 513 (1 O'f ) 
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KBr 
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here Ihe 

J educed moment r 
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|d) The figures in brncivels are ihe pcrecniagc deviaiion ol ihe calciilaled 
values given from the experimental values! 11. 
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where the moments (/i„) of the distribution 
fiiuj) are given by 

fi„ = j (x)"/i{<D) dio^ j fi{( d) dbj). 

The reduced moments are of general interest 
and can be seen in Fig. 5. Values for the low 
and high temperature limits of 0‘*' are given in 
Table 4 along with values of (jl , and -2 which 
arc compared with experimental values ob¬ 
tained from specific heal measurements. The 
discrepancies of a few per cent are not un¬ 
reasonable since the models were fitted to 
measurements made in the zero sound regime 
[251 and hence the quasiharmonic frequencies 
are different from those relevant to thermo¬ 
dynamic measurements. 
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With f> atoms/unit cell, B is given in terms of the Debye 
lemperaiure©^ as 

and 

(12a) 
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«i k{H'')n J r'-l 2 1 

0 

(lOa) 

At low temperatures ihis reduces lo 
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ORBACH TYPE REORIENTATION PROCESSES IN THE 
PARA ELASTIC RELAXATION OF O-r IN KCI 

G. PFISTER* and M. BOSCH 

Laboratory of Solid State Physics, Swiss Federal Institute of Technology. Zurich. Switzerland 
{Received\0 Fehruary 1970) 

Abstract—In the reorientation of molecule ions in KCI under uniaxial stress a process occurs 
which can be regarded as an Orbach type process. A detailed experimental study of this process has 
been performed. The results are discussed in terms of rale equations and of the one phonon transition 
probability derived by Gosar and Pirc. The theoretical predictions are in excellent agreement with the 
experimental results. From the analysis the effective tunneling matrix elements, the clfectivc moments 
of inertia and the potential barrier for the rotation by 90° arc obtained. 


1. INTRODUCTION 

In a previous paper[l], hereafter referred to 
as 1, we presented a detailed sttidy of the 
stress and temperature dependence of the 
paraelastic relaxation of Or molecule ions in 
the host lattices KCI. KBr and KJ. In most of 
these experiments the stress was chosen along 
the fOO 1 ] — and [111]- axes, and the effect of 
the isotropic substitution of ’'*0..' for "’O-j" on 
the paraelastic relaxation rate has been 
.studied. For certain stress axes a reorientation 
process was found in KCI and KBr which is au 
analogue of the Orbach process[2], knowi 
from spinlattice relaxation. The molecules dc 
not reorient directly into the level with the 
lowest energy, but indirectly by two conse¬ 
cutive rotations by 60° through an inter¬ 
mediate orientational level with a higher 
energy. The occurrence of an Orbach type 
reorientation process in the paraelastic 
relaxation of the Oj^ molecules in alkali 
halides has first been suggested by Silsbee[3], 
who also performed the first experiments 
along this line. 

The present paper contains a detailed study 
of the Orbach processes in KCI. It should be 
read in conjunction with the previous paper I. 

2. PREPARATION OF THE SAMPLES 

The paraelastic relaxation times discussed 
in this paper were determined from the time 

•Present address: Xerox Corporation, Rochester, New 
York, 14603, U.S.A. 


dependence of the population difference 
measured by means of EPR of two nearly 
degenerate orientational levels. In order to 
obtain a reasonable signal to noise ratio in the 
corresponding change of the EPR signal, the 
crystals had to be doped with a higher O 2 ' con¬ 
centration than can be reached by simply an¬ 
nealing them in a dry oxygen atmosphere 
[l,3,5|. The following method permitted to 
increase the oxygen concentration by about a 

Lli'ri'' 


e 3- ( 3-2 V /. ui!-., ,. 

a surface layer with a very high oxygen con¬ 
centration is formed. The oxygen diffuses then 
slowly into the bulk until after a few days a 
homogenous concentration is reached. It was 
verified that the experimental results do not 
depend upon the method of the doping and 
upon the O. ' concentration, which was of the 
orderof 10"^cm~'’. 

3. EXPERIMENTAL RESULTS AND THEIR 
INTERPRETATION 

In all the experiments retxjrted here the 
uniaxial stress was applied along the axis lying 
in the (110)-plane and forming an angle 0 with 


2699 


jpcsvsLs1.Na.12-H 



270() 


G. PFISTER and M. BOSCH 


the [001]-direction of the cubic cell. The 
measurements were made for three stress axes 
characterized by = 10°. 21° and 30°. By 
symmetry the stress splits the sixfold degen¬ 
erate orientational groundstate into the four 
levels a. h, c and d shown in Fig. 1. In our 
experiments the energy splittings of the dif¬ 
ferent levels were typically in the range 01 - 
2 0°K for Ut,„- 3 and 10°K for Ur„ and 5 and 
I5°K for U,,„. As indicated in Fig. I the 



t ig, I. I evel scheme underlying the discussed experi¬ 
ments. I he sticss axis IS in the (I IO)-plane and forms the 
angle sviih the |0()l |-direclion of the cubic unit cell. 0 
was chosen to be 10°. 2 I “and .t0° 

rotation of a molecule by 90° is equivalent to a 
direct transition from the level d or h to the 
level <• or a. respectively. The remaining 
Ininsitions correspond to rotations by 60°. 

Figure 2 shows an example of the recorded 
lime dependence of the four populations after 
the appliciition of a stress along the axis 
0 21" iit f — 0. Initially one observes a fast 

reorienttition of the molecules. The population 
of the two lower lying levels a and h increases 
at the expense of the two higher lying levels. 
After a time /„ of the order of some seconds 
the levels <• and d are nearly emptied and for 
/ /„ no further change in their populations is 

observed. On the other hand, the populations 
of the levels a and h change at a very slow 
rate of the order of 100 . The population of 
level <1 further increases whereas the popula¬ 
tion of level h decreases, both according to a 
single exponential function with the same time 
constant T;,. 

These experimental results can be inter¬ 
preted along the lines suggested by Silsbee[3|. 



0 120 240 360 

-» I(seconds) 


Fig. 2. Time dependence of the population of the four 
levels it. h. <• and Jof sample No. 3 after the application of 
the uniaxial stress I 92.10* dyn/cm“ at T = 1 A2°K along 
the axis e=21°. The curves were calculated using the 
two filled parameters I 7 and I'J listed in Table 2(a). T he 
points are taken from experimental recordings, 

The initial fast rise (deeay) of the populations 
of the levels n and h (c and d) is due to 
reorientations by 60° of molecules initially in 
the levels c and d into the levels a and b. One 
thus expects the relaxation rates describing 
the time behaviour of the system for l < to 
be of the same order of magnitude as the re¬ 
laxation rates for stress along [ 001 ] or [111 j. 
Furthermore they should qualitatively show 
the same stress and temperature dependence 
as l/Tofl], i.e. the rates should increase with 
increasing stress and for not too high stresses 
they should be proportional to the tempera¬ 
ture. This is in fact observed. As will be shown 
in the next paragraph the initial time depen¬ 
dence of the four populations can be approxi¬ 
mated by two exponential functions with the 
time constants 7 , and One relaxation rate, 
l/r,, predominantly characterizes reorientti- 
tions of molecules from level d, the other, I /t^. 
reorientations of molecules from level c into 
the lower lying levels a and h. Since 7i corre¬ 
sponds to a larger energy difference one has 
7 | < 72 - However, the accuracy of the expert- 
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ment was not sufficient to separate the two 
relaxation times r, and for a detailed investi¬ 
gation. 

As is shown in Figs. 3-5 the low relaxation 
rate I/t^ describing the relaxation behaviour 
of the system for t > /„ shows a completely 
different stress and temperature dependence 
than do 1 /tooi and I/t,,( 11.31. At ciynsiani 
temperature the rate decreases with increasing 
stress and finally reaches a stress independent 
value. This value turns out to be proportional 
to the temperature. At constant stress I/tj 
falls off exponentially with decreasing tem¬ 
perature and finally bends over into a linear 
dependence on temperature (Fig. 5). 

The nearly equal population of the lower 
levels a and b at / = t„ indicates that the 
probability for the 90"’ rotation h -* a is 
much smaller than the probability for the 



Fig. 3. Stress dependence of various temperatures 

for two KCI: '“Oj' samples- No. .3 (■ 9 A) and No. 4 
(O A). The stress was applied along the axis 9 = 21°. The 
theoretical curves were calculated with the parameters 
pertaining to these samples and given in Table 2(a). 



cqi. 

the rate I/t,. involves Iraiisilioiis picdoinin 
;mlly between Ihe levels a and b. Two 
different processes can contribute ttr 
these: 

(a) Direct transition 

The molecules reorient directly by the 90’ 
rotation b —>• a. .Since the levels a and b have 
equal degeneracy, the relaxation rate for the 
direct transition b a should increase with 
increasing stress as has been observed for 
stress along [111]. However, this change is 
too small to be detected in these experiments 
since (y*,, < k'l' (sec Figs. 3(c). 3(d) and 4(c), 
4(d) of I). 
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I IK I'ompcniluio dependence of (/t, at dilfcrent load¬ 
ings along the axis 0 - 21“ for three diliercnt KCI. 
samples: No 1 (■ A). No 4 (A) and No 5 (•). The 
tlieoietical curves were calculated using the parameters 
given In Table 2(a), 


(h) Orhacli proce.s.s 

I he im)lcculcs ifDiicnt imiirectly by twx) 
cirnscciilivc lotations by 60° through an 
inlci nicdiiitc higher lying level c or d. Since 
the lirsl lotiition involves an itbsorption of 
phonons the probability of the Orbach process 
Tails olT exponentially with increasing excita¬ 
tion energy, i.e. with increasing stress. 

In KCI the tunneling matrix elements are an 
order of magnitude larger for the 60° rotations 
than Tor the 90° rotations! 1], This fact explains 
the observed stress and temperature depend¬ 
ence of 1 /t,: For small stresses and not too 
low temperatures the Orbach process is 
dominant. With increasing stress or decreasing 
temperature this process dies out until finally 
the direct 90° rotation dominates. The propor¬ 
tionality between relaxation rate and tempera¬ 
ture at high stresses indicates that the 90° 
rotation is a one phonon process, a result 


which has also been observed for the 60° 
rotation [1,3,5]. 

4. EVALUATION OF THE RELAXATION RATES 
1/t„ I/tj and I/ts 

(a) The application of the rate equations 

The stress-induced splitting of the orienta¬ 
tional energy levels can be computed from the 
relations given in I. For the stress axes used 
in the present experiments one obtains for the 
splittings per unit stress 

U^-U„ = i{h,—h3)s^4 sin^tf 

[^2 “F )](''’12 4 'n) 

X (is'in-e-cos^0)+Hh,-b3)s,^ 1/V2sinfl 
X (1/VTsin i9|t) cos 0) 
(I) 

0 is the angle between the stress axis and the 
|00l]-direction of the cubic crystal, s,j arc the 
clastic compliances and bj the measured 
coupling coefikienI,sf5] (components of the 
elastic dipole). 

We assume that there is no correlation 
between subsequent rotational jumps of a 
given molecule. The populations Nj of the four 
levels after a change of the extei nal uniaxial 
stress are then governed by rate equations. 
For the level scheme considered in these 
experiments (Fig. Done obtains 
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where 


<; = a/8 4- rt-y + aS + /3y + /jS + yg 


D = <9/5/ 


PtibPbn ^PncPrn ^Pnd Pttii ^PbtPrh 


Of Pub ^ "^Puc '^Pad 


~ ^PbilP'db ^PcdP'lc 


~ Pba + 2piic + 2pM O) r = a(iy + a(iS + (iyd + ySa ( 6 ) 

y ‘ Prn 4" Pfh 4“ 2Pffi PahPba (Y 5" S ) 2PfipPi-Q {/8 4“ g) 2Pfifj Pdti 


^ Pfla~^ Pdh^ 2pt}c‘ 


'Xili + y)-2pt^Prb{a + S) - 2p,,ap;,b{a + y) 


In these expressions p,j is the probability 
per unit time for an 'up' rotation from the level 
/ into the higher lying level j. The energy 
splitting between these two levels can be 
evaluated for a given stress by means of 
equations [ 1 ]. pV is the probability per unit 
time for the inverse transition. The approach 
to the Boltzmann distribution in thermal 
equilibrium requires Pu = exp(— VJkT). 
We define the population numbers such that 

s g^NsU) = 

j 

where is the total number of the molecuh 
and gj is the degeneracy of the level / 'll. 
general solution of the four equations ( 2 ) is 

Wj(/) = 2 c’aexp (-A,/) (y = I, 2, 3,4t 
2“1 

(4) 

\i arc the four eigenvalues of the solution. 
Since the total number of the molecules is 
constant, one eigenvalue, for instance X 4 , 
must be identically zero. The remaining eigen¬ 
values A 2 and correspond to the three 
relaxation rates 1 /ti, 1 /T 2 and I/t^ which have 
been introduced in the preceding chapter. 
They are the roots of the cubic equation 

—p\^4-qX —r= 0. (5) 

The coefficients p, q and r are given by 


-^PcdP'de(ci-^ji). 


For the evaluation of the 16 coefficients c,j 
one may choose the 12 independent equations 
of the system (2) (3 for each of the 4 eigen¬ 
values) and the initial occupation of the 4 
levels. Since we start with an unloaded crystal 
we have /V/O) = NJb. 

Theoretical expressions for the transition 
probabilities pi/f/j,, T) have been derived by 
Ciosar and Pirc[4]. It has been shown(l,31 
that ” ■ ■ 


CCS'‘ 

ism. This applies 10 the present expei iineais 
In this approximation one obtains for the 
transition probability [4] 


PiiWn.T) 


exp (- 2J„) Uj, 

Trfik^n 


(7) 


The symbols have the same meaning as in 
earlier papers[l,3.4]. The index designates 
the type of the reorientation (a = ! rotation by 
90°, a — 2 rotation by 60’). r„ is the tunneling 
matrix element for the ‘undressed’ molecule. 
The effect of the reorientation of the strain 


p = a4-/34-y-f 5 
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field is included in a Debye-Waller factor 
exp(—y„). The product I'a = ! „ exp (—7„) 
has been named ‘effective' tunneling matrix- 
element[l]. 

By means of the equations (1-7) the three 
relaxation times t,, To and t, and the sixteen 
coefficients f,j can be computed for each stress 
and temperature if the effective tunneling 
matrix elements I',* and I'* are known. 
Inversely, these two parameters can be deter¬ 
mined from the observed time dependences of 
the populations of the four levels a, h. c and J 
after change of the external stress. For the 
following reasons we only used the lowest 
relaxation rate l/r;, to calculate the two 
parameters I',* and I’*: 

( 1 ) The two higher relaxation rates I/t, and 
I/tj could not be separated accurately enough 
in these experiments. 

(2) An evaluation of the 90” tunneling matrix 
element I j* using l/r, and I/t^ would be very 
inaccurate, because these two relaxation rates 
predominantly depend on the rotations by 60" 
from the levels c and </ into the levels <i and h. 

t.^) At low stresses or high temperatures the 
main crtntiibulion to l/r;, results from the 
rotations by 60°. whereas at high stresses or 
low temperatures the 90" rotations give the 
main contiibution to l/r,. Thus, the measure¬ 
ment of I/t, yields both parameters I',,' with 
about equal acciuacy. 

(b) H\pcriiiicnl(il unccrtainitics 

The coelficicnts /;, q and r rrf equation (.*') 
depend on the temperature I' and on the spac¬ 
ing of the four levels u, 6, c and d. 'fhe tem¬ 
perature was measured with an Allen-Bradley 
carbon resistor and with the vapour pressure 
of the helium hath to an accuracy of about I 
per cent. The energy splittings were deter¬ 
mined from the equilibrium populations of the 
four levels. I hus, the etfect of friction in the 
pressure mechanism and deviations from 
uniaxial stress are to a certain extent auto¬ 
matically taken into account. Nevertheless 
this procedure is rather inaccurate. .Since the 


levels a and b are non-degenerate one has to 
rely on a single EPR line in the determination 
of the population for each level. 

!n order to estimate these uncertainties we 
have also calculated the energy splittings 
using the generally accepted coefficients hj 
and assuming an accurate orientation of the 
stress axis. The comparison with the measured 
splittings is summarized in Table 1. We 
believe that the main source of the discre¬ 
pancies is the deviation from uniaxial stress. 


5. DISCUSSION 
(a) Theory and experiment 

The two adjustable parameters I',* and IT 
have been evaluated using only the lowest 
relaxation rate I/t., (which can be measured 
accurately) and the experimental energy split¬ 
tings Ut,„. Urn und U,in- The values of these 
quantities arc listed in the l ables I and 2. The 
Ciosar-Pirc theory permits now a complete 


Table I. Comparison of measured and cal¬ 
culated enerpy splittinps of the orientational 
levels a. b. c and d for the investipated 
samples. The splittinps refer to an uniaxial 
stres.s of 10“ dyn/cm^ applied alonp one of the 
axes characterized by the anple 9= 10". 21° 
or 30° 
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r'K) 

CK) 

(“K) 


1 

016 

.3-9 

6 93 


1 

0 1.3 

.3-13 

6-32 

0 - 10“ 

cal 

0 l.S 

3-17 

6 39 


3 

0 69 

4-4 

6-9 


4 

0-7.S 

4-2 

71 


5 

0-.S7 

3-2 

7-8 


I 

0-74 

3 94 

6-5 


11 

()>X) 

4 4 

7-2 

0= 21“ 

IV 

0-5 

4-46 

6-3 


V 

0-83 

4 95 

7-5 


cal 

0 62 

3-97 

6-26 


6 

1-49 

306 

6-3 


7 

1-21 

2-66 

5'64 

11 

© 

cal 

1-21 

2-84 

5 82 
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prediction of the relaxation behaviour of the 
system. No further adjustable parameters 
enter. If this theory is really applicable and if 

Table 2. Effective lunnelinf; 
matrix elements for the rotation 
by 60° and 90°. The matrix ele¬ 
ments were derived from the 
measured relaxation rate I/t,. 

Table 2(a)-KCI: "'Or. Table 
2(b)-KCl; "'O, 




17 

17 

# 

8 

(to ”erg) 

(to -'erg) 

1 

10” 

8-1 +0-2 

_ 

2 

10” 

8-1 + 0-2 

- 


21” 

6-5+ 0-1 

26S±0-2 

4 

21” 

6-8 + 0-2 

24 5 + 0-4 

5 

21” 

6-9 ±0-2 

23-3 + 0 4 

6 

30” 

6-2±0-t 

24-0 + 0-2 

7 

30" 

5-9 + 0-I 

24-0+0-2 

* 

0” 


28-6 + 0-2 



lY 




• 2 

# 

8 

(IO”-^''crg) 

(10 -'erg) 

1 

21” 

2-6 + 0 1 

13-2+0-1 

11 

21“ 

3-0 + 0 2 

14-2 + 0-3 

IV 

21” 

2-4 + n-2 

11-3 + 0-3 

V 

21” 

2-5+0-1 

13 0+0 3 

t 

0” 

- 

18-0 + 0-1 


’^These vnliies were oblaineO from ihc 
cailier measurcinerHs wilh ihc ^l^ess 
along (0011. 


the rate equations hold, the computed time 
dependence of the four populations Ni(t) 
should agree with the experimental results. 
They do in the following sense; 

(1) As illustrated in Figs. 3-5 the calculated 
relaxation rate I/T 3 as a function of stress and 
temperature agrees with the experimental 
results, 

(2) The calculated relaxation rates l/r, and 
1 /t 2 obey the relation 1 /t, > I/T 2 > l/r,,; they 
are of the order of 1 /too, and I/t,,,. and show a 
similar stress and temperature dependence. 
Ihese results are in qualitative agreement 


with the experimental observations and 
support the interpretation outlined in the pre¬ 
ceding chapter. 

(3) The calculated time dependence of the 
populations of the four levels agrees with the 
experiment. As an example we listed in Table 
3 the computed coefficients and the relaxa¬ 
tion rates I/tj for a given stress and tempera¬ 
ture. These values were used to compute the 
curves shown in Fig. 2. 

We did not expect such a good agreement 
for the following reasons: 

(1) The validity of the rate equations for 
O.f in KCl is somewhat in doubt on the basis 
of the investigations presented in I 

(2) In the Gosar-Pirc theory the reorienta¬ 
tion of the molecule is treated on the basis of 
the adiabatic approximation, which cannot be 
justified as has been pointed out in I. However 
the good agreement between then theory and 
the experimental results suggests that at least 
in the range of the one phonon processes / 

p'. ’ 


J lihte J. C iO'Jju tents e,j mtit 11 ioA,i 1 ut/i t tin. , 
1/ti calculated for T = l■.‘'2°K ttttd X ~ T92 
10 " dyn/cm^ n.roig the two parameters I'f and 
I'i obtained for sample ,\o. 3 




JVJN„ -0I6.S 0 186 

NJA/,, -0150 -0-160 

-0 0088 0 172 

yV„W„ 0 166 0 00034 

l/r,(sec '» 0-5.5 0-345 


0 185 0-702 

0-184 0-292 

0 0004 0 (X)26 

0-(K)0OI7 0-0001 

0-0067 0 


corresponding values derived from the earlier 
measurements with the stress along 1001 ]. The 
values of these parameters provide a further 
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test of their interpretation outlined in I and of 
the theory of Gosar and Pirc[4J. 

(1) f'he analysis given in I of the isotope 
effect in the relaxation rates l/rnoi of'"Oj” and 
"*00 indicated that the potential barrier 
between two equilibrium orientations forming 
the angle of 60" is not very sensitive to an 
external stress along [001]. One thus expects 
that the 60" tunneling rate 1’^* derived from the 
Orbach processes on one hand and from the 
relaxation rates I/to(ii on the other hand should 
have roughly the same values. This is in fact 
observed (compare Table 2). However, the 
Orbach processes systematically yield some¬ 
what smaller tunneling rates and a 15% larger 
isotope effect r. 2 *('“ 02 ")/r 2*('"02 ) than do the 
measurements with the stress along [001]. 
These results suggest a slightly larger poten¬ 
tial barrier for the rotation by 60° than has 
been reported in I. A slight stress dependence 
of the barrier which did not show up in the 
isotope effect t„oi("‘ 02 ")/t„oi("' 02 “) might 
account for this effect. (The previous deter¬ 
mination of I ? was ba.sed on measurements of 
Tiioi with stresses that were considerably 
smaller than those required for the present 
investigation of the Orbach processes). 

(2) In 1 the tunneling rate Tf could not be 
derived from the difference of the relaxation 
rates l/r„„i and l/r,,,. fhe measured ratio 
Toiii/rm indicated a much smaller tunneling 
I ate for the 90" rotation than for the 60° 
rotation. I'his is consistent with the ratio 
I'f/IT ■“ 3-5 (or pjpi 10) derived from the 
present measurements. 

(3) As was shown in I, the isotope effect in 
the tunneling lates for the two isotopes per¬ 
mits an estimate of an average potential bar¬ 
rier and of an effective moment of inertia of 
the reoiienting defect (molecule plus sur¬ 
rounding strain field). Using the present 
measurements it is now possible to derive 
these parameters pertaining to the rotation by 
90° which could not be obtained from the 
earlier measurements with the stress along 
[001] and [111]. The values of r*(’'’0.2~) 
resulting for different samples (Table 2) indi¬ 


cate a slight dependence of the potential 
barrier upon the angle 6 between the stress 
axis and the [001]-direction. However, the 
variation of I'l* with the angle 0 is ,so small, that 
the isotope effect r,*('® 02 “)/r*('" 02 “) may be 
assumed independent of the stress axes used 
in the present experiments. For the computa¬ 
tion of the quantities listed in Table 4 we used 

Table 4. Summary of the parameters 
pertaining to the rotation by 90° 
calculated from the tunneling matrix 
elements and ri'(''* 02 ”) 

which were derived from the meas¬ 
urements with the stress along the 
axis 0=2V. The calculation of the 
effective moments of inertia was 
based on the model discussed in I*. 

The displacements of the neighbor 
ions used for this calculation were 
computed by Muggli[6] 


KCI 

0= 21° 

90° 

16 

rotation 

t8 

rf(IO--‘’erg) 

6-73±0-l 

2-63 ±01 

r.(10-“erg) 

14'1 

5-5 

Isotope effect 

2-57 ±0'l 

V,(10-’^erg) 

4-8.3 ±0'4 

J, 

31 


ir/l (exp) 

I-41 

1-40 

If/I (cal) 

1-41 

1 36 


*The equation defining the effective mo- 
nient of inertia 1,J given in / .should read 


2^2 2 

the isotope effect measured for the stress 
along 0= 2\°. The values listed in this fable 
are of the same order of magnitude as the 
corresponding values for the rotation by 60° 
and they are consistent with the interpretation 
given in I. 
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CATIONIC TRANSPORT IN a-AgI AND a-AgoS 

C. M. PERROTT* 

Department of Physics. University of New lingland. Armidale N.S.W . Australia 

(Recenvd 24 November 1969. iii revised form 9 t'ehriiory 1970) 

Abstract—The high temperature t«) phases of sil\er iodide and silver sulphide are known to display 
maiked deviation from Ihc binstein relation for canonic transport An intcrpietalion of this etl'ect 
is suggested in terms of the cation disorder in Ihc materials. It is also shown that, although a critical 
temperature for cation disordering has been olsseived in each of these materials by caloiimelnc 
investigations, the cationic transport propcriies arc unlikely to he discontinuous at this leinpcrature 
and the sudden disordering of the structure may not be easily identified by conductivity and dilfusion 


measurements. 

I. INTRODUCTION 

There are marked deviations[l-3| from the 
Einstein relation for the motion of silver ions 
in the high temperature (o) phases of silver 
iodide and silver sulphide and, since the 
cations seem free to move over a large number 
of sites within the crystal structures (Fig. I). 
the usual theory of correlation effects cannot 
be applied. Yokota(4I has developed 
explanation of these deviations on the b.. 
that, since the activation energies for cal;, 
movement are so very low (- ()■ I eV i 
both materials, a cation on a particular s. 
may be able to jump not only to :i v;ic.ii 
neighbouring site but also to an occupied 
one, thereby inducing the ion on the latter 
site tojiimp onwards. 

At the lime that Yokota published his 
theory, it appeared that the available cation 
sites always had equal occupation probability. 
Recently, however, we identified!,'!] a rather 
complex order-disorder transition among the 
cations in both of these materials. Our 
calorimetric studies demonstrated that the 
cation distribution may be described by the 
following model; the clusters of lattice points 
near the face and edge centres of the unit cube 
can only accommodate one cation at a time 


’•'Prcseni address: Division of Phys>cs, National 
Research ('ouncil of Canada. Ottawa 7, Canada. 



I u 

,ui<t rr-Agj'S Ihc splicicN /cptCNcnl .inion's .uic) 

icniaining spes. classified according U'> then s>innicli> 
|6-7|. arc .ivailabic lo iho silver ions. 

and act as complex sites which define tliiec 
bcc sublattices in the structure (Fig. 2), the 
occupancies of which specify the state of order 
in the cation distribution. If sublallices which 
arc fully occupied at low temperatures are 
designated ir while those which are then 
vacant are designated .s, the calorimetric data 
gives their site occupancies as varying in the 
manner of Fig. 3 and shows that the random 
distribution (rr = .r) is only achieved at high 
temperatures (silver iodide has one sublatlice 
of (T type sites and two of y type sites wheieas 
silver sulphide has the reverse). 
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L^O. LjO. 1 , 9 . 


l ig 2. I he three inlerpc-nclraling bcc siihUillice". which 
specify the configurational distrihution of silver ions in 
i»-Agl and o-AgiS. 


changes in the transport properties near the 
critical temperature. 

2. THEORETICAL DEVELOPMENT 

(a) One-dimensional model 

Yokota analysed his model in terms of the ionic 
transport properties of an infinite linear array of equally 
spaced sites, all of which were taken as having occupation 
probability p. In order to make this theory applicable to 
the newer structure model, we need only repeat the 
analysis for a similar chain in which alternate sites have 
occupation probability o and s. Thus, although some 
points of dilfercnce between the two analyses necessarily 
arise, the basic calculation is unchanged. The first step 
is to evaluate the self-diftusion coefficient D of a tracer 
ion by calculating is the jump frequency for tracer ion 
jumps in one direction along the one-dimensional lattice, 
and using the relationship 



400 600 eoo 

TEMPERATURE (’K) 


D = vid 

where a is the spacing of lattice sites Like Yokota. we 
introduce parameters e," and r/" which respectively 
represent the ion jump frequencies from an occupied 
site of type ,i to the neighbouring site of type <r when the 
latter is vacant and when it is occupied but, in addition, 
our analysis must include similar parameters for the jumps 
ir to s and the ctfect of the overall occupation probability 
of the site on which the tracer ion is initially supposed to 
be sitimted. However, by observing the statistical 
equilibrium icquirement that the total populations of ir 
and s sites cannot be altered, the second set of paiamelcrs 
can be eliminated and the following expression obtained, 

<' = —- Itl'l’'' —l'd'’)(l -(r)-|-V2''7(l -.5)], 

s ir 

The second step of the calculation is the evaluation of 
ionic mobility p. This quantity senses the movement of 
ehaige and ean be calculated Ihiough the cITective dilTu- 
sion coelficieni O' for ionic chaige (as distinct from tracer 
ions), thus 

('/>' u‘ 
kT ~If'^ 


l-iy. }. ViiiiahDn t)!’ the equihbiiiiin v^lIuc^ i»r the oiJcr 
piiramcterN y and ir with absolute Icmpciaturc in (a) 
«-Agl. 4ind (b) a-AijjxS 

I'hus, we now have a very dillerent model 
of the cation distributions in silver iodide and 
silver sulphide. It is interesting to modify 
Yokota’s theory appropriately, both because 
experimental data is only available at low 
temperatures where the differences in the 
two models are most marked and also because 
this will provide information about possible 


wheic j is the current associated with the numerous ionic 
jumps accompanying each jump of a tracer ion. Again 
aHowing for the type of the initial tracer position and 
ensuring that the site occupancies remain invariant, wc 
obtain (he result 


• I 2a r / I -l-(r \ /I +5X1 

7/e-—— + -- -- 

a + oL M—crj/\l— a/J 


which, when combined with our other expressions, shows 
that ions m this lattice obey a modihed form of the 
tinstcin relation, namely 
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The factor f specifies the deviation from the Einstein 
relation (being unity when no deviation occurs) and has 
the form 


l( )(I - (T) + i-j'" a,’» 1 

where/},*'’ ^ (1 + (r)(l + 4)/( I -tr i)( I -.slandB/'’ =. |/ 
(I ~.s). This simphfics to Yokota’s result when ir = .v = /> 
and, if <r an<l s are known, depends on the ratio of jump 
frequencies as its only parameter. Clearly, deviation 
fiom the Hinstein relation requires that jiimpstooccupied 
.sites must be possible (i.e. Ua* ' is not negligible in com¬ 
parison with g,’"). 


(h) Application of the model 

Although Yokota's result can be applied 
directly 11] to a-Agl and a-AgiS. our expres¬ 
sion for the properties of this one-dimensional 
lattice cannot be applied without careful 
thought. A high order of approximation 
requires very complex discussion involving 
several theoretical parameters which, at 
present, preclude meaningful comparison with 
experiment and, since this is our real inteivsi 
a iero order treatment using the minio 
number of parameters best suits our purpos, 
The nature of the cation lattice be,, 
considered here is such that ions may oi 
jump directly between ‘sites' of difl'cri. 
sublattices, each sublattice pair conducting i 
one axial direction by ionic jumps between 
nearest neighbour sites and by jumps between 
next-nearest neighbours m the other two. The 
crystallographic details ensure that these 
two types of jump have similar frequencies 
and it is convenient to adopt an approximate 
model in which any differences are ignored. 
Only on such a model, which neglects the 
probable anisotropy of the crystalline proper¬ 
ties, can we proceed directly to a result which 
is unambiguously applicable to the experimen¬ 
tal situation, the available data relating to 
powdered and fused samples rather than single 
crystals. On this approximation, any sample 
has the same properties as a single crystal 
viewed along a principal axis. Ionic transport 
along such an axis occurs by jumps which can 


involve any pair of sublattices, each jump 
contributing a step all in the field direction. 
These jumps must occur in such a way that 
the ionic population of each sublattice 
remains invariant, a restriction which can best 
be applied in accordance with Yokota's 
model by proposing that the positively corre¬ 
lated jumps induced by ionic movement 
between sites of two sublatliccs must only 
involve sites of the same two sublattices. The 
‘caterpillar mechanism’ then involved is 
identical to that considered above for the 
one dimensional situation and the results are 
directly applicable. Each sublattice pair may, 
however, contribute two parallel links 
between opposing faces of the unit cube 
(Fig. 1) and there are three such pairs. Thus, 
six chains of sites may be active in the 
transport of cations. Fortunately, these six 
chains are sufficiently interlaced that any given 
ion has equal chance of being i>n any one of 
them and both the total jump frequency and 
ionic ’ , 


obtain the lollowing expression for the 
deviation from the Einstein relation in «-Agl, 




L.v + <T 

I 4,r 
[s-t-ir 


) + /?(£(, 

Bf" + RB2 ’^-¥a\ 





This can be evaluated (with reference to 
Fig. 3) only if some values can be assigned 
to the parameters 

R = v./‘l 

and A = j^- ^ - ( u,’" — I — a) 
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+ ( - ^'2"')( I - 

Unfortunately, there is no experimental 
evidence from which wc might separately 
deduce the detailed behaviour of these quanti¬ 
ties and they give the theory great flexibility 
which can be demonstrated by plotting the 
theoretical field in which the/factor might fall. 

The lower limit to/'is always unity, there 
being no deviation from the Einstein relation 
when jumps to occupied sites are forbidden 
( I/./" = 0). If the probability of these jumps is 
allowed to increase, the deviation from the 
Einstein relation will become greater until the 
limiting case is achieved (i>., cannot 

exceed r, because it is not physically reason¬ 
able that jumps to occupied sites can be more 
probable than jumps to vacant sites). This 
limiting situation corresponds to the particular 
value A — 0 but docs not imply any restraint 
on K. I his second parameter is necessarily 
unity at lernperatures greater than 700°K. 
where the distinction between v and cr sites 
is metmingless. but m;iy be iissigncd any non- 
ncgjitive vtdue til lower tcmpeiittures, zero 
being the ptirticular value which mtiximiscs 
f. Appropriiile substitution in the expression 
tibove shows that, for any tempeniture. the 
bounds on the ileviation from the Einstein 
relation iiuiy be expressed as 

I - /■•■ nrin-r- 

giving the houndaiy curves I and 2 «>f the 
field shown in Eig. 4(ii). 

■Silver sulphide has two sublattices of «r 
type sites and one of type sites, in which 
Ciise the theory gives the result 


X(1 - o-j/r/j'"". 

Maximisation of / is achieved by use of the 
values r = 0, a = 0 below 623°K (the critical 
temperature) and r=l, 0 = 0 above that 
temperature. The limits are 

I 

and are plotted in Fig. 4(b). 



tig 4. Ixpciimcnlal v,iliics|l| dI' ihe /J'actoi in (a) 
ir-Agl and th) <»-Ag.jS. logether with the upper and lower 
hounds predicted hy the present theory 


,/■ I 


4 s 

■t I <r 
4.V 

4 + IT 


-B.r)^ (fli'"' Bi'") 


where r r.,'"' I r./''' 

4v 


and II ^ 


.V + IT 


r( r,''' - ) + (e,''" - 


4. l)lSCtJS,S10N 

Our calculations have been based on very 
similar physical models for a-AgI and a-Ag 2 S 
and, in each case, the experimental values 
of the quantity / fall within the theoretical 
field (Eig. 4). There are, however, some 
factors which might be taken as experimental 
indication of rather different structural 
behaviour of the two materials; the deviation 
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from the Einstein relation in «-AfoS is signi¬ 
ficantly greater and shows a steady decrease 
with increasing temperature while the reverse 
is true in «-AgI. Both of these differences are 
clearly suggested by the width of the theoreti¬ 
cal field and its variation with temperature, 
so we can be confident that these materials 
are truly very similar, as our calorimetric 
studies suggested. 

Since we have accepted that direct jumps 
to occupied lattice sites are possible when the 
average site occupancy is less than unity and 
we know that such jumps do not occur in 
fully occupied lattices (where interstitial and 
vacancy mechanisms apply), should we not 
expect the ratio I'Ji'.. to decrease rapidly as 
the occupation density decreases'^ The upper 
bound shown m Fig. 4 would then represent 
the limit applicable to very dilute systems and, 
since the cation densities in «-Agl and o-Ag^S 
differ by a factor of two, the experimental 
results for the two materials should lie at 
relatively different heights in the pU>ited 
fields. This is indeed true, the more dilute 
o-AgI giving results much nearer to ' 
calculated upper bound. 

As far as can bo judged from the cqualu 
the critical temperatures (700 and b.fO' K 
the materials will pnrbably not fse e-: 
identified from the ionic transport propcii' 
although the temperature dependence of iif 


/ factor may be halted as the temperature is 
increased above the critical value. The present 
analysis has certainly shown that the available 
ionic conductivity data, which shows no 
discontinuity at the critical temperature, is 
not necessarily at variance with the notion of 
an order-disorder transition in the materials. 
However, closer appraisal must await more 
detailed experimental analysis of the cationic 
transport processes in these structures, 
especially at high temperatures. 
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THE DYNAMIC EFFECTS OF LOCALIZED MAGNETIC 
MOMENTS ON NUCLEAR SPINS IN METALLIC 

SYSTEMS* 

F. Y. FRADIN 

Argonne National l.aboralory. Argonne. 111. 604.39, U.S A. 

(Received(> I'ehruary 1970) 

Abstract— The nuclear spin-lattice relaxation rate of the nonmagnetic species in intermetallic com¬ 
pounds and alloys that possess localized moments is discussed in terms of the generalized dynamic 
susceptibility of the conduction electrons. The dynamic susceptibility is calculated from an interaction 
between conduction electrons obtained by Kim. who used a canonical transformation to eliminate 
(to second order) the s-f(s-d) exchange interaction between conduction electrons and localized spins. 
The electron tnteraetton obtained leads to a repulsion between electrons of opposite spins in the 
vicinity of the Fermi surface. 

The calculated nuclear spin-lattice relaxation rate has the form 

1/r, - i/r„ + i/T,,. 


where l/T,, is the Koninga relaxatton rate and I//',/ is the lelaxatton i.itc due to the inictaction 
between conduction electrons. The temperature dependence ol T,/ is discussed for several ca.ses. 
For intermetallic compounds based on a rare earth or an actinide clement combined with a non- 
transition element, tesults for both Kntght shift and /, arc consistent with a huge density of slates at 
the Fermi level and a small (negative) effective s-/'intcraction 


I. INTRODUCTION 

The effect of localized magnetic momc 
on both the static and the dynamic propci' 
of metallic alloys and compounds has beet)' 
subject of numerous investigations [Ij. I 
local moment polarizes the conduction c 
trons via an exchange interaction of the li 
— JS . s, where J is the exchange conslani, 
is (he spin of the local moment, and s is the 
conduction-electron spin. The conduction- 
electron polarization is of the form [2J cos 
(2kf , r)/{kf . r)-', where k,i- is the fermi wave 
vector. I'he polarization is coupled to the 
nuclear spins of the nonmagnetic ions by the 
contact hyperfine interaction —/(I.s, where 
A is the hyperfine constant and I is the nuclear 
spin. The effect of the static part of the hyper¬ 
fine interaction is well known. The resonance 
line of they'th nuclear spin Ij is displaced. In a 
system in which the local moments reside on 


*Work performed under the auspices of (he U S. 
Atomic Energy Commission. 


ni.i^. .. , .. 

relaxation lime T,. I'he relaxation rate 
in simple metals is experimentally found to 
obey a relation T,i,T = constant over wide 
Icmpcrature ranges. Here 7',^ is the Kornnga 
[.3] value of T,, and T is the absolute tempera¬ 
ture. The presence of local moments increases 
l/7j. The local moments in dilute alloys, such 
as Mn in Cu, result [4] in a temperature- 
independent contribution to the relaxation 
rate. The relaxation rate has been discussed 
by Giovannini and Heeger[51 in terms of a 
second-order perturbation. Their calculations 
involve the exchange inteiaction, the con¬ 
tact hyperfine interaction, and the indirect 
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Ruderman-Kittel-Kasuya-Yosida (RKKY) 
interaction[2J of the form S.l. They predict 
a relaxation rate 

^ {1 + caJ-’^ Sj >}, 

* I • \k 

where c is the mole fraction of impurity pos¬ 
sessing a local moment, a is a constant, and 
is the thermal average of the localized 
spin. When follows the Curie law, the 

additional term in l/'fi is temperature inde¬ 
pendent. 

The effect of a high concentration of local 
moments in a chemically ordered system is 
much more dramatic. We are concerned with 
7', in the paramagnetic state of metallic com¬ 
pounds that order magnetically at low tem¬ 
perature. The local moments give rise to an 
additional term that dominates l/T,. and that 
has a complicated temperature dependence. 
The experimental results have been reviewed 
recently by Ku/nietz rtA16|. A preliminary 
theoretical discussion has been given by 
Kradinl?!. T he relaxation rate was discussed 
in terms of the relation 

;^--y'-{l+o'|./(Q)Px/(Q)}- 

I I 'IS 

where o' is a constant, 7(q) is the value of the 
q-th Fourier component of the ,s-/(,v-</) ex¬ 
change interaction, and x^tq) is the wave- 
vector-dependent susceptibility of the local 
moment system. Q is the critical wave vector 
for magnetic ordering at low temperature[8|. 
In the molecular field approximation the mag¬ 
netic energy, neglecting anisotropy, is a mini¬ 
mum at Q = 0 for a ferromagnet and Q 0 for 
an anliferromagnct. 

It is easy to show[8] using the RKKY inter¬ 
action that the high temperature spin suscep¬ 
tibility can follow a Curie law with positive 
temperature intercept despite the complex 
magnetic ordering at low temperature. For 
J{q) independent of q the paramagnetic Curie 
temperature is given by (f = (7'/3A',i)[-5>(-y+l)l 


X(q = 0), and in the molecular field approxima¬ 
tion the ordering temperature is given by Tc. v = 
(72/3^«)[5{5-F 1)1 Max,x(q)- Here x(q) is 
given by 


= Tv X. 


/k+S M ~ / k.> ' 
* k+q.n ® k.i’ 


where and p. are band indices 

and /^ are the Fermi functions. We define 
Max ,x(q) = X(Q)- The simplest approxima¬ 
tion which qualitatively describes the order¬ 
ing in the rare-earths is the nearly-free electron 
approximation. Here the Brillouin zone re¬ 
flections induced by the crystal structure are 
imposed on the free-electron parabolic bands. 
For a non-Bravais lattice where A are vectors 
of atoms in the unit cell and G are inverse 
lattice vectors. 


Here (/!> are the form factors </>,, = 2 exp 
[-/G.A], 

In the present paper we present a general 
calculation of the relaxation rate based on the 
effective cleclron-electron interaction, ./F,., 
mediated by the motion of the localized spins; 
the interaction has been given by Kim [9]. The 
flipping motion of the localized spins gives 
rise to an effective electron-electron inter¬ 
action that is of the exchange type. It is con¬ 
venient to express the relaxation rate in terms 
of the generalized dynamic susceptibility 
X(q.w) of the conduction electrons; this is 
done in Section 2. In Section 3 xfq-f^) cal¬ 
culated from the electron-electron interaction, 
yu'y. The statistical mechanics of the localized 
moment system is treated in Section 4. Com¬ 
parison with experimental results is made in 
Section 


2. RESONANCE THEORY 
The contact hyperfine interaction between 
a nuclear spin I, and conduction electron 
spins Sj may be written 
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- {%Trmy,y„h% . (2.1) 

where y^ and y„ are the electronic and the 
nuclear gyromagnetic ratios, respectively, and 
the Tij are position vectors between the elec¬ 
trons and the nuclei. The interaction (2. Ogives 
rise to a shift in the field for nuclear resonance 

2 .r< (2.2) 

k .r 

where m„ = ±\ is the spin-projection quan¬ 
tum number and ./I, „ is the Fermi distribution 
function for a state with wave vector k and 
spin orientation <r. The contact hyperfine 
coupling parameter ^1^ is defined in 
terms of the amplitudes (7^ ,^,(0) of the conduc¬ 
tion-electron wave functions at the nucleus by 

= {^irmy,y„hW^jO)U, ,-(0). (2.3) 

The nuclear spin-lattice relaxation time T, of 
a nonequilibrium system is related to the 
statistical fluctuations in the equilibrium en¬ 
semble by[l0| 

(l/T,) = (2/fiO / I,"dr cos (wot) 

(0)}), f 

where <o„ is the nuclear Larmor freqiic 
and the bracketed term is the symmelri/' 
transverse autocorrelation function of tin- 
hyperfine interaction equation (2.1). 

The natural fluctuations that occur in a 
system in equilibrium are related by the fluc¬ 
tuation-dissipation theorem [I I] to the imagin¬ 
ary part of the linear-response function. The 
application of the theorem to equation (2.4) 
yields [ 10,12] an expression for the relaxation 
rate: 

x^oj„ (2-‘>) 

i| 

where k„ is Boltzmann’s constant, T is the ab¬ 


solute temperature, and x'Jq. &>) is the dynamic 
susceptibility in the direction perpendicular to 
the field. The usual approximation is made in 
equation (2.5) that A t+q.k = /f ^ and that it may 
be averaged separately. Also, we define 
Hht = (YnA)'^(|zls|*). The susceptibility 
function x'(q,co„) has the form of the re¬ 
duced susceptibility of Iz.uyama, et a/. [13] 
and refers to an electron gas, which differs 
from a real metal only in that the actual 
spatial distribution of the electrons is re¬ 
placed by a uniform distribution. The factor¬ 
ization of a reduced susceptibility from the 
relevant response function requires that 
the coupling constants depend only on the 
wavcvector difference between the initial and 
final states connected by the perturbation. 

X CALCLLATION OF THE DYNAMIC 
SUSCEPTIBILITY 

.Since our primary interest is to point out a 
new aspect of nucleiii spin-lattice relaxation, 
we drastically simplify the picture of a metallic 
solid th.it possesses localized moments. We 


'('/•= 2 fk ' u ,,- *•^•1 ) 

kli 

''(''f/(()) = -:^ ./(0)u,Vr S’-m (.3.2) 
2 J(K),i’„v,„,u,^,„.S(K).(.3.3) 

k Kt«() 

where S(K) = /V exp (— iK . R|)S,. <'v;i 

I 

the creation operator for a conduction elec¬ 
tron with wave vector k and spin fi. S, is the 
localized spin at the atomic site R,,./(K) is the 
K-th Fourier component of the .9-y’exchange 
integral, and tii,, = OmUk,,. We now use Kim’s 
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canonical transformation (9], which trans¬ 
forms Jfto thus.toordery*, 


The conventional definition of the retarded 
Green’s function is used: 


ir = ;rr-i-<rRKKY+^,+^j/o). (3.4) 

Here Ji^HUKY is the RKKY interaction, given 
by 


RKKY ~ ■ Sj. (3.5) 

I.J 


((A(t);B»=^([A(t),B])e(0, (3.11) 


with 



t > 0, 
t < 0. 


(3.12) 


is the effective interaction between con¬ 
duction electrons given by 

= 2 ' ni,i',K)i)(«,v/.-K, 

I.I.K 

~ nljM I K 1 )(<' i' 7'' !■ IK T "" 1) 

+ k/li I K i 

+ K 1 n K t I ( 3 . 6 ) 

with 

C’(l.r.K) =-|./(K)p 

•(fi K-ei+g/X;,//') '))• (3.7) 

Here is the local field at the moment site. 
I he direction of is defined by an infinitesi¬ 
mal external field parallel to the r. direction. 

We MOW calculate the dynamic suscepti¬ 
bility of the conduction electrons apart from 
the form factor, i.e. the reduced susceptibility 
[131. I he component of the reduced sus¬ 
ceptibility that is of interest is the transverse 
component x' i ( 9 . w). 

X' . (q. <o) = X’-p.,,* / ^ e 

X (((r' (q,/): (r',( — q))) d/. ( 3 . 8 ) 


The retarded Green’s function may be de¬ 
termined from its equation of motion. Defining 
^i(q,/) = (/)fl|.TW. we have 

'A ^ <(^i.(q, /); <(- q)» = 

-5(/) ([itdq. /), crV(-q)]> 

+ <(K(q,t), ^];o-;(-q))). (3.13) 

The commutators arc given by 

[«k(q).cr'. (-q)J ='>nqj-«ki- (3.14) 

[e^(q),jrr] = [efk)-6(k-l-q)]«k(q). 

(3.15a) 

[«k(q).^'J,(O)J=-2J(O)5MO)0k(q). 

(3.15b) 

Within the random phase approximation 
{RBA)\9. 13] 

[(^k(q)..r.l s C(K)[0k4K(q) 

K 

X (“Uklql + UkT) +f(k(q) 

X (-Uk.K r + " kiqiK j)]’ (3.16) 

where we assume from equation (3.7) that 
only excitation processes near the Fermi sur¬ 
face are important. The Fourier transform of 
the equation of motion is then 


Here the spin density operators are given by 

<r'(q, t) = 2 <'k + qi (t)Ukt(*) (3.9) 

k 

and 

(rV(-q) = 2 "kiqi ■ 

k 


1—^w-l-«l(k-l-q) —el(k)]«0k(q, oj); cr+(—q))) = 

~(/k Iql ~Jt, r) + (/k t "A+q j) S G(K) 

x: <(0k4K(q'‘")‘''^+(“‘f)>)- (3.17) 

Here e{k) is the one-particle self-energy given 
by €j(k) = e4k) +J(0)S‘\Q{ + 2' C(K)/k4K ^ . 

K 


(3.10) 
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Since only excitation processes near the 
Fermi surface are important, we assume that 
those terms with K = Q are dominant. Here 
Q is the critical wave vector spanning the 
nesting Fermi surface. The dominant term is 

[~ A<o +el (k + q) — ei(k)]G ki^i.k.-q = 

[^k T ./k t q 1 1 T 1, I ,/k t q i 1 C(Q) Ll k I q k t <}■ q 

(.TI8) 

Here G is the Green's function of equation 
(.1.17). Similarly from equation (3.17) we 
write the equation for C> ,, as 

|-Aw + ei(k + Q + q)-(k + ,Q , 

= [/k+or -/kiyiql I 

+ l./'k+U -./k + g + qlin-QX:; kVqk q- (3-1*^) 

Substituting equation (3.19) into equation 
(3.18) we find the solution 

G k ^q k q 

1 .|.k (q<w)[l +C(Q)I ikiQ (q.w ) 1 
f 1 —C(Q)r ,k (q-«J)G(—Q)l' ,k.u<<L 

valid to all orders in j^'. Here 
I’l -(q.w) = ^ r+ k(q.‘^) = 

k 

y _ ./kt~./'‘i<it _ 

y e'i(k + q) — ei(k) - A w r it 

In arriving at equation (3.20) we have essen¬ 
tially treated x(q) us being proportional to a 
delta function centered about q = Q. Though 
this approach is indeed approximate, it has the 
virtue of pointing out the physics of the re¬ 
laxation mechanism, the correlation of an 
electron of k t with a hole of k + Q J, at the 
Fermi level, without relying on detailed band 
structures. 

We have treated a certain class of terms in 
to infinitive order in arriving at equation 
(3.20). However, is valid only to second 
order in the .y-/interaction J. The terms that 
dominate G * and thus the relaxation rate 


are those with the small denominator ei(k -f-Q) 
— €i(k). To estimate the effect of the higher 
order commutators dropped from ^ we may 
set €(I-K)-c(l)-l-x'M/iW, = g/A,,//, in the 
denominator of the operator 17, of Ref. [9], 
since the states le(k-l-Q) —e(k)| < 

The higher commutators then lead to re¬ 
normalization effects of order 7/£V, (7/£, )'■', 
etc. Thus the truncation of to order 7“ is a 
useful approximation for the relaxation rate 
problem as long as N(Ef )J = JIE,. I. From 
the calculated quantities in Table 2 \N(Ey)J\ < 
10"^. consistent with the argument. 

The denominator in equation (3.20) will 
henceforth be set equal to unity due to the 
small effect of the fourth order local moment 
spin correlation terms in the paramagnetic 
temperature region. The neglect of this factor 
is consistent with the neglect ofoiherelectron- 
electron interactions other than 

The reduced susceptibility, which has the 
periodicity of the reciprocal lattice, is given 
by 


•- 1 1 I C V , i . k . * u ■ ^ ■ I 

fhe superscript (v) indicates the symmetric 
part of the tensor, i.e. G'^\, K f/„„). 

To calculate the relaxation late, we sub¬ 
stitute equation (3.22) in equation (2..3). 3 he 
first term in (l/w,,) S /wx’-'+(Q- wo) is 

y im I 'ui (q, TrAA/tF,)-. 

(3.23) 

where N(E,. ) is the density of states at the 
Fermi level for one spin direction. The com¬ 
bination of equations (3.23) and (2..3) yields 
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the familiar Korringa[3J term, in the 

relaxation rate; 

* I K 

The second term in 


spin temperature, equation (3.26) leads in gen¬ 
eral to the type of equations for 1/7', that arise 
for an electrort-electron interaction V that is 
q independent[10, 12), except that V is re¬ 
placed by cC. For c I we may approximate 
equation (3.26) by 


is given by where 

Y = V F V_ JjtHjjiiiL _ 

^ 2<D|| ^ e(k-l-q) — e(k) — fia»o 

X ( / k ig“ /k (g I „ ^C(Q) 

X81t(k + Q f q)~e(k-l-Q)-Afo„l 

(- conjugate term 

xr(Q)N(€k)(-^). (3.24) 


Because of the delta (unction properties of 
(he derivatives of the Fermi functions, this 
equation is essentially a sum over the nested 
Fermi suiface. Thus, from equations (3.23), 
(3.24) and (2.5) (lie relaxation rate is given 
by 


4 [ I + 2yV( E, )C(Q)I. (3.25) 

* I * J 

F'or ii dilute random distribution of an im¬ 
purity with a local moment (as studied by 
Giovannini and Heegerl5|), we set C’(K) = C, 
independent of K, in equation (3.17). The 
solulion of equation (3.17) is then given by 
iteration as the sum of an infinitive geometric 
series, 


X'‘l'(q, w) 


r“\(q,ai) 

1 -cCP'Uq.'a) 


(3.26) 


xn’(q, a>) = P-'Vlq, w)[l +rClT“',(q, or)], (3.27) 
which leads immediately to 

:r = ^[>+2N(£,.)rC]. (3.28) 

/ 1 J IK 


4. CAl.t LILATION OK ('(K) 

We now calculate C(K) (see equation (3.7)), 
given by 


C(K) = 2|7(K)r-/-^'--~y (4.1) 

Although //*’ and .V* are dynamical quan¬ 
tities, they are treated as statistical averages 
in equation (4.1). Their dynamical nature can 
be seen from the expression 

KShV ~ 2 XlJ^I • Sj ~ ~ 2 

•J I 

— (4.2) 

t 

Replacement of the operator Xj/,jSj by its 
expectation value — gp,nHi is consistent with¬ 
in the Flarlree approximation. 

To make clear the meaning of the bracketed 
quantity in equation (4.1) we calculate the 
energy Euh: in the local field, 

t- — (w f — 7're t , 

Clue “ (KKKY/ ~ (4.J) 

with (3— \/ki,T and :M the total Hamiltonian 
of the localized electron system. 

In the high-temperature approximation 


where c is the concentration of local moments. 
If we ignore problems of establishing a nucletir 


k* litr 


^T'r./lf kkky 
Tr\ 




3*fl7’ 
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Since the system is assumed to be trans- 
lationally invariant, we have 

£„k. = -N 2 ^?j[S(5+ 
j 

We define the square of the local field by 

f 

and we find 


Thus C(K) depends on the statistical average 
of the spin in its local field. 

We can rewrite equation (4.2) as 

= 2 J*^(q)S(-q)-SCq). (4.6) 

H 

Thus equation (4.1) may be calculated sclf- 
consistently as 

C(K) = 2ly(K)|-C;''-(K,0). 


where \(K) is the wave-veclor-dependent 
constant of the molecular field. 

Consider eigenstates of the individual local 
moment spin \ v) = |5m,>; then 

G„«(0) = 25 ; 

m. /«' 

|(w,|5'|w,>|*sinh 2 ] 

cosh (jS cosh (/3 [£,„ - 

= -S- ■ 

For I. we use the high-tempera- 

ture approximation to find 

G„«(0) = (4.12) 

in agreement with equation (4..‘S). Thus, from 
equation (4.9) 


Here the spectral density 0’'"^(q. <u) r 
in the molecular-field approximation by i 


{SrU)Sf{t')) = f dwe'--"'-''' 2 v''* " 

xC“''(q,co), (4.K) 


with 


w) = 




1-f A(K)G„'"’((a) 


and 

Go“(w) = 2 21 


(4.9) 



sinh 

r)3(€,-€;)i 

L 2 

cosh I 

f/ 3 ^A 
[ 2 ) 

1 cosh 1 

if) 

[ft 

CO ~i~ 


I _ I r 4/v(E, )S(S+ i)|y(Q)|- 
T, TmL .4A„[T-t)(0)] 

where 


6»(Q) = -A(Q) 


S(5-H) 


(4.14) 

(4.l.‘>) 


For the impurity (see equation (.4.28)), t)(K) = 
0 ; if we replace ly(Q)|^ by J'‘. the relaxation 
rate becomes 


r, 


_L r 4iV(£V)c^V(.!>'+ 1)7^ 

T,kL 


(4.16) 


(4.10) with (• <^ 1. 
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Consider eigenstates of the total angular 
momentum, j, |i') = \iMi). If j mixing can 
be ignored, we can employ the operator equiv¬ 
alent S, = (x'j—l)j^. Then equation (3.25) 
becomes 


G = 0. Using the eigenvalues (v) = (jMj) 
[as in the derivation of equation (4.17)]. we 
have from equation (5.2) 

K = Ko+ 


t^ = :=^[i+4M£V)(a'j-1)‘' 

^ 1 ' f A L 


iiflAi+Ji 

3MT-9)‘ 


(5.3) 


3M'/'-e(Q)). 


(4.17) 


Since Ko and {T,kT) ' are small and tem¬ 
perature independent, the quantities 


5. COMPARLSON WITH KXPERIMENT 
In this section we compare our theoretical 
results with the experimental results for 1/T, 
for the nucleus of one of the nonmagnetic ions 
in intermetallic compounds in which one of 
the other chemical species has a local moment. 
Wc will ignore j mixing and crystal-field 
cffects|l71 in order to simplify the compari¬ 
son. I hus, (he appropriate theoretical relation 
for the relaxation rate is that given by equation 
(4.17). We also make use of the relation be¬ 
tween the Knight shift K and the susceptibility. 
I he relation is found by use of equations (2.2) 
and (3.13)-(3.15). with the assumption that 
the susceptibility is isotropic; 


K - ( 0 . 0 ) = 


I + 


7(0) (5-'(())) 


(5.1) 


K = A’o l-7/V(/-.V)W,,/,(g|-l)x//A/gjju„. (5.2) 


In equation (5.2) K,, - 2ja„//,,/,N(tV) and 
(gj - l)X/f/ (VgjM«(-V^(0)>. where K„ is a 
temperature-independent term and ,/ is the 
uniform term in the l-'ourier decomposition 
of Ihe \-J inieraclion. 

I'o include structure factors, which were 
neglected in equations (2.2) and (2.5), equa¬ 
tions such as (4.17) and (5.1) must be modified 
as follows: Multiply the second term by cos 
G . r. replace q by q-fG, and sum over G. 
Here G is a reciprocal lattice vector and r is 
the position of the nucleus in the unit cell. For 
simplicity, in what follows, we consider only 


A l)VjM/)y(./+ l)/3k„ 

(5.4) 


and 


T) = 4nyJhk„Hlf,N{Ei. )V^(Q) 

X(gj- l)V(y+1)/3A« (5.5) 


can be determined from the reciprocal slopes 
of the plots of (A"—A',,) ' = A/ ' vs. T and of 
[{T,T) ‘-{r„T)-'] ' ^ n\,T) vs. T. re¬ 
spectively. Once 7) and A are known, we can 
determine N(Ey) from 

,5.61 

In equation (5.6) we have assumed for sim¬ 
plicity that 7(Q) = J. 

We now focus attention on the intermetallic 
compounds PuP. UP, PrAI^ and NdAlj, 
for which data exist on the spin-lattice relaxa¬ 
tion of the nucleus of the nonmagnetic species 
|6, 17, 18) (either or -^Al). The data for 
the temperature range T,. „ < T < 3Te.„. 
where T^.n is either the Curie or Neel tem¬ 
perature. are of interest. In this temperature 
range the relaxation rate \IT, is dominated 
by the second term, in equation (4.17). 

For these compounds, the susceptibility 
follows a Curie-Weiss-like behavior over the 
temperature range of interest. Thus, with the 
definitions a = dKIdXf and p'^ = •)• 

we can write equation (5.6) as 


Tj = 4ny„^hN(EF) 




(5.7) 


3 
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For ^'P equation (5.7) gives 

17 = 10-1 [MC/i ) eV“']p^a^, 

and for 

77 = 4-18[A(£-,.)eV-'J/>2«2 

The relaxation rate in the compounds is found 
to be independent of magnetic field for fields 
of the order of 10 G. Table I lists the relevant 
magnetic and nuclear magnetic resonance 
parameters found by experiment. Note that a 
rough correspondence exists between tt(Q) 
(the temperature at which 7^,1 crosses the 7 
axis) and the ordering temperature for com¬ 
pounds that exhibit either antiferromagnetic 
or ferromagnetic order at low temperatures. 
However, there is no correspondence be¬ 
tween the Curie-Weiss temperature, tt. and 
0(Q) in those compounds that order anti- 
ferromagnetically at low temperature. The 
behavior of 0{Q) is indicative of the fact that 
above the ordering temperature the spin- 
lattice relaxation rate is influenced by the 
wavevector-dependent correlations of ' 
short-range magnetic order. These c 
tions are significtmt at temperatures 01 
than twice the ordei mg temperature. Sm. 
indirect coupling between locali/.ed m> 



7(ihle 1. Mofinclic tinti 

ntii 


PiiP' 

1 ' P" 

f'P,..,.S., 

t ype ot 01 del 
Ordering 

F 

/!/■ 

IF 

lempciatuic ("Kt 

126 

I2S 

102 

Paramagnelie 




moment 1 n,,) 

1 0 

3 19 

3-10 

HCK'I 


32 

73 

ft — dA7dx/(c in. 11 / 

137+ 15 

I40±8 

124 ' 18 

mole) ' 

l6-7±0'2 

40_Ll)-5 

4 0 + 0- 

7) ' = d(7',/F)/d7' 

(m see) 

0-23 

0-63 

0-53 


"Refs. |71.(17J. 
'’Reis I6|.|l9|.t20|. 
'Refs (l],[l«|.[2l|. 
“Refs. [I ], 118), [22]. 


has a peak for q = Q 0 for antiferromagnets 
[8], we expect 6t = ^ (q = 0) to be less than 
^(Q)- The ordering temperature, however, is 
determined by the first fluctuation that be¬ 
comes critical, and therefore correlates with 
ff(Q). 

Because of the simple model used to de¬ 
scribe the conduction electrons and the simple 
form of the conduction electron-nuclear spin 
interaction, we cannot place too much sig¬ 
nificance on the quantitative values of A^(tV) 
or of the s-/ coupling constant J that are 
derived from equations (5.7) and (5.3). Effects 
due to the band structures, electron-electron 
interactions mediated by either Coulomb or 
paramagnon interactions, and the core-polar¬ 
ization interaction with the nucleus due to the 
r/-like conduction electrons are probably quite 
important. 

The calculations are highly model-dependent 
both as It) the treat ment of I he conduct ion-elec¬ 
trons and of the electron-nuclear interaction. 
The view of the lociili/cd moments is also 
• - Mpi.I |||,v-'\ei wi. mav determine 


L'P,. ,..S„ 

t ’P„ ,.s„ 

I'l \l. 

Nt. Vi. 

/ 

/ 

/ 

/ 

IU2 

1 M) 

U 


2-83 

2 75 

^5 

11 

102 

146 

52 


130 + 20 

141 ^ 15 

38 

S5 

4 0 ± 0 5 

40 +0'.5 

0 94 

1 1 

0-61 

0-66 

f>-9 

4 2 



2724 


F. Y. FRADIN 


Table 2. Derived values of the density of states and the 
exchaiif’e coupling 



PuP 

UP.-,S/ 

PrAI, 

NdAh 

(:4latc^/eV-atclm) 

1-5 

1-2 

3-2 

4-9 

//„„(10»(i) 

7-6 

7-6 

6-6 

6-6 

7(cV) 

4X10’ 

-8X 10“’ 

- 1 X 10“' 

-5x 10“' 

./»(cV)" 

■0-98 

-2-4 

-0-48 

-0-38 


•'Vjiues of 2 67, a = 4-0 mole/c m.u., and t) ' = 0-60 X 10“'sec 
arc used to describe the average behavior of the four UP,^j.S, compounds. 

''Calculated from equations (5.1) and (5.2) using the Knight shifts in the 
nonmagnetic isosiruclural compounds to estimate the produces N{Ef)H^,. 


N(fiiy), the values of //,,/, estimated from 
Goudsmit’s relation, and Russel-Saunders 
values of Vj for 3+ ions. The values of J. 
designated calculated from the Knight shift 
f 1] alone are also shown in Table 2. The values 
of N{Ef ) and J in fable 2 should be taken as 
order of magnitude estimates. 

The method used for the calculation of 7* 
essentially assumes a small free electron den¬ 
sity of slates. I he elimination of the unknown 
quantities by combining the data for the Knight 
shift itnd for 7', yields values of /V(£V) und 
J that have better correspondence with ex¬ 
perimental and theoretical knowledge of the 
47 'and 5 / metals. I hat is, the large Niliy) is 
consistent with the laigc electronic specific 
heat found in r/-clcction metals[23], fhe small 
J values are consistent with the competition 
between exchange (7 > 0) and small inter¬ 
band mixing (J <' 0)124) predicted theoreti¬ 
cally 12.‘il, and with the g factors measured by 
electron spin resonance(26| on rare earth 
systems. 

Since a rather drastic assumption about the 
q dependence of the conduction-electron 
susceptibility xlq) was employed in equation 
(3.25) the linearity of {Ti/D vs. T is not a 
/>r/(»n certain. In fact, deviations from linearity 
in compositions[61 of UP,_j.5j. other than 
those discussed here do exist, and a more 
complete treatment is necessary to handle 
this problem. The calculation requires a 
knowledge of the details of the band structure 
or. more specifically, of x(q). Finally, the 


treatment of the statistical mechanics of the 
local moments in Section 4 is not appropriate 
when strong interband mixing couples the 
local moments to the conduction electrons as 
occurs in the Kondo problem for T < Tkoiiiio- 
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MOSSBAUER STUDIES OF THE CHARGE TRANSFER 
PROCESS IN THE SYSTEM Zn^Fe,,_^04 
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Abstract— The ferrite system Zn^-Fej .,0, was investigated by taking Mdssbaucr spectra and measur¬ 
ing electrical resistivities of samples with scvcial values of jr. For t « O b. each sample showed two 
Zeeman patterns in the Mdssbauer spectra which are attributed to tetrahedral and octahedral cations 
respectively. The spectrum due tooclahedral cations appeared to be composite and an explanation is 
given. When .t ^ 0-8, the spectra showed only quadrupole splitting. From these observations, it 
appears that fast electron hopping occurs among octahedral sites for x xt 0-6. This conclusion, to¬ 
gether with the variation of conductivity with x. suggests that the system is metalltc in type in the 
range 0 is jr « 0-6, and n-type semiconducting in the range 0-8 i s I t). 


1. INTRODUCTION 

The Ei.ECTRiCAL and magnetic properties of 
magnetite and related ferrites are of academic 
and technical interest. In spite of a great deal 
of work as reviewed recently [ 1 -4], the charge 
transfer processes in these materials, as well 
as other transition metal oxides, :irc still not 
well understood. 

Magnetite, FcnO^, has an inverse 
structure[5], The unit cell has the i- 
(Fe/'-)i[FCs’'+Fes^'],A j where the 
scripts t and o refer to tetrahedral .ii. 
hedral sites respectively in the fee l.i; 
the ions. Although all the superexdi 
interactions between cations in magnelitc are 
negative, the interaction between the sub- 
lattices is the dominant one, and as a result 
the spins of cations are ordered parallel within 
individual sub-lattices, but the two sub-latticc 
spins are anti-parallel to each other 161. This 
makes magnetite a ferrimagnet. If the tetra¬ 
hedral feriic ions are progressively replaced 
by diamagnetic Zn^+ ions (Zn-' is known to 
prefer tetrahedral sites in ferrites [7]), materials 
with the formula(Zn/+Fe?+j.),tFeJ+j.Fe 7 lj.]„ 0 , 
are obtained. The spinel lattice is retained 
throughout the range 0 ^ t « I. With .v = I, 
we obtain the normal spinel (Zn),[Fe 2 ]„ 04 , 
which is antiferromagnetic (Neel temperature 


9-5°K)as the intersub-lattice exchange interac¬ 
tion is absent. 

In magnetite, there are equal numbers of 
ferrous and ferric ions in the octahedral sites. 
There is an exchange of electrons between 
neighbouring cations, and ihis is believed to be 

,■ ;i. 


system was undertaken to illununale some 
aspects of electron movement m the system. 
Fleciriciil resistivity measurements have alsti 
been petformed to supplement the results 

2. KXPERIMKM AL 
(a) Preparation oj samples 

Appropriate proportions of 'speepure' 
ferric oxide, analar grade zinc oxide and iron 
powder were mixed thoroughly in a mortar 
and the resulting mixture heated in evacuated 
sealed tubes at 950°C for seven hours. The 
products were cooled slowly. X-ray powder 
photographs of the samples were taken with a 
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Gunnier camera and the diffraction pattern 
showed the presence of a single spinel phase. 
The samples were analysed for iron and zinc 
content by X-ray fluorescence. The ferrous 
iron content was determined by dissolving a 
weighed quantity of the sample in hydrochloric 
acid in an atmosphere of carbon dioxide, and 
then titrating against standard potassium 
dichromate solution. The results of analysis 
are shown in Table I. .Samples prepared in this 
way were used only for Mossbauer studies. 

(b) Mosshaucr experiments 

.Spectra were obtained using a 5 me '’^Co 
source (diffused into 6p. Pd) mounted on a 
vibrator (Pye-l.ing) operated in a linear 
velocity mode. Detection was by a Nal (Tl) 
scintillator photomultiplier (EMI 9536A) 
combination followed by pulse height analysis. 
Data was stored in a 1600 word memory unit 
(RIDI. 22-01) with punched tape output and 
an oscilloscope display. Data analysis was 
c.'irried out on the Titan (.'omputer in the 
University of ('ambridge Mathematical 
Laboratory. 

.Soft iron, stainless steel and sodium nitro- 
pi iisside standiud absorbers were used to cali¬ 
brate the velocity scale. Powder samples were 
fabricated into discs, using a metallurgical 
mounting plastic (Ns»rth Hill Plastics l.td) 
with an iron density of approximately 10 
mg/cni-. Isomer shifts were measured with 
lespecl to the standard sodium nitroprussidc 


spectrum. All spectra were recorded at room 
temperature. 

(c) Resistivity measurements 

Mixtures containing appropriate propor¬ 
tions of the starting materials were compressed 
under a pressure of 8 tons/in'^ and pellets of 
I-22 cm dia. and thickness of the order of a 
few mm were obtained. These pellets were 
fired to a temperature of 950°C in a closed 
evacuated system for 7 hr. The faces of the 
pellets were polished using emery paper. For 
resistivity measurements, a pellet was placed 
between two electrodes of thick copper foils 
pressed between two perspex sheets by 
screws. The assembly was placed in an en¬ 
closed glass system, the leads being taken out 
through ceramic seals. The resistivity was 
measured by a Wayne Kerr Autobalance 
Universal Bridge (Model B641). The assembly 
was evacuated before making any measure¬ 
ments. 

After the resistivity measurements, the 
pellets were crushed and were analysed for 
their total and ferrous iron content, zinc con¬ 
tent, by the methods mentioned in (a). The 
results of analysis are included in Table 1. 

.^. REStl/rS 

Figure I shows the Mossbauer spectra of 
samples with x = O-O, 0-2, 0-4 and 0-6. The 
sample with ,v=0 (i.e. Fe-tD,) gave Ihc ex¬ 
pected spectra consisting of two Zeeman 
patterns a and h as indicated in the figure. The 


I'dhle I. Results of amily sis of the samples of rD) 


V.i/ucg/’i Atoinic ntijos 

loi.ill'c//n Fc“*//.n 

An.ilysci.1* Analysed Analysed 



Pt)wdcr 

I’olltl 

Calc. 

Powder 

Pellet 

('ale 

Powder 

Pellet 

a n 

0 0 

0 0 

X 


_ 

•30 



0-2 

0-2t 

(1-17 

14 0 

1.3 0 

16 1 

4 0 

3-7 

4-9 

0 4 

0-40 

034 

6S 

6-3 

7-8 

15 

1-6 

20 

(1-6 

0-57 

U-50 

40 

41 

.5-5 

()-67 

0-75 

1-2 

0 8 

0.76 

0-73 

28 

2-8 

3-4 

0-25 

0-31 

0-38 

10 

0 99 

0-86 

2 0 

20 

2-2 

000 

001 

017 


[he analysed value of x has been obtained from the expenmcnlal ratio Fe‘'/Zn. 
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Fig. 1. Mossbavier speclra of samples belonging lo ihe system /Hj- 
Ke, jOj 1 he nominal values of v arc indicated. The magnetic hyperfinc 
p.iilcrns arc indicated by numbenng the lines from I to 6. and appro¬ 
priate subscnpis for the resolved lines For a — O f*, the lines marked 3 
and 4/) arc considcicd to be the quadrupolc split pattern c. 


pattern ti is due to tetrahedral t'erric ions and /* 
is due to octahedral ferrous and ferric ions 
rendered indistinguishable by electron hop¬ 
ping at a frequency faster than that o! 
l.armor precession of the iron nucleus 
hyperfine field. The percentages of th> 
area represented by each pattern have 
calculated by considering the 6(h lino- 
cause these arc the best resolved. 1 
percentages agree quite well with the , . 
centages of the total number of iron atoms on 
each site. This confirms the fact, demon¬ 
strated previously[11], that the areas of 
loren/lian lines for powder samples of similar 
thickness are proportional to the concentra¬ 
tion of absorbing species. 

The spectra of samples with .x = ()-2 and ()-4 
consisted of fairly sharp and lorenztian lines, 
which are best explained by two overlapping 
Zeeman patterns a and h, similar lo those of 
Fe,., 04 . The lines unique to o arc sharp, but 
those unique to b are broader so that the 
pattern h appears to be composite. An un¬ 
ambiguous deconvolution of the lines was not 
possible; nevertheless, it appears that the 


pattern h might be the resultant of several 
overlapping Zeeman patterns. The spectrum 

. 1 , . i\ I 1,,,., i,, ^ 


Te,.,0,. For the sample with .r - O h, Uie con¬ 
tribution of the qiiadrupole split spectrum c 
was estimated by comparison with the spec¬ 
trum of the sample with .r = I. 

The spectrum of the sample with .< = 0-7 
showed several Gaussian lines, indicating 
some magnetic ordering in the sample. Rut no 
systematic analysis was possible. The spectra 
of samples with .x = 0-8 and 1 showed only 
quadrupole splittings. Mbssbauer parameters 
calculated from the above spectra are sum¬ 
marised in Table 2. 

The variation of the resistivities with com¬ 
position for the samples at room tempoialure 
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Table 2. Collected results from Mossbauer spectra 


Quadrupole 


!>plitting 


Value of X 
nominal 

Pattern 

I somer shift 
(mm/sec) 

1/26*170 
(mm/sec) 

(kOe) 

^0 

A, 

00 

a 

0-56 ±0-05 

-0-04 ±0-05 

495 ± 

5 

34 

33-4 

h 

0-95 ±005 

-1-0-06 ±0-05 

458 ± 

5 

66 

66-6 

n-2 

a 

0-51 ±0 05 

-0-04 ±0-05 

483 ± 

5 

25 

27 8 

h 

0-94 ±0-05 

+0-I0±005 

447 ± 

5 

75 

72-2 

0-4 

a 

0 51 ±005 

±0-04 ±0-05 

472 ± 

5 

19 

23-2 

b 

0-87 ±005 

-0-14±0 05 

4I2± 

10 

81 

76-8 

0 6 

a 

0 55 ±0-10 

±0-I0±0l0 

437 ± 

20 

15 

17-8 

h 

I 03 ±0-10 

-0-38 ±0-10 

353 ± 

30 

70 

76-8 


c 

0 61±0 10 

(I-70±0I0) 

- 


15 


0-8 

c 

0-78 ±0-05 

0-32 ±0-05 





1-0 

c 

0-69 ±0-03 

0-33 ±0-03 






Note. /(„ = Observed percentage area contributed by individual hyperfine 
pattern 

= Calculated percentage of iron ions on sublatiices: tetrahedral 
against a and octahedral against b patterns. 


is shown in Fig. 2. Because of the polycrystal¬ 
line nature of the samples and low density of 
the pellets (<S.^ per cent of X-ray density), the 
resistivities have no absolute significance, but 
Ihe relative vttiiation is meaningful. 

4. DISCUSSION 

(a) Analysis and interpretation of Mossbauer 
spectra 

The spec(r;i of sttmples with .tr = <>-2 and 


X = 0-4 are similar to that of Fe;, 04 . A com¬ 
parison of the percentage areas of the in¬ 
dividual Zeeman patterns a and b with the 
percentage of iron ions on octahedral and 
tetrahedral sites (see Table 2) suggests that 
the pattern a is due to all the tetrahedral ferric 
ions and h is due to all the octahedral ferrous 
and ferric ions. Fhis appears to be approxi¬ 
mately true when x = 0-6 except that a small 
fraction of iron ions give rise to a quadrupole 



/'ig. 2 Vaf lanon of jcsistivity in (he system Zrj he,_^0< with 
composition ut lOom tempeiarurc. 
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pattern. This indicates that, for a: « 0-6, rapid 
electron hopping is occuring among all octa¬ 
hedral sites, rendering them indistinguishable. 

In a spinel each octahedral cation has six 
occupied tetrahedral sites as near neighbours. 
Exchange interaction with the ions occupying 
these sites determines the hyperfine field at 
the nucleus of the octahedral cation. The 
electron density at the nucleus of this cation is 
also likely to be dependent on the nature of the 
tetrahedral near neighbours. Hence the reason 
why the Zeeman pattern b appears composite 
for X > 0 is that all the octahedral cations arc 
not then surrounded by the same group of 
tetrahedral cations. 

With any value of x, different fractions of 
octahedral cations will be surrounded by 
different numbers of nearneighbour tetra¬ 
hedral cations which are ferric because of the 
random distribution of zinc and ferric ions 
among the tetrahedral sites. Each of these 
fractions will then give rise to its own hyper¬ 
fine pattern. A similar explanation has been 
given(121 to explain the spectra of cobalt 
ferrite quenched from high lempcratuiv 
that some of Co'^* ions occupy tetra' 
sites. This explanation seems more co 
ing if we consider the spectrum of the s,i 
with X = 0-6. At this high value of x, a ■ 
cant fraction of octahedral cations wi! 
too few near-neighbour tetrahedral c. 
which are magnetic to have ordered spins, ami 
so will give rise to a quadrupole split spec¬ 
trum. Such a pattern has been tentatively 
identified in the observed spectrum. As the 
value of X is increased further to 0-8, very 
few octahedral cations have a reasonably high 
number of near-neighbour magnetic cations in 
the tetrahedral sites, and so the Mdssbauer 
spectrum shows only a quadrupole split 
pattern like that expected and observed for the 
sample with x= 1 [I3J. The quadrupole split¬ 
ting in ZnFejOj is due to the trigonal field on 
the octahedral sites[131. A slight asymmetry 
in the shape and intensity of lines ob.served in 
the spectrum of the sample with x = 0-8 may 
be due to the presence of ferrous ions. 


It is seen in Table 2 that the effective fields 
at the nuclei of iron ions, at both octahedral 
and tetrahedral sites (//pr,(«) and Hg„(b) 
respectively) decrease with increase in x. A 
likely explanation is the decrease in the 
strength of the inter-sublattice exchange 
interaction. The hyperfine field at a nucleus is 
believed to be proportional to the spontaneous 
magnetisation of the sublattice to which the 
nucleus belongs. In the present case, the two 
sublattice magnetisations oppose each other. 
The hyperfine field has been multiplied by the 
percentage of the total area represented by the 
corresponding patterns, and the differences 
(Mg), which should give a measure of the 
spontaneous magnetisation of the bulk 
material, has been plotted against x in Fig. 3. 
The form of the curve is very similar to that 
obtained by Gorter[l4] for the variation of 
saturation magnetisation with x for similar 
systems. This supports the analysis of our 
Mdssbauer spectra and their explanation. 


as.socialcO \miii lla-, 

satisfactory theory to explain the mechanism 
of conductivity is yet to be developed. Rapid 
electron hopping would occur if some de- 
localisation of the 3(/-orbitals of the cations in 
the octahedral sites gave rise to a metallic 
conduction band. But the temperature de¬ 
pendence of conductivity does not appear 
to be strictly metallic [15, 16|, though these 
observations may be the result of minor imper¬ 
fections or defects in the samples used. Re¬ 
cently workers in this field have tended to 
regard magnetite as metallic above the transi¬ 
tion temperature [2,4]. Our Mdssbauer 
observations show that rapid electron hopping 
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X 


Kig 3. Variation o( the calculated spontaneous magnetisation 
(Mj in the system Znjl-'ej j^O, with composition at room 
tempe ratine 


involving all the octahedral cations continues 
in the present system up to a value of .t = 0-6, 
and does not remain confined to pairs as in the 
case of non-stoichiometiic magnetite!17|. 
Of course there are both cationic and anionic 
vacancies in the latter, and these may drasti¬ 
cally tifl'ect the electron hopping and be re¬ 
sponsible for the marked decrease in electrical 
conductivity. In our system, where there are 
no such vacancies, the metallic nature of con¬ 
duction in I c,,0, is therefore e.xpectcd to 
continue up to about .t = 0-6. The observed 
slow increase in electrical resistivity with.vup 
to about X — t)-6 (see Fig. 2) is consistent with 
this. In the region x 3= 0-8, where magnetic 
ordering of spins is absent, hopping of elec¬ 
trons will occur in an uncoirelated manner, 
and so the conductivity is expected to be 
different in type. ZnFeiOi. with small defici¬ 
encies of Zn, and consequent presence of 
Fe^* ions, is known to he an /i-type semi¬ 
conductor. It thus appears very likely that 
between ,r = 0-6 and x = 0-8, the system 
undergoes a transition from metallic to semi¬ 
conductor type. The sharp increase in re¬ 
sistivity at around x = 0-8 (see Fig. 2) supports 
this hypothesis. 

Electron hopping in magnetite is believed 
to occur through Zener double exchange[l8]. 


but the mechanism of charge transfer is diffi¬ 
cult to understand. Adler[2J has considered 
the hopping electrons to be in a 3i/ conduction 
band, but the magnitude of the drift mobility 
and the temperature dependence of conduc¬ 
tivity do not conform to a band model. A 
narrow band mechanism with high effective 
mass due to polaron formation has been sug¬ 
gested by Mott and Austin [3J. In the presence 
of magnetic ordering electron hopping is 
likely to be highly correlated, and a large 
polaron model [4] to explain the conductivity 
mechanism up to x — 0-6 in the present system 
seems most reasonable. Beyond this, u-type 
semiconducting behaviour is due to uncorre¬ 
lated electron hopping. But the possibility of 
a narrow-band mechanism cannot be 
discarded! 19). 

5. CON.SLUStON 

Mdssbauer studies of the system Ziij.- 
I show that fast electron hopping 

among octahedral sites occurs up to a: = 0-6. 
Metallic conductivity behaviour of Fe:,Oj is 
therefore suggested to continue up to that 
composition. Beyond this, the system has 
n-iype semiconducting behaviour. These 
conclusions are in agreement with the varia¬ 
tion of resistivity in this system. Although 



MOSSBAUER STUDIES 


2733 


there is evidence for a large polaron model as 
the explanation of metallic conductivity for 
X ^ 0-6, more detailed conductivity studies on 
single crystals are needed to arrive at a 
definitive conclusion. 

Arkno» /eJ);emeiii — We wish to thank the Commonwealth 
Scholarship Commission in the U K. for the award of a 
scholarship to M.M R. 
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THE LOW-TEMPERATURE SPECIFIC-HEATS OF 
SEVERAL PALLADIUM-RICH PALLADIUM- 
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Abstract —The low-temperalure specific-heat coclhcients y and the corresponding Debye tempera¬ 
tures I) were determined for four palladium-rich terminal solid-solution alloys containing 3. 6.9 and 12 
al.% antimony. The specific-heat results can be correlated with the room-temperature magnetic sus- 
ceptability and the vacant d-states of palladium decrease as the solute concentration increases but at a 
reduced rate when compared with noble metal-palladium systems. Comparison with Mossbauer 
results obtained over the same concentration range of the palladium-antimony system and optical 
data on noble metal-palladium alloys suggest that a sciccning model, in which each atomic cell is 
cicctiically neutral, is .i more appropiiale description than a cliaige Iransfci model. 

I. INTRODUCTION the electron concentration e/ti. I he rate of 

The electronic structure of seventi binary chan.ec of the susceptibility is approximately 
palladium alloys has been investigated e\- ' the 

tensively by a variety of techniques. ’' 
alloys are of interest because pure ptiM 
has a nearly filled rf-band, with high deri' 
states at the Fermi level, that decreases i 
ly as noble metals or polyvalent suliiL 
dissolved in palladium. Thus, several n 
scopic properties of palladium alloys, sucL. .. 
the magnetic susceptibility and electronic . 

specific heat, show large variations with com- Flectronic specific-heat measurements h.ive 
position and provide a definitive basis for the been made on only a few of the palladium 

comparison of experimental results among alloys, i.e. the complete series of solid solu- 

the various palladium-base alloy systems, lions in the Pd-Ag systemL 11, the .‘'•2 at.'/? Sn 

A large quantity of magnetic susceptibility in palladium (8), and a few alloys in the Pd-Th 

data are available on palladium alloys. The and Pd-U systems[81. When the electronic 

susceptibility results for a variety of binary specific-heat coefficient y is plotted vs. elec- 
systems (including Pd-Agfl], Pd-Au|2], iron concentration c/a for the alloys m the 
Pd-Cu[3], Pd-AI[4], Pd-Cd[5], Pd-ln|6]. four systems, ;i common curve is obtained 
Pd-Sb[5], and Pd-Sn[7]) lie more or less on a when effective valencies of 4, 4 and 6 ,ire as- 
common curve, when plotted as a function of signed to tin, thorium, and uranium, respec- 
_ tivciy. The y values t'oi the Pd-Ag systemll] 

•Work pcifoimed under the iiuspicesof the U.S.AtomL- decrease abruptly to low values ;tt the same 
Energy Commission. ela ratio at which the t/-holes in Pd are filled. 
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as indicated by the susceptibility results. A 
rigid-band interpretation for the various prop¬ 
erties of palladium-base alloys appears to be 
inadequate in view of theoretical calculations 
[9J of the electron-magnon interactions and 
recent de Haas-van Alphen measurements on 
pure palladium[IO]. Thus, experimental y 
values give only a qualitative indication of the 
variation of the density of states of alloys with 
composition, and an accurate assessment of 
the various interactions are required to obtain 
the true density-of-states curve. The experi¬ 
mentally determined Fermi surface of palla¬ 
dium from Vuillemin's measurements [8], con¬ 
firmed by the calculations of Mueller and 
Priestley (111, clearly indicate that the J-band 
of palladium contains 0-36 holes rather than 
the 0-6 hole predicted from rigid-band argu¬ 
ments. 

While a theoretical basis for relating ther¬ 
modynamic properties, such as heats of forma¬ 
tion, to the electronic stmcture of alloys does 
not exist, a correlation between the electronic 
structure and the heats of formation has been 
suggested for a few alloy systemsll21. The 
heats of formation A/// at 298°K were deter¬ 
mined for the palladium-rich solid solutions 
in the Pd-Cd, Pd-ln, Pd-Sn and Pd-Sb sys¬ 
tems | I3|. When the heats-of-formation values 
are plotted as a function of electron concen¬ 
tration <‘l(i (assuming the group valence for 
the solutes), the values for the systems con¬ 
taining the solutes C'd, In, or .Sn lie essentially 
on a common curve, while the Pd-Sb values 
are substantially above the curve. It has been 
observed) I4| that antimony does not always 
display the group valence of five in compounds. 
Also, the room-temperature magnetic sus¬ 
ceptibility vs. eju curve for palladium-rich 
Pd-Sb terminal solid-solution alloys[51 de¬ 
viates from the curve for the Pd-Ag system 
above 5 at.% antimony. Low-temperature 
specific-heat data for the Pd-Sb system were 
not available to compare with the trend ob¬ 
served in the susceptibility results. 

The present investigation was initiated to 
determine if the y values for the palladium-rich 


Pd-Sb alloys would superimpose on the y vs. 
eja curve for Pd-Ag alloys derived from low- 
temperature specific-heat measurements. 

2. EXPERIMENTAL TECHNIOUE.S 

The low-temperature specific-heat mea¬ 
surements were made on four palladium alloys 
containing 3, 6, 9 and 12 at.% antimony, res¬ 
pectively. To compensate for the reduction 
in specific heat as the antimony concentration 
increased, the specimen mass appropriate for 
low-temperature calorimetry studies varied 
from approximately 37 u for the 3 at.% anti¬ 
mony alloy to 113 for the 12 at.% alloy. The 
alloys were prepared by arc-melting the re¬ 
quisite amounts of 99-99 -t-% pure palladium 
and 99-995% pure antimony on a water-cooled 
copper hearth in a helium-argon atmosphere. 
Several of the individual buttons produced by 
arc melting (mass of 15-20^> each) were 
charged into a high-purity recrystallized alu¬ 
mina crucible and remelted in an induction 
furnace under a high-purity (99-999%) argon 
atmosphere to produce an ingot approaching 
a right-circular cylinder. The ingot was com¬ 
pletely enclosed in an envelope of molybde¬ 
num foil, sealed in an evacuated quartz cap¬ 
sule, and annealed at 1000°C for 24 hr; fol¬ 
lowed by an anneal at 1100°C for 72 hr to con¬ 
tinue the homogenization process. The an¬ 
nealing was terminated by a water quench 
without breaking the capsule. The ingot was 
then machined, without any lubricants, into a 
three-quarter-inch diameter right-circular 
cylinder. All surfaces were ground with emery 
paper to remove surface contamination, 
cleaned in acetone, and given a final rinse in 
alcohol. A strain-relief anneal followed for 1 
hr at 1100°C and the specimen was furnace 
cooled to room temperature. A metallographic 
examination confirmed that the alloys consis¬ 
ted of a single phase and were free of segre¬ 
gation. 

The low-temperature specific-heat measure¬ 
ments were carried out between 1 -4 and 4-2°K 
in a 'He cryogenic facility [15]. Each alloy 
ingot was cut into two specimens of equal 
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volume. One surface of each specimen was 
ground and polished to ensure good thermal 
contact with the heater-thermometer assembly. 
The sample and heater-thermometer assembly 
configuration was similar to that described by 
Wei et al. [ 16J. 

A semiconducting carbon resistor, with a 
nominal resistance of 600 at room tempera¬ 
ture, was employed as a thermometer. The 
thermometer was calibrated against the NBS 
(1958) ^He Temperature Scale prior to each 
experiment, and the data were fitted to the 
equation 

(\nRirY'^ = A + B\nR. (I) 

The coefficients A and B, determined by the 
least-squares method, were -I •00664.3 and 
0-624630, respectively. The maximum rrmt- 
mean-square deviation of the experimental 
points from the thermometer calibration 
curve, fitted to equation (1), is 0 05 per cent, 
while the maximum total calibration error is 
less than I -5 per cent [17]. 

3. RESULTS 

At least 40 heat-capacity values wci. 
mined for each alloy between 1 -4 am! 
and gave a good fit to the heat-capacif; 
lion 

C,IT=y + lir’. 

By extrapolation of a least-squares fit of the 
experimental C,.tT vs. curves to absolute 
zero, the electronic specific-heat coefficients 
y for the four alloys were obtained, and the 
corresponding Debye temperatures 0 were 
calculated from the slope of the curves. The 
y and d values are tabulated in Tabic I and 
the C,,/'A' vs. curves are shown in Fig. I. 
In Fig. 2, the electronic specific-heat coeffi¬ 
cients y for the Pd-Sb alloys are plotted as a 
function of electron concentration eja. The 
da ratio for a given alloy was obtained by as¬ 
suming that the total number of 53 and 5p elec¬ 
trons of Sb contributed to the alloy was five. 


Table 1. Values of the electronic specific- 
heat coefficient and the Debye tempera¬ 
ture of palladium-rich Pd-Sb alloys 


Alloy composition 
(al.% Sb) 

yx I0< 

(cal/mole-degO 

0 

t“K) 

3 

17-78 

280-1 


13-86 

278-6 

9 

10-21 

249-1 

12 

5-78 

250-2 



4. niSCt'SSION 

The assumption that the five conduction 
electrons of antimony are transferred to the 
empty d holes in palladium may not be valid, 
since the y values for the Pd-Sb alloys lie 
above the y vs. da curve for the Pd-Ag sys¬ 
tem: although the general trend that y decreas¬ 
es as the solute concentration increases is 
noted for both the Pd-Ag and Pd-Sb values. 
If the -y values from the present measurements 
are superimposed on the curve for the Pd-Ag 
system, the number of electrons of antimony 
transferred can be inferred, neglecting en- 
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Kig. 2 F.leclroiiic specific-heat coefficients versus elec¬ 
tron concentration for palladium-rich Pd-.Sb and Pd-Rh 
alloys and for the Pd-Ag binai'y system. 

hancement effects, by projecting the experi¬ 
mental values onto the abscissa. The extra¬ 
polation indicates that approximately 3-7 
electrons would be transferred. Although the 
value derived from the extrapolation is not 
exact, since interactions that may enhance 
the y quantities have been ignored, the ap¬ 
parent number of conduction electrons of 
antimony that would participate in a charge- 
transfer interpretation would be less than five. 
Hence, the specific-heat measurements ap¬ 
pear to correlate with the observations from 
magnetic-susceptibility studies. 

Magnetic susceptibility measurements have 
been carried out on the palladium-rich solid 
solutions of the Pd-Cdlfi], Pd-ln[6]. Pd-Sn 
[ 7 I, and Pd-Sb[f,] systems. The susceptibility 
results for the Pd-Ag and Pd-Cd alloys super¬ 
impose essentially on a common curve when 
plotted as a function of electron concentra¬ 
tion. The remaining three systems also lie on 
the same general curve (assuming rigid-band 
behavior) up to approximately 8-8, 5-5 and 
2 -6 at.% indium, tin, or antimony, respectively, 
and then progressively deviate from the curve 
as the solid-solubility limit is approached. The 
deviations indicate that the ‘apparent valency’ 
of the three solutes decreases, with concen¬ 


tration, from the valence assigned according 
to the group number in the periodic table. In 
order for the susceptibility values to coincide 
with the Pd-Ag values at higher concentra¬ 
tions, the apparent valence of tin or antimony 
would be approximately three or four, re¬ 
spectively. In terms of the electronic state of 
free atoms, the three polyvalent solutes in¬ 
dium, tin. and antimony are likely to display 
p-like as well as s-like character, and Harris 
efaL[7] have suggested that the susceptibility 
deviations may indicate the formation of 
localized p states. 

A model has been proposed by Montgomery 
e/ n/.[8] for palladium alloys, with noble or 
polyvalent elements as solutes, that provides 
an interesting alternative to the requirement 
of charge transfer for the rigid-band model. It 
is assumed that every atomic cell in an alloy 
is electrically neutral and differences in the 
nuclear charges are essentially screened by 
the itinerant electrons,* i.e. a charge of Z-con- 
duction electrons is associated with a solute 
site. The effect of a polyvalent solute ‘is to 
induce the palladium matrix to convert some 
of its own s electrons into d electrons’ until 
the number of d holes in palladium decreases 
to zero at an elu ratio of approximately 0-6. 
The model is attractive in that it is not nec¬ 
essary to correlate the critical eta ratio with 
the number of c/holes in elemental palladium, 
nor the solute valency Z with the rate at which 
the dband fills. Therefore, the model is consis¬ 
tent with the de Haas-van Alphen results that 
indicate 0-36 cJ holes in pure palladium, and 
with the abrupt changes observed at the criti¬ 
cal eld ratio in the average properties, such as 
specific heats and magnetic susceptibilities. 

Some information has been obtained on the 
conduction-electron density at tin (’”*Sn) or 


'Experimental justification is the fact that the tetra¬ 
gonal phase (o') in the palladium-rich Pd-Cd system re¬ 
verts to a face-centered-cubic modification by mechanical 
working of the alloyllSJ. Also, the compound Pd^ln has 
a face-centered-tetragonal structure that can be converted 
to a face-centered-cubic form by deformation [19). Hence, 
the ordering energy is much smaller than the Madelung 
energy in an ionic crystal. 
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antimony ('■^'Sb) nuclei in binary palladium 
alloys from the isomer shifts in the Mossbauer 
spectra [7, 20], The isomer shifts are derived 
from a change in the charge radius of the 
nucleus when a -y-ray is emitted and the shifts 
vary linearly with the electron density at the 
nuclear site. Harris and Cordey-Hayes[7] 
reported negative values for the "“Sn isomer 
shifts for the palladium-rich solid solutions 
that indicate 5.t-electron density about the tin 
nuclei is less than in (i-Sn, and suggested the 
results are consistent with a simple rigid-band 
model. Montgomery and Ruby|20] measured 
the isomer shifts in palladium-rich Pd-Sb 
alloys and found a close correlation with the 
Pd-Sn results. If a charge-transfer inter¬ 
pretation is applied, the ‘apparent valency' of 
antimony in the Pd-Sb alloys is somewhat 
less than 4. However, Montgomery and Ruby 
[20] qualitatively explain the isomer shifts for 
the Pd-Sb and Pd-Sn alloys in terms of a 
screening model. To a first approximation 
each atomic cell in the alloys is electrically 
neutral as suggested by Friedcl’s theory [211. 
and the d-band level of palladium is filled hv ihc 
conversion of s electrons into cl cl 
within the palladium cells. However 
tailed mechanism by which the sohm- 
perturb the cl band of palladium rem..- 
resolved. 

Further support for the screening n. 
Montgomery and Ruby is found in the 
surements of the optical absorption spectrum 
by Myers ei al.[22] in alloys of palladium in 
copper, silver, or gold. The results show that 
the d-electrons of both silver and palladium 
atoms in silver-palladium alloys may be con¬ 
sidered as occupying bound states over the 
entire composition range and no significant 
overlap occurs either in energy or space, con¬ 
trary to the requirements of a rigid-band 
model. The distribution of conduction-elec¬ 
tron charge density was very nonuniform and 
associated totally with the silver atoms in 
alloys containing less than 40 at.% palladium. 

In summary, the electronic specific-heat 
coefficients and the magnetic susceptibility 


results show a correlation between the rate 
at which the dband fills and the solute valency 
in palladium-antimony alloys. The correlation 
is, at most, qualitative and it appears that a 
screening model, in which the solute atoms 
are nearly perfectly screened by conduction 
electrons, is compatible with the measure¬ 
ments of various properties of palladium 
alloys. 
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COVALENCY PARAMETERS FOR Cr^, Fe*+ AND Mn"+ 
IN AN OXIDE ENVIRONMENT 

B. C. TOFIELD and B. E. F. FENDER 
Inorganic C'hemrstry Laboratory. LIniversily of Oxford. England 

(deceived } l-i'hruury 1970) 

Abstract-Magnetic moment reduction in the perovskitcs l.aCiO,,. I aCrO,. Yl eO, and t'aMnOi 
have been determined by neutron ddfraclion measurements. The results .inalysed in terms of coval¬ 
ency parameteis are. Lal eO,, /„ + 2/'„+/, ^ 10 0±0-5%. YL'eO,. /,-f 2/,+/, = 11■0± 10%; 
l.aC rf),. l-ftaTOb')?': t'aMnOi. — .3-3O.g^.. J-'of ihe d* ions discrepancies betrveen /„ 

detei mined by neutron and lesonaiicc methods ate explained in lei ms of spin polai isalion elfccts and 
revised estimates of — 2-7 + 0-6% (l.aCrO;,) and /"n —5-3-r 0-8% K'aMnO,) are presented. 
Consideration ot charge transfer suggests/„ t /, is about 3 0% in I aCrO,, 


I. INTRODUCTION 

Atomic magnetic moments in antiferro- 
magnetically ordered solids can be interpreted 
in terms of covalency panimeters rehited to 
a simple molecular orbital desciiption of 
bonding in the solid! 1,21. Kecent use of 
neutron diffraction techniques to measure the 
reduction in observed moment fiom ih.ii 
expected for a fully ionic laltice has i 
the change in covalency parametci 
evaluated in a series of mang.n' 
compounds (MnO, IVlnS|.1|, Mn.Sc. 

[41). 

The present study on a sei ics of o\: 
been carried out in order to gam insigh. 
the change in covalcncy as the oxidation stale 
of the metal ion increases. Four mixed oxides 
in which the transition metal ion is octa- 
hedrally co-ordinated to O' have been 
studied: l.aC'rO.-, (rr(lll)</-' ion), CtiMnO, 
(Mn(IV)</'‘ ion), LaFeO;, and YF'ctJ, (Fe- 
(lllr/'' ion). Two of these oxides, l.aCrO, 
and LaFeO;,, have been investigated by 
Nathans et al.[2] and their results provide an 
important indication of the covalency to be 
expected. We have, however, noted earlier[5| 
that variations in stoichiometry may affect 
the observed moment reduction so that in 
carrying out the present detailed investiga¬ 
tion we have paid particular attention to the 
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characterisation of Ihe compounds studied. 

The molecular orbital model used takes into 
iiccount only overlap of metal J orbitals with 
2.V and 2p orbitals of oxygen. The appropriate 
aniibonding wave functions for the octahedral 
environment are: 

■ ' ' I 


A„ are ailmixture parameteis. In an .intiferro- 
magnetic solid where Ihe spin on the ligand is 
fully cancelled, the effective spin quantum 
number S. determined by neutron diffraction 
IS readily shown to be: 

SIS,, = for a </■' ion (as K —» 0) (2) 

and 

SIS„= 1 — \-2(AJ-1-2j4„’+A,~) for a d"’ ion 
(as K-*0) 

where .V„ is Ihe spin quantum number for a 
fully ionic lattice and K is the scattering 
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vector. The covaiency parameters (/4^) are 
simply related to X as follows: 

= jx/ ^ndAJ = ^X,^ (3) 

NVIR[6.7J and EPRf7,8] studies also 
allow determination of covalency parameters 
by measurement of the amount of spin trans¬ 
ferred to the ligand. A spin transfer coefficient 
/ is usually defined as the fractional spin 
transferred to each ligand orbital when the 
metal orbitals are each singly occupied in 
which ease: 

/„ = and/, = 

(4) 

It is obvious therefore that when the degree of 
approximation is the same in both methods 
(i.e. powers of X and the overlap integral 
higher than two are neglected) — N( — \ 
and/1,/ = /„etc. 

The resonance methods depend on the 
ligand having a non-zero nuclear spin. For 
oxides /('"O^O and there appears to be 
only one measurement (on MnO) with '^O 
enriched samplesf9). 

In comparing results (see Oiscussion) from 
neutron and resonance techniques it is 
important to note that though both methods 
measure (or A„-‘) for a (/■* ion, for </* ions 
the resonance techniques measure J], and 
-fn (c.f. equation (2)). 

2. EXFKRIMENTAI. 

S(imi>lc preparation and ioialysis 

(a) l.aFeO., was prepared from the precipi¬ 
tated feiricyanide as described by Gallagher 
[lOJ. A saturated solution of ‘Analar’ potas¬ 
sium ferricyanide was added to an equivalent 
quantity of warm neutral chloride prepared 
by dissolving La-iO., (Koch-Light Laborator¬ 
ies Ltd., purity 99 per cent) in hydrochloric 
acid. The precipitate of lanthanum ferricyan¬ 
ide was dried, heated to 600°C and then fired 


in air at 1050°C. X-ray powder photographs 
taken with a Guinier focussing camera (copper 
K„ radiation) showed no impurity lines. The 
orthorhombic lattice parameters obtained 
agreed with those of Geller and Wood[ll]: 
a = 5-556 A. h = 5-565 A, c = 7-862 A. The 
determination of ion (IV) in the sample was 
carried out using a modification of the method 
of Mori et a/.[12]. The mixed oxide was 
dissolved in acidified standard ferrous solu¬ 
tion under flowing argon and ferric iron 
determined with E.D.T.A. at pH 2 using 
thiosalicylic acid as indicator and glycine as 
a buffer. Total iron was determined similarly 
(after persulphate oxidation) to give a final 
analysis of LaFeO,,.o 2 ±o oi- 

(b) YFeOj was prepared and analysed in a 
similar manner to LaFeO^ (using Johnson 
Matthey Ltd. ‘Speepure’ Y^Oj) except that 
the temperature of the final ignition was 
I200“C. The X-ray photograph (Guinier 
camera) gave only lines expected for YFeOj 
and the c/-spacings agreed with those given by 
Eibschutz[13]; a = 5-283 A, b = 5-592 A, c = 
7-603 A. Chemical analysis indicated a stoi¬ 
chiometric oxide of YFeO,,.ooio oi- 

(c) LaCrO, was prepared by reaction of 
equimolar quantities of La^O., and CrjO., in air 
at 1550°C. Both oxides which were supplied 
as ‘Speepure' chemicals by Johnson Matthey 
Ltd. were mixed in a ball-mill before being 
pressed into pellets (2-5 x 10'* kg per cm“). The 
mixture was fired once for 6 hr and then 
reground, pressed and heated again for a 
further period of 6 hr. No impurity lines were 
observed on a Guinier photograph and the 
lattice parameters obtained were in agreement 
with those reported by Geller(I4]: « = 
5-477 A.h= 5-514 A, c = 7-755 A. No change 
in weight was observed on firing indicating a 
stoichiometric oxide LaCrOj.oo- An emission 
spectrographic search was made for iron, 
aluminium and silicon, the most likely impuri¬ 
ties to have been incorporated during the 
preparations, but significant quantities 
(> 100 ppm) were not detected. 

(d) CaMnOj was prepared by direct re- 
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action of Mn 3 04 and CaCOj supplied as 
‘Specpure’ chemicals by Johnson Matthey 
Ltd. below llOO'C. The mixed oxide which 
resulted was heated for 60 hr in air at 1000°C. 
reground, pressed into pellets and heated for 
48 hr in flowing oxygen at 1050°C, and finally 
(after re-grinding and pressing again) for 
48 hr at 750‘’C in oxygen. This sample (sample 
/4) showed two very faint impurity lines on 
A'-ray photographs with the Guinier camera 
(using strictly monochromatic copper A;„, 
radiation). Sample A was reheated for 120 hr 
at 600°C under 700 atm. oxygen. Subsequent 
X-ray examination of the new sample (sample 
B) showed that one of the impurity lines had 
disappeared. The impurity lines were not 
visible in neutron diffraction patterns and 
both samples were used in covalency deter¬ 
minations. CaMnOa has been indexed as 
cubic with a lattice parameter double the 
primitive cell size of 3 729A[l5]. The 
compound is, however, probably ortho¬ 
rhombic as splittings of the (422) and (440) 
cubic lines were detected. These splittings do 
not quite correspond with the ortlioilu'ml'i. 
parameters! 161 of « = 5-270A, />-• 
c = 7-464 A for CalVInOj .jH but for 
purposes the error is small. The c 
power of the samples was detenu 
oxidation of iodide to give a siuichic. 
CaMn 02 .iii)±o ni for both samples tliuu, 
was some indication that the oxygen con.. 
was slightly higher for sample If than for 
sample/4. 

Neutron diffraction 

Experiments were carried out on the 
powder diffractometer in DIDO reactor at 
A.E.R.E.. Harwell, the samples being con¬ 
tained in thin-walled aluminium cans. 

G-type magnetic ordering is observed for 
all four compounds. A perfectly cubic magnet¬ 
ic lattice with this type of ordering and a cell 
side twice that of the primitive perovskite cell 
has magnetic peaks allowed only for fi, fc, I all 
odd. The magnetic symmetry of the com¬ 
pounds studied is in fact orthorhombic. 


however, the unit cell being the same size as 
the crystallographic cell with reflections 
allowed if (h + k) and / are both odd. For 
pseudocubic symmetry where the orthorhom¬ 
bic cell parameters are related by c — 2a = 2b 
these two descriptions are equivalent, but 
when the degeneracy is removed, splitting of 
the magnetic peaks occurs, the cubic (111) for 
example, becoming the orthorhombic (011) 
and (lOI). Such splitting was not observed for 
LaFeOj, LaCrOj and CaMnOj where the 
distortions are very small, but could be seen 
for the more distorted YFeO-i with the (011) 
peak about three times the intensity of the 
(101). This indicated the antiferromagnetic 
spin axis to be along the |I00J direction, 
agreeing with single crystal magnetisation 
datafl7, 18]. This spin direction was assumed 
in calculation of the magnetic structure factors 
not only for YFcO;, but also for the other 
three compounds. The shape of the un¬ 
resolved peaks in the latter oxides gave some 
indication that the (01 I) peak was larger than 
the (101) but III any case the sum of structure 


i'... .i. 

certainties in the atomic position.il para¬ 
meters. I he (1)1) reflection of powdered 
germanium (supplied as ‘.Specpure’ clement 
by Johnson Matthey Ltd.) mixed with the 
oxide was used therefore as an external 
calibrant. 

The major error in determining the intensity 
of the Bragg peaks arises not from statistical 
counting errors but from imperfect sample 
alignment. Several runs with the sample at 
different orientations to the neutron beam 
were carried out on each compound. All 
intensity measurements used to determine 
covalency parameters were made at 4-2“K. 
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Peak intensities, which varied between 
20,000 and 50,000 counts, were obtained by 
summing the total counts across the peak 
(taken at 004° or 006° intervals) after subtrac¬ 
tion of the flat background. The latter was 
obtained by averaging the counts over 1° on 
each side of the peak. The peaks investigated 
were well resolved except for slight overlap 
of the small YFeO, (111) nuclear peak with 
the germanium (111) reflection. The former 
peak was however accurately estimated by 
comparison with other YFeO;, nuclear peaks 
and the ratios previously determined from 
neutron diffraction patterns for pure YFeO^. 
CaMnO., sometimes showed two small 
additional peaks (below 20^25°) at 4-2°K, 
presumably arising from a new low tempera¬ 
ture phase. One of these peaks overlapped the 
Cie (111) reflection but the extent of this 
contribution to the (III) peak was readily 
estimated from an intercomparison of nuclear 
peaks on samples with and without the 
presence of germiinium. 

.1. I RKA t MEN I OK RK-Sl t.TS 
I he standard expression for the intensity of 
a Hragg peak (/) from a cylindrical poly¬ 
crystalline sample is 

/„ sin()sin2f) 

wheie /„ is the incident neutron llux. A a 
constant for the apparatus, F is the sample 
volume. 7,is the multiplicity of the reflection, 
/V,. IS the number of unit cells per unit volume, 
/•7 ai is the structure factor, () is the Bragg 
angle, e is the Debye-Waller factor and 
/f (()) is the absorption factor. 

For the ABO., perovskites studied the 
theoretical ratio of (001) f (101) magnetic 
peak intensity to the germanium (III) peak 
(A a-) i s 

Aaiioi _ I ^ IQ ^,2 ^^'aDOj _ 

^ (ft’ ^AnOif^CABOa 


sin 0 sin 20oii 

(?^)lOll/(^) llOl l ^ ^ (^)|01 + QU 

sin fl sin 20,0, Jabo, 

(6) 

where m is the mass of sample taken, g is the 
transition ion g-factor, (S^) the expectation 
value of the transition ion spin, Maboj the 
molecular weight of the perovskite, ^'cabo , 
unit cell volume of the perovskite, (q'‘) the 
orientation factor for a magnetic reflection, 
[19] and f{K) the magnetic form factor. The 
numerical term involves quantities constant 
for all the compounds, and the following 
values were taken: 7 abo., = 4. j\„. = 4, Mr.o = 
72-59. fo„, = 0-84[20j, gABo. = 4. = 8, 

= 5-6576''x 10 cm'’(21J, sin 0 sin 20,= 

0 05132, and (c'^ylmc-y - 0-2906 X 10 
where 0,,* is the scattering length of german¬ 
ium and is the number of formula units per 
unit cell. (57) 's less than the spin quantum 
number S because of the zero-point spin 
deviation of an antiferromagnel [22], The 
values of (Sg) given by Davis[23] were used. 

The observed value of divided by 

the calculated ratio gives the reduction in the 
intensity of the magnetic peaks, and hence in 
the magnetic moment, arising from covalency. 
Before application of equation (6) however a 
number of corrections had to be considered. 
The orthorhombic space group Pbnm allows 
a small nuclear contribution to the (101) 
intensity which must be subtracted from the 
observed (Oil) and (101) combined peak. 
Room temperature diffraction patterns for 
LaCrO,,(Tv = 282°K)[24| and CaMn 03 (Tv = 
I23°K)[16] showed that the nuclear intensity 
is negligible for CaMnO,, and less than 2 per 
cent of the total magnetic intensity in LaCrO,,. 
The (101) nuclear peak intensity of YFeO^ 
(Tv = 640°K)[25] was estimated from the 
atomic positional parameters given by 
Coppens and Eibschutz[26]. For LaFcO,, 
('T.v = 740°K)[25] reasonable agreement was 



COVAl.ENCY PARAMETERS 


2745 


obtained between observed and calculated 
nuclear peak intensity ratios by assuming 
perfect octahedral co-ordination of oxygen 
about the iron atoms and an Fe-O distance of 
2 01 A. The estimated (101)„u<-iear contribu¬ 
tions to the total peak were I percent (YFeOj) 
and 1-5 per cent (LaFeOj) and these correc¬ 
tions were made to the observed intensities. 

The compounds all display parasitic ferro¬ 
magnetism which will reduce the antiferro¬ 
magnetic sublattice magnetisation. The 
published values of the canting angles 
125,27, 28] indicate however that the correc¬ 
tion to the magnetic intensity must be less 
than 0-1 per cent. All peaks were corrected for 
a half wavelength contribution. This was 
generally less than 1 percent. 

In equation (6) the Dcbye-Wallcr term was 
estimated using the zero-point formula 

2IF= (5740//4O) sin-f)/X- (7) 

where X, the neutron wavelength is in angstrom 
units and A is the mean atomic weight. Debye 
temperatures or.562°K1291 for germanium .m'' 
800°K[25| for the perovskites were m 
term affects the magnetic peak ini, 
about 0-2 per cent and the germanli. 
reflection by 0-5 percent. Absorption 
small and essentially independent 
was ignored. 

Free ion form factors were uscd| 0 )| 


form factor for Mn'*'*^ has not been published 
but it was estimated to lie between 0-893 and 
0-905 at the (Oil) and (101) reflection of 
CaMnO;,. This uncertainty has been incorpor¬ 
ated into the final error. 

4. RE.SDLTS AND DISCUSSION 
The results obtained using equations (2) and 
(6) are given in Table 1. 

Uncenainlics in covalency purumeiers 
The principal uncertainties are associated 
with the magnitude of the zero-point spin 
deviation and with the form factor. The 
calculated values of the zero-point spin 
deviation are probably at least as accurate as 
any experimental determinations for the 
reasons discussed by Owen and Taylorfflj. 
'I'he different theoretical values vary slightly 
however and Davis[23] showed that the 
reduction will be considerably decreased if 
there is significant anisotropy. Davis did not 
discuss (he Dzialoshinskii[32] anisotropy 
responsible for the spin canting in the com- 
.■ --M • ' b,- 


Table I. CavalciKyparaint'tci 1 , 



/ lt‘K|lll 1 
' lOl 1 t III] 1 

/(I'alf > 

' IDI11 iui > 

S 




/<■... 

7... 

s„ 


In 

I.al c(),' 
Yl cO,'’ 

CaMnO,' 

0-615 ±0 009 

0 ««2±0 025 
Odd-liOOl? 
'(,4)0-676:*.0-(H)7 
(fi)0-676 1.0 008 

0-79.t 

M72 

0379 

().S49-tO 011'- 
0 945j..00lt 

0-XHI +0IK)6 

0 X68 + 0012 

0 9.16 0 025 

0X69 + 0-032 

10-0 + 0 Yr 

1 1 0 + 1 DC' 

1 <7 J: 0 f)' f 

3 -t 0 


■‘hive dcteriTiiniilions 
"I'Oiir dctei niiralions. 

' Eiroi includes unceilninty in (H)l) nuclear inicnsily 
■' t wo delerminations on sample al and three on sample H- 
''Ei ror includes uneerlainly in form factor. 
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use of the free ion form factor in this com¬ 
pound has been shown to cause a change of 
about -f 0-5 per cent in the covalency para¬ 
meters 13]. The form factors for c/* ions may 
be contracted possibly because of some 4a- 
contribution to the bonding[34]. However, 
the Fe’+ form factor [35] (for Fe-’^ in Fe 304 ) 
after scaling by the covalency parameters 
determined in this work, is close to the free 
ion value at sinS/A~0-l although signifi¬ 
cantly contracted at higher sin Ojk. This 
supports the contention [2] that the use of 
free ion form factors will not introduce a large 
error when peaks at sinfl/X -- 0-1 are being 
measured. 

The maximum uncertainty associated with 
the zero point deviation and the form factor 
is probably of similar magnitude to the experi¬ 
mental errors and should not qualitatively 
affect the conclusions discussed below. 

Comparison with previous results 

I he covalency parameters obtained by 
Nathans et u/.[2], for LaFeO.i and LaCrOj 


(corrected for zero-point spin deviation) and 
those obtained in the present work are given 
in Table 2. 

There are significant differences between 
the two sets of data but we have investigated 
all possible sources of error and consider our 
results reliable. The similarity of the results 
for LaFeO., and YFeOs gives confidence in 
the data for these compounds and the moment 
reduction for LaCrOj is similar to that 
determined for Cr^+ in Cr203[36]. Also 
Bertaut et fl/.[25] have measured the moment 
reduction of several rare earth orthochromites 
and although the quoted figures vary consider¬ 
ably the average reduction is close to our 
value of LaCrO.,. 

Covalency in d-’ ions 

The neutron results together with resonance 
data for Cr’+ and Mn"^ are given in Table 3. 
This comparison suggests initially that 
covalency in fluorides is much larger than 
in oxides contrary to normal expectation and 
the evidence of divalent compounds where the 


Table 2. Comparison with previous results 



('ovaicney 
paraincici s 

Reference |2J 

This work 

1 at cO, 


8 -1% 

100±0-59f 

Yl cO, 

j .' 2j. +y. 

- 

110 +10% 

1 aCrO,, 


.3 7% 

l•6±0■6% 


Table 3. Experimental covalency parameters for and Mn'*’*' 

Ion Technique 

Host 

/, 

M-L dislancc (A) 

(r” Neulions*’ 

l,a( rOj 

1-6 3:0-6% 

- 1-97 A 

H P R." 

KMgF, 

4-9±0J.S% 

1-99 A 

N M.R.‘ 

KjNaCrF, 

4-9 ±0-8% 

1-93 A 

Nculions" 

CaMnO, 

3-3 + 08% 

- 1-87 A 

E P K." 

CSiGcl-, 

9-2% 

1-74 A 


"Present work.. 

'■Ref. [43]. 

'SHULMAN K. G. and KNOX K .Phys. Rev. 4, 603 (1960). 

■'HEl MHOLZ 1... GUZZO A V. and SANDERS R. N , 7. chem. Phys. 35. 
1349(1961). 
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covalency parameters are similar: MnO = 
3-5%[3J, MnFj = 3-3%[37], NiO = 3-8%[3J, 
and KNiF, = 2-5%[38] or 4-3%[39]. The 
likely explanation for this discrepancy is that 
the resonance and neutron techniques measure 
different quantities because of spin polariza¬ 
tion. Exchange interactions can lead to small 
amounts of unpaired spin in e^, and possibly 
4i orbitals which are polarised parallel to the 
existing spin of the lig orbitals of chromium or 
manganese. Correspondingly, spin which is 
polarized in the opposite direction is left on 
the ligand. NMR and EPR studies which 
detect unpaired spin on the liffand thus indi¬ 
cate increased covalence whereas the neutron 
diffraction measurements show less than the 
normal reduction in spin. Spin polarization 
effects have been discussed by Owen and 
Thornley[7] and recently Berger et rt/.[40] 
and Stauss[4l] have invoked spin polarization 
in Cr''^ containing spinels to account for N M R 
hyperfine fields. 

if the net spin per ligand induced by spin 
polarization in the metal and 4.r orbitals is 
denotedby/j the moment reduction mea'r"-.-'' 
by neutrons is 4/^ — 2/,', but the h' 
interaction measures —f'g—fir- To ■ 
in the absence of compaiable oxide . 
have assumed that cova/ency paiamt, 
fluorides and ttxides arc to a first apj 
tion the same. C'alculated values of 
corrected/„ are as given in Table 4 ft is m.. 
that with or without allowance for spin 
polarisation there is a large increase in tt 
bonding in C'aMnO , over LaCrO;,. 

Covulenty parameters Jor Fe*'. Mn*'. Cr' 
f d '' ions) 

The assumption of similar covaleucy para- 

Tahte 4. Spin polarisation: f, and f,,' 
for Cr*’^ and M 


Inn Icorrecled) 7,,' 

Cr'" 2-7 + 0-6 2'2±()-6% 

MiC ,5-3*0-8 is)±(\»o/r 


meters for oxides and fluorides allows 
estimation of individual values of and 
for Fe®^ and (cf. Nathans et a/.[21). An 
average value for EaFeO, and YFeOs was 
taken for the Fe®"^-0®“ covalency to give 
individual parameters as follows; 

/, = 0’5 ± 0-02%./^ = 1 -2 ± 0-2%, 

/, = 0-9±0-2%. 

Fe®+ /, = 0-8±0-2%, A = 5-5±0'7%, 

/,, = 2-l±0-3%. 

These values were derived using /„ —fn = 
0-35% for Mn'"^ in KMnF3[42] and 3-4% for 
Fe®' in KMgF,[43]. Clearly, increasing the 
oxidation state from 2 to 3 favours tr bonding 
with the magnitude of f„ increasing twice as 
rapidly as/„. If parallel increases accompany 
the change from Cr'' to Mn*'' we should 
expect f„ —for Cr"" to be about — 0-2% at a 
Cr' — OIF distance of about 2-4 A. An experi¬ 
mental value of at 2-31 A has been 

reported[431. The estimated value of f„ — 
2-]% in Fc®‘ is quite close iii value to the spin 


If overlap clfeels are neglected and the 
normalisation constants for bonding ;ind 
antibonding orbitals arc assumed to be the 
same then the total electronic charge. C, 
transferred per ligtmd to the central cation via 
d orbitals in an octahedral complex is given 
by|44| 

C=(2-^')(/-,,+/.) + (4-?^')/„ («) 

where n and m are the number of e^ and t^a 
electrons respectively. 

The divalent ions Mn"', Co^' and Ni^* in 
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oxide or fluoride environments show very 
similar charge transfers in line with the 
similar electron affinities. The electron 
affinities of Cr’’'*, Fe'*^ and Ni^* are 3l-4eV, 
30-7 eV and 35-2 eV, respectively [45]. The 
value of C for Ni’^ (Cm’ ) probably lies 
between 0-14 (assuming f„=fn) and 0-15 
(/^ = 2/„)f461 compared with the measured 
value of 010 for Fe"^. If charge transfer 
follows the order of electron affinities then 
also bearing in mind that the apparent CV,,., 
may be reduced by spin polarisation in the 
4.V orbilal(34], should be somewhat 

larger than but smaller than in 

which case +/,(C.'r'’') must be about 3 0 
per cent. The latter quantity cannot, of course, 
be measured either with resonance or neutron 
techniques. 

- Wc wish lo ac'krn)W.lcdgc many 
vahuihlc dis^;iissions with I7i A J .lacohson tind the 
ttilctcsl (if (7i, A Wedgwottd in these experiments 
One of ns IB ('. T ) wishes lo thank the Science Reseaich 
( oiincil (or provision of a studentship during the course 
of this work and wo are gratclul lo the S R.C and lo 
A I R I , Harwell foi llie provision of nciilion facilities 
We .ire indehicd to Mr. D H <’ Il.iiiis and members of 
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A ZEROTH ORDER MIXING TREATMENT OF 
INTERSTITIAL SOLID SOLUTIONS 

KURT ALEX 

Chemisiry DeparHnent. William Marsh Rice University. Houston, f'exiis 77001. U S.A. 

and 

REX B. McLEELAN 

Depariment of Mechanical and Aerospace Engineering and Matciials Science. William Maish Rice 
UnivciMly. Houston, Texas 77(M)1. U.S A 

{RtU'i'irfd 2^'^J^lnu^lry 1970 ) 

Abslrael —A comp.irison yeroth and (list older mixing statistics of inieisiitial solid soluiions is 
presented ( onditions of applicability and limitations of the two models aie disciis>ed in relation to the 
solubility of carbon in austenite andot hydrogen in metals. I he high lemperaluie limit of the first order 
model is noted. 

I. iNTRonucTiON lhis table N„ in the number of interstitial 

Rrcenti.y a first order statistical trcatmcnl soliile atoms. /V,. the number of solvent atoms. 
(F.O.S.) of interstitial solutions has been P the number of interstitial sites per solvent 
applied to both the equilibrium and the kinetic atom. (P^ I for oclahcdral sils's in an fee 
properties of carbon austenitetl. 2| In this lattice, /3 — for octahedral sites in a bee 
short paper a zeroth Older model is considered lattice), and / is the coordination number for 

and compared to the fust order iicaimeni ' ' ...' 

comparison with substitutional solui 
also made. 

2. ZEROTH ORDER CAt.dll.ATK > > 

Consider a lattice gas of intersiiii 
Wc can distinguish the followin- 
iu — e, c’ — u), (u a), (<’ -e), v\l.^.. 

represents an interstitial solute and e rcpie 

sents an empty interstitial site. It is helpful to ii — ii pan I he cneigy /eio is ill,it oi .aoms at 
construct the following table (1 able 1). In rest in a vacuum. In this treatment the p.iirs of 

Table I 

N umber ut F norgy of 

Kind of pair such pans pans I ouil cneigv 

/A f„ /At,, 

i/(.V„-A) t„,. 1/(.V„-Ale,„ 

i/(/V,/l -^„-A) 0 (I 

■Suniming , (^..-A) ] 

overall i^ p.,«J 

pairs 
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n - II 

e — e 
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a given kind do not interact with each other. 
Thus, the constant number of solvent-solvent 
pairs need not be considered in enumerating 
the configuration thermodynamic functions of 
the solution. We can write the configurational 
partition function in the form 


so that we can write, 

M/ = £:+^TIn-p^-ZA€|. (I) 

In terms of the atom fraction C„ of solute 
atoms 


a -1 

r 

The essence of the zeroth order treatment 
l.l| is to consider that the solute atoms are 
randomly distributed on their interstitial sites 
so that the sum over states is replaced by a 
single degenerate state of energy li,. I'hus, 


, -_<^_)J_ 


X exp 


/ 

IkT 




+ 2N„€ 



since [ (/V,./3)'/(/V,./i — A/„)!,V„!1 is the number 
of distinct configurations in the random solu¬ 
tion and K ^ \Nu(N, (i--N is the 
value of A for random mixing. We obtain the 
configurational free energy: 


/■', - -kl In ST 


/A,,*’ = £„ -l-ATIn 


I 


CJ& ZAe C„ 
C.(/8+l) yS 1 - C„ • 


It is interesting to note that the zeroth order 
treatment of a substitutional solution gives the 
result 13]. 

At/= £„' -f AT In C„ f (l-C„)-o>, 

showing a different concentration dependence 
of the partial energy.* 

We can now compare the results for the 
simple zeroth order treatment with those 
obtained from the F.O.S. model. In this model 
the configurational chemical potential is. 


X In 


W-JUi- 



\ oni-4> j' 


■ k i In 


Z 


(/V,/a-/V„) w/ 


. 4- 2 yv € 

/V,y3 


Using .Stirling’s theorem and differentiating 
with respect to N we obtain the configura¬ 
tional chemical potential of the solute 
atoms, 

At/ - A T In - ZAe I + Z€„ 


where d is the atom ratio NiJN,,. C onsidering 
the infinitely dilute solution, wc see that the 
partial energy of a solute atom at infinite 
dilution is. 


where. 


+ CTIn 


0113 

\-oip 


<f> = 


l-{ l-4(l-e^^"''') fl/yS (l-ff/y3)}''- 
2(1 


The partial configurational entropy S'’ and 
energy L„ are: 


k ""\\-OII3j \ 9ip~(l> ) 


e^^"<‘'[9ll3{\-9ll3)Y 

2 at’ 

(y-20113) 

0/y3(l-ff/y3)-«(I-0) 


( 2 ) 




‘Here <o is the inlerchange eneigyl3|. 
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and. 


En-f:, 


ZAef 

2 r"^ 2(^0 

x—LLzilM)._I , 


In the limit where T —♦ it is easy to show that 
equations (2) and (3) become. 


and 



Pin 


= '-ZA6 «//T 


Thus at high tcmpcratuies the F.O.S. model 
approaches the simple zeroth order model. 


(2) The departure from zeroth order (or 
quasi-regular [6]) mixing should be most 
apparent at low temperatures when the TS- 
term in the free energy does not dominate E 
and especially if Ac is large. In the case of 
hydrogen dissolved in many metals [6J, the 
large diffusivity of//-atoms in the metal lattice 
has enabled equilibrium solubilities to be 
determined at low temperatures. In many 
cases, the solubility data are not compatible 
with cither ideal or quasi-regular mixing[6J. 
It is suggested that these solubility data may 
be explained by the F.O..S. model since if the 
dissolved hydrogen atoms are completely 
ionized in solution, we may expect a large 
repulsive interaction between protons in 
nearest neighbor interstitial sites giving rise 
to a large value of Ae. 


3. C'ON( l.tSION.S 

We can enumerate the following points that 
may be pertinent to real intetstibal solid 
solutions, 

(I) Recent data on ctirhon austenite(4.5| 
indicates that is indeed dirccllv 

proportional to 0 as suggested by (he ■ 
zeroth order calculation. Furthermi' 
partial configurational entropy appear 
ideal. At the high temperatures and iv^ 
low concentrations where carbon ausi 
stable (900-l400°(' and (9 = 0—* 007' 
not be possible to distinguish belwee 
F'.O.S. and zeroth order models. 


• Ii knuH li’dfu’DH’iil— I lie .lulhors .ire (;i>'lcl'iil (or the sup- 
poll piovideil by llie Koberl A Wcleh t-oiind.il iT), 


REEERFN('E.S 

I .MtllllAN l< It mil DUNN W W. / /’/in 
/ '■ I ><i 'r ,. I Of,'ll 
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DIRECTIONAL DISPERSION OF EXTRAORDINARY 
OPTICAL PHONONS IN UNIAXIAL CRYSTALS 

D. J. OI.ECHNA 

Xerox Corpouilion, Rochester. N.Y. 1460.3. U .S A 

(W(‘( Cii'C (/24 November in revhej/oriii HJnnnarv 1070 ) 

Abstract-A coupled harmonic osctllulor formatism is used to study direclionul dispersion ofinfia-red 
active phonon frequencies in uniaxial crystals .Stressed is the lelative ease of compulation and the 
illumination of the degree of mode coupling. I he following materials arc studied. o-Ouailz. CaMoO,. 
CjWO^, AljOj, MgFj, ZnF.^, trijjona! Sc. anti tn^ttnal I c 


I. INTROnUCTION 

The primary purpose of this paper is to 
show the ease with which a coupled harmonic 
oscillator method may be used to study 
directional dispersion of infra-red active 
phonon frequencies in uniaxial crystals|l|. 
Previous calculations by Merten[2, .t| ;ind 
London[4] have used a dielectric consttint 
formalism for related studies. I hey calcuhttcd 
phonon frequencies in the extra-ordinary ray 
geometry as a function of the angle between 
the optic axis and the direction of ri 
propagation. The interpolation schen 
here is based on a phenomcnologic.'' 
ment[I,51 which makes use of the !:■ 
phonons, in the absence of anhariTuimi, 
are independent of each other and h.i 
properties of harmonic oscilla^ol^. 
advantages include; providing a simple pio 
cedure for obtaining the matrix from which 
eigenvalues and eigenvectors of the normal 
modes are obtained, focusing clearly on the 
coupling mechanism that generates the new 
normal modes, and being sufficiently general 
so that it is easily extended to treat the 
directional dispersion of other elementary 
excitations in anisotropic media. 

In Section 2 the phenomenological model is 
developed and the numerical procedure 
described. The results of the calculations on 
several representative materials are presented 
in Section .f along with the input parameters 
used to compute them. The reader who is 


interested in greater detail on any specific 
material may readily reproduce the results. 

2. PHKNDMKNOEOGirAI, MODEL 
I he derivation of this technique starts, as it 
does in the dielectric constant formalism 
I2-4|. with the cqtiiiiions ot motion Per- 
pendiculai lo ihe i-axis, the eijtiation of 
motion for the /th mode is 

'iiii • ' ni,.i ' 1 1 III 1 1) I-' 11) f'!' . (I) 


ai c I del I CO lo .IS/I I (/) .1111,1 ^ 

Let I) be the angle between c-axis ,ind ihc 
incident /;' field. The macroscopic polai i/alion 
in Z direction couples the oithogonal modes 
fortr < a < Poland is given by 

Pz" = sin ft-//f (i)e^ (i) cos H. (2) 

In the E and A directions 

P— — Ecos d and sin d. (.1) 

.Since E^.„ = —AirP. substituting eqiiiitions (.f) 
into equations (I) and the equivalent for the 
parallel direction yields 
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F ig. I C icomelrn;;il configiiralion used ihroughoiil this 
paper. 

(+47r(('^ (/))“ lmr]ll^:(i) 

I 47r<’*(/) 2 f'**./) cos-«ro,0') 

I ‘ / 

- - A-rri’t (/ ) 2 " I (/ >''! O' t ''in cos (I 0 (4) 

1 

and 

I nuofHi) I- 477(('f (/)) - sin- fF — ,((■) 

I 4n-('l‘(/) 2 O') <in'^ <fi< tU) 

I \ I 

4n('\{i) 2 (/)<V;(') ^in F)cos fF - 0. (5) 

I 

The desired mode frequencies are then 
ileiermineel from llie secular equation, (see 
paye 2757) where ilfii) and 11,(/) are the mode 
plasma frequencies, and fo,.'(/) and (i>i'(/) are 
the longitudinal phonon frequencies in the 
absence of coupling. These are related by 

n,;(/) - ((cu,/(/))--p;/(/)]'^='. (7) 

I I 1 

The experimental /,0 and 70 phonon fre¬ 
quencies determine the input parameters. The 
and Wi(/) values are TO frequencies as 


measured at & = 90° and 0°, respectively. The 
We'd) and ai. 4 '(i) are not the measured LO 
phonon frequencies, due to the coupling of the 
7.0 modes by the macroscopic field at both 0 
and 90°. The values of «>£■'(/) and are 

obtained, via an iterative process, by matching 
the eigenvalues of the reduced secular equa¬ 
tion with the experimental results ate = Oand 
90°. The iteration process involves taking the 
previous guess at ojk'C/) or to,,'(/) adding to it 
the experimentally determined to and sub¬ 
tracting the previously obtained eigen- 
frequency. 

Experimental longitudinal frequencies arc 
usually good choices for initial guesses. It 
should be noted that to/(() or to^'(/) must be 
greater than or equal to the corresponding 
tOfc(/) or tO|(0- Convergence is usually very 
rapid. In fact, the entire directional dispersion 
results for «-quarlz (including iteration to 
obtain uncoupled values of the 7.0 phonon 
frequencies, eigenvalues and vectors for the 
12 modes with 6 varying from 0 to 90° in steps 
of 15°) were obtained in less than 8 sec on the 
Univac 1 108 computer. 

In the trivial case of two coupled harmonic 
oscillators this formalism is identical to the 
dielectric constant approach of Merten (2J and 
the measured LO phonon frequencies are 
identical to o)'i,(i} and co'it/). Due to the 
iterative step required m the oscillator formal¬ 
ism, an analytical comparison for systems 
requiring more than two oscillators is impos¬ 
sible. However all of the eigenvalues resulting 
from our calculation for o-quartz agreed with 
those of Merten [21 to within 1 or 2 digits in 
the fourth significant figure. 

3. NUMKRICAI. CALCIII-ATIONS 

It is now a simple matter to determine the 
eigenvalues and vectors for a number of 
representative uniaxial crystals. The degree 
to which one mode couples with another is in¬ 
dicated by the square of the components of 
the mode eigenvectors. The essential input 
frequencies that were used in the final com- 
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puter program are presented in Table I. The 
references for the experimental LO and TO 
frequencies from which the calculations 
initiated are as follows; a-quartz[2,3], 
CaMo 04 and CaWO^Ih], AlaOal?], MgFjand 
ZnFalS], trigonal Se and Te[9, 10]. For each 
material we have plotted frequencies as a 
function of the angle between the c-axis and 
the crystal surface. For identification the 
modes are numbered in order of increasing 
frequency. The character of each mode is 
designated by the letters I and /, standing for 
longitudinal and transverse, respectively. 

The simplest uniaxial crystals studied were 
trigonal Se and Te (sec Fig. 2). These were 
the only cases where the iteration step was 
not necessary. Each of these crystals has three 
infra-red active modes, two H modes where 
the mode vibrations are perpendicular to the 
( -axis and one A , mode where the vibrations 
are parallel to the c-axis. In each case one of 
the I: modes is weak (small U)-l 0 phonon 
frequency splitting) and occurs at frequencies 


well removed from the other modes. Hence, 
this mode does not strongly influence the 
coupling between the other two modes. For 
Se, the directional dispersion in the two low 
frequency modes is an illustration of large 
anisotropic splitting. The corresponding 
modes in Te illustrate conversely the c£ise of 
small anisotropic splitting[1]. The strongest 
coupling between the modes, labeled 1 and 2, 
occured in Te at 0 = 60° (this coupling was 
42 per cent). For Se this coupling did not 
exceed 0-3 per cent at any angle. 

Alpha-quartz has been extensively studied 
in the literature[2, 3, .S, 11, 12] and is also 
included in this report. The calculated 
directional dispersion results for extra¬ 
ordinary phonons are shown in Fig. 3. Note 
that our angle convention differs by (9()°-fl°) 
from that used by Merten [2, 3]. Alpha-quart/, 
has eight E modes and four A^ modes (eight of 
the branches have either I -* t or t -* I 
character, two have / —»/ character, and two 
I —»/ character). To illustrate mode coupling 
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Fig. 2. Oireciional dispersion curves for trigonal Se and 
Te. 
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in this more complicated system, selected 
eigenvectors for a-quartz at 0 = 75° are pre¬ 
sented in Table 2. Note that proximity of the 
levels is not the sole determining factor in the 
extent to which the modes couple. 

Several other materials were studied by 
this procedure. Directional dispersion results 


for C 

^aMo 04 and 

CaW04 

are presented in 
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l iK 3. Direction dispersion curves for quart/. 

Fig. 4 and those for MgF .2 and ZnF.^ in Fig. 5. 
In the former cases there exists two II 
modes, two / —> i modes, two / I modes and 
two t I modes. In the latter cases each have 
one mode of / -^ / character, one of / —>■ / 
character, and two modes of / —> / character. 
Despite the proximity of many of the modes to 
one another no difficulty arose in obtaining 
solutions in any of these cases. It was only 
for corundum (o-AlaO.i) that a minor problem 
occured. This came about because very strong 
coupling exists in o-Al.^O;, at ft = 0° between 
three modes, those labeled (3), (5) and (6) in 


Table 2. Selected eigenvectors for a-quartz 
at e = 75° 


Frequency 

(cm') 

384-4 

3%-3 

788-0 

798-9 

Mode 

no. 

3 

4 

8 

9 

1 

-0-003 

0-002 

-0-001 

0-000 

2 

-0 019 

0-010 

-0-004 

0-002 

3 

0-903 

-0-345 

0-034 

-0-023 

4 

0-371 

0-927 

-0-008 

0-005 

5 

0 092 

-0-069 

-0 016 

0 010 

6 

-0-189 

0-130 

0-065 

-0-040 

7 

0-004 

-0-002 

0-012 

0-007 

8 

-0-024 

0 015 

0-944 

-0-294 

9 

0-007 

-0-004 

0-303 

0-952 

to 

0-011 

0-007 

0-028 

-0-019 

II 

0-000 

0-000 

0-000 

0-000 

12 

-0-040 

0-025 

'-0098 

0-066 


Fig. 6. The strong coupling between three 
modes means that the LO frequencies are not 
good starting guesses for input as uncoupled 
/,0 phonon frequencies. In this case the 
approach to a solution in the iterative step 



Fig. 4. Dircclion dispersion curves for ('aMo 04 and 
CaWO,. 
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a(DEGREES) a(DEGREES) 

Fig. 5 Oirectionul dispersion curves for MgF 2 »nd ZnFj. 



15 30 45 60 75 90 

9 (DEGREES) 

Fig. 6. Directiunul dispersion curves for a-AljO:,. 


which determines the LO phonon frequencies 
is highly non-linear. Hence several trial values 
for them had to be tested in order to find one 
set of frequencies that was close enough to 
actuality to permit convergence. The extent 
of the mode coupling for a-AI^O^ is shown in 
Table 3 where the eigenvectors are presented 
for I) — 0,45 and 90°. 

The coupled harmonic oscillator formalism, 
while not formally as elegant as the dielectric 
constant approach used by Merten [2, 3J and 
London [4], provides a simple and efficient 
method for calculating the directional disper¬ 
sion and determining the degree of mode 
coupling. While we have only considered 
uniaxial crystals in this study, extension of the 
method to biaxial crystals may be readily 
accomplished for propagation directions lying 
in planes determined by the principle crystal 
axes. 

Ackn<>nledf;emi-nt — The author is indebted to fi. 
Fucovsicy. who suggested this problem, for many 
simulating discussions. 
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PERTURBATION OF FUNDAMENTAL BAND EDGE 
ABSORPTION OF NaClO., CRYSTALS AT HIGH 
TEMPERATURES 


S. B. S. SASTRY, R. B. TRIPATHI and C', RAMASASTRY 

Solid State Physics 1 ahoratory. Physics Department. 1 ndian Insiitiiic of 1 echnolopy. 

Madras 36, India 

iKecfivfd W neiemher 1969) 

Abstract —The fundamental absorption band edge ol Na( lO, ciystal showed a shift towaids longer 
wavelengths with increase in temperature. 1 here is also evidence of formation of a new band at tem¬ 
perature higher than about I20'’C. The shift is nearly line.ir up to about 12()'C', but it is much l.irger 
than the linear rate as the melting point ( - 250“Oisappioachcd. I he csccss ahsoiption is assumed to 
be due to the thermally produced lattice disoider and analysis yielded I -41) ± 0 05 e V for the energy of 
foimation of the defect The anomalous thermal expansion ot the crystal leported by earlier woikers 
at temperatures above 120°C could also be analysed in a similar manner and the activation energy of 
T45±0 05cV so obtained is in rca.sonabic agreement with that obtained from optical .ibsorpiioii 
studies. I he additional absorption may he attiibiited to the perturbation ol the fundameiilal absoip- 
tion band due to defects formed at higher tempcratuics. 


1. INTROOUCnON 

It is known that ionic crystals like alkali 
halides and silver halides absorb strongly in 
the ultraviolct[l-3]. It is referred to ;is ilu 
fundamental absorption of the cryst, ’ 
generally assumed to be due to the ti 
the electron of the anion to a ncig' 
cation. However, attempts to calcr 
energy of the transition on this model 
entirely successful. The long wavelcii 
of this strong absorption has been of co.. 
able interest as regards shape, fine sirueltiic. 
etfect of crystal imperfections and its depend- 
ance on temperature. Point defects like impur¬ 
ity atoms, vacancies and interstitials should 
perturb these transitions. The <i;, (i and y(4. 5| 
bands in alkali halides with colour centres 
are ascribed to such transitions occuring near 
point defects. In a similar way thermally pro¬ 
duced point defects also should perturb the 
edge. The exciton absorption is also revealed 
in the long wavelength tail of the fundamental 
absorption especially in spectra taken under 
high resolution at low temperatures[6, 7[. 

In our efforts to produce and explain Colour 
Centres in sodium chlorate crystal[8] a band 


similar to ihe /j-band in alkali hai.Jes was ob¬ 
served around nni (.‘i'44cV) in the long 
wavelength edge of Ihe fundiimenial hand I his 

' f L Is V , > lAf I < > 3 1 IT/ ? 


2. KXrKRIMKM VL 

I hin clear crystals of about I 0 .5 ,■ t) l),5 
cm' were used for absorplion measurements. 
A speci.il mount housed the crystal with heat¬ 
ing coils on cither side. A thermocouple fixed 
very near the crystal in the mount measured 
the temperatures. The supply to the heating 
coils was from a constant voltage source and 
about I .“i min was allowed for the crystal to 
attain constant temperature for each change of 
the heater current. The temperature is con¬ 
stant to within ± 2° during each mcasuioment. 
Absorption measurements were made on a 
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Zeiss PMQ II spectrophotometer. The special 
mount was held in a separate stand between 
the exit slit of the monochromator and the 
detector assembly. In all subsequent measure¬ 
ments the position of the crystal was not dis¬ 
turbed in any way and the light intensity trans¬ 
mitted by the crystal at each wavelength was 
measured at different temperatures for the 
same setting of the slit width and the gain of 
the measuring unit. Agreement between the 
readings taken at any particular temperature 
during raising and lowering of temperature 
within 0-01 on the optical density scale amply 
confirmed that the hydrogen lamp and the 
measuring unit of the spectrophotometer 
were sufficiently stable and that the crystal 
does not have any appreciable thermal hyster- 
isis. Data at photon energies higher than about 
5-7 eV are not fully reliable because of stray 
light problem of the spectrophotometer in the 
extreme ultraviolet and the relative insensi¬ 
tivity of the instillment at the higher optial 
densities. It must be mentioned that all the 
changes produced in the spectra on hetiiingthe 
crystal are completely reversible. 

i. RESl'I-TS AND DISCUSSION 

I'he absorption spectra of a thin (()-45 mm) 
crystal of Sodium Chlorate at different tem¬ 
peratures are shown in big. I. They represent 
the long wavelength edge of the so called 
fundamental absorption of the crystal, the 
absoiption maximum lying at energies higher 
than 6eV(8|. fhe strong fundamental absorp¬ 
tion of KCIO.i crystals also lies in this region 
but slightly shifted to higher energies [9|. 

The effect of increase in temperature of the 
crystal results in the shifting of the long wave¬ 
length edge to longer wavelengths. At each 
photon energy the absorption constant of the 
crystal inci eases with temperature and the 
photon energy corresponding to any particular 
absorption constant shifts to smaller energies. 
Following Dash and Newman[10] these may 
be referred to as vertical and hori^ontal shifts. 
Further at higher temperatures, the absorp¬ 
tion curves show a hump which becomes more 


prominent as the melting point of the crystal 
(= 250°C) is approached. 

An earlier study [11] has shown that the 
shape of the absorption curves obey the Ur¬ 
bach relation [ 12] 

K = (1) 

where K is the absorption constant at energy 
hv, and K„ and hv^ are the maximum absorp¬ 
tion constant and the energy at which this 
occurs respectively. B is a constant, T is the 
temperature in absolute scale and k is the 
Boltzman constant. The fit was reasonably 
good up to absorption constant of 100 cm ‘ 
but the departures from this rule are partic¬ 
ularly prominent in the higher temperature 
curves. This led us to examine if a new band is 
developing at these high temperatures. 

The shift of the photon energy for each 
absorption constant is shown in Fig. 2 (con¬ 
tinuous lines). It is linear up to about 120°C, 
but at higher temperatures there are promin- 
ant deviations from linearity. This is taken to 
be an indication of the presence of additional 
absorption at these temperatures. If one fol¬ 
lows the method of Dash and Newman[10] 
and tries to coincide the curves by suitable 
combination of horizontal and vertical shifts 
it IS again found that the superposition of the 
curves is possible only for temperatures below 
IZOX'. There are large departures at high 
temperatures, which of course is to be expec¬ 
ted because of the differences in the shapes of 
the curves for the higher and lower tempera¬ 
tures. 

It may be noted that Dash and Newman[IOJ 
could successfully superpose the absorption 
curves of silicon and germanium taken at 77 
and 300°K which are far lower than the melt¬ 
ing points of these crystals. It is however very 
interesting that such a superposition is at all 
possible for the ionic crystals NaCIO^. The 
reason for this is at present not known except 
that in the case of silicon or germanium the 
long wavelength shift was attributed to a de¬ 
crease of band gap and the vertical shift to 



ABSORPTION COEFFICIENT 
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altered phonon interaction. II the same ex¬ 
planation is to be used here also, one has to 
possibly invoke, the idea that the ionic crys¬ 
tals could be looked upon as large Ixind gap 
semiconductors. It is however diflicult at this 
stage to attiibute unequivocally the observed 
horizontal shift (shift to long wavelengths) to a 
decrease in the band gap of NaCK), crystal. 

Quite empirically, it is possible to extrapol¬ 
ate the linear parts of Fig. 2 (dashed lines) and 


predict the absorption curve at any higher 
temperature. This would correspond to the 
case of regular shift to long wavelengths provi¬ 
ded there is no new absorption band. The 
curves so predicted are shown by dashed lines 
in Fig. I for temperatures 140, I.S2, 181,200 
and 2.^8''C (curves 5'-9'). The experimentally 
observed absorption in excess of these predic¬ 
ted curves is shown in the same figure (curves 
/I, B, C, D and E). It represents a new band 
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increasing in intensity with temperature. The 
number of absorption centres responsible for 
this band is computed at each temperature 
using the Smakula-Dexter formula [ I .^] 

n/=0-87xCxA:x tf'x 10” (2) 

where n is the number of centres,/is the oscil¬ 
lator strength, is a factor dependant on re¬ 
fractive index fi and is given by /Lt/(/Lt--t-2)- 
K is the absorption constant at the peak of the 
band in cm”' and W is the width of the band at 
half maximum in electron volts. In this calcula¬ 
tion the half width chosen for the band is twice 
the difference between the peak position and 
the energy at which the absorption falls to 
0-5 of the peak height on the long wavelength 
side of the band. For reasons already men¬ 
tioned the short wavelength side of the band is 
not fully reliable. A value of 1-9 was used for 
the oscillator strength/, which is the estimated 
value for the o-band (perturbation due to a 
vacancy) in alkali halides by Dexter[l41. 1 he 
value used for estimating C in the fotmula 
(2) is 1-51 and its variation with tempeiatuie. 
though very small is taken into accouiv. I' 
concentrations obtained are 2-7 . 5-7, F’ 
and 40 X IO'Vcc at temperatures 140. I 
200 and 238°C respectively. A similai > 
tion using the simpler formula for nf\ I ^ 

nf= M31 X ACX IFX 10''^ 

with the same notation as in equation (2), ex¬ 
cepting that W is to be substituted in wave- 
numbers, also gave for ii, values of the same 
order namely 3-4, 7-2, 2T6, 34-5 and ,‘i0'4 x 
lO'-’/cc respectively for the temperatures 
mentioned above. These concentrations when 
plotted against inverse of temperaUire 7 ‘ on 
a semi log paper (inset. Fig, I) gave a straight 
line representing an activation energy of 1-40 
±0-05eV. 

As the new band is making its appearance 
only at high temperatures it is reasonable to 
assume that it is a consequence of thermal 
disorder in the crystal. Preliminary measure¬ 


ments on electrical conductivity of the crystal 
in this laboratory showed that the intrinsic 
region of electrical conduction is above 120°C 
for this crystal and the energy for defect for¬ 
mation is about l-8eV. Hence it may be 
reasonable to associate the increased optical 
absorption at elevated temperatures with 
thermal defects. 

This interpretation can be supported from 
another angle. The thermal expansion data of 
NaCIO.i crystals obtained by Sharma[l6] by 
an accurate interferometric method showed an 
anomalous behaviour at higher temperatures. 
The data of Sharma is shown in Fig. 3 which 
displays a considerable departure from linear 
rate for temperature above 120°C. According 
to I.idiard[l7| such an anomalous expansion 
is expecleci for it>nic crystals in the intrinsic 
range of temperatures. The idea has been well 
utilised by Merriam el u/.[18] in the case of 
NaCI and by Nicklow and Young[19] in the 
case of silver halides to ciilculale the energies 
of formal ion of defects, which arc in i easonable 
iigicemeni with those obtained by other 
methods I'he presence of defects produce a 


Ao = 


1 (AAjO _ At: 

I cir ~2kT-' 


so that 


7'-(A«) = A' c 


|4) 


The experimental values of o are taken from 
the Fig. (3) and 7'-(Aa) vs. 7'”' plot on a semi¬ 
log paper (Fig. 4) has given a straight line the 
slope of which corresponds to an activation 
energy of I -45 iO-OS eV. This is m rc.ison.ible 
agreement with the value (I 4()±() 9.3 eV) 
obtained from an analysis of ihe lernpeiature 
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dependance of optical absorption presented in 
the earlier part of this paper. 

We are thus led to attribute both the ano¬ 
malous thermal expansion and the excess 
optical absorption of NaClO;, crystals to 
thermally produced defects. Whether these 
defects are of the Frenkel type or the Schottky 
type is yet to be decided. The new band re¬ 
presenting the excess optical absorption may 
be thought of as a perturbation of the long 
wavelength edge of the fundamental ab.sorp- 
tion by the thermal defects. 
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CONDUCTION A DEUX BANDES ET EFFET DE 
PERIODS DANS LES ALLIAGES A BASE DE NICKEL 

ET DE COBALT 

J. DURAM) el F. CADTIKR 

Hguipc dc Rcchciches sur la SlrucUire hleclronigue des Solidcs. Associcl* an C NRS n" 100. 

Insiiiul de Physique. 3. rue dc I’Linivcrsite, 67 Slr.isboing, hranee 

(Rci fiveii 7 (h tftht'r 1969) 

Resume—Des nicsiires dc icsisuvite elceoiguc a 4‘'K. 77 ei 297''K stii dcs alliages dilues de niekel 
avee Ics deUKteme el iroisieme scncs dc Uansition et sur dcs alUagcs diUics dc cobalt avee Ics elements 
des irois senes dc transiiion ont permis dc montici rcxisicnec iKin.s ccs alliayes d'elals lies viitucis. 
Tcxisiencc d’un effet de pci lode ei la validiic d un niodclc de condticiuui a deux handes 

Fn analysani les deviations a la loi de Mallhicsscn cn roneium de l.i conccnliation en impiirelcs, 
on a pii separer les coninbutions dcs handes v | el s j a la icsistivilc fX)ui le nickel. Ic coball el les 
elemenis de transition dans le nickel cl Ic coball l>e plus, on a mis cn evidence rcxisiencc d'un lermc 
dc nuMange dc spin qui, au moms pom les alliagcs dc nickel a 77''K. csi du nicme oidic de giandeur 
gue les icsistiviies associces a thagiic bandc dc la maiiiec 

L'ne telle separation csi indispensable pour lairc appaiaitre sans ambiguitc les clats lies viitucis el 
poui rendie maniVcsic i’efVct dc periode donl on propose unc cvplicalion gu.dii.iiivc. 

Abstract - I Iccincal lesisiivities of dihilc alloys o\ nickel with 4«/ and tiansuion elements and of 
cobalt vMlh other tr.insilion metals have been measured al 4. 77 and 297 k 1 he resiilis puint out thi. 
existence oi' viitual bound slates m some ol these alloys, the existence ot' a penod etlecl rind the 
validity ol tvso bands conduction model 

By analy/Jiig the impuiiiy coiKcnOaiion dependence ol ilic deviaiums lu^m Maiihiesscn's lulc. 
the lesisiivilies in hoih s f and ' i bands have b•'■''•* d i.n etd'ili ind Iim ihe iiansiii(»n 

elemenis in nickel and coKiIl 'I bis siudv ' 
least in the nickel alloys at 77'’'K, ol (If 
A qualitative cxplanatmn tbi the pen*' • 

INTRODUCTION 

Dans une note anlerieuicl 1], non 
montre que les mesurcs de icsistisii 
elle sur les alliages NiKh, NiRu, Nil' 

Nike s'accordenl avee les mesureN d'aimani,- 

lion, de dilVraclion dc neutrons cl dc KMN ment dc spin dues aiix impinclcs .u m. 
pour attester la presence d'un etal lie virluci phonrrns; les handes s el v i ont des 
au niveau de Fermi. Cel elat esl exirail dc conduciibiliies diirerentes pui.que les handes 
la bande pleine du nickel, selon ic schema {ir — j . i ) auxquclles cllcs sonl couplccs 
propose par Friedcll2], pour une diircrcncc ne sonl pas identiques. 

de charge |Z| plus taible que dans Ic cas dcs I a validiic de ce modcle a ete demontrcc 
alliages de nickel avee la premiere scric dc sans amhiguite par les etudes recentes sur Ics 
transiiion. alliages a base de mctaiix de transition ferro- 

Nous presentons ici les resultats de mesurcs magnetiqiies. (’ampbell cl al., Farrell et 
dc rcsistivite electrique a 4,77 et 297°K sur les Circig. Schwerer el al. out mis en evidence de 
alliages dc nickel avee les dcuxienic ct fortes deviations a la loi de .Matihiessen dans 
troisieme series de transition et sur Ics allitiges les alliages a base de nickel ct de fer entre 
de cobalt avee les elements des trois series de 4-40°K[4J. Ccs deviations peuvent ctre 
metaux de transitirtn. altribuees a une conduction a deux bandcs 
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pourvu que ces bandes soient couplees entre 
dies par des transitions avec renversement 
de spin. Le terme de melange de spin p f A 
ainsi introduit correspond a des transitions 
dues aux interactions electron-electron[5] et 
electron-magnon[6]; il varie, dans le cas du 
nickel, proportionnellement a et est du 
meme ordre que les resist!vites associees a 
chaque bande .v,^ (cr = f i ). D'autre part, la 
validite du modele a deux bandes a ete clairc- 
ment mise en evidence en utilisant le fait que 
les resistivites residuelles d’alliages ternaires 
a base de nickel ne sont pas proportionnelles 
a chacune des concentrations en impuretes[7]; 
ceci est mis a profit pour determiner les 
resistivites residuelles associees a chaque 
bande .v„ pour chaque impurete /. Les resultats 
que I on obtient pour p|’^ par cette methode 
sont en accord avec les resultats que Ton 
deduit des eludes sur les alliagcs binaires 
entre 4-40°K. 

Nous nous proposons ici de determiner les 
resistivites associees a chaque bande pour 
le nickel, le cobalt et les impuretes de transi¬ 
tion dissoutes dans le nickel et le cobalt. Nous 
utiliserons une methode basce sur la variation 
des ecarts a la loi dc Matthiessen en fonction 
dc la concentration. Cette methode, voluble a 
tome leniperoture, permet de mettre en 
evidence tin terme de melange de spin, Hn 
separant les contributions de chaque bande 
a la resislivite, nous pouvons montrer sans 
equivoque rexislence d'elats lies virlucis 
■s t </1 ct I’cxistencc d'urt effet dc pcriodc. 

Apres avoir presente nos resultats experi- 
mentaux (Section I), nous les discutons de 
fagon qualitative (.Section 2). Puis nous 
exposons le modele de conduction a deux 
bandes dans les alliagcs a base de metaux 
ferromagnetiques (Section 3), modele que 
nous avons utilise pour separer les contribu¬ 
tions de chaque bande dans les alliagcs a base 
de nickel et de cobalt a 77 ct a 297°K (Section 

4) . Enfin, apres avoir examine la coherence et 
la precision de la methode employee (Section 

5) , nous proposons une interpretation des 
ditTerents resultats obtenus (ordre de grandeur 


des resistivites, effet de periode ...) (Section 

6). 

(1) Resultats experimentaux 

Les alliagcs ont ete prepares par fusion 
directe dans un four a induction sous atmo¬ 
sphere d’argon purifie. Nous avons utilise du 
nickel et du cobalt Koch-Light titres a 99,998 
pour cent. La purete des elements dissous est 
en general superieure a 99,9 pour cent. Nous 
avons fabrique des echantillons cylindriques 
d’un diametre de 1,5 inm environ, et d’une 
longueur allant de 5 a 8 cm. 

Tons les echantillons ont ete recuits 
pendant 40 hr a lOOO^C sous vide de 10 mm 
dc mercure. Par refroidissement lent apres 
recuit, les echantillons a base de cobalt ont 
ete obtenus dans la phase hexagonale Iti 
I’exception des CoHf et des CoZr qui cristal- 
lisent en phase cubique). 

l,es concentrations nominales en impuretes 
sont testees par les mesures de resistivite a 
4°K; la depcndancc en concentration est 
lineairc pour des concentrations allant 
Jusqu’a 5 pour cent d'impurete pour la 
plupart des alliagcs de nickel el pour des 
concentrations cn impuretes inferieures a 
2 oil 3 pour cent pour la plupart des alliagcs 
de cobalt (le cas des alliagcs contenant du 
zirconium on de I'hafniiim etant mis a part, 
en raison de la ties faible solubilite de ces 
elements dans le nickel et le cobalt |26J). 

Les mesures ont ete faites en courant continu 
suivant une methode potentiometrique 
classiqiie. Compte-tenu des soudures, de 
I’imprecision sur les concentrations cn 
impuretes et de I’ignorancc ou Ton est du 
traitement thermique ideal pour chaque type 
d’alliagc, les resultats a 4°K sont donnes avec 
une precision de .‘i a 6 pour cent. Ces resultats 
obtenus a 4°K sont representes sur les Figs. 

I et 2 et sont discutes qualitativemcnt dans le 
paragraphe suivant (Section 2). 

(2) Discussion des resultats de resistivite 
residuelle 

Nous examinons d’abord le cas des atliages 
de nickel, puis celui des alliages de cobalt. 
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I ig I. RcsisiivilC's icMducllcs dos iiiipurcics do liansilion 
dans Ic luckel I es vi^k■^lr^ ptnir la premiere sene dc 
transition T, soni empnmtces a ('henl8|. les valciirs pour 
les NiV. NiNh. Nila soul eclies donnees pai Aiajs 
(7 ( 1)11 19| Roiir le ds'lail des lesiillals espeiimentaiix des 
aulies alliages it 4". IT el 297'’K aux diveises eoneen- 
iraiions enidisk's, voir Ret 110|. 


avant de disciiter les resultats de fagon 
generale en lonetion de la iheorie des etats 
lies virluels. 

(a) AlliufiCA u base de niikel. Les mesurcs 
de resistivite residiielle[8] sur les alliages de 
nickel avec les elements de la premiere serie 
montrent qiie la resistivite est maximale pour 
I'alliage NiCr. Les mesures que nous avons 
faites sur les alliages de nickel avec les 
elements des seconde ct troisiemc series de 
transition montrent que; 

(i) Un fort accroissement de resistivite 
lesiduelle est observe pour des valeurs de |Z| 
plus petites (|Z| =2 pour les impuretes de la 
deuxieme serie, |Z| — I pour la troisieme 
serie); 

(It) La resistivite residuelle ne depend plus 
que de |Z| pour |Z| suffisamment grand (|Z| = 
5|91 et |Z| = 6); I'effet de periode disparait. 

(b) Allidfies ci hiise de cohtdt, Les mesures 
que nous presentons ne niontient p.is de 
maximum pour les elements de l,i premiere 
serie; la resistivite croil rcgulicremcnt avec 
|Z| I’oiir de peiiies vtileiirs de |Z|, les 



IZI 

hig. 2. Resistiviles residuelle^ ties impuretes tie transition 
dans le cobalt. I cs icsultals detailles pour les dilfeientcs 
concentrations en impuretes et aux Irtiis temperatures 
ctudices sont donnes dans la Rcf.[101. 


12]; lorsqiie Ic potenltel pcitiiibaicui du a 
I'lmpurete est siitlisamment repiil.sif, un et;it 
he (/1 est exirait de la hande pleine dii metal 
ferromagnetiqiie fort (nickel r)U cobalt). Let 
eial entre en resonance a\ec les etats ,v ]■ 
pour former un etat lie vii tuel; celui-ci modifie 
considcrablement les pioprietes de I'alliage 
lorsqu’il sc situe au voisinage du niveau de 
Fermi. On observe alors; 

(lii) IJne decroissance de I’aimantalion 
moyenne fiic) avec la concentration d'im- 
puretes: 


d/x 

d7 


= - (Z + p)fJLn 
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(pl2 = nombre d’etats d \ inoccupes); 

(ii) Lorsque I’etat lie traverse le niveau de 
Fermi, un maximum de densite d’etats: 

(iii) Un maximum de la resistivite residuelle 
p (.? f ) de la bande "f; en effet, celle-ci. etanl 
due aux transitions s-d induites par I’impurete, 
est proportionnelle a la densite d’etats au 
niveau de Fermi sur le site de I’impurete 

«d(£/.. 0); 

nt* est la masse efl'cctive des electrons a- el N 
le nombre d’electrons par atome. Cette for- 
niule est valable de fapon generale pourvu 
qu’on neglige I’effct direct de potentiel 
d’impuretc (c’est-a-dire les elements de 
matrice F„). 

(iv) Un renversement du signe du pouvoir 
ihcrmoelectrique; 

(v) Une hi rue extension de In variation 
d’airnantation autour de I’impurete; ceci est 
du a la grande extension de I’etat lie d f lorsque 
son energie est asse/ voisinc de celle du haut 
de la bande d t • Fes mesiires de diH'raction 
neutronique et de champs hypeifins (RMN) 
pei metient de montrerce fait. 

A cet cgurd les mesurcs de resistivites que 
nous presentons pour ies ailiapes de nickel, 
ainsi que les mcsures d’aimanta(ion| I i | de 
12), de /7A7/VII31 el de ditlVaclion 
neutronique! 14| connues par ailleurs. mon- 
(lant qu' un elal lie appaiail d’autant plus 
I'acilemenl qu’une impurete de / donne est 
plus lourde. 

1.'effet cleclroslatique n'est pas sullisant en 
general pour expliquer la structure electia)n- 
ique de ees alliages: la nature des couches d 
de I'impurete (extension, stabilite. couplage 
spin-orbite) joue dr)nc un role important dans 
fapparilion des etats lies virtuels. I,’effet 
electrostatique devient predominant pour des 
|Z| eleves, puisqu’ alors I’effet de periode 
disparait. 

Dans le cas des alliages de cobalt, aucun 
maximum de lesistivite n'apparail, bien que 
les mesures d’aimantation[16, 18] suggerent 


I’existence d’etats lies virtuels au voisinage du 
niveau de F'ermi. L’equivoque des mesures de 
resistivite residuelle provient de ce que Ton 
mesure a la fois la contribution des resistivites 
des electrons a t et a i . Lorsque les bandes 
A„ sont independantes, elles conduisent le 
courant en parallele de sorte qu’on mesure 
une resistivite inferieure a la plus petite des 
resistivites p(.v,^) (tr = | , J,); si la resistivite 
des bandes a ], est Ires faible, le maximum de 
resistivite n’apparaitra pas. Nous avons done 
ete amenes a separer les diverses contribu¬ 
tions pour tous les alliages de nickel et de 
cobalt a 77° et a 300°K. L’effct des etats lies 
virtuels apparaitra clairement dans p(.fj) 
(Section 6). 

Notons enfin que, comme dans le cas des 
alliages de nickel, I’effet de periode disparait 
pour de grandes valeurs de |Z|. 

(3) Conduction d deux bandes dans les 
alliaftes d base de metuux ferromaftnetiques 

Nous avons mesure la resistivite de tous les 
alliages etudies a 77 et a 297°K. Nous obser- 
vons do forts ccarts a la loi de Matthicssen 
ApCf) = p„||(7)-cp„-p,„('/'); dans cettc 
formule, cp,, est la resistivite residuelle de 
I’alliage de concentration atomique r. p,,||,('/') 
et p, „('/') son! respectivement les resistivites 
de I’alliage e( de la matrice pure a la tempera¬ 
ture T. l.es ecarts observes sont reportes dans 
les Figs. 3 et 4. 

La loi de Matthiessen (Ap{T) = 0) suppose 
que les proeessus de diffusion. 

(1) Dm lieu dans une seule bande ou dans 
plusieurs bandes. 

(2) .Sont independants. 

(3) File suppose enfin qu’on peut definir un 
temps de relaxation pour chacun des processus 
dediffusion.-On peut done s’attendre a priori 
a de fortes deviations dans les metaux de 
transition de fait de I’existence de plusieurs 
bandes jouant des roles differents a vis de la 
conduction (10 bandes d, 2 bandes a). De plus, 
dans les ferromagnetiques, de nombreux 
mecanismes de diffusion sont susceptibles 
d’etre rcsponsables de la resistivite: collisions 
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IZI 

I'lg. 3. Deviaiions a Ui K>i dc Malthicssen A/>, ^ a 2'^7°K pour Ics alliagcs dc 
nickel avee Ics metaux dc liansilion l-cs rcsullals pour la pieniierc serie 
do iransinon soni cmpsunics a haircll cl liicig 4). Comme A/>., a 2‘^7''K 
depend dc <, on a cxdapolc a < 0 



A T, 
o Co Tg 

Cr c Co T, 

A 


I'lg 4 DcvialioiiN a la loi ilc MallliKS''Oi» ^ .t -'■*> K piu;, n. ^ 
alliagcs dc cobah avee Ics mclaux dc tiaasilion 


d'electrons avee ou sans rcnverscmenl dc 
spin, diffusion de Baber, transitions .v-</dues 
aux phonons etc .... 

En I’absence d’une estimation correctc de 
la contribution des electrons d i a la conduc¬ 
tion, nous avons adopte un modele de con¬ 
duction a deux bandes .v I > J, . Ce modele 
simplifie rend compte dc faijon suttisantc des 
resultats que nous avons obtenus. Dans la 
suite de ce paragraphe, nous rappelons les 
formules utilisees precedemment[4| avant de 
presenter le principe de noire methode de 


sepiualion des resislivites associees a ch.ique 
sous-bande 

Si on suppose qu'il n’existe pas de proces¬ 
sus de diffusion faisant passer les electrons 
d'une bande a I’autre. les conductibilites 
associees a chacune des bandes supposees 
seules s’ajoutent de sorte que la resistivite de 
I'alliage s’ecrit: 

P.III — - < - ' I - ',.(3.1) 

Pmt ^Pn,l t f(p„, + pol) 

Pour une bande <t((t= t, ]. ), p,„„ repre- 
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sente la resistivite associee a tous les mecan- 
ismes de diffusion de la bande o- dans le metal 
pur, pi,^ represente la resistivite residuelle de 
la bande o- supposee seule; elle inclut, de plus, 
les ecarts k la loi de Matthiessen intervenant 
dans chaque bande tr; si ces deviations ne sont 
pas nulles, po„ depend de la temperature, soit 
parce que la structure electronique de I’im- 
purete varie, soit parce que p,i„ inclut le terme 
de modification du spectre de phonons du a 
rimpurete[25]. 

En fait, les bandes sont couplees par un 
certain nombre de mecanismes de diffusion. 
De fa^on generale, pour I'alliage, la resistivite 
s’ecrit alors sous la forme: 


celle-ci doit etre de I’ordre de grandeur de 
celle qu'on observe dans les mdtaux normaux; 
cette approximation est done raisonnable 
sauf peut-etre dans des cas pathologiques 
(alliages CoRh, Ru, Os) oil il peut y avoir une 
variation expiicite de la structure electronique 
de I'impurete avec la temperature. Dans ces 
conditions, nous devons trouver des valeurs 
des quantites: 


reproduisant la fonction Ap(7, c ) dans toute 
la gamme de concentrations pour laquelle les 
resistivites residuelles sont proportionnelles 


^ +Cpa^)(pml -fepol) +Pn [p,nt •^‘-'(Put + Put)] 

Pmt +Pml +<‘(p„f + Poj) +4pj 

en fonction d’une resistivite p„ caracteri- a la concentration, l.a validite de cet ajuste- 
sant rensemble des phenomenes de couplage ment doit etre demonirec en remarquant que 
[4-61. (I) les quantites p et p,j ne dependent que de 

Nous adoplerons cette formule proposee la matrice (2) « doit varier faiblemcnt avec la 
initialemcnt par Campbell et Fertl41, en temperature. Ces conditions sont suffisnm- 
notant loutefois les points suivants; ment restrictives pour qu’on puisse determiner 

(!)• Pm,T ~ Pm.t +P'u ne designe pas la sans ambiguVte les coefficients or, p et p^ a 
resistivite de la matiiee associee a la bande 77°K. A cet egard. faisons les remarques 
(r seule: elle en differe par le terme p'u qui suivantes: 

represente Teffet de I’ensemble des termes de (a) Influence dii eoeffk ieni p .inr lex 

couplage interbande. resuhuts experimenuiux. I.es valeurs de 

(2) . p„r inclut les termes de rcnormalisalion p^,, sont assez sensibles a la valour du 

dus a rcifet de I’impurete sur le couplage coefficient p. Ainsi, cn supposant p^ t). 
interbande. la valour de Ap(0, 7) determine precisement 

(3) . Dans cette formule, nous avons suppose « pour chaque valciir de p (a I’aide d’une 

que les termes de couplage interbande dus a equation du second degre); on peut alors 
I’impurete etaienl negligcables. tracer les courbes Ap(r, 7) pour les differ- 

l.e probleme est done de determiner les entes valeurs de p choisies; le resultat montre 
valeurs p,„„, p,^r et pji a partir de I'analyse que la variation de I’ecart a la loi de 
des deviations par rapport a la loi de Matthiessen avec la concentration est sensible 
Matthiessen. Nous utiliserons ici le fait que. au choix de p (Fig. 5). 

pour une temperature donnee, Ap (c. 7) n’est (b) Necessite d'introduire pj, 0. Le 

pas une fonction lineaire de la concentration, terme pn est necessairement non nul dans 
Nous supposerons par raison de simplicite les alliages de nickel sans quoi on ne pourrait 
dans la suite que les quantites p.^, ne varient trouver par ce procede une valeur de p 
pas beaucoup avec la temperature et nous unique permettant de reproduire les courbes 
negligerons cette variation: I’imporlance de experimentales Ap(c, 77°K) pour ces alliages. 
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C(%ol) 


Eig 5. (p„|| -on fonclion dc <■ pour les Coir a 297°K. O valeurs 
cxpciiinenlales; # valcuis calculecs avec /x “ I. A valeurs calculecs 
avec p = 8 

(4) Separation des contrihutions tie vlun/ne I cs resiiltats experimentaux obtenus a 
banJe dans les alliapes (i base de nickel et de 297°K pcrmetlent d’abonlir aux i.onc!usions 
cobalt d 77 et 2<^7°K suivantes: 

(a) Alliages de Nickel. Nos mcsiitc'. ... 

resistivitc sur Ics alliages tcrnairi. 

a 4°K ont permis dc delermincr lc^ 

resistivites residuelles .o,,,, a 4 ' 

chrome cl le cobalt dans le m 

supposons que les valeurs dc / 

dependantes dc la temperature - K. 

la loi de Matthicssen dans chaque srm-, ■ 

iT n’exccdant pas 10 pour ccnl|2,‘i|. Nou. . . 

disculons, apres separation, la coherence de rapport aux resistivites dies ne sonl pas 
cette hypothese. sutlisamment precises pour determiner la 

L.'enscmble des resultats experimentaux valeur de . F,n choississant p.j —0, I en- 
obtenus a 77°K nc peut s'interpreter qu’avec scmble des resultats experimentaux s mter- 
les valeurs suivantes; P'et*-' avec unc valeur de p, comprise entre 

I-60-1-86. I,cs valeurs trouvecs pourpih, sont 
p(Ni) = p,„j /p,„, = 2-6 reportees dans les Figs. 7 and 8. 

(b) Alliages de cobalt. Nous ne disposons 
P u (Ni) = 0-3 pH . cm {T = 77°K) pas a ce jour pour les alliages de cobalt des 

renseignements que nous avons sur les 
Si on se donne p^ = 0. on doit choisir des alliages de nickel. Nos mesures sur les 
valeurs de p differentes pour les differents ColrRc|l5] nc nous ont pas permis de 
alliages a base de nickel (p = 1-6 pour NiCo, determiner le rapport <»■ pour I’iridium et le 
p = 3-5 pour NiRu, NiOs, par exemple) ce rhenium dans le cobalt a 4"K (on sait seule- 
qui n’est pas physiquement acceptable. ment que Des mesures sont en 
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I ig. <1 /j^i en function de < ii 297“K pour Ics NiOs 

I a depcndance en < n'csl pas lincaire, comme le montrc 
la comparaison avec la couihe pj,,,, d’K en fonciion dc 
( pour Ics ineinc's alliagec. 



I ig, 7. (loi el PiM en fonciion de U\ pour Ics alliagcs dc 
nickel avee la dciiMeme sei ic de liansilion a 297”K. 


coins (deviations a la loi de Matthiessen siir 
Ics alliages binaires de cobalt entre 4-40°K. 
alliagcs ternaires Cob'eir a 4°K) qui devraient 
pcrmeltic dc donner I’ordre de graiuleui du 
lerme de melange de spin [ 16|. 

Nos propres mesures, dans la limitc de 
precision de notre analyse, ne semblent pas 
imposer a 77“K I’existence d’un terme de 
I’ordre de grandeur des Si Ton suppose 
f) ji mil, on obtient un accord satisfaisant pour 


lous les alliages avec une valeur /n = 11 a 
77°K. Si Ton suppose toutefois p,i = 0,4 
/xll . cm a 77°K, comme pour Ic nickel, seule 
est changee substantiellement la valeur de a 
pour le fer dans le cobalt (a — 1 pourp^= 0, 
et a = 12 pour pij = 0,4 pH . cm). 

Letude des resultats experimentaux a 
297°K amene aux memes conclusions que 
dans le cas des alliages de nickel: 

(i) p^ n’est pas tres grand par rapport aux 
resislivites p^^; les ecarts a la loi de Matthies¬ 
sen a 300°K ne sont pas proportionnels a la 
concentration en impurete[101: 

(ii) Les mesures experimentales s’interpre- 
tent bien avec une valeur de p,j petite par 
rapport aux resislivites Si Ton suppose 
p^ == 0, on obtient un bon accord entre les 
valeurs experimentales et les valeurs calcuiccs 
a I’aide de p = 8, en attendant que des mesures 
ulterieurcs permettent de determiner les 
valeurs precises des termes de melange de 
spin a toute temperature. Les valeurs trouvees 
pour p^ sont reportees dans les Fig. 9-1 I. 

(5) Coherence el predion de Ui melhade 
ulili.HH' 

Avant de discuter le sens physique des 
resultats oblenus, il convient d’examiner la 
coherence et la precision de la methodc 
employee pour determiner Ics difFerents 
parametres; p,„„ pivctp^. 

Dans tous nos calculs, nous avons suppose 
que les pito ne varient pas dc plus de 10 pour 
cent entre 4-300°K en assimilant le cas d’une 
bande cr a celui d’un metal normal. II faut 
verifier si les valeurs obtenues sont coherentes 
avec cette hypothese, compte-tenu de la 
precision des mesures et des calculs. 

(a) AUiages de nickel—(\) Alliages de NiCo 
el NiCr. Pour les alliages NiCo, nos mesures 
sur ics alliages ternaires a 4°K nous ont donne 
«o. = Piii/pii r = 20. Campbell et Fert pro- 
posent la valeur = 30 pour 4°K « T -£ 
40'’K. Compte-tenu du fait que les resistivites 
mesurees sur ces alliages sont tres faibles, 
I’erreur absolue dans la determination des 
Po„ peut etre assez importante, sans que Ton 
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I ^ Pot 01 /V, en (bnclion dc \/.\ pour Ics alliugc'' do nickel 
avco ttoiMCinc sene de tiansiiion a 2^>7 K 



Tig 9. p,ii ol /j„i on loiKlion de {/| poin Ics ■ 
cobalt avee la premiere sene de liansition a ?07 K 
valeiirs dcs p„rf br - f . [ ) sonl scnsibles a la giaiideai 
dc p. coinme le montre la compaiaison entre Ics p,,,, 
calculcs avee p -• I el avee p 8. 

piiisse en conclure a une variation notable dcs 
/>o„en fonetion de la temperature. 

Pour Ics alliages NiCr. on obtient. 



4“K 

4 a 40" K 

77"K 

273'K 

1 

0.36 

0,3 X 

0.32 

0.34 


[| semble que les ecarts soient a atlribuer a 
I'imprecision de la methode dc calcul em 
ployce a chacune des temperatures etudiees. 


,Si Ton compare au\ valeiiis experimentales 
des alliages ternaires NiCoCi a 77 et a 
297'’K. les valeurs calciilees avee p,,,, (4°K) 
pom Ic coball cl le chiomc el les couples 

' ' ci 



I'lg 10 /),)> ct/>„; en tonciion de |/| pour les alliages df 
cobalt a\.ec la dcuxicriK' scrie dc li ansi non a 297'^K. 
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hig 11 />n, Cl cn fonclion dc (Z| pourles ulliagesdc 
cobalt avcc la lioiMemc sirie dc tiansition a 297°K, 


H 297”K, on obtienl un accord satisfaisant a 
mieuxque 10 pour cent (151. 

(2) Amoves NiMn et NiTi, [.’accord entre 
nos valcurs dc a pour ccs alliages ct cedes 
obleniies parC'ampbellet ) ert est raisonnable, 
compic-tenu de ['imprecision dans la deter¬ 
mination dcs rcsistivites residuelies. 

A litres (illiiif’es de nickel, l.cs valeurs 
des calculees a 77°K sont dans [’ensemble 
tics proches dc ccllcs obtcnucs a la tempera¬ 
ture ambiantel [0|. Dans les cas les plus 
defavorables, les /)„„ a 77°K s’ecartent de 
20 pour cent des valcurs extremes (pt = 1,86 
el pt -= 1,60) proposees a 297°K. Ces ccarls 
peuvent elre attribues aux erreurs siir les 
mesures et sur les concentrations et aussi, en 
partic, aux deviations par rapport a la loi de 
Matthiessen dans chaque bande. L'hypothese 
de depart faite sur les p>,k, apparait done 
raisonnable pour les alliages dc nickel 
(Kig. 7 et 8). 

(b) Alliiif>es de cohiilt. On peut verifier de 
plusieurs fatjons la coherence de l’hypothese 
de depart sur les f>„„. II existe un bon accord 


entre les valeurs exp^rimentales des alliages 
temaires CoIrRe a 77°K et k 297'’K at les 
valeurs calculees a I’aide des po^ deduits des 
alliages binaires Coir et CoRe a ces deux 
temperatures [10]. Si Ton met a part le cas 
des CoZr et CoHf, pour lesquels la determina¬ 
tion des po„ ne saurait ctre qu’approximative 
en raison du petit nombre d’echantillons 
etudies et des difficultes metallurgiques, les 
variations entre les valeurs calculees a I’azote 
et a la temperature ambiante sont faibles en 
general. Elies alteignent cependant 30 pour 
cent, la ou les ecarts a la loi dc Matthiessen 
sont tres grands (CoCr, CoRu et CoOs)[10]. 
L’ordre de grandeur de ces variations est 
raisonnable, compte-tenu de la structure 
electronique tres particuliere des alliages 
CoRu et CoOs (etats lies virtuels a demi- 
pleins). II n’est pas exclu, d’ailleurs, qu'unc 
telle variation ne puisse correspondre, 
partiellement au moins, a I’ecart a la loi de 
Matthiessen dans chaque bande it. Des 
mesures en cours sur ces alliages devraient 
permettre dc resoudre ce probleme. 

Des mesures de resistivite a haute tempera¬ 
ture (jubqu’a 600°K> sur les CoRu montrent 
que la courbe p' = Paii.'^Pco en f'onction de la 
temperature sc sature deja a 300°K (ce qiii 
n’est pas verifie dans les alliages de nickel 
[17] et de fer[4]). Cette saturation implique 
que les rcsistivites po,, ne varient pas de fa^on 
substantielle avec la temperature d ig. 12). 
Ces resultats temoignent de la coherence de 
la methode utilisee et de sa validite au moins 
qualitative. 

(6) Interpretation des resultats ohtenus. 
Origine de I'effet de periode 

I es resultats obtenus posent plusieurs 
problemes qu’il est interessant de disculer 
brievement. ordre de grandeur de p et sa 
variation en fonction de la temperature, 
ordre de grandeur du terme p^j, variation des 
rcsistivites po„ en fonction de \Z\. Enfin, nous 
discutons qualitativement I’origine de I’effet 
de periode observe dans les alliages ferro- 
magnetiques. 
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TCK) 


f ig. 12. p„u Pi,, I'oncluiii lie la tempciadiie pour lei alliages 
CoRu avee (1.3'f al el l‘{■at ile Rli I a saiuialion esi deia alleinle 
a la lempeialiiie ambianie 

(a) Onlrc clc f>r(inch’iir et voricitioii de n cn termes p"i,/el />, j,; sont bicn superieurs a la 

tic Id t(>tupid(itiin\ resistivile p,,,. le resullal obtenu pour It; 

(I) Si la valeur de p. ohteniie pour la coball nickel (/>,„ ,= 1.6 p„,, a 300'’K) ne peut done 

c.sl en bon accord avec le modclc dc Mod s'inlerprclcr qii cn admcttanl que Ic termc 

(predominance des transitions .s-./ ' ' ’ ■ ' ‘I" nicme ordre dc 

Pn, ] ^ !• e'est-a-dire I 

beaucoup plus I'aiblc obtcniic ; 
sembic montrer que les icni 
magnon jouent un role impoii 
peraliire ambianie. Hn eirel, Ic' 
la mat rice associces a chaq. 
s'ecrivenl sous la forme: 


Pmf “ /',T ^ />'n 

1 -P,i ' p'u ' (>']./ ' 

Hans ces formules. p,,, est la rcsisiivitc idcalc 
de chaque bande .v„ supposee seule (/m 
P,i); 

pijrtCst la partie x-J de la resistivile 
ideale; 

p'Ij represente le teimede Baber[51; 
p',j est un termc de couplage du aux inter¬ 
actions clcctron-magnon|6|. 

D’apres les estimations raisonnables. les 


Icimc dc euiipt.ige P , lo , , . , 

dominanic. Nous obtenons a 77'K pour le 
nickel un termc dont I'ordre dc grandeur est 
identique acelui qui a etc obtenu par ( ampbell 
ct Eert par unc autre methodc|4]. 

(c) Vandtion des resislii iies poi enjanction 
de |/.|. I'^ffet de peiiiide. l.a position des 
maxima des por cn function de |Z| montre 
sans ambiguite un effet dc periode aussi bien 
pour les alliages de cobalt que pour les alliages 
de nickel: pour les deuxieme et troisieme 
series, les maxima indiquent que I’etat lie 
virtuel traverse le niveau de t ermi pour le 
ruthenium et Tosmium (|Z|~I pour le 
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cobalt, |Z| = 2 pour le nickel); alors que pour 
la premiere serie de transition, le maximum 
apparait au chrome (|Z| =3 pour le cobalt, 
et |Z| = 4 pour le nickel). 

Ces indications sont coherentes avec les 
renseignements fournis sur la structure 
electronique de ces alliages par les mesures 
d’aimantation[l 1-17], de pouvoir thermo- 
electrique[l2-2()l, de diffraction de neutrons 
(I4]etde/^A/A'[l3-I9]. 

(d) Lien entre les mesures d'uimantation et 
de resisliviie. On peut etablir un lien quanti- 
tatif entre les valeurs de p calculees a partir 
dcs mesures d’aimantation d’apres la formule; 

'^_ = ~(Z+p}iM„. ( 6 . 2 ) 


et les valeurs dc pot dcterminces a partir de 
I’analyse des deviations a (a loi de Matihiessen. 

Dans la mesure ou I'etat lie virtuel n’est 
pas au voisinage immediat de la bande </, la 
valeur de p est donnee en function de .r = 
( (L'r - Li) representant la position 
du niveau lie par rapport au niveau de Kermi et 
2A etant la largeur dc la resonance .vt dj ) par 
la relation: 


5 - 


(I 

1 



nAE) d/;- 


5 

II 


Arc /.e .r 



(6..3) 


Hn outre, la resislivite dans la bande f due 
a r^tat lie virtuel est donnee par; 


2) -^sin^3(/iV) - 


1 ( A- 


(6.4) 


oil A , pour un gaz d’clectrons libres, est: 


2011 

n^k/' 


(6,5) 


n t designant le nombre d’electrons si par 
atome. Nous pouvons done comparer les 
valeurs de pa f obtenues a I’aide de notre 
methode de separation et les valeurs de 


po^{l—2) calculees a partir des mesures 
d’aimantation a I’aide de la formule: 

p«,(/ = 2) = I + tgi 1^11/2-pU/10)' 

Nous examinons successivement les cas des 
alliages de nickel et de cobalt. 

(1) Alliafies de nickel. Pour le chrome dans 
le nickel, on a p = 8 et pof = I9pli.cm/% at. 
En calculant le coefficient A a partir de ces 
valeurs, on obtient /foai,, = 55/j,fl.cm/%at. Si 
Ton calcule le coefficient A a partir de la 
formule d’electrons libres, on obtient A, = 
73,6pfi.cm/% at. L’ecart entre ces deux 
valeurs de A peut s’interpreter a partir de 
I’anisotropic de la surface dc Fermi .v;. 

Si on admet la valeur de A calculee a I’aide 
des resultats sur le chrome, on peut alors 
calculer pnt(/=2) pour tous les autres 
elements dans le nickel a partir des valeurs de 
p donnees par les mesures d’aimantation. 
Quand I’ciat lie virtue) traverse le niveau de 
Fermi (valeurs de p voisines de 5), on peut 
ncgliger les dephasages correspondant a / 5^ 2: 
on trouve effectivement pour le ruthenium el 
I’osmium un bon accord quantitatif entre les 
valeurs calculees poi ( / — 2) ct les valours de 
p«i obtenues par analyse des deviations a la 
(oi dc Matthicssen (Fig. 13). 

Par contre, lorsqiie I'etat lie virtuel est bien 
au-dessus du niveau de Fermi (|Z| grand), les 
termes ! Z 2 fournisseni une contribution 
non negligeabic a la resistivite, ct les valeurs 
de Pot sont nettement plus grandes que les 
valeurs calculees pm {I = 2). 

(2) Alliages de cohalt. En admettant que 
pour les CoRu et CoOs (oil p = 5) on ait 
Pot pot (/ = 2), on obtient/( = 35pn.cm/% 
at. Ce resultal est asscz voisin de la valeur 
/!, = 34p.fl.cm/% at. calculee a partir d’un 
modele d’electrons libres en supposant que 
le cobalt possede 0,35 electrons .r, par atome. 
On admet la valeur/f = 35pll.cm/% at. et si 
on compare alors les valeurs de pot(/ = 2) 
calculees a partir des mesures d’aimantation 
avec les valeurs de pot determinees a partir 
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des mesures de resistivite, on obtient un 
accord de plus en plus approximatif a mesure 
que I’etat lie virtuel s’eloigne du niveau de 
Fermi [10]. 

(e) Variation Jes poi en fonclion de IZj. 
I.es valeurs de sont a peu pres constantes; 
elles ne dependent pas notablement ni de la 



III 

1 [g 13 ('oinpmuiNon cntic l^‘^calculc- 
tncsuros d'aimunlalioii ol Ics />„, Jctcnnincs 
nlcslllc^ de lesjslivilc p<Mir !cs alliagos do 
I.i iroisicmc SCI ic dc (iansiiion 

seric ni de \Z\, saufpour les valeiiis 
de \Z\ iZ — 0 et \Z\ = 5 ou 6). En I'ahsti. 
d'un calcul coniplct dc la '.Iructurc electro 
nique de ces alliagcs, on nc pent comparer 
ces valeurs a des valeurs ihcoriques dc la 
resistivite dans le bande i, Mais on peut 
Litiliscr la formulc de Cjomes|211 pourdeduirc 
des Pol unevalcurde F„,. 

En negligeant la difTusion .v-.v, en traitanl les 
electrons s en liaisons fortes ct en supposant 
le potenlici perturbatcur localise, (jomes 
obtient: 


ou n,(Ef) et Fi(Ey) sont respectivement la 
densite d'etats correspondant a I'orbitale 
r/((/ = I,... 5) et sa transformee de Hilbert. 

L’approximation de liaisons fortes utilisee 
pour representer la bande x etant tres doutcuse. 
la formule de Gomes ne peut donner qu’un 
ordre de grandeur de la resistivite. En utilisant 
les valeurs self-consistentes de Vm calculees 
par Hayakawa[221 et Dcmangeat[23] pour 
les elements de la premiere serie de transition 
dans le nickel et en introduisant dans la 
formule de Gomes les valeurs de p„i obtenues 
par notre mtdhode de separation, on obtient 
pour F.rf les valeurs donnees par le tableau 
suivant ( V^,i exprime en eV): 

r„ /, M„ c, V 
v,„ 22 Cl 4..t :.s 2 .S 

I.es valeurs de V,,, ainsi calculees. scnsible- 
ment constantes pour la premiere ‘crie de 
transition dans le nickel, sembicnt relalive- 
ment granites; en particulier. elles entrainent. 
les ,'•( .Is Ill's viiluels s-i/. des l.ujicurs 


loiielioiis d oiu:^ . 

par la fonction dc has dc bande. On peui 
monlrer. sous cci tames hspolhcscs icstiic- 
lives, que le potential pcrluibateur l'/,(rj 
introduit par unc impurcte H dc memc v.iicncc 
que la matrice/( s'cerit: 

I V.Ar) r r, 

/ - 0 

I -= r ' 
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oil r, est le rayon de la sphere de Wigner; 

AE = Eb — E/t est la difference des energies 
Eb et Ea de bas de bande dans les metaux 
Bet A; 

est le potentiel d’ecran introduit autour 
de cette perturbation. 

L’effet de periode peut etre etudie de fagon 
analogue dans le cas des metaux de transition 
paramagnetiques. On admet que les electrons 
d participant a I’ecran sont bien representes 
par un modele de liaisons fortes[2). Dans le 
cas d’une bande non degeneree, on montre 
que le potentiel perturbateur introduit 

par une impurete (substitutionnelle) B situee 
a I’origine 0 s’ecrit sous la forme: 

I k^(r) = A£,| + fy'V(0) r < r, 

/ A 0\ 

^ SiV(r)-f /• /•, 

oil AE» est relic aux energies des ctats 
alomiques iE^.E,,) et aux potentiels moyens 
dans I'alliage {a,i) e't dans la matrice («<) 
ciees dans la cellule centrale 0 par les autres 
alomes: 

= El, + (v» — (t'., + o,): 

[',.(/•) represente la difference des potentiels 
de coeur enlrc rimpurete et la matrice; 
S/)'(0) dcsigne I’ecart ;i la nculralite de la 
densitc electronique totale sur la cellule de 
rimpurele; W cst I'energie qu’il faut fournir 
pour amener un electron suppicmentaire sur 
rimpurete; V,.(r) est le potentiel d’ecran en 
dehors de la cellule centrale. 

Lorsqu'on passe d’une impurete de la 
premiere serie ii une impurete de la troisieme 
seric, la difference de charge electronique Z 
et la configuixition des electrons .v etant 
supposecs inchangees, Eb — E, croit, tandis 
que V decroit. AEi et U‘ introduisent un 
potentiel suppicmentaire repulsif el varient 
de telle sorte que la perturbation electronique 
due a I’effet de periode soit de plus en plus 
importante. Ceci est suflisant pour favoriser 
I’apparition d’etats lies virtuels pour de 
faibles valeurs de |Z| (23). 


Le probleme de I’effet de periode dans le 
cas des metaux de transition ferromagn^tiques 
est plus complique a traiter, car il faut 
resoudre simultanement I’ecran dans la bande 
t et dans le bande i. En traitant Vpir) 
comme une perturbation pour les cellules 
autres que celles de I’impurete, Demangeat a 
pu montrer que la variation de AE^ et de 
U' est suffisante pour faciliter I’apparition 
d’etats lies virtuels. Cependant, le calcul 
quantitatif de cet effet n'est possible qu’apres 
une elude de I’effet des correlations intra- 
atomiques et interatomiques sur I’ecran cree 
autour d’une impurete. 

CONCUUSION 

La presente etude montre sans ambigu'rte, 
dan.s les alliages de nickel et de cobalt, (I) 
I’existence d’etats lies virtuels. (2) I’existence 
d’un etfet de periode, (3) I’existence d’unc 
conduction a deux bandes, avec un terme dc 
melange de spin important a 77°K dans le cas 
du nickel. 

Elle a permis la determination qiKintitutive 
des resistivites residuclles associees a chacune 
des bandes. 

Des mesures en corns devraient permettre 
de preciser I’importance du terme de melange 
de spin q,, a loute temperature dans les 
alliages de nickel et dans les alliages de cobalt 
ainsi que revolution en function de la tempera¬ 
ture des resistivites residuclles pn„ et des 
resistivites p„,„ du nickel et du cobalt: une 
telle elude des phenomcnes de transport dans 
les ferromagnetiques peut done permettre de 
mieux comprendre I’origine du magnetisme 
dans les metaux de transition. 

-Nous remcrcions Madame M, t . 
t'adevillc donl I'aidc nous a cte precicuse, ainsi que les 
Dr D Circig. I. A. Campbell el A. I ert, qui nous onl 
fait connaitre les resultats de leurs recherehes en eours 
sur les alliages de niekel. 
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Quench enhanced ordering of Fc Nij 

{Ret civcd ^ Jdiuiorv 1969; in reviled form 3 June 1970) 

The effect of an excess of vacancies intro¬ 
duced by quenching on ordering of Fe Ni., has 
been studied by resistivity measurements. In 
this alloy the order disorder transformation 
is very sluggish even at high ternperaliires: 
the annealing time required for complete 
order is about two weeks at 490°C and very 
little ordering is observed below 400°C [1,2]. 

The present results on ordering enhance¬ 
ment due to quenching are of interest for the 
comparison with similar effects obtained by 
other authois, in particular: the formation 
of order enhanced by neutron irradiation on 
l-cNil.3,4]: the changes in magnetic proper¬ 
ties due to directional order also enhanced 
by irradiation on several F'eNi alloys cIom’ 
to F'c Ni:tl5,61; and the formation ■ 
enhanced by quenching on CU;,A'i I' 

The only previous study on ou. 
hancement obtained by quenching - 
was performed by Gomankov ri 
examining the siiperlatticc lines b 
diffraction after annealing at 400 aim 
At these temperatures, however, vacaim.. 
arc likely to have disappeared to a large c.xlent 
and therefore their contribution to ordering 
should be somewhat limited. 

The present results refer to annealing 
experiments, performed after quenching, in 
a lower temperature region, i.e. between 
100 and .300“C, where the vacancy contribu¬ 
tion to diffusion enhancement has the major 
effect. 

The alloy (79-95 Ni and 24-05 Fe) was pre¬ 
pared by vacuum melting in a small induction 
furnace. The oxygen content, which can 
strongly affect the rate of ordering! 10), 


was found to be very small, of the order of 
50 ppm. The specimens, in form of strips 
0-2 mm thick and 120 mm long, were quenched 
into an iced brine bath from increasing 
temperatures using a vertical furnace with 
H-, atmosphere. The cooling rate measured 
by oscilloscopic recording was about 0-5 X 
IO*^”C/sec. The resistivity was measured 
at 20± l°C with a double Kelvin bridge. 
The isothermal annealings were performed 
in a salt bath stabilized at ± TC. The samples 
were contained m an iron tube filled with 
Argon atmosphere directly plunged into the 
salt bath. By this method the equilibrium 
temperature was reached in about 2 min. 

The maximum resistivity cb-inge is reported 
in Fig. I as a function of the quenching 
temperature. I he fact already observed by 
Benci cl <//.17.S) that for quenching tempera- 
■ ^ il .i\<' OS / , (where is the rreltmg 


resislivilv eii.iiie.1. i - 

is c<>n(rolled essentially by the change m the 
vacancy concentration in the alloy. 

In Fig. 2 are given the isothermal changes of 
resistivity .is a function of annealing time for 
a quenching temperature of lOOO C. As is 
seen some resistivity changes are already 
observed at temperatures as low as 100°C 
according to the fact that in Nickel single 
vacancies begin to be mobile at this tempera¬ 
ture, as shown by the relaxation peak ob¬ 
served by Chamberod et al.\ 11]. 

In Fig. 3 the resistivity changes observed 
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l-ig. I. Resistivity change after annealing 24 hr at 3(K)“C 
Uue to ordering in HeNi, as a function of quenching 
leinperature. 


on specimens quenched from 1000°C and 
then annetiled are plotted as a function of the 
annealing temperatures (for a constant 
annetiling lime of I4hrs). The complete 
recovery of resistivity is observed between 
490 and SKTC, in accordance with the 


transition temperature of the FeNi.^ order 
disorder transformation. 

The maximum observed change of resis¬ 
tivity is 4-1 fiil cm (Ap/po = 0-25), after 24 hrs 
at 340°C (3,5/t4X2cm after J hr). Kaya[I] 
has observed a maximum resistivity change of 
9 pll cm after a treatment of two weeks at 
490°C, which can be supposed to have com¬ 
pletely ordered the specimens. The amount 
of order which can be obtained by vacancy 
motion is thus, by comparison (2, 12J, about 
60 per cent. This value, is rather large and 
in agreement with the fact that, if vacancies 
make about 10" jumps before annealing to 
sinks, a concentration of vacancies of the 
order of 10 “ should be large enough to give 
long range ordering effect not too far from 
unity. 

The isothermal annealing curves of Fig. 2 
show a kinetics of the first order only for the 
early stages of ordering, typically at lower 
temperatures. 

In conclusion it is seen that long range 
ordering can be obtained to a fairly large 
extent down to temperatures of about SOOT 
(TIT,„ = 0-35) by the sole presence of vacan¬ 
cies introduced by quenching. Flowever. 



lime. hours 

Fig 2. l.solherni.il changes of re.sistivily. after qiienehing, as a funetion of 
annealing lime (Quenching temperature; I000°C). 
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Lig. 3. Maximum rcsisuvily change observed on EcNi, i|ucnched from IOOO°C 
after isothermal ordering at incressing temperatures tanncalmg lime 14 hr) 


from the comparison with the experimental 
results on neutron irradiated specimens, 
one may also conclude that not all the effects 
observed by irradiation can be obtained by 
quenching. This seems reasonalVie since 
during irradiation also other diffusion pro¬ 
cesses are active|6, 13), and, furtherooM-.- 
the vacancy concentration is much lai 

Insliriild lilcilroiei nu o A 

(i.ifrruns. <, 

(iruppo SttVi^futle di Sfrufruni dflhi 

MdU'rio dfl C,\7t, 

raiifu). 
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Olivine-spinel translonniition in MgMnGeO,, 
FeMnOeOi and L'oMntieO, 

iHeeeiied I June I 970) 

Bi-,rnal(I 1 tind .leflVeys|21 first suggested 
that olivine might Iransforin to a denser spinel 
structure under the high pressure evislmg 
deep within the earth's mantle. Such a trans- 
I'ormiition would be of considerable signifi¬ 
cance. This suggestion had been stimulated 
by tioldschmidl's[3] observation that the 
compound Mg^/CieO, displayed olivine and 
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spinel polymorphs. Support for the JefFreys- 
Bernal hypothesis emerged when Ringwood 
[4] found that the olivines Fe^SiO.,, Ni 2 Si 04 
and CoaSiO., could be transformed to spinel 
structures at pressures of 20 to 70 kb (lOOOX') 
and that the transformations were accom¬ 
panied by density increases of about 10 per 
cent. The geophysical significance of the 
olivine-spinel transformation was confirmed 
by Ringwood and Major’s [5, 6 | demonstration 
that olivines in the composition range F'e 2 SiO., 
to (Mgn «l-ei,. 2 ) 2 Si 04 transformed to spinels 
at very high pressure. Blasse[7| has also 
observed an olivine-spinel transformation in 
LiMgVO,. 

In the course of an invcstigation[81 of high 
pressure transformations of spinels into the 
strontium plumbate structure and of the solid 
solubility of Mg^‘, l'e“', C'o^'*^, Ni^' and Si' + 
in the high pressure strontium plumbate modifi¬ 
cation of Mn 2 (ic 04 [ 91 , wc have discovered 


Table 1. Unit cell dimensions of some olivines 
and their Inf’ll pressure spinel polymorphs 
f±()-00.lA) 




Olivine 


Spinel 


'/.I 

h„ 

< 1 , 


MgMii(ic(), 

4 982 

lO-.SSO 

6 181 

8 .199 

I'oMniicO, 

.<i 010 

10-641 

6-210 

8-468 

(oMuCjcO, 

4-991 

10 649 

6- I9.S 

8-426 


three new olivine-spinel transformations. In 
view of the geophysical and cry.stallographic 
significance of this class of structural trans¬ 
formation. the present brief account has been 
prepared. 

The previously unreported olivines Mg- 
MnGe 04 and CoMnGe 04 were prepared 
as well crystallized single phases by intim¬ 
ately mixing the pure oxide components 
(MgO. Mn;,0,, C 03 O 4 , Ge 02 ) in the required 
proportions, pelletizing, and sintering at 
1300 and I100"C respectively for 24 hr 
followed by regrinding and reheating. The 
olivine FeMnGeO,. also unreported, was 
prepared from an intimate mixture of FeaOj. 
Fc metal powder, Mn-,0, and CJeOj in the 
correct proportions. The pelletized mixture, 
wrapped in platinum foil, was heated in a 
sealed, evacuated silica tube containing a 
small amount of metallic iron powder as a 
butter for oxygen. Reaction at 9.S0°C for 
24 hr gave better than 9.‘> per cent of the 
olivine FeMnGeO,. Precision lattice para¬ 
meters for these three olivines were deter¬ 
mined by diffractometer methods, with KCI as 
an internal standard. 

Samples of the olivines were pressed in a 
single stage, high pressure-high temperature 
apparatus| 6 J operated at 35 kbars at I200‘’C 
for 2 hr. Fxperimental procedures have been 
described elsewherel 10|. After completion 


Table 2. I’arameters of olivine-spinel transformations 


(oiiipou nd 

Kel 

I ransilion 

1 emp. 

Molar volumes, cm' 

Density 



Pressure, 

“f 


-- 

increase. 



kbai 


OJjvinc spinel 

% 

Mg.CieO, 

.L4 

0 

820 

4.S-87 

42-35 

8-1 

l-c./SiO, 

4 

49 

1000 

46-19 

42-01 

10-4 

Ni..Si(L 

4 

11 

1000 

42-.S1 

.19-17 

8 1 

t OjSiO, 

4 

70 

900 

44-56 

40-.S8 

9-8 

M(>,SiO,i-'l 

6 

I2.S 

1000 

43-79 

39-18 

10-6 

MgMnt’.eO."" 


(1.S)'" 

1100 

48-97 

44 62 

9-8 

1 eMnticO.'"’ 


t.1.1)'" 

1100 

49-8.S 

4.1-71 

9-0 

('oMnCicOV'’' 


(.1.1)'*' 

IKX) 

49-21 

45-01 

9-3 

1 iMgVtL 

7 

-- 

- 

44-71 

42-.18 

1-0 


‘‘’’Data obtained by extrapolation and icfci (o metastable Mg^SiO^ 

""This work. 

'''Brackets denote synthesis pressure for spinel tquihbnum pressures aic lower. 
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of each experimental run the temperature was 
quickly lowered to below 100°C. and the 
pressure then reduced. The samples were 
removed from the apparatus and examined 
by X-ray diffraction, using a Debye-Scherrer 
camera of Il4mm. dia. In each case, com¬ 
plete transformation to a spinel structuie was 
observed, and even in the case of l•eMnCieO^ 
no additional lines could be observed in the 
powder patterns after long exposures. The 
spinel lattice parameters given in Table I 
were obtained after applying film shrinkage 
corrections and extrapolating the unit cell 
values to 20 = 180°, making use of hack angle 
reflections and appropriate extrapolation 
functions! 11 ]. 

I hesc new compounds provide a substantial 
extetision of known olivine-spinel Irans- 
formattons. Table 2. The density incrciises 
are similar to those previously observed, as 
expected for the transfotmation of one 
structure type to another! 12j. 
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Acoustic relaxation in manganese ferrites 
(Mn.Fc:, J.O 4 ) at temperatures between 90 and 
400 Kfor t o < jc < 1-6 

(Keieiveil 13 May 1970) 

Aeons 1 ic loss measurements were performed 
on manganese ferrites (Mn, be;,-j. 04 ) with a 
manganese content of I 0 < x < 1-6 at fre¬ 
quencies between .‘'OkH/ and 50 MHz and 
lemperutuies between 80 and 400° k. 

The activtition energies calculated from 
these motsiiivments are in good agreement 
.1 ' .1 iv.Mn nripniMi relaxa- 


sample with .v — T18 weie pciiDinied u 
frequency of 150 kHz. I he loss peak w;is 
found at a temperature of 225 k. I he acoustic 
activation energy calculated from the mea¬ 
surements for A — T37 is between 0-27- 
0-34 eV. 

In our laboratoiy these measurements were 
extented to other manganese contents and 
higher frequencies. Both polycrystalline and 
single-crystalline samples were used. The 
single crystals were piepared by a floating 
/one technique using an / arc image furnace. 
By analysis the accuracy of the given man¬ 
ganese content was found to be within 1 mol. 
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per cent and the number of cation vacancies 
was less than 2 pro mille. The measurements 
of the mechanical loss at frequencies of 10 
to 100 MHz were performed with an apparatus 
analogous to that of Chick, Anderson and 
Truell[2J. 

At frequencies below 500 kHz the electro¬ 
magnetic drive method described by Fine 
and Ellis[3] was used. The polycrystalline 
samples were used at frequencies below 500 
kHz. At frequencies above 10 MHz the 
measurements were performed on single 
crystals in the (100 ) and OH) direction with 
and without a magnetic field. The field strength 
was greater than the saturation value. Below 
500 kHz or when the measurements were 
performed with a magnetic field at constant 
frequency the losses were found to have a 
maximum at a temperature The relation 
between frequency and temperature fits the 
following formula 


1-irj 


= T^exp (ElkT,.,„) 


wherey'is the fieqtiency; t the reliixation lime; 
k the Bollzman constant and E the activation /' 
energy: the results arc given in Table I. In 
Fig. I the acoustic activation energy E is 


I'dhlc I. 



tn, , 

in c V 

10,„„ 
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0-48 .Cl) 02 
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42 X 10 •' 


plotted as a function of the manganese content 
in the range between 1 -0 and 1 -6. The result of 
conductivity and magnetic metisurements 
according to Brabers el u/.14] are also shown. 

The maximum losses in samples with a 
< I0<1) direction and in samples with a <lll) 
direction occur at the .same temperature. 
Between 50 and 500 kHz the maximum losses 


0-6 


e(eV) 1 
I 051 


04 


0-31 



0 - 2 ! 


0-1 


oMagnetic Activation Energy 
according to ref 4 

• Acoustic Activation Energy 

• Electric Activation Energy 
according to ret 4 


1-0 


12 


13 


1-4 



Fig. 1 Aeou.slic and magnetic activation energy of 
MOj Fcj J.O, plotted against the mangane.se content x 



l-ig 2. The ma.xiimim loss in the tcmpciatuie range 80- 
400” K Ilf Miijle., ,Oi phitted against the manganese 
content t. 


were not dependent on the frequency. I he 
results are given in Fig. 2. They were pro¬ 
portional to (a —1) and suggest that the re¬ 
laxation process is related to Ihe Mn'”^ ions 
on the octahedral sites[5]. 

The agreement between the activation 
energies of the acoustical and magnetic re¬ 
laxation, and that of the electrical conduc¬ 
tivity at manganese content between a= 10 
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and jr = I -6 gives rise to the supposition that 
they are caused by the same process namely 
“electron transfer'. The proportionality of the 
maximum losses to the supposed Mn^^ con¬ 
tent suggests that the acoustic relaxation pro¬ 
cess is caused by a Jahn-Tcller induced elec¬ 
tron transfer. 
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C'ation diffusion and elcctrioil 
ill KCI crystals 

iRei eii'i'd K Mils' 1969. in rci2 / i. 

Cahon self diffusion and electrical condue 
tion in alkali halide crysttils occur by Ihe 
migration of cation vacancies from one lat¬ 
tice site to another and are given by Nernst- 
Hinstein’s relation 11) 

I) - irlKT/iVc- 

where D is the cation self diffusion coefficient, 
rr is the electrical conducliviiy. /'is the cor¬ 
relation factor, N is the number of anion 
cation pairs per unit volume and the other 
symbols have their usual significance. The 
validity of the Nernst-rdustcin’s relation in a 


particular crystal depends upon the concentra¬ 
tion of defects other than the free cation 
vacancies which may contribute to the dif¬ 
fusion coefficient without contributing to the 
electrical conduction or the other way round. 
In actual practice, these crystals contain other 
defects like the impurity ions, anion vacancies, 
impurity-vacancy pairs and vacancy-vacancy 
pairs as a result of which, the Nernst- 
Einstein’s relation may or may not be valid at 
different temperatures. Simultaneous measure¬ 
ment of cation self diffusion coefficient and 
electrical conduction in alkali halide crystals 
was first made by Mapother, Crooks and 
Maurer|2). It was shown that in NaCI and 
NaBr crystals in the impurity region the dif¬ 
fusion coefficient measured by tracer tech¬ 
nique (D,,) is greater than diffusion coefficient 
calculated from the electrical conductivity 
and that in the intrinsic region D,r — 
except at temperatures close to the melting 
point where />„ is less than P ,|. These 
results were siitisfactorily expf.ined by these 
auth<^rs|21 ami the deviation from the Nernst- 
l-inslein's relation was allnbuled t') cation 

r ..... Ml Ihe 


conduction in KC I crystals in the icinpciaiuic 
range 4()()-70()X' and the results are leporlcd 
here. 

Potassium cliloiide crystals were grown in 
air from Analar grade material obtained from 
M/s British Orug Houses Private Ltd., 
Bombay, India, by Kyropoulos technique and 
cooled to room temperature at a rate of about 
rC/min. The electrical conductivity was 
measured using Veb ITinkwerk Erfurt Type 
1001 Tera Olimmeterf.*)! when the resistance 
of the crystal was greater than 10" 11 and by 
Ihe pulse method|6J when the resistance was 
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smaller than 10" Potassium ion diffusion 
was measured using Cambridge ultra micro¬ 
tome (A.F. Huxley Pattern) with I.V.I.C. 
diamond knives and K-A2 isotope obtained 
from Bhabha Atomic Research Centre, 
Bombay. Details about the experimental set 
up and the accuracy of diffusion measure¬ 
ments were given earlierl?]. 

Figure 1 shows the plots of log D as a 
function of reciprocal of temperature for the 
measured values (curve 1) and for the calcula¬ 
ted values (curve 2) of the diffusion coefficient. 
It is seen from the figure that the measured 
value of diffusion coefficient D„ is greater 
than the calculated value of diffusion coef¬ 
ficient, D,at by a factor —2 in the impurity 
region. 0,r remains greater than Ooai “it 
temperatures corresponding to the knee of the 
plot but becomes equal in the intrinsic region. 
The slope of these plots in the impurity region 
gives an activation energy of O-S.'i e V. 



|xio’ 

Fig. 1. Plots of logarithm of diffusion coefficient vs. 
reciprocal of the absolute temperature. Curves 1 and 2 
show the mea.sured and calculated values respectively of 
the potassium ion diffusion coefficient in KCI crystals. 


These results when compared with the 
diffusion measurements reported earlier(3,4] 
show an agreement with the results of Aschner 
(4) and are similar to those obtained for NaCI 
and NaBr by Mapother et al.[2]. The value, 
0-85 eV, of the activation energy for the 
impurity region is greater than the values [8] 
obtained earlier and indicates the association 
of cation vacancies with the background 
impurity ions. A rough estimate of the average 
binding energy between the cation vacancy 
and impurity ion yields a value of 0-3 eV or 
more. The deviations from the Nernst- 
Einstein’s relation in the knee of the plot 
shows that the association of vacancies with 
the impurity ions is significant even at these 
temperatures. Analysis of the impurities given 
by the manufacturers for the KCI powder 
used by the author shows a relatively larger 
concentration of lead and alkaline earth 
impurities. The binding energies of Pb'^ 
Sr'-'^ with the cation vacancy have been 
found[9] to be in the range 0-41-0-58eV. The 
presence of impurity vacancy complexes 
formed by these impurity ions with large 
binding energies seems to be responsible for 
the large value of measured diffusion coef¬ 
ficient at temperatures corresponding to the 
impurity region and the knee of the log D vs. 
MT plot. In the intrinsic region the Nernst- 
Einstein’s relation is obeyed indicating that 
the contribution to cation diffusion by the 
impurity vacancy complexes becomes 
negligible in this temperature range. It is 
possible that the crystals used by Witt [4) 
contained large concentration of impurities 
like lead with larger binding energies and the 
association of these impurities was significant 
even in the region designated intrinsic. 
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